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x = x1 + x2
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(x1, x2)
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(ρ+)t = −
(

ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx + L(t)

)

|Dρ+| on R × (0, T )

(ρ−)t =

(

ρ+ − ρ− +

∫ 1

0

(ρ+(x, t) − ρ−(x, t)) dx + L(t)

)

|Dρ−| on R × (0, T )

ÙGË(ÅFË�ß

¾b¿i»�¹�»
ρ+, ρ−

¶=¹�»9·T¿i»�Ãi¸���¸i´0¾b¸C²Tµ>¶=³V¶=¹�²E²TÃ]µ�¿3·T¿]¶=·
(ρ+ − ρ−)

¹�»�Á]¹T»�²G»>¸�·�²Â·T¿]»#Ái³V¶(²G·T±Vµ#¯�»	¼½´�¹TÐQ¶=·T±F´(¸XÉ�·T¿i»>¹T»
²GÁ]¶�µ	»b¯�»>¹T±FÖ0¶0·T±FÖ(»�²

Dρ± := ∂ρ±

∂x

¶=¹�»e·T¿i»h¯�±V²T³k´�µ�¶=·T±F´(¸]²_¯�»�¸]²T±k·T±F»>²^¶(¸]¯
L(t)
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Ô]»�³V¯NÅ��i¹�´(Ð ¶�Ái¿�º�²T±Fµ>¶=³�Ö�±k»>¾bÁB´�±k¸2·>É

Dρ± ≥ 0
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ρ±(x, 0) = ρ0
±(x) = P 0

±(x) + L0x on R
ÙGË(Å<æ(ß

¾b¿i»�¹�»
P 0
±

¶=¹�»jÁg»�¹�±F´�¯i±Fµ?´(¼ZÁB»>¹T±F´�¯
1

¶=¸]¯)ÛX±FÁ]²�µ�¿i±k·TØ(Å ï ¸DÁ]¶=¹T·T±Vµ	Ã]³F¶(¹>É
ρ0
+ − ρ0

−

±V²h¶DË�ÓLÁg»�¹�±k´�¯�±Vµj¼½Ãi¸]µ	·T±F´(¸XÅ
L0

±V²
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ÛX»�¸]¿]¶=¹T·?Ü æ�æ�ÞLÉBÛX»�¸]¿]¶=¹T·>É × »�³FÇ]¶�²ÂÜ æ(ÎPÞLÉiÛ�»�¸i¿B¶=¹T·>É�#_¶=ÐQ¶�¯i¶�Ü æ=Ï0Þ�¶=¸B¯$#_¶(Ð9¶�¯i¶�Ü æ2Ý>ÞX¼½´�¹h²G´�ÐO»?¶(ÁiÁi³F±Fµ>¶0·T±F´(¸B²�Å

��»?¿]¶PÖ�»¤·�¿i»Â¼½´(³F³F´0¾b±k¸iÄO»	Ñ�±V²�·�»�¸]µ�»?¶=¸]¯�Ãi¸i±Vå2Ãi»�¸]»>²�²1¹T»�²GÃi³k·1¼½´(¹1·�¿i»?¸i´(¸)³F´�µ�¶=³X²Tº�²�·�»�Ð
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T > 0 ^�_ Y	Z`[	\]\

L0 ∈ R ^badc�eQe Y a ãgfih [ f
ρ0
± ∈ Lip(R) a [ fLá ai_kj
lnm âpo<q [	rbs

L ∈ W 1,∞ (R+)
â)tuh]ã r ^ fihiã adjSa f$ã<v lnm â m qSw lnm âpoxq [Qs vOá]f a[ c r áUy c ã
z�á a<{ Y a á]f j|a Y-\ c fLá Y-r ^ ρ = (ρ+, ρ−)

â~} Y	Z ã Y z0ã Z ^ f]h�á a'a Y-\ c fLá Y-r á a�c r á _ Y-Z v \ j�� á e,a<{ h�á]fi� { Y-r f�á r c Y c�a á r
a�e [ { ã [-rus fLá]v9ã�â

� (�.�@�+S��0b2���� _ [ fKá r á]fLá [-\ fLá]v9ã ^~� ã�h [ z0ã
Dρ0

± ≥ 0 ^ fihiã r f]h�á a Z ãxv [ á r a f Z c ã _ Y-Z t ≥ 0 ^ á-âWã�â ^ Dρ±(x, t) ≥ 0
_ Y-Z
[	\]\

(x, t) ∈ R × [0, T ]
â�tuh�á a [-\]\pY ��a f Y f Z ã [ f�fihiã e h jSa á { [	\ { [ a ã � hiã Z ã Dρ± ≥ 0

â
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Ç2ºY±�·�»�¹�¶0·T±F¸iÄO·T¿]»?Ái¹T´�µ�»>²�²�Å
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¯�º�¸]¶=Ð9±Vµ�²�´=¼B¯�±V²T³k´�µ�¶=·T±F´(¸]²�³F±k¸i»�²�ÅS�3»K¹�»>µ>¶=³F³2²T´(Ð9»K¹T»�µ	»�¸2·"¹T»�²GÃi³k·�²>Å0® ¸]´(¸�Ó$³k´�µ>¶=³�Ú;¶=Ð9±F³�·�´(¸�Ó � ¶�µ	´�Çi±�»�å2Ã]¶0·�±k´�¸E¿]¶PÖ(»
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Æ1¿i»�º#¶(³F²T´�Ái¹�´0Ö(»�¯#¶O²G¿i´�¹G·K·T±FÐ9»j»�Ñ�±F²G·T»>¸]µ	»Â¶=¸]¯YÃi¸i±Vå2Ãi»�¸i»�²T²K¹�»>²TÃi³�·e¼½´(¹e·�¿i±F²eÐ9´�¯�»�³LÅ��3»j¶(³F²T´6¹�»	¼½»>¹_·�´O®¤³kÖ0¶(¹T»>Ø(É
�e¶=¹�¯i¶=³F±F¶(Ä(Ãi»�·>É	àD´�¸i¸i»�¶=ÃQÜFË Þ2¶(¸]¯ × ¶=¹�³k»�²�É�Û�»�ºOÜ �0Þ(¼½´(¹"¶b³F´(¸iÄ1·�±kÐ9»_¹�»>²TÃi³k·XÃi¸]¯�»>¹�µ�»�¹T·�¶=±F¸?Ð9´(¸i´(·T´�¸2º;¶(²�²GÃiÐ9Á�·�±k´�¸]²
¶=¸]¯Y·T´$�]´(¹�µ�¶(¯i»�³HÜkË�ÎPÞX¼½´�¹h¶O²T¿i´�¹G·1·T±FÐ9»?¹T»�²GÃ]³�·1¼½´(¹h¯i±F²T³k´�µ>¶0·T±F´(¸B²b¯�º�¸]¶=Ð9±Vµ�²1¾b±k·T¿D¶OÐO»�¶=¸Dµ	Ã]¹TÖ0¶0·�Ãi¹�»¤·�»�¹�Ð�Å

Æ1¿i»�²T»>µ�´(¸]¯C¹�»>²TÃi³k·�±V²O¶�¸�ÃiÐ9»�¹�±Fµ>¶=³K¶(¸]¶=³Fº�²G±V²E´(¼b·T¿i»�¸i´�¸�ÓL³F´�µ�¶(³K²Tº�²G·T»>Ð Ù�Ë(ÅFË�ß	Å)�3»YÁ]¹T´�ÁB´2²G»�¶D¸�ÃiÐ9»�¹�±Fµ>¶=³
²Tµ�¿i»>Ð9»;¼½´�¹1´(Ãi¹b¸i´�¸�Ó$³k´�µ�¶(³N²Gº�²G·T»�Ð)ÅiÆ1¿i»>¸XÉ�¾e»jÄ�±kÖ�»j¶(¸�»>¹T¹�´(¹e»>²G·T±FÐQ¶0·�»jÇg»	·�¾e»�»>¸Y·�¿i»Eµ	´�¸2·T±F¸2Ã]´(Ã]²1²T´(³FÃ�·T±F´(¸)¶=¸]¯
·T¿i»?¸�ÃiÐ9»�¹�±Vµ�¶=³N´�¸i»(Å

æ



��»?¾1¶=¸2·e·T´#¶=Á]Ái¹T´PÑ�±FÐQ¶0·T»;·T¿]»E²G´�³kÃ�·�±k´�¸�´(¼eÙGË(ÅFË�ß$Ó Ù�Ë�Å æ�ß Å]äj±FÖ(»>¸�¶OÐ9»>²T¿D²G±FØ�»
∆x, ∆t

¾K»?¯�»�Ô]¸i»

Ξ = {i∆x, i ∈ Z} ΞT = Ξ × {0, ..., (∆t)NT}
¾b¿i»�¹�»

NT
±F²"·�¿i»b±F¸�·�»�Ä�»�¹HÁ]¶=¹T·H´=¼

T/∆t
ÅS�3»b¹T»�¼½»�¹HÄ(»>¸i»�¹�±Fµ>¶=³F³kºÂ·�´j·T¿i»1³V¶0·G·�±Fµ�»bÇ�º

∆
±F¸�·�¿i»h²G»�å2Ãi»�³LÅ=Æ1¿i»b¯�±V²Tµ�¹T»�·T»

¹TÃi¸]¸i±k¸]Ä;Ág´(±F¸2·H±V²
(xi, tn)

¾b±�·�¿
xi = i(∆x), tn = n(∆t)

Å-��»b¶�²T²TÃiÐ9»_·�¿]¶0·
∆x+∆t ≤ 1

Å0Æ1¿i»1¶=ÁiÁi¹�´PÑ�±kÐQ¶=·T±F´(¸
´=¼"·T¿i»�²T´(³FÃ�·�±k´�¸

ρk
¶0·b·�¿i»E¸i´�¯�»

(xi, tn)
±V²b¾b¹�±�·T·T»�¸D±F¸]¯�±���»�¹�»�¸2·T³Fº�¶�²

vk(xi, tn)
´(¹

vn
k,i

¶(µ>µ	´�¹�¯�±F¸iÄO·T´Q¾b¿]»	·T¿]»�¹
¾K»ÂÖ�±k»>¾ ±k·¤¶(²1¶O¼½Ãi¸Bµ ·T±F´(¸D¯�»�Ô]¸i»�¯�´�¸Y·�¿i»?³V¶0·G·�±Fµ�»Â´(¹h¶(²b¶9²T»>å2Ãi»>¸]µ	»�Å

� ´0¾?ÉP¾K»e¾b±F³k³�±F¸2·T¹�´�¯iÃ]µ	»K·T¿i»b¸�ÃiÐ9»>¹T±Vµ�¶(³2²�µ�¿i»�Ð9»�Å=Æ1¿i»KÐQ¶(±k¸9¯�±��Qµ�Ãi³k·�ºE±F²Z¯iÃi»e·T´;·T¿i»1¸i´�¸�ÓL³F´�µ�¶(³�·�»�¹�Ð)É0¾b¿i±Fµ�¿
¹T»�å�Ã]±k¹�»>²Â·�¿i»Y¶PÖ0¶=±F³V¶=Çi±F³k±k·�º�´(¼1·T¿i»Y²T´(³FÃ�·�±k´�¸3¾e»Y¶(¹T»Q±F¸2·T»�¸B¯�±k¸]ÄD·T´�¶(ÁiÁi¹�´PÑ�±kÐQ¶0·�»(ÅXÆ�´�²T´(³FÖ(»>²j·�¿i±V²EÁi¹�´(Çi³F»�Ð)É�¾K»
ÔiÑY·�¿i»E²G´�³kÃi·T±F´(¸

vn
i = (vn

+,i, v
n
−,i)

¶=·1»�¶(µ�¿�·T±FÐ9»�²�·�»�Á)´(¸�·T¿]»?±k¸2·T»>¹TÖ0¶(³
[tn, tn+1]

¶=¸]¯�¾e»E¶=ÁiÁi³FºQ·�¿i»?¼½´(³F³F´0¾b±k¸iÄ
ÐO´�¸i´=·�´(¸i»?²�µ�¿i»�Ð9»�É

v0
i = (v0

+,i, v
0
−,i) = ρ̃0(xi) = (ρ̃0

+, ρ̃0
−),

ÙGË(Å Î�ß
¾b¿i»�¹�»

ρ̃0
±(xi)

±F²¤¶=¸)¶=ÁiÁi¹�´PÑ�±kÐQ¶=·T±F´(¸Y´(¼
ρ0
±(xi)

vn+1
k,i = vn

k,i + ∆tC∆
k [v](xi, tn)







E+
(

D+vn
k,i, D

+vn
k,i

) ±k¼
C∆

k [v](xi, tn) ≥ 0

E−
(

D+vn
k,i, D

+vn
k,i

) »>³F²T» ∀k ∈ {+,−} Ù�Ë�Å Ï�ß

¾b¿i»�¹�»
C∆

k [v](xi, tn) = −k
(

vn
+,i − vn

−,i + a∆[v](tn)
)

¶=¸]¯Y·T¿i»?¸]´(¸�Ó$³k´�µ>¶=³�·T»>¹TÐ
a∆[v](tn)

±F²1Ä�±kÖ�»�¸�Ç2º

a∆[v](tn) =

Nx−1
∑

i=0

∆x (v+(xi, tn) − v−(xi, tn)) + L(tn)
ÙGË(Å �(ß

¾b¿i»�¹�»
Nx

±V²¤·�¿i»O±k¸2·T»>Ä(»>¹;Á]¶(¹G·j´=¼
1/∆x

Å
E±

¶=¹�»E·T¿]»O¶(ÁiÁi¹�´PÑ�±FÐQ¶0·�±k´�¸�´(¼^·T¿]»
!^ÃBµ	³F±F¯�»�¶=¸�¸i´(¹�Ð¦Ái¹T´�ÁB´2²G»�¯DÇ�º
Êj²G¿i»>¹b¶=¸]¯"��»�·T¿i±V¶=¸8Ü<æQ��Þ 


E+(P, Q) =
(

max(P, 0)2 + min(Q, 0)2
)

1
2 ,

ÙGË(Å é�ß

E−(P, Q) =
(

min(P, 0)2 + max(Q, 0)2
)

1
2

¶=¸]¯
D+vn

k,i, D−vn
k,i

¶=¹�»¤·�¿i»E¯�±V²Tµ�¹T»�·T»ÂÄ(¹�¶(¯i±k»>¸�·1¼½´�¹h¶=³F³
n ∈ {0, ..., NT}, i ∈ Z

¶=¸]¯
k ∈ {+,−} 


D+vn
k,i =

vn
k,i+1 − vn

k,i

∆x
,

ÙGË(Å.Ý=ß

D−vn
k,i =

vn
k,i − vn

k,i−1

∆x
.

