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¥@¦#§
¨ª©U«ª¬�¥@¦c«�§A­<®H¯/¨ª°c«2¤M§A¤
¨ª¬�¥@°²±´³/¤?µ¶¤A§
¬2«Y°²±]¬ª·V¤H­<¨ª¸�¥@±/°²¹�¥@¬ª°c­<±¢­@µQ¬ª·V¤
°²¨�§
¨ª©g«2¬�¥@¦²¦²°²±V¤M«ª¬ª¨ªºV§
¬ªº/¨2¤M§
¥@¦²¦c¤A³
³U°c«ª¦c­=§
¥@¬ª°c­<±V«�»½¼$±´¥½¯m¥@¨ª¬ª°c§
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¬ª°c­<±�»
ÎQ·/°c«�«ª¦²°²¯Ï³U°²¨2¤A§
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±ÀÄ�©À¥ÐÆ�¤A§
¬2­<¨Y§
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¨
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¬2­<¨
¨2¤
¯/¨2¤A«2¤
±�¬2«Y¬ª·V¤{¥@®H¯/¦²°²¬ªºV³/¤¿­@µF¬ª·V¤{¸�¤
±V¤
¨�¥@¬2¤A³À³/¤?µ�­<¨ª®¿¥@¬ª°c­<±�»½×KØÀ¤{¨2¤?µ¶¤
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¨2¤A«ª¬2¤A³½°²±½¬ª·V¤I«ª¬ªºV³U©ß­@µ7¥�¬ª·V¤�®M­g³/¤
¦�³/¤?àV±V¤A³½Ä�©ßáG¦�â�¥3ãKã
ÂUäV­<¨2§
¥<³/¤
¦�ÙæåUÂ
ç�¤
®H®M¤MèU»²Ú?Ü$»Y¼�±Ìµ�¥<§
¬
Â�¬ª·/°c«�°c«�¥ÌÚ?Á$éê«ªº/ÄUÁ+®M­=³/¤
¦#­@µQ¥¿¯/¨2­<Ä/¦c¤
®ë°²±=¬ª¨2­=³UºV§A¤A³ÀÄ�©Åì�¨2­<®¿¥½¥@±V³ÌÒE¥@¦c­<¸(·
Ù²Ú(Ú
Ü$ÂU°²±/°²¬ª°e¥@¦²¦²©ß¯/¨2­<¯:­(«2¤A³Í°²±½¬ª·V¤I¬$¾N­@Á$³U°²®M¤
±V«ª°c­<±m¥@¦�§
¥<«�¤(»

ÎQ·/°c«E¬$¾N­@Á$³U°²®M¤
±V«ª°c­<±m¥@¦�®M­=³/¤
¦C°c«*§�·m¥@¨�¥<§
¬2¤
¨ª°²¹
¤A³ÍÄ=©Ð¬ª·V¤Çµ+¥<§
¬E¬ª·m¥@¬E¬ª·V¤I³U°c«ª¦c­g§
¥@¬ª°c­<±V«*¯/¨2­<¯m¥@¸�¥@¬2¤I°²±
¬ª·V¤!¯/¦e¥@±V¤

(x1, x2)
ã ºV«ª¬�µ¶­<¦²¦c­�¾E°²±/¸W¬�¾F­{ÒNº/¨ª¸�¤
¨
ÓÔ«NÆ�¤A§
¬2­<¨2«

±~b
¾E°²¬ª· ~b = (1, 0)

»#¼$±�¬ª·/°c«_Ú?Á$éR«ªº/ÄUÁ+®M­g³/¤
¦
¾F¤Ë«2º/¯/¯:­(«2¤Ì¥@¦c«2­]¬ª·m¥@¬Ð³U°c«ª¦c­=§
¥@¬ª°c­<±V«Ð³/¤
±V«ª°²¬ª°c¤A«Ð³/¤
¯:¤
±V³[­<±/¦²©y­<±y¬ª·V¤ÍÆ(¥@¨ª°e¥@Ä/¦c¤

x = x1 + x2
ÂQ¬ª·m¥@¬

¬ª¨�¥@±V«9µ¶­<¨ª®í¬ª·V¤YÛ3Á$é °²±�¬2­¿¥½Ú?Á$é ®M­g³/¤
¦F×¶«2¤A¤IáG¦PâÇ¥3ãKã
ÂUäV­<¨2§
¥<³/¤
¦NÙæå@ÜCµ�­<¨E®M­<¨2¤I®M­=³/¤
¦²°²±/¸�³/¤
¬�¥@°²¦c«�Ý?»
îÃ­<¨2¤I¯/¨2¤A§
°c«�¤
¦²©½¬ª·/°c«YÚ?Á$éï®M­g³/¤
¦�°c«*¸(°²Æ�¤
±ÃÄ�©ß¬ª·V¤Iµ�­<¦²¦c­
¾E°²±/¸ß§A­<º/¯/¦c¤A³Ë¤Að=ºm¥@¬ª°c­<±V«Ç­@µ7±V­<±UÁ$§A­<±V«�¤
¨ªÆ<¥@¬ª°²Æ�¤
ÒFº/¨ª¸�¤
¨2«!¬$©g¯:¤Hñ







∂ρ+

∂t
(x, t) = −

(

a(t) + (ρ+ − ρ−)(x, t) + α

∫ 1

0
(ρ+ − ρ−)(y, t)dy

)
∂ρ+

∂x
(x, t) in D′(R × (0, T )),

∂ρ−

∂t
(x, t) =

(

a(t) + (ρ+ − ρ−)(x, t) + α

∫ 1

0
(ρ+ − ρ−)(y, t)dy

)
∂ρ−

∂x
(x, t) in D′(R × (0, T )).
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ÎQ·V¤Qº/±/Þ=±V­�¾E±V«
ρ+ ¥@±V³

ρ−
¬ª·m¥@¬F¥@¯/¯�¤
¥@¨G°²±H¬ª·V¤E«ª©U«ª¬2¤
®ò¥@¨2¤E«2§
¥@¦e¥@¨GÆ(¥@¦²ºV¤A³�µKº/±V§
¬ª°c­<±V«
Â�¬ª·m¥@¬G¾F¤E³/¤
±V­<¬2¤

µ¶­<¨I«ª°²®H¯/¦²°c§
°²¬�©ËÄ�©
ρ±

»�ÎQ·V¤
°²¨I«ª¯m¥@¬ª°e¥@¦G³/¤
¨ª°²Æ(¥@¬ª°²Æ�¤A«
Â ∂ρ±

∂x

¥@¨2¤�¬ª·V¤{³U°c«ª¦c­g§
¥@¬ª°c­<±V«I³/¤
±V«ª°²¬ª°c¤A«I­@µNÒNº/¨ª¸�¤
¨
ÓÔ«
Æ�¤A§
¬2­<¨

±~b = ±(1, 0)
»�ÎQ·V¤ÍµKº/±V§
¬ª°c­<±

a = a(t)
¨2¤
¯/¨2¤A«�¤
±�¬ª°²±/¸¢¬ª·V¤ßàm¤
¦c³y­@µI¬ª·V¤½°²®H¯�­(«2¤A³-¤?ÊU¬2¤
¨ª°c­<¨

§A­<±V«ª¬ª¨�¥@°²±�¬
ÂE°c«�«ªº/¯/¯�­(«2¤A³ó¬2­]Ä�¤½°²±V³/¤
¯�¤
±V³/¤
±�¬½­@µ
x
ÂN¥@±V³-¬ª·V¤Ë§A­<±V«ª¬�¥@±=¬

α
³/¤
¯�¤
±V³/«�­<±-¬ª·V¤Ë¤
¦e¥<«ª¬ª°c§

§A­=¤?ô¿§
°c¤
±=¬2«Ç¥@±V³ß¬ª·V¤I®¿¥@¬2¤
¨ª°e¥@¦�«ª°²¹
¤(»
ØÀ¤�§A­<±V«ª°c³/¤
¨*¬ª·V¤Çµ�­<¦²¦c­
¾E°²±/¸�°²±/°²¬ª°e¥@¦�§A­<±V³U°²¬ª°c­<±V«*µ�­<¨Y×9Ú(»²Ú�Ý?ñ
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ρ±(x, t = 0) = ρ±0 (x) = ρ±,per
0 (x) + L0x in R,

×9Ú(»æÛ�Ý
¾E·V¤
¨2¤

ρ±,per
0

¥@¨2¤½Ú?Á+¯:¤
¨ª°c­g³U°c§WµKº/±V§
¬ª°c­<±V«�»�ØÀ¤�®M­=³/¤
¦G¬ª·=ºV«�¥�¯:¤
¨ª°c­g³U°c§{³U°c«ª¬ª¨ª°²Ä/º/¬ª°c­<±V«�­@µF¬ª·V¤
±