��±F¸]¶(³k³Fº(Éi¾e»?¶(²�²GÃ]ÐO»Â·�¿i»Â¼½´(³F³F´0¾b±k¸iÄ9Ãi¸]±�¼½´�¹TÐ �g�HÛCµ	´(¸B¯�±�·�±k´�¸CÙ-²T»�»Â·T¿]»?ÇB»>Ä(±F¸i¸i±F¸iÄQ´=¼ ��»>µ	·T±F´(¸ ��Å<æ6¼½´(¹bÐ9´�¹T»
¯�»	·�¶=±F³F²�ß

∆t ≤ 1

2L2
∆x

ÙGË(Å ��ß
¾b¿i»�¹�»

L2 = (2B0T + 1)
(

2B0(2B0 + ‖L‖L∞(0,T ))T + M + ‖L‖L∞(0,T )

)

+ M + 2
¾b±�·�¿

B0 = max
k∈{+,−}

‖Dρ0
k‖L∞(R)

¶=¸]¯
M = ‖P 0

+ − P 0
−‖L∞(R)

Å
��»Â·�¿i»�¸)¿]¶PÖ�»¤·�¿i»Â¼½´(³F³k´0¾b±F¸iÄO»�¹�¹T´�¹1»>²G·T±FÐ9¶=·T»

Î



%'&)(�*,+-(/.10,2�� 3��|9�: >Q+-(?;�(?MP>Q*b=u; 9�=GD)*bD�:|(/+S+-*B+"(�:<;�9U.�@�; (�V � ãxf T ≥ 0
â�� aPadc vQã f]h [ f

∆x + ∆t ≤ 1 ^ L ∈
W 1,∞(R × [0, T ))

[-rus fih [ fgfihiã�� X ��{ Y	rbs á]f�á Y	r lnm â��xq h Y-\ps a âtbh]ã r fihiã Z ãQã
	�á a f a [ { Y-r a f [	r f K > 0
s ã e ã rus á r�� Y-r,\ j Y-r ‖P 0

+ − P 0
−‖L∞(R), maxk∈{+,−} ‖Dρ0

k‖L∞(R)[-rbs ‖L‖W 1,∞(0,T ) adcB{ h f]h [ f�f]h]ã#ã ZdZPY-Z ã a fLá]v [ f$ã�
�ã<f � ã�ã r fihiã a Y	\ c f�á Y	r ρ
Y _ fihiã { Y	r fLá r c Y c�a�akjSa f7ãxv lnm â m q-w

l m âpoxq [	rbs fihiã s á a<{ Z ã<f$ã a Y-\ c fLá Y-r v
Y _ f]h]ã�� r á]f7ã s á �¤ã Z ã r { ã a<{ h]ãxvQã lnm â��dq-w lnm â �	qYá a � á]z0ã r 
 j

max
k∈{+,−}

sup
ΞT

|ρk − vk| ≤ K

(

(T +
√

T ) (∆x + ∆t)
1/2

+ max
k∈{+,−}

sup
Ξ

|ρ0
k − v0

k|
)

e Z�Y z>á s ã s K

(

(T +
√

T )(∆x + ∆t)
1
2 + max

k∈{+,−}
sup
Ξ

(ρ0
k − v0

k)

)

≤ 1
â

� (�.�@�+S��0b2�� �dr f]h]ã { Y	rbs á]fLá Y-r K

(

(T +
√

T )(∆x + ∆t)
1
2 + max

k∈{+,−}
sup
Ξ

(ρ0
k − v0

k)

)

≤ 1 ^�� ã { [-r Z ã e \�[ { ãf]h]ã
1

 j [-r j e Y a á]f�á]z0ã { Y	r a f [-r f7â

ï ¸Â¼-¶(µ ·"±k¸E·T¿i»KÁi¹T´�´(¼2´(¼�·T¿i±V²X·�¿i»�´�¹T»>Ð)É�¾e»^Ð9±kÐ9±VµZ·T¿]»Kµ	´�¸2·T±F¸2Ã]´(Ã]²NÁ]¹T´�Çi³k»>Ð Ç�ºÂµ	´�¸]²G±V¯�»>¹T±F¸iÄ1·T¿]»K¶=Á]Ái¹T´PÑ�±FÐQ¶0·T»
²G´�³kÃ�·�±k´�¸8´=¼?Ù�Ë(ÅFË�ßÂ¶�²E¶�ÔiÑ�»>¯8Ág´(±F¸2·E´=¼b¶)³k´�µ�¶(³_²Tº�²G·T»>Ð)Å���»�¶=¹�»O±F¸]²TÁi±F¹T»�¯�Ç�ºvÜ Î=Þ^·T´DÁi¹�´0Ö(»Q¶ �K¹�¶=¸]¯]¶=³F³�Ó7ÛX±F´(¸]²
ÜkË�Ë ÞZ¹�¶=·T»E´(¼_µ	´(¸�Ö�»�¹�Ä(»�¸Bµ	»?Çg»	·�¾e»�»�¸M·T¿i»9µ	´�¸�·�±k¸�Ãi´�Ã]²¤²T´(³FÃ�·�±k´�¸M´=¼¤ÙGË(ÅFË�ßh¶(¸]¯)·�¿i»6¸�ÃiÐ9»>¹T±Vµ�¶(³�´(¸]»(Å�®¤²;¼-¶=¹j¶(²;¾K»
�2¸]´0¾?É�·�¿i±V²K±V²K·T¿i»jÔ]¹�²G·e»>¹T¹�´(¹K»>²G·T±FÐ9¶=·T»j´=¼ �K¹�¶(¸]¯i¶=³F³kÓ$Û�±k´�¸]²Z·�º�Ág»¤¼½´�¹1Ú;¶=Ð9±F³�·�´(¸�Ó � ¶�µ	´�Çi±g²Tº�²�·�»�ÐQ²>Å?�3»?¶=³V²G´6¹T»�¼½»�¹
·T´ � ¶	�(´�Ç]²T»�¸XÉ��?¶=¹�³F²T»�¸3Ü<æ	�PÞ�¶(¸]¯ � ¶Q�(´(ÇB²G»>¸XÉ��?¶=¹�³F²T»�¸XÉ��b±V²T»�Çi¹�´)Ü æiË ÞX¾b¿i»�¹�»Â·T¿]»�º#Ái¹�´0Ö(»�¯Y¶(¸�»>¹T¹�´(¹e»>²G·T±FÐQ¶0·�»Â¼½´(¹
¶6¾e»>¶Q��³kºYµ�´(ÃiÁ]³k»�¯�²Tº�²�·�»�Ð°´(¼�·�¿i»Â¼½´(¹�Ð

(ui)t + Hi(t, x, ui, Dui) = Gi(t, x, u) in R
N × (0, T )

ÙGË(Å Í�ß

¼½´(¹
i = 1, ..., M

Å�Æ1¿i»�±F¹�»>¹T¹�´(¹X»�²�·�±kÐQ¶=·T»_±V²�±k¸
O(∆t)

¼½´(¹"¶¤²T»�Ð9±kÓ$¯�±V²�µ	¹�»	·T»K²GÁi³F±k·G·T±F¸iÄj¶=³FÄ(´(¹�±k·T¿iÐ ·T¿]¶=·�·�¿i»�ºÂÁi¹�´(Ág´�²T»
·T´)¶=ÁiÁi¹�´�¶�µ�¿)·T¿i»Q²T´(³FÃ�·T±F´(¸�´=¼;ÙGË(Å Í�ß	Å�Ú¤´0¾K»>Ö(»>¹>ÉB¾K»O´(Ç�·�¶=±F¸�¶(¸�»�¹�¹�´(¹¤»�²�·�±kÐQ¶=·T»9±k¸

O(
√

∆t + ∆x)
Çg»>µ>¶=Ã]²T»6¾e»

¶=³V²G´9¯�±V²Tµ�¹T»�·T±FØ�»Â±k¸D²TÁ]¶(µ�»(Å
ï ¸9·T¿i»j¯�º�¸]¶=Ð9±Vµ�²^´(¼�¯�±V²G³F´�µ�¶0·�±k´�¸]²Z³F±k¸]»>²eµ�¶(²T»(É(·T¿i»;Ð9´�¯i»�³]¿B¶PÖ(»¤¶(³F²T´?ÇB»>»�¸#¸�ÃiÐ9»>¹T±Vµ�¶(³k³FºO²G·TÃB¯�±k»�¯QÇ�ºO®¤³kÖ0¶(¹T»>Ø(É

�e¶=¹�³k±F¸i±LÉ�àM´(¸i¸i»�¶=Ã)¶=¸]¯��b´(Ã]ºMÜ æ0Þ^Ü Î0ÞLÅ ï ¸�·T¿]»�±F¹eÁB¶=Ág»�¹�É�·T¿i»>º#Ái¹�´(Ág´�²T»>¯Y¶6¸�ÃiÐ9»�¹�±Fµ>¶=³X²�µ�¿i»�Ð9»;¼½´(¹e·T¿]»?¸i´(¸�Ó$³F´�µ>¶=³
Ú¤¶=Ð9±F³�·�´(¸�Ó � ¶(µ	´�Çi±�»>å2Ã]¶=·T±F´(¸)¶=¸]¯Y·T¿i»>ºYÁi¹�´0Ö(»�¯Y¶$�K¹�¶=¸]¯i¶(³k³kÓ7ÛX±F´(¸]²e¹�¶0·T»j´=¼Zµ	´�¸�Ö(»�¹�Ä(»>¸]µ	»�Å
ÛX»	·6Ã]²?¸i´0¾¬»	Ñ�Ái³V¶=±F¸C¿i´0¾ ·�¿i»#Á]¶(ÁB»>¹�±V²?´(¹�Ä�¶(¸i±V²G»�¯NÅ ï ¸ ��»>µ	·T±F´(¸Àæ�É�¾K»QÔ]Ñ3²T´(Ð9»Q¸i´=·�¶0·�±k´�¸]²�ÅN��»#Á]¹T»�²G»>¸�·?·�¿i»
¼½´(¹�Ð9¶(³B¯�»>¹T±FÖ0¶0·�±k´�¸Q´=¼N·T¿]»;Ð9´�¯�»�³g±F¸|��»>µ	·T±F´(¸YÎ]Å�Æ1¿i»>¸XÉ�±k¸���»>µ	·T±F´(¸#ÏBÉ(¾e»;²G·TÃ]¯�ºO·�¿i»;µ�´(¸2·T±F¸�Ãi´(Ã]²_Ái¹�´(Çi³F»�Ð)Å���±F¹�²�·
±k¸K��ÃiÇ]²T»>µ	·T±F´(¸�Ï]ÅFË(É�¾K»OÄ(±FÖ(»9¶=¸�»	Ñ�±V²�·�»�¸]µ�»O¶(¸]¯MÃi¸]±Få2Ãi»>¸i»>²�²Â¹T»�²GÃ]³�·j¼½´(¹?¶�³k´�µ�¶(³Z²Gº�²G·T»�Ð)ÅNÆ1¿i»>¸XÉN±k¸K��ÃiÇB²G»�µ ·T±F´(¸
Ï]Å<æ�Ég¾K»OÁi¹�´0Ö(»6Æ1¿]»�´(¹�»�Ð Ë�ÅkË6Ã]²G±F¸iÄ)¶#Ô]Ñ�»�¯MÁg´(±F¸2·jÐ9»	·�¿i´�¯NÅ ï ¸I��»>µ ·�±k´�¸ �iÉB¾e»OÁi¹T´0Ö�»6¶`�K¹�¶(¸]¯i¶=³F³kÓ$Û�±k´�¸]²h»>¹T¹�´(¹
»>²G·T±FÐ9¶=·T»_¼½´(¹�·T¿i»K³k´�µ�¶(³�Á]¹T´�Çi³k»>ÐÒ¶(¸]¯Â·�¿i»�¸6¾K»KÁi¹T´0Ö�»^Æ1¿i»�´�¹T»>ÐðË�Å Î¤´(¸Â·�¿i»K¸]´(¸�Ó$³k´�µ>¶=³(Á]¹T´�Çi³k»>Ð)ÅS��´�Ð9»^¸�ÃiÐ9»�¹�±Fµ>¶=³
»	Ñi¶=Ð9Ái³F»>²b¶(¹T»?¯�±V²GÁ]³F¶Pº�»>¯#±F¸ ��»>µ	·T±F´(¸DéO¾b¿i»�¹�»Â¾K»E²T¿i´0¾ ²T´(Ð9»j·T»�²�·�²b±F³k³FÃ]²G·T¹�¶0·T±F¸iÄ9´(Ã]¹b»�¹�¹T´�¹e»�²�·�±kÐQ¶=·T»?¶=¸]¯�·�¿i»�¸
¶=¸�»�Ö(´�³kÃi·T±F´(¸)¶=ÁiÁi¹�´PÑ�±kÐQ¶=·T±F´(¸Y´(¼"¯�±V²T³k´�µ�¶=·T±F´(¸)¯�»�¸B²G±k·T±F»>²>Å

� � �Â���Â�����E�

�i´(¹b²T±kÐ9Ái³F±Vµ	±k·�ºY´=¼HÁi¹�»>²T»�¸2·�¶=·T±F´(¸XÉ�¾e»jÔiÑ�²T´(Ð9»Â¸i´=·�¶0·�±k´�¸]² 

Ë(Å�� Z�s ã Z�Z ã \�[ fLá Y-r 
�¼½´(¹

r = (r1, r2) , s = (s1, s2) ∈ R
2
É�¾K»E²�¶Pº9·T¿B¶0·

r ≤ s
±k¼

rk ≤ sk
¼½´(¹

k ∈ {1, 2} Åæ�Å�� sQs á]f�á Y	r z0ã { f Y-Z w a<{ [-\�[	Z 
�¼½´(¹
r = (r1, r2) ∈ R

2, λ ∈ R
ÉE¾e» ¯�»>¸i´=·�» Ç2º

r + λ
·T¿]»nÖ(»�µ ·T´�¹

(r1 + λ, r2 + λ)
Å

ÎiÅ
P
w e ã Z á Y�s á {�e \ c�a L0

w \ á r ã [	Z _kc r { f�á Y	r 
"¾K»Y²�¶PºM·�¿]¶0·
ρ

±V²
P− Ág»�¹�±k´�¯�±VµQÁi³FÃ]²

L0−
³F±F¸i»>¶(¹E±�¼b·�¿i»�¹�»#»�Ñ�±V²G·�²

¶)Ö�»>µ ·�´(¹�±F¶(³ZÁB»>¹T±F´�¯�±Vµ9±k¸À²TÁ]¶(µ�»9¼½Ãi¸]µ	·T±F´(¸
P ρ = (P ρ

+, P ρ
−)

´(¼bÁB»>¹T±F´�¯
P

¶(¸]¯8¶Mµ	´�¸]²�·�¶=¸2·
L0

²TÃ]µ�¿3·T¿B¶0·
ρ(x, t) = P ρ(x, t) + L0x =

(

P ρ
+(x, t) + L0x, P ρ

−(x, t) + L0x
) Å

Ï



� � �Q�������	�	���

��»E¯�»>¸i´=·�»?Ç�º
X

·�¿i»?Ö(»�µ ·T´�¹
X = (x1, x2)

ÅB�3»Eµ	´�¸]²T±F¯�»>¹¤¶9µ	¹�º�²�·�¶=³X¾b±k·T¿)Ág»�¹�±k´�¯�±Vµ?¯�»	¼½´�¹TÐQ¶=·T±F´(¸XÉi¸B¶=Ð9»�³Fº
·T¿i»jµ�¶(²T»h¾b¿i»>¹T»h·T¿i»¤·T´=·�¶=³�¯�±V²GÁi³V¶(µ�»�Ð9»�¸2·_´(¼N·T¿i»jµ	¹�º�²�·�¶=³

U = (U1, U2) : R×R
+ → R

2
µ�¶=¸QÇg»;¯i»>µ	´�Ð9ÁB´2²G»�¯9±k¸

¶#Ë	Ó$Ág»�¹�±k´�¯�±Vµb¯�±V²GÁi³V¶(µ�»�Ð9»�¸2·
u = (u1, u2)

¶(¸]¯#¶?³F±F¸i»>¶(¹e¯�±V²TÁi³F¶�µ	»>ÐO»>¸2·
A(t)t

X
¾b±k·T¿

A(t)
¶?Ä�±kÖ�»�¸

2× 2
Ð9¶=·T¹�±�Ñ

¾b¿i±Fµ�¿�¹�»�Ái¹�»>²T»�¸2·�²e·�¿i»?²G¿]»>¶=¹h²G·T¹�»>²�²

A(t) =

(

A11(t) A12(t)
A21(t) A22(t)

)

.

Æ1¿i»E¯�±V²GÁi³V¶(µ�»�Ð9»�¸2·
U

±F²1·�¿i»�¸)Ä�±kÖ�»�¸YÇ�º

U(X, t) = u(X, t) + A(t)t
X

¶=¸]¯�¾K»E¯i»	Ô]¸i»j·�¿i»Â·T´(·�¶=³�²�·�¹�¶(±k¸�Ç2º

ε(U) =
1

2
(∇U + t∇U) =

1

2

(

∇u + t∇u + A(t) + tA(t)
)

.

¾b¿i»�¹�»j·T¿i»Eµ�´2»<�#µ	±F»�¸2·�²1´(¼ ∇U
¶=¹�»

(∇U)ij =
∂Ui

∂xj
, i, j ∈ {1, 2} Å

Æ1¿i±F²b·T´=·�¶=³X²G·T¹�¶=±F¸�±V²b¯�»�µ	´(Ð9Ág´�²T»>¯�±k¸�·�¿i»Â¼½´(¹�Ð

ε(U) = εe(U) + εp,

¾b¿i»�¹�»
εe(U)

±V²"·T¿]»e»>³F¶�²�·�±Fµe¯�»�¼½´(¹�Ð9¶=·T±F´(¸O¶=¸]¯
εp ·T¿i»1Ái³V¶(²G·T±VµK¯i»	¼½´(¹�ÐQ¶0·�±k´�¸�¾b¿i±Vµ�¿�±V²Zµ	´�¸i¸i»>µ	·T»�¯?·T´j·�¿i»b¯�»�¸]²T±k·T±F»>²

´=¼Z¯�±F²T³F´�µ>¶0·�±k´�¸]²eÇ2º
εp = ε0 (ρ+ − ρ−) ,

Ù-Î]ÅkË���ß
¾b¿i»�¹�»

ρ±
¹T»>Ái¹T»�²G»>¸2·_·T¿]»j»�¯�Ä(»Â¯�±V²G³F´�µ�¶=·T±F´(¸Y´(¼X·�º�ÁB» ± É�²TÃ]µ�¿#·�¿]¶0· ~b.∇ρ± ≥ 0

±V²_·�¿i»?¯�»�¸B²G±k·�ºQ´=¼H¯�±F²T³F´�µ>¶0·�±k´�¸Y´=¼
·�º2Ág» ± É ~b = (b1, b2)

±V²1·T¿]» × Ã]¹TÄ�»�¹�²_Ö�»>µ ·�´(¹h¶(¸]¯

ε0 =
1

2

(

~b ⊗~b⊥ +~b⊥ ⊗~b
) Ù-Î]ÅkË�Ë�ß

¾b¿i»�¹�» ~b⊥
±V²1·�¿i»?´(¹T·T¿i´�Ä(´�¸]¶=³gÖ(»�µ ·T´�¹e·T´ ~b

¶=¸]¯ (~b ⊗~b⊥
)

ij
= bib

⊥
j

Å
Æ1¿i»?²�·�¹T»�²T²1±V²e·T¿i»>¸)Ä(±FÖ(»�¸�Ç�º

σ = Λ : εe(U),
Ù-Î]ÅkËPæ(ß

á-âWã1·T¿]»Eµ	´�»x�#µ	±F»�¸2·�²1´=¼�·�¿i»?ÐQ¶0·�¹T±kÑ
σ

¶=¹�» 


σij =
∑

k,l∈{1,2}

Λijklε
e
kl(U) i, j ∈ {1, 2}

¾b±�·�¿
Λ = (Λijkl)ijkl

É
i, j, k, l = 1, 2

É
Λijkl

¶=¹�»j·T¿i»?»>³F¶�²�·�±Fµ?µ�´(¸]²G·�¶(¸�·hµ�´2»<�#µ	±F»�¸2·�²1´(¼�·�¿i»?ÐQ¶0·T»>¹T±V¶=³LÉi²�¶0·T±V²G¼½º2±F¸iÄ
¼½´(¹

m > 0



∑

ijkl=1,2

Λijklεijεkl ≥ m
∑

ij=1,2

ε2
ij

Ù-Î]ÅkË�Î�ß

¼½´(¹h¶=³F³X²Tº2Ð9Ð9»	·�¹T±VµÂÐQ¶0·�¹T±kÑ
ε = (εij)ij

á-âWã�âg²GÃBµ�¿Y·�¿]¶0·
εij = εji

Æ1¿i»j¼½Ãi¸]µ ·�±k´�¸]²
ρ±

¶(¸]¯
u

¶=¹�»¤·�¿i»�¸)²G´�³kÃi·T±F´(¸]²1´(¼�·T¿]»Eµ	´(Ã]Ái³k»�¯�²Tº�²�·�»�Ð Ù�²G»>»Eäj¹T´�Ð9¶]É × ¶(³k´�Ä(¿�ÜkË�éPÞLÉNÜFË��PÞ�¶=¸]¯
äj¹T´�Ð9¶�ÜFË�Ï0Þ½ß 


�

































div σ = 0
±F¸

R
2 × (0 T ),

σ = Λ : (ε(U) − εp)
±F¸

R
2 × (0 T ),

ε(U) = 1
2 (∇u + t∇u + A(t) + tA(t))

±F¸
R

2 × (0 T ),
εp = ε0 (ρ+ − ρ−)

±F¸
R

2 × (0 T ),

(ρ±)t = ±(σ : ε0)~b.∇ρ±
±F¸

R
2 × (0 T ),

Ù-Î]ÅkË>Ï2ß

á-âWã1±k¸�·�¿i»Eµ	´�´(¹�¯�±F¸]¶0·�»>²







































































∑

j=1,2

∂σij

∂xj
= 0

±F¸
R

2 × (0 T ),

σij =
∑

k,l∈{1,2}

Λijkl (εkl(U) − εp
kl)

±k¸
R

2 × (0 T ),

εij(U) = 1
2

(

(∇u)ij + (∇u)ij + Aij(t) + Aji(t)
) ±k¸

R
2 × (0 T ),

εp
ij = ε0

ij (ρ+ − ρ−)
±k¸

R
2 × (0 T ),

(ρ±)t = ±





∑

i,j∈{1,2}

σijε
0
ij



~b.∇ρ±
±k¸

R
2 × (0 T ),

Ù-Î]ÅkËS�(ß

¾b¿i»�¹�»�·�¿i»QÃi¸���¸i´0¾b¸B²;´(¼_·�¿i»Q²Gº�²G·T»�Ð ¶=¹�»
ρ±

¶(¸]¯�·T¿i»Q¯�±V²GÁ]³F¶�µ	»�Ð9»>¸�·
u = (u1, u2)

¶(¸]¯�¾b±�·�¿
ε0

¯�»	ÔB¸i»>¯3Ç�º
Ù-ÎiÅFË(ËPß ÅiÆ1¿i»?²T±kÄ�¸ ± µ	´�Ð9»>²e¼½¹�´(Ð ± ±F¸ ±~b

Å
Æ�´Q²T±kÐ9Ái³F±�¼½º�Éi¾e»Âµ�´(¸]²T±V¯�»�¹1·�¿i»?¿i´(Ð9´�Ä(»�¸]»�´(ÃB²Kµ>¶(²T»(ÅiÆ1¿i»Eµ�´2»<�#µ	±F»�¸2·�²

Λijkl
¶(¹T»?²TÃ]µ�¿�·T¿]¶=·

σ = 2µεe(U) + λtr(εe(U))Id,
Ù-Î]ÅkË�é�ß

¾b¿i»�¹�»
µ > 0

¶=¸B¯
λ+µ > 0

Ù-µ	´�¸]²T»>å2Ãi»�¸Bµ	»b´=¼^Ù�ÎiÅFË>Î�ßTßZ¶=¹�»1·T¿]»¤Û�¶(Ð��;µ	´�»x�#µ	±F»�¸2·�²^¶=¸]¯
Id

·T¿i»;±F¯i»�¸2·T±k·�º6ÐQ¶=·T¹�±�ÑNÅ
Æ1¿i»�¸XÉi·T¿i»Â¼½´�³k³F´0¾b±k¸]Ä \ ã<v v [ ¿i´�³F¯]²

�������	� �N2U043n5 FGD)9�
�@�OU(�=�>Q(�T�(/;
��(�(�= ��M
� @�=)C 0?M
� .�*�C�(�OU:-V � _ � ã [ akakc vQã�fih [ f�fihiã�� c Z � ã Z zPã { f Y	Z á a
~b = (1, 0) ^ [	rbs fih [ f�fihiã s ã r a á]f�á-ã a Y _ s á a \�Y { [ fLá Y-r a Y-rB\ j s ã e ã rbs a Y	r Y-r ã z [-Z á [ 
 \ ã

x = x1 + x2 l [ a�a h Y � r á r
X á � c Z ã�oxq ^ fihiã'oQw�� e Z�Y 
 \ ã<v l ��â m �	q ^�� á]f]h

Λ
s ã � r ã s 
 j"l ��â m�� q ^ 
�ã { Y vQã a ãky c á]z [-\ ã r f f Y fihiã m w�� e Z�Y 
 \ ã<v























(ρ+)t = −C1

(

(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)

Dρ+

á r
R × (0 T )

(ρ−)t = C1

(

(ρ+ − ρ−) + C2

∫ 1

0

(ρ+ − ρ−) + L(t)

)

Dρ−
á r

R × (0 T )

Ù-Î]ÅkË0Ý=ß

� hiã Z ã L(t) = − (λ+2µ)
(λ+µ) (A12(t) + A21(t)) ^ C1 = (λ+µ)µ

λ+2µ ^ [-rus
C2 = µ

(λ+µ)

â
� +S*N*,H *bH�OU(�.�. @ ��2�0
��»Eµ>¶=¸�¹T»>¾b¹T±k·T»j·T¿]»ÂÔ]¹�²G·b»>å2Ã]¶=·T±F´(¸�´=¼bÙ-ÎiÅFË�Ï�ß_¶(¸]¯8Ù-Î]ÅkË�é�ße¶(²

div (2µε(U) + λtr(ε(U))Id) = div (2µεp + λtr(εp)Id) .

Æ1¿i±F²h±kÐ9Ái³F±k»�²1Ç�º�Ù-Î]ÅkË���ß

µ∆u + (λ + µ)∇(div u) = µ











∂(ρ+ − ρ−)

∂x2

∂(ρ+ − ρ−)

∂x1











.

é



 

x2

x1

⊥
⊥

⊥⊥
⊥⊥

⊥
⊥⊥

⊥⊥>>
>>

>>>>>>
>

ê1ë½ìKí æ?îMË�ç ²GÃ]Ç�ÓLÐ9´�¯�»>³�¼½´(¹b±F¸2Ö0¶(¹T±V¶=¸]µ�»;Ç�ºY·T¹�¶=¸]²T³F¶=·T±F´(¸�±k¸�·T¿]»E¯�±k¹�»>µ	·T±F´(¸�Ù½Ó�Ë�ÉkËPß

Õ¤²T±k¸iÄO·�¿i»Â¼-¶(µ	·b·T¿]¶=·
x = x1 + x2

É]º2±F»�³V¯i²

2µ











∂2u1

∂x2

∂2u2

∂x2











+ (λ + µ)











∂2(u1 + u2)

∂x2

∂2(u1 + u2)

∂x2











= µ











∂(ρ+ − ρ−)

∂x

∂(ρ+ − ρ−)

∂x











.

� ´0¾?É�Ç�ºY¶(¯]¯�±k¸]Ä6·�¿i»Â·�¾e´9¶(ÇB´0Ö�»;»�å2Ã]¶0·�±k´�¸]²�É�¾e»Â´(Ç�·�¶=±F¸

∂2(u1 + u2)

∂x2
=

µ

λ + 2µ

(

∂(ρ+ − ρ−)

∂x

)

.

ï ¸�·�»�Ä�¹�¶=·T±F¸iÄ�·�¿i»E¶=Çg´0Ö(»j»>å2Ã]¶=·T±F´(¸�º�±k»>³F¯i²b²T±F¸]µ	»
u

±V²ÂË	Ó$ÁB»>¹T±F´�¯�±Vµ

∂(u1 + u2)

∂x
=

µ

λ + 2µ

(

(ρ+ − ρ−) −
∫ 1

0

(ρ+ − ρ−)

)

.
Ù-Î]ÅkË���ß

Õ¤²T±k¸iÄO·�¿i»Â¼-¶(µ	·b·T¿]¶=·

(σ : ε0) = σ12 = 2µ(εe(U))12 = µ

(

∂(u1 + u2)

∂x
+ A12(t) + A21(t) − (ρ+ − ρ−)

)

¶=¸]¯3Ù-Î]ÅkË���ßKº�±k»>³F¯i²

(σ : ε0) = − (λ + µ)µ

λ + 2µ

(

(ρ+ − ρ−) +
µ

2(λ + µ)

∫ 1

0

(ρ+ − ρ−) + L(t)

)

¾b¿i»�¹�»
L(t) = − (λ + 2µ)

(λ + µ)
(A12(t) + A21(t))

Å���»j·�¿i»�¸)¯�»>¯iÃ]µ	»�Éi±�¼ ~b = (1, 0)
É�·T¿]¶=·1·T¿i»?²Tº�²G·T»>Ð Ù-Î]ÅkË>Ï2ßKµ�¶(¸YÇg»

¹T»>¾b¹T±k·G·�»�¸�¶�²ÂÙ-ÎiÅFËPÝ(ß Å�®¤²e·�¿i»?µ	´�¸]²�·�¶=¸2·
C1, C2

¶=¹�»;Ág´�²T±�·�±kÖ�»(É2·T´Q²T±kÐ9Ái³F±k¼½ºQ·T¿i»Â¸i´(·�¶=·T±F´(¸]²>É�¾K»?µ�¶(¸YÁiÃi·e·�¿i»�Ð ·T´
1

±F¸�·T¿i»Â¼½´�³k³F´0¾b±F¸iÄ6¾b±k·T¿]´(Ã�·h³F´�²G·h´=¼"Ä(»�¸]»�¹�¶=³F±�·�ºQ´�¸Y·�¿i»E²Gº�²G·T»>Ð Ù�Ë�ÅkËPß Å

� ��� � �K�E�6�����O���E�������"�	������


Æ�´ÂÁi¹�´0Ö(»_·T¿i»b»�Ñ�±V²G·T»�¸Bµ	»b¶=¸]¯OÃi¸]±Få2Ãi»>¸i»>²�²H¹T»�²GÃ]³�·H¼½´(¹H·�¿i»b¸i´�¸�ÓL³F´�µ�¶(³2Á]¹T´�Çi³k»>Ð)É0¾K»1Ã]²T»h¶;ÔiÑ�»>¯6ÁB´�±k¸2·^Ð9»	·�¿i´�¯NÅ
ï ¸�´�¹�¯i»�¹e·T´Q¯�´9·�¿]¶0·h¾e»j¼½¹T»>»�Ø�»j·�¿i»?¸i´(¸iÓL³F´�µ�¶=³g·�»�¹�Ð ¶=¸B¯Y¾e»?²�·�Ã]¯�º#·�¿i»Â¼½´(³F³F´0¾b±k¸iÄO³F´�µ>¶=³NÁi¹�´(Ç]³k»>Ð















(ρ+)t = − (ρ+ − ρ− + a(t)) |Dρ+| on R × (0, T )
(ρ−)t = (ρ+ − ρ− + a(t)) |Dρ−| on R × (0, T )
ρ+(·, 0) = ρ0

+ on R

ρ−(·, 0) = ρ0
− on R.

Ù½ÏBÅkË�Í�ß

Ý



Æ1¿i»E¶(²�²GÃ]ÐOÁi·T±F´(¸]²1¶=¹�»j·T¿i»Â¼½´�³k³F´0¾b±F¸iÄ|

Ù�ÚEË�ß

a ∈ W 1,∞(R+)
É

Ù�Ú;æ(ß
ρ0 = (ρ0

+, ρ0
−)

±V²
1− ÁB»>¹T±F´�¯�±FµjÁi³FÃ]²

L0−
³k±F¸i»>¶(¹>ÉNá-âWã�âFÉ

ρ0
±(x) = P 0

±(x) + L0x
¾b¿]»�¹�»

P 0
±

¶(¹T»ÂÁg»�¹�±k´�¯�±Vµ?´(¼
Ág»�¹�±k´�¯

1
¶=¸]¯

L0
±V²b¶Qµ	´�¸]²�·�¶=¸2·>Å

Ù�Ú¤Î�ß
P 0
± ∈ Lip(R)

Å

�h�G� ��§¤� ªG¡b©��Hª6¥¤�]¡��;ªG��«
��»�¯i»�¸i´(·T»MÇ�ºvÕ �B� Ù½¹�»>²TÁXÅeÛ)�B�1ßO·�¿i»�²T»	·Y´(¼?³k´�µ�¶(³k³Fº Çg´(Ã]¸]¯�»>¯nÃiÁiÁg»�¹�Ù-¹T»�²GÁ�Å^³k´0¾e»�¹ ß9²T»�Ð9±�Ó7µ	´�¸2·T±F¸2Ã]´(Ã]²

¼½Ãi¸]µ ·�±k´�¸]²>Å�Æ1¿i»��(»�º6ÁB´�±k¸2·_±V²Z·�¿]¶0·K´(Ãi¹e²Gº�²G·T»�Ðð±F²Kå2Ã]¶(²T±]Ð9´(¸]´=·T´�¸i»b±F¸9·T¿i»j²G»>¸]²G»b´(¼ ï ²G¿i±F±LÉ?�;´(±p�(»?ÜFË �PÞHÙ-®EÅFË�ß¤Ù-²T»�»
� ã<v
v [ Ï]ÅFË�ß�¶=¸]¯O²G´;¾K»1µ�¶(¸�»�Ñ2·�»�¸]¯�·T¿]»�±F¹"¹�»>²TÃi³k·�²�·T´j´(Ã]¹H²Tº�²�·�»�Ðè±F¸6Ã]¸2Çg´(Ã]¸]¯�»>¯6¯�´(ÐQ¶(±k¸O¶=¸]¯�¾b±�·�¿6Ãi¸�Çg´(Ãi¸B¯�»>¯
±k¸i±k·T±V¶=³�µ	´(¸B¯�±�·�±k´�¸�ÃB²G±F¸iÄO·T¿i»?¾e»�³F³kÓ ��¸i´0¾b¸�¶=¹�Ä(ÃiÐ9»�¸2·�²1´=¼�·�¿i»E²�µ�¶=³V¶=¹bµ>¶(²T»(Å

�������	� �)2U043��$D)@�:�9]Mk.�*b=)*,; *b=��W*bH8;�&)(	�"@�.�9�Oi;�*,=�9U@�=~V tuhiã�
 [ vOá \ f Y-r á [-r
Hk(t, ρ, p) = k(ρ+ − ρ− +

a(t))|p| á a y c [ a á]w v Y-ruY f Y-r ã ^ á-âWã�â ^b_ Y	Z�[-\]\ zPã { f Y	Z a r
[	rbs

s adcB{ h"f]h [ f

rj − sj = max
k∈{+,−}

(rk − sk) ≥ 0

f]h]ã r
Hj(t, r, p) − Hj(t, s, p) ≥ 0.

Ù½Ï]Å<æ	�2ß
��»Â·�¿i»�¸)¿]¶PÖ�»¤·�¿i»Â¼½´(³F³k´0¾b±F¸iÄO·T¿]»�´(¹�»�Ð

%'&)(�*,+-(/. �N2]� 36%'&�( OU*N>Q@�O�R�+S*,T�OU(�.WV � ã<f T ≥ 0
â � aPadc vQã l 
 m q-w l 
 o<q-w l 
 �dq(â
�9ã a ãxf M = ‖P 0

+ −
P 0
−‖L∞(R)

[-rbs
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(R)

â tuhiã r ^ fihiã _ Y-\]\�Y � á r � h Y-\�s a
l á q�� *b.KR�@�+S9�: *b= R�+S9�=)>?9iR�OU(b2 � ã<f ρ ∈ USC(Ω×]0, T [)

[-rus
v ∈ LSC(Ω×]0, T [)


�ã Z ã a e ã { fLá]zPã \ j
adc 
 [-rus
adc�e ã Z w a Y-\ c f�á Y	r Y _ lnm â m q-w lnm âpoxq(â��Oã [ akakc vQã�f]h [ fgf]h]ã Z ã6ã 	�á a f a [ { Y-r a f [-r f C > 0 adcB{ h`fih [ f

ρ0(x) − Ct ≤ ρ, v ≤ ρ0(x) + Ct.
Ù½ÏBÅ æiË�ß

tuhiã r á _ ρ(·, 0) ≤ v(·, 0) in R
fihiã r

ρ ≤ v
á r

R × [0, T ]
â

l áWá q 5�7�9U: ; (�=�>Q(b2 tuhiã Z ã9ã 	�á a f a [ c r áUy c ã'z>á a<{ Y a á]f j a Y-\ c fLá Y-r ρ
Y _ e Z�Y 
 \ ã<v l �Bâ m�� q a [ fLá a]_kj á r��

ρ0(x) − (M + ‖a‖L∞(0,T ))B0t ≤ ρ(x, t) ≤ ρ0(x) + (M + ‖a‖L∞(0,T ))B0t.
Ù½ÏBÅ æ�æ(ß

} Y-Z ã Y zPã Z ^ fihiã a Y-\ c fLá Y-r á a 1− e ã Z á Y s á { e \ c�a L0−
\ á r ã [	Z â

l áWáWá q � (��bD�OU@�+-9i;��,2 tuhiã a Y	\ c fLá Y-r ρ
Y _�l �gâ m�� q�á a�� á e,a<{ h�á]f]� { Y	r fLá r c Y c�a á r a e [ { ã [-rbs f�á]vQã [-rbs a [ fLá a �eã a

max
k∈{+,−}

‖Dρk‖L∞(R×(0,T )) ≤ B0

max
k∈{+,−}

‖(ρk)t‖L∞(R×(0,T )) ≤ B0(2B0(M + ‖a‖L∞(0,T ))T + M + ‖a‖L∞(0,T )).

l á]z�q 5 :<;�9U.�@�; (�*,= ;�&)(":�*,O�DN;�9U*b=�2 tuh]ã a Y	\ c f�á Y	r ρ a [ f�á a �Kã a
‖ρ+ − ρ−‖L∞(R×(0,T )) ≤ 2B0‖a‖L∞(0,T )T + ‖ρ0

+ − ρ0
−‖L∞(R).

� +S*N*,H *bH�%'&�(�*B+-(�. �)2��
Æ1¿i»�µ�´(Ð9Á]¶=¹�±V²G´�¸CÁi¹T±F¸]µ�±kÁi³F»Y±V²���Ã]²G·9¶(¸À»	Ñ�·T»>¸]²T±k´�¸C´=¼h·�¿i»�´�¸i»Y´(¼ ï ²G¿]±k±LÉ��;´(±p�(»�ÜkË��PÞhÆ1¿i»�´�¹T»>Ð ÏBÅ<Ý)¼½´(¹9å�ÃB¶(²T±�Ó
ÐO´�¸i´=·�´(¸i»�Ú¤¶=Ð9±F³�·�´(¸i±V¶=¸�Å��]´(¹�·T¿i»�»	Ñ�±V²�·�»�¸]µ�»(É"±�·Q²GÃ��Qµ�»>²E·T´3Ã]²G»�ÈH»�¹�¹T´�¸�� ²�Ð9»	·T¿]´�¯ÀÇ2º8¹�»�ÐQ¶=¹P��±k¸]ÄD·T¿]¶=·

ρ ±
(M + ‖a‖L∞(0,T ))B0t

¶(¹T»�¹T»�²GÁXÅH²TÃiÁB»>¹Q¶=¸]¯v²GÃiÇiÓ$²T´(³FÃ�·T±F´(¸ ´=¼6Ù-Ï]ÅFË>Í�ß	Å"Æ1¿]»Y¼-¶�µ ·O·T¿]¶=·
ρ

±F²
1− Ág»�¹�±F´�¯i±FµQÁ]³kÃ]²

L0−
³F±F¸i»>¶(¹1µ�´(Ð9»>²e¼½¹�´(Ð°·T¿i»Â¼-¶�µ ·b·T¿B¶0·

ρ(x + 1, t) + L0
±V²h¶(³F²T´O²T´(³FÃ�·�±k´�¸�´(¼1Ù-Ï]ÅFË>Í�ß	Å

�



Æ1¿i»�ÛX±FÁ]²�µ�¿i±k·TØM»�²�·�±kÐQ¶0·�»M±F¸ ²GÁB¶(µ	»�µ	´(Ð9»�²9¼½¹T´�Ð ·�¿i»M¼-¶�µ ·#·�¿]¶0·�È^¹�´(Çi³F»�Ð Ù½ÏBÅkË�Í�ß9±V²#±F¸�ÖP¶(¹T±V¶=¸2·#Ç�ºÌ²GÁ]¶�µ	»
·T¹�¶=¸]²T³F¶=·T±F´(¸XÅ�Æ�´6´�Ç�·�¶(±k¸�·T¿i»ÂÛX±FÁ]²�µ�¿i±k·TØÂ»>²G·T±FÐQ¶0·T»j±F¸Y·�±kÐ9»(É�±k·b±F²1²TÃ��#µ	±F»�¸2·1·T´OÇB´�Ãi¸]¯Y·T¿i»ÂÖ�»�³F´�µ�±�·�º9Ã]²T±F¸iÄ�Ù-Ï]Å<æ(æ�ß Å

��»?¸i´0¾ Ái¹T´0Ö�»
(iv)

ÅB��»E²T»	·
w = ρ+ − ρ−

Å���»j·�¿i»�¸D¿]¶PÖ�»

wt = −(w + a(t))(|Dρ+| + |Dρ−|).
��»E²T»	·

m(t) = sup
x∈R

w(x, t)
ÙW·�¿i±V²

sup
±V²1¹�»>¶(µ�¿]»>¯Q·�¿]¶=¸B��²e·�´

(ii)
ß1¶=¸B¯Y¾e»ÂÄ(»	·b¼½´�¹

m ≥ 0

mt = − (m + a(t))(|Dρ+| + |Dρ−|)
= − m(|Dρ+| + |Dρ−|) − a(t)(|Dρ+| + |Dρ−|)
≤2B0‖a‖L∞(0,T )

¾b¿i±Fµ�¿�±kÐ9Ái³F±F»>²e·T¿]»jÃ]ÁiÁB»>¹bÇB´�Ãi¸]¯Y´=¼
(iv)

ÅiÆ1¿]»;³F´0¾K»>¹KÇg´(Ã]¸]¯Y±V²eÁi¹�´0Ö(»>¯Y²G±FÐ9±k³V¶=¹�³kº�Å�Æ1¿i±F²1»>¸]¯i²K·T¿]»jÁ]¹T´�´=¼�´=¼X·�¿i»
·T¿i»>´(¹�»�Ð)Å

�h��� ��§¤� �¤¡_���0ª�¡b©��ZªO¥¤�i¡��jª���«
× »�¼½´(¹�»¤·�´QÁi¹�´0Ö(»;Æ1¿]»�´(¹�»�Ð Ë(ÅFË(É�¾e»j¸]»�»>¯�·�¿i»Â¼½´(³F³k´0¾b±F¸iÄ \ ã<v
v [

�������	� �)2 � 3���; @�T�9UO�9i;�� *,H ;�&)(W: *bOUD); 9�*,= � 9i;�& +-(/: R�(�>	;`;�*L; &�( 
,(�O�*�>Q9U; �)V � ã<f T ≥ 0
â �Oã { Y	r a á s ã Z

_ Y-Z i = 1, 2
f � Y$s á �¤ã Z ã r f1ãky c [ fLá Y-r a

{

(ρi
k)t = −k

(

ρi
+ − ρi

− + ai(t)
)

|Dρi
k| for k ∈ {+,−}

ρi
k(·, 0) = ρ0

k for k ∈ {+,−}
Ù½ÏBÅ æ(Î�ß

� hiã Z ã�f]h]ã { Y ã�� { á-ã r f a ai a [ fLá ai_kj (H1)
[	rbs f]h]ã¤á r á]f�á [	\ { Y-rus á]fLá Y-r a ρ0 = (ρ0

+, ρ0
−) a [ fLá a �eã a l 
 o<q-w l 
 �dq(â tuhiã r ^

� ã h [ z0ã
max

k∈{+,−}
‖ρ2

k − ρ1
k‖L∞(R×(0,T )) ≤ B0T‖a2 − a1‖L∞(0,T ),

� hiã Z ã ρi _ Y-Z i = 1, 2
[	Z ã�f]h]ã a Y-\ c f�á Y	r a Y _ l �gâpo �dq � á]z0ã r 
 j tuhiã Y	Z ãxv �gâpo2â

� +S*N*,H *bH � � ��� � �N2��
��»E²T»	·

K = ‖a2 − a1‖L∞(0,T )

Å���»?¹�»�ÐQ¶=¹P�9·T¿B¶0·
ρ2

±F²b¶Q²TÃiÇ�Ó7²G´�³kÃi·T±F´(¸Y´(¼

(ρk)t + k (ρ+ − ρ− + a1(t)) |Dρk| − KB0 = 0.

àD´(¹�»�´0Ö�»�¹
ρ1 + KB0t

±F²b²T´(³FÃ�·�±k´�¸�´(¼�·�¿i»E²T¶(Ð9»jÁ]¹T´�Çi³k»>Ð)Å × º�µ	´(Ð9Á]¶(¹T±V²T´(¸YÁ]¹T±F¸]µ	±FÁi³F»(É�¾e»j·T¿i»>¸M¯�»>¯�ÃBµ	»

max
k∈{+,−}

‖ρ2
k − ρ1

k‖L∞(R×(0,T )) ≤ KB0T.

Æ1¿i±F²h±F²e·�¿i»?»>²G·T±FÐQ¶0·T»Â¾e»?¾e¶(¸2·>Å

��»?¿]¶PÖ�»¤·�¿i»Â¼½´(³F³F´0¾b±k¸iÄ \ ã<v
v [ ¾b¿i±Vµ�¿�Ái¹T´�´(¼�±V²e·T¹�±kÖ�±V¶=³

�������	� �)2�� 3���; @�T�9UO�9i;�� *,HL;�&)( 
,(�OU*�>?9i;�� @,V � ãxf ρ1, ρ2

�ã

1−e ã Z á Y�s á {�e \ c�a L0−
\ á r ã [-Z â �Oã a ã<f

a[ρi](t) =

∫ 1

0

ρi
+(x, t) − ρi

−(x, t)dx + L(t)
â8tuhiã r fihiã _ Y-\]\�Y � á r � h Y-\�s a

‖a[ρ2] − a[ρ1]‖L∞(0,T ) ≤ 2 max
k∈{+,−}

‖ρ2
k − ρ1

k‖L∞(R×(0,T )).

Í



��»?¸i´0¾ Ái¹�´0Ö(»ÂÆ1¿i»�´�¹T»>Ð5Ë(ÅFË

� +S*N*,H *bH�%'&�(�*B+-(�.10b2U0
��»E¯�»�Ô]¸i»Â·�¿i»E²G»�· 


UT =























ρ =

(

ρ+

ρ−

)

∈ (L∞
Loc)

2
, s.t.

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

‖ρ+ − ρ−‖L∞ ≤ 2M + ‖L‖L∞(0,T )

ρ
±F²

1− ÁB»>¹T±F´�¯�±Vµ¤Ái³FÃ]²
L0−

³F±F¸i»>¶(¹
max

k∈{+,−}
‖Dρk‖L∞ ≤ B0

max
k∈{+,−}

‖(ρk)t‖L∞ ≤ B0(4M + 3‖L‖L∞(0,T ))























,

¾b¿i»�¹�»
L0

±F²¤¯�»	Ô]¸]»>¯�±k¸
(H2)

É
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(R)

¶(¸]¯
M = ‖P 0

+ − P 0
−‖L∞(R)

ÅB�i´�¹
ρ ∈ UT

É]¾K»?²T»	·

a[ρ](t) =

∫ 1

0

ρ+(x, t) − ρ−(x, t)dx + L(t).
Ù-Ï]Å<æ0Ï�ß

��»E²T»�»j·T¿B¶0·
a[ρ]

²�¶0·T±V²GÔ]»>²
(H1)

¾b±�·�¿ ‖a[ρ]‖L∞(0,T ) ≤ 2(M + ‖L‖L∞(0,T ))
Å

�i´(¹
ρ ∈ UT

Éi¾e»j·T¿i»>¸)¯i»	Ô]¸i»
v = G(ρ) = (G+(ρ), G−(ρ))

¶(²e·�¿i»?Ãi¸i±Vå2Ãi»?Ö�±F²�µ	´2²G±k·�º#²G´�³kÃi·T±F´(¸�¼½´(¹
k = 1, 2Ù-²T»�»?Æ1¿i»�´�¹T»>Ð°Ï]Å<æ(ßK´(¼

{

(vk)t = −k (v+ − v− + a[ρ](t)) |Dvk| on (0, T )× R

vk(·, 0) = ρ0
k on R.

Ù½ÏBÅ æ?�(ß
��»?¾b±F³k³�²G¿i´0¾ ·T¿]¶=·

G : UT → UT
±V²b¶Q²�·�¹T±Vµ ·hµ	´�¸2·T¹�¶(µ ·�±k´�¸#¼½´�¹

T
²TÐQ¶=³F³N»�¸i´�ÃiÄ(¿�Å���±F¹�²�·�Éi¾K»Â¾b±F³k³�Ái¹T´0Ö�»¤·�¿]¶0·

G±F²1¾e»�³F³�¯�»�Ô]¸i»>¯XÅ × ºYÆ1¿i»�´�¹T»>Ð°Ï]Å<æ�É�¾e» ��¸i´0¾ ·T¿B¶0·
v

±V²
1− Ág»�¹�±F´�¯i±FµÂÁi³FÃ]²

L0−
³F±k¸]»>¶=¹�ÅiàD´�¹T»>´0Ö(»�¹�É(¾e»?¿]¶PÖ�»

max
k∈{+,−}

‖Dvk‖L∞(R×(0,T )) ≤ B0

¶=¸]¯

max
k∈{+,−}

‖(v±)t‖L∞(R×(0,T )) ≤B0(2B0(M + ‖a‖L∞(0,T ))T + ‖a‖L∞(0,T ) + M)

≤B0(2B0(3M + 2‖L‖L∞(0,T ))T + 3M + 2‖L‖L∞(0,T ))

≤B0(4M + 3‖L‖L∞(0,T ))

¼½´(¹
T ≤ T ∗ =

1

6B0

Å ï ·j·T¿�Ã]²Â¹�»�ÐQ¶=±F¸]²¤·T´)Çg»9²T¿i´0¾b¸D·�¿]¶0· ‖v+ − v−‖L∞(R×(0,T )) ≤ 2M + ‖L‖L∞(0,T )

Å × º
Æ1¿i»�´�¹T»>Ð°Ï]Å<æ�É�¾e»?¿]¶PÖ(»

‖v+ − v−‖L∞(R×(0,T )) ≤2B0(M + ‖a‖L∞(0,T ))T + M

≤2B0(3M + 2‖L‖L∞(0,T ))T + M ≤ 2M + ‖L‖L∞(0,T )

¼½´(¹
T ≤ T ∗ =

1

6B0

¶=¸]¯�²T´
v ∈ UT

¼½´(¹
T ≤ T ∗ Å

ï ·"·�¿�Ã]²Z¹�»�ÐQ¶=±F¸]²�·T´E²T¿i´0¾C·�¿]¶0·
G

±F²Z¶Âµ�´(¸2·T¹�¶(µ	·T±F´(¸XÅ-�i´�¹
vi = G(ρi)

É(¶�µ�µ�´(¹�¯�±k¸]Äh·T´ � ã<v
v [ Ï]Å Îj¶(¸]¯ � ã<v
v [
Ï]Å Ï]É�¾e»j¿B¶PÖ(»

‖v2 − v1‖L∞ = sup
{k∈{+,−}}

‖v2
k − v1

k‖L∞ ≤ B0T‖a[ρ2] − a[ρ1]‖L∞

≤2B0T‖ρ1 − ρ2‖L∞ ≤ 1

3
‖ρ1 − ρ2‖L∞

¼½´(¹
T ≤ T ∗ =

1

6B0

ÅX®¤¸]¯3²G´
G

±V²?¶�µ�´(¸2·T¹�¶(µ	·T±F´(¸M´�¸
UT

¾b¿]±Fµ�¿3±F²Â¶�µ	³F´�²T»>¯�²G»�·>ÅN��´BÉB·�¿i»�¹�»9»	Ñ�±V²�·�²j¶�Ãi¸i±Vå2Ãi»

Ö2±V²�µ	´�²T±k·�ºM²G´�³kÃ�·�±k´�¸�´(¼jÙ�Ë�ÅkËPß$Ó Ù�Ë�Å æ�ßh±F¸
UT

´(¸
(0, T ∗)

¾b¿]»�¹�»
T ∗ =

1

6B0

Å × ºM±k·T»>¹�¶=·T±F¸iÄ�·T¿i±V²ÂÁi¹�´�µ�»>²�²�É�´�¸i»Qµ�¶=¸
µ	´(¸B²�·�¹TÃ]µ	·h¶O²T´(³FÃ�·�±k´�¸Y¼½´�¹h¶=³F³

T > 0
Å ï ¸]¯�»>»>¯NÉ

T ∗ ¯�»>ÁB»>¸]¯i²b´�¸i³kºY´(¸
B0

¾b¿i±Vµ�¿D¯�´9¸i´=·¤µ�¿B¶=¸iÄ�»j¯�Ã]¹T±F¸iÄO·T±FÐ9»(Å

Ë��



� +S*,R�*b: 9U; 9�*,= �N2�� 3n5 :<;�9U.�@�;�( HJ*B+�; &�(I=)*b=�MkOU*�>?@�O�:�*,O�DN;�9U*b=�V � ã<f T ≥ 0
â tuhiã a Y-\ c fLá Y-r ρ

Y _ lnm â m q-w lnm âpo<q
a [ f�á a �eã a

‖ρ+ − ρ−‖L∞(R×(0,T )) ≤ 2B0(2B0 + ‖L‖L∞(0,T ))T + M

� hiã Z ã B0 = max
k∈{+,−}

‖Dρ0
k‖L∞(R)

[	rbs
M = ‖P 0

+ − P 0
−‖L∞(R)

â

� +S*N*,H *bH � +-*BR *,:�9i;�9U*b= �)2��
Æ1¿i»;Á]¹T´�´=¼X±V²KÖ(»�¹�º9²G±FÐ9±k³V¶=¹K·T´�·T¿i»j´(¸i»j´=¼N·�¿i»j³k´�µ�¶(³gµ>¶(²T»;Æ1¿i»>´(¹�»�Ð¬Ï]Å<æ

(iv)
Å��3»j¯�»>¸i´=·�»¤Ç�º

w = ρ+ − ρ−
Å/�3»

¿]¶PÖ(»

wt = − (w +

∫ 1

0

w + L(t))(|Dρ+| + |Dρ−|)

= − 2w(|Dρ+| + |Dρ−|) + (w −
∫ 1

0

w − L(t))(|Dρ+| + |Dρ−|).

Õ¤²T±k¸iÄY·T¿i»OÈH´(±F¸]µ�¶(¹ ��Ó � ±F¹T·T±F¸iÄ(»>¹T³F»Â±k¸i»�å2Ã]¶=³F±�·�º�ÉB¾e»6¯i»>¯�Ã]µ�»E·�¿]¶0·j·T¿i»9²T»>µ	´�¸]¯�·T»>¹TÐ¦±V²¤Çg´(Ã]¸]¯�»>¯�Ç�º
2B0(2B0 +

‖L‖L∞(0,T ))
Å]Õ¤²T±k¸]Ä6·�¿i»E²�¶=Ð9»?¶=¹�Ä(ÃiÐ9»�¸2·1´=¼"·T¿i»?´�¸i»Â´=¼ZÆ1¿i»�´�¹T»>Ð Ï]Å<æ�É�¾e»?¯�»>¯�ÃBµ	»Â·T¿]»?¹T»�²GÃi³k·>Å

� � ��
 �1�H�	� � � ��� � ��
 �

�1�G� �Ì¥¤¥¤�]¡��h G«¬�"�i �¡_� ¡	�#�i§¤�ÒªG¡1©��ZªO��¨b������«
ï ¸9·T¿i±V²K²TÃiÇ]²T»>µ	·T±F´(¸XÉ(¾K»hÁ]¹T´�ÁB´2²G»h¶ÂÔB¸i±�·�»;¯�±���»�¹�»�¸]µ�»¤²Tµ�¿]»�Ð9»b¼½´(¹^·T¿i»;³k´�µ�¶(³B²Tº�²�·�»�Ð¦Ù½Ï]ÅFË>Í2ß Å�äj±FÖ(»>¸#¶E¯�±V²Tµ�¹T»�·T»

Ö(»�³F´�µ	±k·�º
a∆

É]¾e»�µ	´�¸]²T±F¯�»>¹b·T¿]»6¯�±V²Tµ�¹T»�·T»�²T´(³FÃ�·�±k´�¸
v

·T¿B¶0·;¶(ÁiÁi¹�´PÑ�±FÐQ¶0·�»>²1·�¿i»�²T´(³FÃ�·T±F´(¸D´(¼bÙ-Ï]ÅFË>Í2ß É]Ä�±kÖ�»�¸)Ç�ºY·�¿i»
¼½´(³F³k´0¾b±F¸iÄO»	Ñ�Ái³F±Fµ�±�·¤²�µ�¿i»�Ð9»

v0
k,i = ρ̃0

k(xi),
Ù��iÅ æ(é�ß

vn+1
k,i = vn

k,i + ∆t
(

C∆,Loc
k [v](xi, tn)

)







E+
(

D+vn
k,i, D

+vn
k,i

) ±�¼
C∆,Loc

k [v](xi, tn) ≥ 0

E−
(

D+vn
k,i, D

+vn
k,i

) »�³V²G» ∀k ∈ {+,−}
Ù��iÅ æ2Ý=ß

¾b¿i»�¹�»
ρ̃0(xi)

¶=¹�»;¯�»�Ô]¸i»�¯Y±F¸3ÙGË(Å Î�ß	É
E±

¶(¹T»;·T¿i»?¶(ÁiÁi¹�´PÑ�±FÐQ¶0·�±k´�¸Q´=¼�·�¿i»�!^Ã]µ�³k±V¯�»>¶(¸�¸]´(¹�Ð Ái¹T´�ÁB´2²G»�¯QÇ�º�Êj²T¿i»�¹
¶=¸]¯ ��»�·T¿i±V¶=¸DÜ<æQ��Þ�¯�»	ÔB¸i»>¯9±F¸MÙ�Ë�Å é2ß1Ù½¾e»h¶=³V²G´Eµ>¶=¸9Ã]²T»1·T¿i»h´�¸i»bÁi¹�´(Ág´�²T»>¯OÇ�º �b´�Ãiº(É�Æ�´�Ãi¹T±F¸)Ü æ(éPÞ½ß É

D+vn
k , D−vn

k¶=¹�»;·�¿i»E¯�±V²Tµ�¹T»�·T»ÂÄ(¹�¶(¯i±k»>¸�·b¯�»�Ô]¸i»>¯�±F¸CÙ�Ë(Å.Ý=ße¶(¸]¯

C∆,Loc
k [w](xi, tn) = −k(w+(xi, tn) − w−(xi, tn) + a∆(tn))

Ù��iÅ æQ��ß
¾b¿i»�¹�»

a∆
±F²h¶(¸�¶(ÁiÁi¹�´PÑ�±kÐQ¶0·�±k´�¸Y´(¼

a
²�¶0·�±F²G¼½º�±k¸iÄ

a∆(tn) = a(tn).
Ù��iÅ æ(Í�ß

ï ¸�ÁB¶=¹T·T±Vµ	Ãi³V¶=¹�É2·T¿i»Â¼½Ãi¸Bµ ·T±F´(¸B²
E± ¶=¹�»jÛ�±kÁB²Tµ�¿i±k·TØEµ�´(¸2·T±F¸�Ãi´(ÃB²K¾b±k·T¿)¹�»>²TÁB»�µ ·1·T´9·�¿i»E¯�±V²Tµ�¹T»�·T»ÂÄ(¹�¶(¯i±k»>¸�·�²�É�á-âWã�â
∣

∣E±(P, Q) − E±(P ′, Q′)
∣

∣ ≤ (|P − P ′| + |Q − Q′|) Ù��iÅ Î?��ß
¶=¹�»Âµ�´(¸]²T±V²�·�»�¸2·b¾b±�·�¿�·�¿i» !^Ã]µ�³k±V¯�»�¶=¸�¸i´(¹�Ð

E±(P, P ) = |P | Ù���Å ÎiËPß
¶=¸]¯�»�¸ ��´0º�²GÃi±k·�¶(Çi³F»?ÐO´�¸i´=·�´(¸i±Vµ	±k·�ºQ¾b±k·T¿D¹�»>²TÁB»�µ ·1·T´9»>¶�µ�¿�Ö0¶(¹T±V¶=Çi³F»

∂E+

∂P+
≥ 0,

∂E+

∂P−
≤ 0,

∂E−

∂P+
≥ 0,

∂E−

∂P−
≤ 0.

Ù��iÅ Î2æ(ß

Ë�Ë



ç¤»>¸i´=·�±k¸iÄjÇ�º
Sk

·�¿i»e´(Ág»�¹�¶0·T´�¹�´�¸E·�¿i»K¹�±FÄ(¿2·GÓ$¿]¶=¸B¯E²G±V¯�»e´=¼�Ù ��Å<æ�Ý(ß ÉP¾K»1µ�¶(¸E¹�»�¾b¹�±�·�»_·�¿i»e²�µ�¿i»>ÐO»eÐ9´(¹�»Kµ�´(Ð9Á]¶(µ	·T³Fº
¶(²

v0
k,i = ρ̃0

k(xi), vn+1
k = Skvn.��±F¸]¶(³k³Fº(É�¾e»?¶=³V²G´Q¶(²�²TÃiÐ9»;·�¿]¶0·1·�¿i»?Ð9»>²T¿)²�¶0·�±F²GÔ]»�²e·T¿i»Â¼½´�³k³F´0¾b±k¸]Ä �g�HÛCµ	´�¸]¯�±k·T±F´(¸8Ù-µ	¼ �b»>ÐQ¶=¹P�|��Å<æ(ß

∆t ≤ 1

2L1
∆x

Ù��iÅ Î�Î�ß
¾b¿i»�¹�»

L1 = (2B0T + 1)‖a‖L∞(0,T ) + M + 2.

%'&)(�*,+-(/. �G2�043 � +S@B=)C�@�OUOiM � 9U*b=): +-@�;�(�*bHN>Q*b= 
,(/+ �b(/=�>Q(�V � ãxf T ≤ 1
â � aPadc vQãgf]h [ f

∆x+∆t ≤ 1
â � akadc v9ã

f]h [ f
a ∈ W 1,∞(R × [0, T ))

[-rus fih [ fgfihiã�� X ��{ Y	rbs á]f�á Y	r l�� â�� �dq�h Y-\�s a âtbh]ã r fihiã Z ãQã
	�á a f a [ { Y-r a f [	r f K > 0
s ã e ã rus á r�� Y-r,\ j Y-r ‖P 0

+ − P 0
−‖L∞(R), maxk∈{+,−} ‖Dρ0

k‖L∞(R)[-rbs ‖a‖W 1,∞(0,T ) adcB{ hIfih [ f fihiã#ã ZdZ�Y-Z ã a f�á]v [ f7ã�
�ã<f � ã�ã r fihiã a Y-\ c fLá Y-r ρ
Y _ f]h]ã { Y-r fLá r c Y c�a�adjSa f$ã<v l �Bâ m � q[-rbs f]h]ã s á a<{ Z ã<f7ã a Y-\ c f�á Y	r v

Y _ fihiã � r á]f$ã s á �¤ã Z ã r { ã a<{ hiã<v9ã l�� âpo � q-w l�� âpo��nqYá a � á]zPã r 
 j
max

k∈{+,−}
sup
ΞT

|ρk(xi, tn) − vn
k,i| ≤ K

√
T (∆x + ∆t)

1/2
+ max

k∈{+,−}
sup
Ξ

|ρ0
k(xi) − v0

k,i|

e Z�Y z>á s ã s K(∆x + ∆t)
1
2 + max

k∈{+,−}
sup
Ξ

(ρ0
k(xi) − v0

k,i) ≤ 1
â

� (�.�@�+S� ��2�� 3�� *b=�*B;�*,=��A*,H�;�&)(":�>S&)(�.�(�V���rbs ã Z fihiã [ akadc v e f�á Y	r a Y _ tuh]ã Y	Z ã<v � â mS^ � ã�h [ zPã
|vn

+,i − vn
−,i| ≤|vn

+,i − ρ+(xi, tn)| + |ρ+(xi, tn) − ρ−(xi, tn)| + |ρ−(xi, tn) − vn
−,i|

≤2 + 2B0‖a‖L∞(0,T )T + M

� hiã Z ã � ã�h [ zPã c�a ã s tuhiã Y	Z ãxv �gâpo
(iv) _ Y	Z f]h]ã a ã { Y-rbs f$ã Z vQâ �Oã fihiã rIs ã s cB{ ã'fih [ f fihiã s á a<{ Z ã<f$ã�zPã \�Y { á]f j

C∆,Loc
k [v] ≤ (2B0T + 1)‖a‖L∞(0,T ) + M + 2 = L1.tbh]ã r ^ Y	r ã { [-r a h Y � f]h [ f fihiã a<{ h]ãxvQãOá a v Y	rbY f Y	r ãOá r f]h]ã _ Y	\]\�Y � á r�� a ã r a ã
	 � ã<f v

[-rbs
w

�ã
f � Y�s á a<{ Z ã<f7ã

_kc r { f�á Y	r a�adcB{ h�fih [ f
vn

i ≤ wn
i

f]h]ã r
Sk(vn)(xi) ≤ Sk(wn)(xi), for k ∈ {+,−}.

�i´(¹1·�¿i»?Ái¹�´�´=¼�´(¼"Æ1¿i»>´(¹�»�Ð �iÅkË�É�¾K»Â¸i»>»>¯�·T¿]»Â¼½´(³F³k´0¾b±F¸iÄ \ ãxv v [
�������	� ��2 � � _ vn

i

á a f]h]ã r c v9ã Z á { [-\ a Y-\ c f�á Y	rIY _$l�� âpo � qSw l�� âpo��nq ^ f]h]ã r
−Ktn − µ0 ≤ ρ0(xi) − v(xi, tn) ≤ Ktn + µ0.

Ù��iÅ Î(Ï2ß
� hiã Z ã K = 2(‖P 0

+ − P 0
−‖L∞(R) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(R)
[-rus

µ0 = max
k∈{+,−}

sup
Ξ

|ρ0
k(xi) − v0

k,i| ≥ 0.
Ù��iÅ Î/�(ß

� +S*N*,H *bH � (�.�. @ �G2��
Æ�´MÁ]¹T´0Ö�»6·�¿i±V²�É"¾K»�²G»�·

w±(xi, tn) = ρ0
±(xi) − Ktn − µ0

¶(¸]¯8¾e»Y²G¿]´0¾ ·�¿]¶0·6¼½´(¹
K

³V¶=¹�Ä(»Q»>¸i´(Ã]Ä(¿
w

±V²�¶
¯�±F²�µ	¹�»	·�»?²GÃiÇiÓ$²T´(³FÃ�·T±F´(¸�Å ï ¸]¯�»�»�¯NÉi¾e»Â¿]¶PÖ(»

wn+1
±,i − (S±wn)i

= − K∆t − ∆tC∆,Loc
± [ρ0](xi, tn)ESgn(C∆,Loc

±
[ρ0](xi,tn))(D+ρ0

±(xi), D
−ρ0

±(xi))

= − ∆t
(

K ∓ (ρ0
+(xi) − ρ0

−(xi) + a∆(tn))ESgn(C∆,Loc
±

[ρ0](xi,tn))(D+ρ0
±(xi), D

−ρ0
±(xi))

)

≤− ∆t

(

K − 2(‖P 0
+ − P 0

−‖L∞(R) + ‖a‖L∞(0,T )) max
k∈{+,−}

‖Dρ0
k‖L∞(R)

)

.

ËPæ



¾b¿i»�¹�»
C∆,Loc

k [w](xi, tn)
±F²¤¯�»	Ô]¸]»>¯�±k¸CÙ ��Å<æ	��ßK¶=¸B¯

sgn(f)
±F²e·�¿i»E²G±FÄ(¸�´=¼

f
Å

��´]É�¼½´�¹?»�Ö(»>¹Tº
K ≥ 2(‖P 0

+ − P 0
−‖L∞(R) + ‖a‖L∞(0,T )) maxk∈{+,−} ‖Dρ0

k‖L∞(R)

É
w

±F²?¶)¯�±V²Tµ�¹T»�·T»Q²TÃiÇ�Ó
²G´�³kÃ�·�±k´�¸XÅiàD´�¹T»>´0Ö(»�¹

w0
±,i(xi) = ρ0

±(xi) − µ0 ≤ v0
±(xi).

Õ¤²T±k¸iÄO·�¿i»?Ð9´(¸i´(·T´(¸�º#´(¼�·�¿i»E²Tµ�¿]»�Ð9»(É�¾e»?¯�»>¯�ÃBµ	»
wn

i ≤ vn
i

¶=¸]¯�²T´

ρ0(xi) − vn
i ≤ Ktn + µ0.

Æ1¿i»?³k´0¾e»�¹1Çg´(Ãi¸B¯�±V²1Ái¹�´0Ö(»�¯Y²T±kÐ9±F³F¶(¹T³Fº(Å

��»?¸i´0¾ Ä(±FÖ(»j·T¿i»?Á]¹T´�´=¼"´=¼HÆ1¿i»�´�¹T»>Ð ��ÅFË
� +S*N*,H *bH�%'&�(�*B+-(�. ��2U0
Æ1¿i»#Ái¹�´�´=¼1±F²6¶=¸À¶(¯]¶=Á�·�¶0·T±F´(¸3¼½´�¹6²Tº�²G·T»>ÐQ²?´=¼1·T¿]»#´(¸i»Y´=¼��K¹�¶(¸]¯i¶(³k³_Û�±k´�¸]²QÜFË(Ë Þ$É�¹�»�Ö�±V²G±k·T»�¯8Ç�º3®¤³kÖ0¶=¹�»�Ø�ã<f [-\ â
Ü æ0ÞLÅ]Æ1¿]»EÁi¹�´2´(¼"²TÁi³F±�·�²h±F¸�·�´9·T¿i¹�»�»E²G·T»>Á]²>Å���»6¯�»�¸i´(·T»Â·�¿i¹T´�ÃiÄ(¿]´(Ã�·hÇ�º

K
Ö0¶(¹T±F´(Ã]²bµ�´(¸]²G·�¶(¸2·b¯i»�Ág»�¸]¯�±F¸iÄ#´�¸i³FºY´(¸

‖P 0
+ − P 0

−‖L∞(R), maxk∈{+,−} ‖Dρ0
k‖L∞(R)

¶=¸]¯ ‖a‖W 1,∞(0,T )

Å
��»ÂÔ]¹�²G·b¶�²T²TÃiÐ9»j·T¿]¶=·

ρ0(xi) ≥ v0
i

Ù��iÅ Î�é�ß
¶=¸]¯�¾K»E²T»	·

µ0 = max
k∈{+,−}

sup
Ξ

|ρ0
k(xi) − v0

k,i| ≥ 0.
Ù��iÅ Î�Ý=ß

��»E²T»	·¤¶6¼½»�¾Ò¸i´(·�¶0·�±k´�¸]²>Å/�3»?ÁiÃ�·

µ = max
k∈{+,−}

sup
ΞT

(ρk(xi, tn) − vn
k,i).

�i´(¹b»>Ö(»>¹Tº
0 < α ≤ 1, 0 < ε ≤ 1

¶(¸]¯
σ > 0

Éi¾e»Â²T»	·

Mα,ε
σ = sup

R×[0,T ]×ΞT×{+,−}

Ψα,ε
σ (x, t, xi, tn, k),

¾b±�·�¿

Ψα,ε
σ (x, t, xi, tn, k) = ρk(x, t) − vk(xi, tn) − |x − xi|2

2ε
− |t − tn|2

2ε
− σt − α|x|2 − α|xi|2.

��»)²G¿B¶=³F³e¯�¹�´(Á8·�¿i»)²GÃiÁg»�¹9¶=¸B¯ ²TÃiÇ]²�µ	¹�±kÁ�·�²E´�¸
Ψ

¾b¿i»>¸À¸i´�¶(Ð�Çi±FÄ(Ã]±�·�ºC¶=¹�±V²G»�²�¶(²6µ	´(¸Bµ	»�¹�¸C·�¿i»�Ö0¶(³kÃi»�´=¼b·�¿i»
Á]¶=¹�¶=Ð9»	·�»�¹�Å

��±k¸Bµ	»
ρ0

±V²hÛ�±kÁ]²�µ�¿i±k·TØ�É�¾K»Â¿]¶PÖ�»jÇ�º�Ù-Ï]Å<æ(æ�ß

|ρ±(x, t)| ≤ K(1 + |x|). Ù ��Å ÎQ�2ß
àD´(¹�»�´0Ö�»�¹eÇ2º � ã<v
v [ ��Å ÎO¾K»Â¿]¶PÖ�»

|v±(xi, tn)| ≤|v±(xi, tn) − ρ0
±(xi)| + |ρ0

±(xi)|
≤Ktn + K(1 + |xi|)
≤K(1 + |xi|).

��»Â·�¿i»�¸D¯�»�¯�Ã]µ	»Â·�¿]¶0·
Ψ

¶(µ�¿i±F»�Ö�»>²e±k·�²1ÐQ¶0Ñ�±FÐ�ÃiÐ¢¶0·h²G´�Ð9»jÁg´(±F¸2·b·T¿]¶=·h¾K»?¯�»>¸i´=·�»ÂÇ2º
(x∗, t∗, x∗

i , t
∗
n, k∗)

Å
�G;�(/R40�� 5 :<;�9U.�@�; (�:�HJ*,+$; &�( .�@�7�9�. D�. R�*b9U=u;�*,H

ΨÆ1¿i»ÂÐQ¶0Ñ�±FÐ�ÃiÐ ÁB´�±k¸2·b´=¼
Ψ

»>¸ ��´0º�²e·T¿i»Â¼½´�³k³F´0¾b±F¸iÄ6»�²�·�±kÐQ¶=·T»>²

α|x∗| + α|x∗
i | ≤ K,

Ù��iÅ Î�Í�ß

Ë�Î



¶(¸]¯
|x∗ − x∗

i | ≤ Kε, |t∗ − t∗n| ≤ (K + 2σ)ε.
Ù���Å Ï?�2ß

ï ¸]¯i»�»>¯XÉ�Ç2º�±k¸]»>å2Ã]¶=³F±k·�º
Ψ(x∗, t∗, x∗

i , t
∗
n, k∗) ≥ Ψ(0, 0, 0, 0, k∗) ≥ 0

É�¾K»?´�Ç�·�¶(±k¸

α|x∗|2 + α|x∗
i |2 ≤ ρk∗(x∗, t∗) − vk∗(x∗

i , t
∗
n) ≤K(1 + |x∗| + |x∗

i |) ≤ K +
K2

α
+

α

2
|x∗|2 +

α

2
|x∗

i |2.
Æ1¿i±V²1±FÐOÁ]³k±F»>²EÙ ��Å Î(Í2ß Éi²T±k¸]µ�»

α ≤ 1
Å

Æ1¿i»YÔ]¹�²�·9ÇB´�Ãi¸]¯C´(¼6Ù��iÅ Ï/��ß?¼½´(³F³k´0¾h²E¼½¹T´�Ð ·�¿i»)ÛX±FÁ]²Tµ�¿]±�·�Ø�±F¸v²TÁ]¶(µ�»#¹�»�Ä(Ã]³F¶(¹T±k·�º�´(¼
ρ

Ù�²G»>»�Æ1¿]»�´(¹�»�Ð Ï]Å<æ
(iii)

ß	É�¼½¹T´�Ð ·�¿i»E±F¸i»>å2Ã]¶(³k±k·�º
Ψ(x∗, t∗, x∗

i , t
∗
n, k∗) ≥ Ψ(x∗

i , t
∗, x∗

i , t
∗
n, k∗)

¶=¸]¯�¼½¹�´(Ð Ù��iÅ Î�Í�ß	Å ï ¸]¯�»>»>¯NÉ]·T¿i±V²
±FÐ9Ái³k±F»>²

|x∗ − x∗
i |2

2ε
≤ρk∗(x∗, t∗) − ρk∗(x∗

i , t
∗) − α|x∗|2 + α|x∗

i |2

≤K|x∗ − x∗
i | + α|x∗ − x∗

i |(|x∗| + |x∗
i |) ≤ K|x∗ − x∗

i |.
Æ1¿i»1²T»>µ	´�¸]¯EÇg´(Ã]¸]¯�´(¼"Ù ��Å Ï?��ß�±V²H´(Ç�·�¶=±F¸i»>¯�±k¸6·T¿i»b²�¶=Ð9»e¾e¶Pº�É�ÃB²G±F¸iÄ;·T¿i»1±F¸i»>å2Ã]¶(³k±k·�º

Ψ(x∗, t∗, x∗
i , t

∗
n, k∗) ≥

Ψ(x∗, t∗n, x∗
i , t

∗
n, k∗)

¶(¸]¯�Æ1¿]»�´(¹�»�Ð Ï]Å<æ
(iii)

Å
�G;�(/R�� � � T�(/;<;�(/+$(/: ; 9�.�@�;�(�HJ*,+$; &�( .�@�7�9U.ID). R�*b9U=u;�*,H

Ψï ¸i»�å2Ã]¶=³F±�·�º�Ù���Å Î(Í2ß_µ>¶=¸�ÇB»E²G·T¹�»�¸]Ä=·T¿]»�¸i»�¯Y·�´

α|x∗|2 + α|x∗
i |2 ≤ K.

Ù��iÅ ÏBË�ß
ï ¸]¯i»�»>¯XÉ�Ã]²T±F¸iÄM·�¿i»�Û�±kÁB²Tµ�¿i±k·TØ�¹T»>Ä(Ãi³V¶=¹�±k·�º�´(¼

ρ
É"·T¿]»�±F¸i»>å2Ã]¶(³k±k·�º

Ψ(x∗, t∗, x∗
i , t

∗
n, k∗) ≥ Ψ(0, 0, 0, 0, k∗)¶(¸]¯Y»�å2Ã]¶0·�±k´�¸]²?Ù½ÏBÅ æ�æ(ß ÉNÙ ��Å Î=Ï2ße¶(¸]¯8Ù���Å Ï?�2ß É�º�±k»>³F¯]²

α|x∗|2 + α|x∗
i |2 ≤ρk∗(x∗, t∗) − vk∗(x∗

i , t
∗
n) + ρ(x∗

i , 0) − ρ(x∗
i , 0)

≤K(|x∗ − x∗
i | + t∗) + Kt∗n + µ0 ≤ K.

�G;�(/R � ���|R)R (?+ T�*,D�=�CA*bH
µ�3»?¿]¶PÖ(»;·T¿]»?ÇB´�Ãi¸]¯
µ ≤ K

√
T (∆x + ∆t)

1
2 + µ0

±k¼
∆x + ∆t ≤ 1

K2

Å
�"±F¹�²G·>É�¾e»6µ	³V¶=±FÐ¦·T¿B¶0·j¼½´(¹

σ
³V¶=¹�Ä(»E»>¸i´(Ã]Ä(¿XÉ�¾e»�¿]¶PÖ�»�»�±k·T¿]»�¹

t∗ = 0
´�¹

t∗n = 0
Å���ÃiÁ]ÁB´2²G»6·T¿i»9µ	´�¸2·T¹�¶=¹�º(Å

Æ1¿i»>¸#·�¿i»¤¼½Ã]¸]µ ·�±k´�¸
(x, t) 7→ Ψ(x, t, x∗

i , t
∗
n, k∗)

¶(µ�¿i±F»�Ö�»>²_±�·�²KÐQ¶=Ñ�±FÐ�Ã]Ð°¶0·b¶�Ág´(±F¸2·e´(¼
R× (0, T ]

Å�Õ¤²T±F¸iÄ
·�¿i»Â¼-¶(µ	·e·�¿]¶0·

ρ
±F²b¶9²TÃiÇ�Ó7²G´�³kÃ�·�±k´�¸�´(¼�·�¿i»Eµ	´�¸�·�±k¸�Ãi´�Ã]²1Ái¹�´(Çi³F»�Ð)É�¾e»Â´(Ç�·�¶=±k¸�·T¿]»?±k¸i»�å2Ã]¶=³F±�·�º

σ + p∗t ≤ −k∗(ρ+ − ρ− + a(t∗))|p∗x + 2αx∗| Ù��iÅ Ï�æ(ß
¾b±k·T¿

p∗t =
t∗−t∗n

ε , p∗x =
x∗−x∗

i

ε

Å
��±F¸]µ�»

t∗n > 0
É�¾K»E¶(³F²T´O¿]¶PÖ(»

Ψ(x∗, t∗, x∗
i , t

∗
n, k∗) ≥ Ψ(x∗, t∗, xi, t

∗
n − ∆t, k∗)

ÅBÆ1¿i±F²1±FÐ9Ái³F±k»�²

vk∗(·, t∗n − ∆t) ≥ ϕ(·, t∗n − ∆t) + vk∗(x∗
i , t

∗
n) − ϕ(x∗

i , t∗n)

¼½´�¹
ϕ(xi, tn) = − |x∗−xi|

2

2ε − |t∗−tn|2

2ε − α|xi|2
Å^Õ¤²T±F¸iÄ�·�¿i»�¼-¶(µ	·6·�¿]¶0·9·T¿]»)²�µ�¿i»>ÐO»�±V²6Ð9´�¸i´=·�´(¸i»)¶=¸]¯

µ�´(Ð9Ð�Ã�·�»>²1¾b±k·T¿�·T¿]»E¶(¯i¯�±k·T±F´(¸�´=¼Zµ	´�¸]²G·�¶=¸2·�²�É�º�±k»>³F¯]²

vk∗(x∗
i , t

∗
n)

=Sk∗

(vk∗(·, t∗n − ∆t)) (x∗
i )

≥ϕ(x∗
i , t

∗
n − ∆t) + vk∗(x∗

i , t
∗
n) − ϕ(x∗

i , t
∗
n)

+ ∆t
(

c∆,Loc
k∗ [v](x∗

i , t∗n)
)

El∗(D+ϕ(x∗
i , t

∗
n − ∆t), D−ϕ(x∗

i , t∗n − ∆t))

Ë>Ï



¾b¿i»>¹T»
l∗ = Sgn

(

c∆,Loc
k∗ [v](x∗

i , t
∗
n)
) Å���»E²T»	·

c[v] = −c∆,Loc
k∗ [v](x∗

i , t
∗
n), c[ρ] = k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) .

�3»Â·T¿i»>¸)´(Ç�·�¶=±F¸Y·�¿i»E²GÃ]ÁB»>¹GÓ7²G´�³kÃi·T±F´(¸Y±F¸i»�å�ÃB¶=³F±�·�º 

ϕ(x∗

i , t∗n) − ϕ(x∗
i , t∗n − ∆t)

∆t
≥ −c[v]El∗(D+ϕ(x∗

i , t
∗
n − ∆t), D−ϕ(x∗

i , t
∗
n − ∆t)).

�2·�¹�¶(±kÄ�¿2·G¼½´(¹�¾1¶=¹�¯Qµ	´(Ð9ÁiÃi·�¶0·�±k´�¸]²1´=¼"·T¿]»E¯�±F²�µ	¹�»	·�»?¯�»�¹�±kÖ0¶=·T±FÖ(»Â´=¼
ϕ

º�±k»>³F¯

p∗t +
∆t

2ε
≥ −c[v]El∗

(

p∗x − ∆x

2ε
− α(2x∗

i + ∆x), p∗x +
∆x

2ε
− α(2x∗

i − ∆x)

)

.

��Ã]Ç�·T¹�¶(µ	·T±F¸iÄO·T¿i»E¶(ÇB´0Ö�»;±F¸i»>å2Ã]¶(³k±k·�ºQ·�´)Ù ��Å Ï2æ�ß É�¾e»Â¯i»>¯�Ã]µ�»

σ ≤
∆t

2ε
− c[ρ]|p∗

x + 2αx
∗| + c[v]El

∗

„

p
∗

x −
∆x

2ε
− α(2x

∗

i + ∆x), p∗

x +
∆x

2ε
− α(2x

∗

i − ∆x)

«

≤
∆t

2ε
− (c[ρ] − c[v]) |p∗

x| + αK|x∗|

+ |c[v]|

˛

˛

˛

˛

E
l
∗

„

p
∗

x −
∆x

2ε
− α(2x

∗

i + ∆x), p∗

x +
∆x

2ε
− α(2x

∗

i − ∆x)

«

− E
l
∗

(p∗

x, p
∗

x)

˛

˛

˛

˛

≤
∆t

2ε
− (c[ρ] − c[v]) |p∗

x| + Kα|x∗| + K
∆x

ε
+ 2αK|x∗

i | + 2αK∆x

¾b¿i»>¹T»Â¾e»Â¿]¶PÖ(»jÃ]²T»>¯NÉ�¼½´�¹1·T¿i»E²T»>µ�´(¸]¯�³F±k¸i»�É�·T¿i»Â¼-¶�µ ·b·�¿]¶0·

c[ρ] ≤ M + 2B0(M + ‖a‖L∞(0,T ))T ≤ K

¾b±k·T¿
M = ‖P 0

+ − P 0
−‖L∞(R)

¶(¸]¯
B0 = max

k∈{+,−}
‖Dρ0

k‖L∞(R)

Ù-²T»�»vÆ1¿]»�´(¹�»�Ð Ï]Å<æ(ß	Å � ´0¾?Éj²T±F¸]µ	»

ρk∗(x∗, t∗) − vk∗(x∗
i , t

∗
n) = max

k∈{+,−}
(ρk(x∗, t∗) − vk(x∗

i , t
∗
n)) ≥ 0

É�Ç�º � ã<v
v [ Ï]ÅFË(É�¾e»Â´(Ç�·�¶=±F¸

−(c[ρ] − c[v])|p∗x| = − k∗ (ρ+(x∗, t∗) − ρ−(x∗, t∗) + a(t∗)) |p∗x|
+ k∗ (v+(x∗

i , t
∗
n) − v−(x∗

i , t
∗
n) + a(t∗)) |p∗x| + k∗

(

a∆(t∗n) − a(t∗)
)

|p∗x|
≤
∣

∣a∆(t∗n) − a(t∗)
∣

∣ |p∗x| ≤ K|t∗n − t∗||p∗x|
¾b¿i»>¹T»Â¾e»Â¿]¶PÖ(»jÃ]²T»>¯8Ù��iÅ æ(Í�ß ÅiÆ1¿]±F²1±FÐ9Ái³k±F»>²

σ ≤∆t

2ε
+ K|t∗ − t∗n||p∗x| + Kα|x∗| + K

∆x

ε
+ 2αK|x∗

i | + 2αK∆x

≤K
∆x + ∆t

ε
+ Kα1/2 + Kε.

È^Ãi·G·T±F¸iÄ

σ∗(∆x + ∆t, ε, α) = K
∆x + ∆t

ε
+ K(α1/2 + ε),

¾e»j·T¿i»>¹T»�¼½´(¹�»jµ�´(¸]µ�³kÃ]¯i»;·�¿]¶0·h¾e»ÂÐ�Ã]²G·h¿]¶PÖ�»
t∗ = 0

´(¹
t∗n = 0

Ái¹�´0Ö2±V¯�»�¯
σ ≥ σ∗

Å�� ¿]»�¸i»>Ö(»�¹
t∗ = 0

É�¾e»
¯�»�¯�Ã]µ�»;¼½¹�´(Ð � ã<v
v [ ��Å Î9¶=¸]¯Y¼½¹�´(Ð Ù ��Å Ï?�2ßZ·�¿]¶0·

Mα,ε
σ =Ψ(x∗, 0, x∗

i , t
∗
n, k∗) ≤ ρ0

k∗(x∗) − vk∗(x∗
i , t

∗
n)

≤ρ0
k∗(x∗) − ρ0

k∗(x∗
i ) + Kt∗n + µ0

≤K (|x∗ − x∗
i | + t∗n) + µ0 ≤ K(1 + σ)ε + µ0.

ËS�



��±FÐ9±k³V¶=¹�³Fº(É�¾b¿i»>¸i»�Ö�»�¹
t∗n = 0

É�¾e»E¯�»>¯iÃ]µ	»j¼½¹�´(Ð ·�¿i»EÛX±FÁ]²�µ�¿i±�·�Ø?¹T»>Ä(Ãi³V¶=¹�±k·�ºO´(¼
ρ

¶(¸]¯�¼½¹T´�Ð Ù��iÅ Ï/��ß_·T¿B¶0·

Mα,ε
σ =Ψ(x∗, t∗, x∗

i , 0, k∗) ≤ ρk∗(x∗, t∗) − vk∗(x∗
i , 0)

≤K (|x∗ − x∗
i | + t∗) + µ0 ≤ K(1 + σ)ε + µ0.

Æ�´Q²GÃiÐ ÃiÁXÉi¾e»?¿]¶PÖ(»Â²T¿i´0¾b¸Y·�¿]¶0·

Mα,ε
σ ≤ K(1 + σ)ε + µ0 ≤ Kε + µ0

Ái¹�´0Ö�±F¯i»>¯
K ∆x+∆t

ε + K(α1/2 + ε) ≤ σ ≤ 1
Å ��»¤·T¿i»>¸�¯�»�¯�Ã]µ	»;·T¿B¶0·>É2¼½´�¹K»�Ö�»�¹�º

(xi, tn)
¶(¸]¯9¼½´�¹K»>Ö(»�¹�º

k
É

¾e»Â¿]¶PÖ(»

ρk(xi, tn) − vk(xi, tn) −
(

K
∆x + ∆t

ε
+ K(α1/2 + ε)

)

T − 2α|xi|2 ≤ Mα,ε
σ ≤ Kε + µ0.

��»>¸]¯�±F¸iÄ
α → 0

É_·�¶	��±F¸iÄÀ·�¿i»3²TÃiÁi¹�»�Ð6ÃiÐ ´0Ö(»>¹
(xi, tn)

Ée·�¿i»�ÐQ¶=Ñ�±FÐ�Ã]Ð ´0Ö(»�¹
k

¶=¸]¯ µ�¿i´�´�²T±k¸iÄ
ε =

T 1/2 (∆x + ∆t)1/2 Éi¾e»?µ	´(¸Bµ	³FÃ]¯�»j·T¿]¶=·

max
k∈{+,−}

sup
ΞT

(ρk(xi, tn) − vn
k,i) = µ ≤ K (∆x + ∆t)

1/2
√

T + max
k∈{+,−}

sup
Ξ

(ρ0
k(xi) − v0

k,i),
Ù��iÅ Ï2Î�ß

Ái¹�´0Ö�±F¯i»>¯Q·�¿]¶0·
∆x, ∆t

¶=¹�»?²GÐQ¶(³k³N»>¸i´(ÃiÄ�¿
T ≤ 1

É
µ0 ≤ 1

¶(¸]¯�Ù ��Å Î(é2ß_±V²h¶�²T²TÃiÐ9»>¯NÅ
ï ¸Y·�¿i»ÂÄ(»�¸]»�¹�¶=³Nµ�¶�²G»�É2¾e»?µ	´�¸]²G±V¯�»>¹

ρ = ρ + µ1
¾b±�·�¿

µ1 = max
k∈{+,−}

sup
Ξ

(v0
k,i − ρ0

k(xi))
Å���»?¹�»�ÐQ¶(¹��O·T¿B¶0·

ρ
±F²b²T´(³FÃ�·T±F´(¸)´(¼eÙ½ÏBÅkË�Í�ße¶=¸B¯�²�¶0·�±F²GÔ]»>²

ρ0(xi) ≥ v0
i

Å]Æ1¿i»�¸8Ù��iÅ Ï2Î�ßK±V²1·T¹�Ãi»Â¾b±�·�¿
ρ

±k¸)Ái³V¶(µ�»Â´=¼
ρ
ÉXá-âWã�â

max
k∈{+,−}

sup
ΞT

(ρk(xi, tn) + µ1 − vn
k,i) ≤ K (∆x + ∆t)

1/2
√

T + max
k∈{+,−}

sup
Ξ

(ρ0
k(xi) + µ1 − v0

k,i),

¾b¿i±Fµ�¿)²G·T±F³k³X±FÐ9Ái³F±k»�²EÙ��iÅ Ï2Î�ßK¾b±�·�¿
max

k∈{+,−}
sup
Ξ

|ρ0
k(xi) − v0

k,i|
Å

Æ1¿i»E³F´0¾K»>¹¤Çg´(Ãi¸]¯D¼½´(¹h·�¿i»�»>¹T¹�´(¹¤»>²G·T±FÐ9¶=·T»E±V²;´(Ç�·�¶=±F¸i»>¯DÇ�º�»	Ñiµ�¿]¶(¸iÄ(±F¸iÄ
ρ

¶(¸]¯
v
Å�®;²b·�¿i»6Á]¹T´�´=¼Z±V²¤²T±kÐ9±F³F¶(¹

·T´O·T¿i»E¶(ÇB´0Ö�»(É�¾e»Â´(Ð9±�·h±k·>Å

�1��� �Ì¥¤¥¤�]¡��h G«¬�"�i �¡_� ¡	�#�i§¤�Ò�¤¡_���0ª�¡b©��ZªO��¨h������«
Æ�´E²T´(³FÖ(»b¸�ÃiÐ9»�¹�±Vµ�¶=³F³FºE·T¿]»h¸i´(¸iÓL³F´�µ�¶=³B²Gº�²G·T»�Ð¦Ù�Ë�ÅkËPß$Ó Ù�Ë�Å æ�ß É=¾e»hÃ]²T»b·T¿]»bÔ]¸i±k·T»¤¯i± ��»�¹�»�¸]µ�»¤²�µ�¿i»�Ð9»�ÙGË(Å Î�ß$Ó Ù�Ë�Å Ï�ß$Ó

Ù�Ë(Å �(ß	Å?�3»;¶(³F²T´E¶(²�²TÃiÐ9»b·T¿i» �g�HÛ�µ	´�¸]¯�±k·T±F´(¸�ÙGË(Å ��ß	Å ï ¸#Á]¶(¹G·�±Fµ�Ãi³V¶=¹�É(Ã]²T±k¸]ÄEÈ^¹�´(Ág´�²T±�·�±k´�¸QÏ]Å ��É(¾e»¤¯�»�¯�Ã]µ�»h·T¿B¶0·_·�¿i»
�g�"ÛCµ�´(¸]¯i±�·�±k´�¸3Ù ��Å Î(Î�ßK±V²b²T¶=·T±V²�ÔB»>¯�Ãi¸i±k¼½´(¹�ÐO³Fº#¼½´�¹h¶=³F³

a
¯�»�Ô]¸i»>¯�Ç�º�ÙGË(Å �(ßKÇB»�µ�¶(Ã]²G»

‖a[ρ]‖L∞(0,T ) ≤ 2B0(2B0 + ‖L‖L∞(0,T ))T + M + ‖L‖L∞(0,T )

¶=¸]¯�²G´
L1 ≤ L2

Å
ÛX»	·

T̄ ≥ 0
¾b¿i±Vµ�¿M¾b±F³k³HÇg»6Á]¹T»�µ	±V²G»�¯D³F¶=·T»>¹>Å�Æ�´�Ái¹�´0Ö(»E´�Ãi¹;µ�´(¸�Ö(»>¹TÄ�»�¸]µ�»?¹T»�²GÃi³k·>É�¾e»�Ð9±FÐO±Vµ�·T¿i»9µ	´�¸�·�±k¸�Ãi´�Ã]²

µ�¶(²T»(Å × »	¼½´�¹T»b·�´�Ái¹�´0Ö(»;Æ1¿i»�´�¹T»>Ð Ë�Å Î�¾K»;¸i»�»�¯9·T´O±k¸2·�¹T´�¯�Ã]µ�»;²T´(Ð9»h¸i´(·�¶=·T±F´(¸]²e¶=¸]¯ \ ãxv v [ f [ Å�ç¤»�Ô]¸i±F¸iÄ
X1,∆

T =

R
{0,...,NT}

¶=¸B¯
X2,∆

T = (R2)Z×{0,...,NT}
É]·T¿i»O²G»�·¤´=¼^¯�±V²Tµ�¹T»�·T»?¼½Ã]¸]µ ·�±k´�¸]²;¯i»	Ô]¸i»�¯)´(¸ {0, ..., NT}

¶(¸]¯)´(¸)·�¿i»
ÐO»�²G¿

ΞT
¹�»>²TÁg»>µ ·�±kÖ�»�³Fº(É�¾e»?¯�»�¸i´(·T»?Ç�º

G∆ : X1,∆

T̄
→ X2,∆

T̄

·T¿i»?´�ÁB»>¹�¶=·T´�¹K·�¿]¶0·hÄ�±kÖ�»>²e·�¿i»E¯�±V²Tµ�¹T»�·T»E²T´(³FÃ�·T±F´(¸
v´=¼"·T¿i»Â³F´�µ>¶=³NÈ^¹�´(Ç]³k»>Ð Ù��iÅ æ2Ý=ß_¼½´(¹h¶OÄ�±kÖ�»�¸�Ö(»�³F´�µ	±k·�º

a∆ ∈ X1,∆

T̄

ÉXá-âWã�â

(G∆
+(a∆), G∆

−(a∆)) = G∆(a∆) = v.

ï ¸�ÁB¶=¹T·T±Vµ	Ãi³V¶=¹�É2·T¿i»E²�µ�¿i»�Ð9»?µ�¶(¸�Çg»?¹�»�¾b¹�±�·T·T»�¸

v = G∆(a∆[v])

Ë�é



¾b±�·�¿
a∆[·] ¯i»	Ô]¸i»�¯Y±F¸CÙ�Ë�Å ��ß Å��3»E²G»�·>É�¼½´�¹h¶=³F³

T ≤ T̄



U∆
T =



















w ∈ X2,∆
T :

∣

∣

∣

∣

∣

∣

∣

∣

∣

sup
ΞT

|D+
x w±| ≤ B0,

sup
ΞT

|D+
t w±| ≤ 2B0(4M + 3‖L‖L∞(0,T ) + 6),

sup
ΞT

|w+ − w−| ≤ 2M + ‖L‖L∞(0,T ) + 3



















¶=¸]¯

V ∆
T =











a∆ ∈ X1,∆
T :

∣

∣

∣

∣

∣

∣

∣

sup
{0,...,NT ∆t}

|a∆| ≤ 2(M + ‖L‖L∞) + 3,

sup
{0,...,NT ∆t}

|D+
t a∆| ≤ 4B0(4M + 3‖L‖L∞(0,T ) + 6) + ‖L‖W 1,∞(0,T )











¾b¿i»�¹�»
M = ‖P 0

+ − P 0
−‖L∞(R)

ÅgÊ;¸i»?µ>¶=¸�»>¶(²T±F³kºYµ�¿]»>µk�9·T¿B¶0·

{(ρ)∆\ρ ∈ UT } ⊂ U∆
T

¶=¸]¯
{

(a)∆ :

∣

∣

∣

∣

‖a‖L∞(0,T ) ≤ 2(M + ‖L‖L∞(0,T )),
‖at‖L∞(0,T ) ≤ 4B0(4M + 3‖L‖L∞(0,T )) + ‖L‖W 1,∞(0,T )

}

⊂ V ∆
T

¾b¿i»�¹�»
(f)∆

±F²e·�¿i»?¹�»>²G·T¹�±Fµ	·T±F´(¸#·�´
ΞT

´=¼"·T¿i»Eµ�´(¸2·T±F¸�Ãi´(ÃB²_¼½Ã]¸]µ ·�±k´�¸
f
ÅB��»?¿]¶PÖ�»¤·�¿i»Â¼½´(³F³F´0¾b±k¸iÄ � ãxv v [ 


�������	� ��2�� � akadc v9ã'f]h [ f lnm â��dq h Y-\�s ak^ f]h]ã r _ Y-Z�[	\]\
T ≤ T̄ ^ fihiã _ Y-\]\�Y � á r � á r { \ c�a á Y	r h Y	\�s

l á q a∆[U∆
T ] ⊂ V ∆

T ,

l áWá q G∆(V ∆
T ) ⊂ U∆

T

â
� +S*N*,H *bH � � ��� � �G2 �
Æ1¿i»?Ái¹�´2´(¼�´(¼

(i)
±V² ��Ã]²�·j¶O²T±FÐOÁ]³k»?µ	´�Ð9ÁiÃ�·�¶=·T±F´(¸XÅB��»?Ái¹�´0Ö(»

(ii)
Å

ÛX»	·
a∆ ∈ V ∆

T

¶(¸]¯
v = G∆(a∆)

Åu�3»6²T»	·
w(xi, tn) = v(xi+1, tn) − ∆xB0

Å�Æ1¿i»�¸
w

±F²j²G·T±F³k³H²G´�³kÃi·T±F´(¸M´(¼
·T¿i»E¯�±V²�µ	¹�»	·T»?²�µ�¿i»�Ð9»QÙ��iÅ æ2Ý=ße¶=¸B¯�²�¶0·�±F²GÔ]»>²

w0 ≤ v0
ÅBÕ¤²T±k¸iÄO·�¿i»?Ð9´(¸i´(·T´(¸�ºQ´(¼�·�¿i»E²Tµ�¿]»�Ð9»(É�º�±F»�³V¯i²

v±(xi+1, tn) − v±(xi, tn)

∆x
≤ B0.

Õ¤²T±k¸iÄQÛ�»�Ð9ÐQ¶$��Å ÎiÉ�¾K»?¿B¶PÖ(»9Ù-²T±k¸]µ�»
µ0 ≤ 1

ß

|v+ − v−| ≤M + 4B0(M + sup
{0,...,NT∆t}

|a∆|)T + 2 ≤ M + 12B0(M + ‖L‖L∞(0,T ) + 1)T + 2

≤2M + ‖L‖L∞(0,T ) + 3

¼½´(¹
T ≤ T̄ =

1

12B0

Å
�i´(¹e·�¿i»?»>²G·T±FÐQ¶0·T»?±F¸�·T±FÐ9»(Éi¾e»Â¿]¶PÖ(»jÃ]²T±k¸iÄ � ã<v
v [ ��Å Î

∣

∣

∣

∣

vn+1
i − vn

i

∆t

∣

∣

∣

∣

≤2B0|C∆,Loc
k [v](xi, tn)|

≤2B0(4B0(M + sup
{0,...,NT ∆t}

|a∆|)T + M + 2 + sup
{0,...,NT∆t}

|a∆|)

≤2B0(12B0(M + ‖L‖L∞(0,T ) + 1)T + 3M + 2‖L‖L∞(0,T ) + 5)

≤2B0(4M + 3‖L‖L∞(0,T ) + 6)

¼½´(¹
T ≤ T̄ =

1

12B0

ÅB��´
G∆(V ∆

T ) ⊂ U∆
T

Å]Æ1¿i±V²1»�¸B¯i²1·T¿]»?Ái¹T´�´(¼�´=¼�·T¿i» \ ãxv v [ Å
��»b¸i´0¾v¿]¶PÖ(»e·�´?Ái¹T´0Ö�»b²G´�ÐO»bµ�´(¸]²T±F²G·T»>¸]µ	º6¶=¸]¯9²G·�¶=Ç]±k³F±�·�º6¹T»�²GÃ]³�·�²"¼½´(¹Z·�¿i»bÖ(»>³k´�µ	±k·�º

a∆
¶(¸]¯6¼½´(¹Z·�¿i»b´(Ág»�¹�¶0·�´(¹

G∆ Å

Ë0Ý



�������	� ��2�� 3 � *b=):�9U: ; (�=�>��|HJ*,+8;�&)('C�9U:�>	+-(/; ( 
,(�OU*�>?9i;��
a∆ V tuhiã Z ã1á a [ { Y	r a f [	r f K = 2B0+2M+‖L‖∞akcB{ h`fih [ f ^B_ Y	Z ã<zPã Z j v9ã a h ∆ ^,_ Y	Z ãxz0ã Z j 0 ≤ T ≤ T̄

[-rus _ Y	Z ρ ∈ UT ^ � ã h [ z0ã
sup

{0,...,NT∆t}

| (a[ρ])
∆ − a∆[(ρ)∆]| ≤ K∆x

� hiã Z ã (ρ)∆
á a fihiã Z ã a f Z á { f�á Y	r f Y

ΞT
Y _ fihiã { Y-r fLá r c Y c�a�_kc r { fLá Y-r ρ

[	rbs
a[·] á a s ã � r ã s á r l �Bâpo �-q(â

� +S*N*,H *bH � � ��� � �G2��
��»E²T»	·

ρ̃(x, t) = ρ+(x, t) − ρ−(x, t)
ÅgÆ1¿i»Â¼½´(³F³F´0¾b±k¸iÄO¿i´�³F¯i²�


∣

∣a[ρ](tn) − a∆[(ρ)∆](tn)
∣

∣ =

∣

∣

∣

∣

∣

∫ 1

0

ρ̃(x, tn)dx −
Nx−1
∑

i=0
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