³U°c«ª¦c­@Á
§
¥@¬ª°c­<±V«
ÂC¾E°²¬ª·À¥ß«ª¯m¥@¬ª°e¥@¦7¯:¤
¨ª°c­g³Å­@µF¦c¤
±/¸(¬ª·

1
ÂC¤
¥<§2·Ï¬$©g¯:¤{­@µ

±
³U°c«ª¦c­g§
¥@¬ª°c­<±V«I·m¥
Æ=°²±/¸Ë¥�®M¤
¥@±À³/¤
±V«ª°²¬�©

¤Að�ºm¥@¦C¬2­
L0

»G¼�±ßµ+¥<§
¬
ÂU¬ª·V¤�ºV«2¤�­@µ�¬ª·V¤�¯�¤
¨ª°c­=³U°c§�Ä�­<º/±V³V¥@¨ª©ß§A­<±V³U°²¬ª°c­<±V«*°c«*¥�¾N¥
©½­@µP¨2¤
¸�¥@¨2³U°²±/¸M¾E·m¥@¬*°c«
¸�­<°²±/¸¿­<±Í°²±½¬ª·V¤I°²±=¬2¤
¨ª°c­<¨_­@µ7¬ª·V¤�®¿¥@¬2¤
¨ª°e¥@¦�¥A¾Q¥A©ßµ¶¨2­<® °²¬2«*Ä�­<º/±V³V¥@¨ª©�»

�C��� �������$�V¡I���/�#�+��� ��¡��@�����´�����+�:�(�m�R�����(�V���:�	�#���
ä/¨2­<® ¥Í®¿¥@¬ª·V¤
®¿¥@¬ª°c§
¥@¦Q¯:­<°²±=¬W­@µ*Æg°c¤
¾�ÂP«ª©U«ª¬2¤
® ×9Ú(»²Ú�Ý�°c«W¨2¤
¦e¥@¬2¤A³Ï¬2­Ã­<¬ª·V¤
¨W«ª°²®H°²¦e¥@¨�®M­=³/¤
¦c«�ÂP«ªºV§�· ¥<«
¬ª¨�¥@±V«ª¯:­<¨ª¬#¤Að=ºm¥@¬ª°c­<±V«#Äm¥<«�¤A³H­<±MÆ�¤A§
¬2­<¨7àm¤
¦c³/«#¾E°²¬ª·H¦c­�¾y¨2¤
¸(º/¦e¥@¨ª°²¬$©�»�
=ºV§�·¿¤Að=ºm¥@¬ª°c­<±V«#¾F¤
¨2¤Eµ¶­<¨7°²±V«ª¬�¥@±V§A¤
«ª¬ªºV³U°c¤A³ÅÄ�©Ìé_°²¯�¤
¨ª±m¥UÂ�çC°c­<±V«�°²±óÙ
�3Ü$»WÎQ·V¤
©Ë¯/¨2­�Æ�¤A³Å¬ª·V¤H¤?Êg°c«ª¬2¤
±V§A¤H¥@±V³Åº/±/°cð=ºV¤
±V¤A«2«I­@µQ¥Ð«2­<¦²º/¬ª°c­<±-×K°²±
¬ª·V¤�¨2¤
±V­<¨ª®¿¥@¦²°²¹
¤A³-«2¤
±V«2¤�Ý?Â7µ�­<¨{Æ�¤A§
¬2­<¨Wàm¤
¦c³/«M°²±

L1((0,+∞);W 1,1
loc (RN ))

¾E·V­(«2¤ß³U°²Æ�¤
¨ª¸�¤
±V§A¤Ë¥@¨2¤Ð°²±
L1((0,+∞);L∞(RN ))

»�ÎQ·/°c«¿«2¬ªºV³U©´¾Q¥<«¿¸�¤
±V¤
¨�¥@¦²°²¹
¤A³-Ä�©��!®WÄ/¨2­(«ª°c­-Ùæè3Ü$ÂN¾E·V­À§A­<±V«2°c³/¤
¨2¤A³yÆ�¤A§
¬2­<¨
àm¤
¦c³/«I°²±

L1((0,+∞);BVloc(R
N ))

¾E°²¬ª·]Ä:­<º/±V³/¤A³]³U°²Æ�¤
¨ª¸�¤
±V§A¤(»{¼�±Ì¬ª·V¤{¯/¨2¤A«�¤
±�¬I¯m¥@¯�¤
¨
ÂC¾F¤{¾N­<¨ªÞÃ°²±
³U°²®M¤
±V«ª°c­<±

N = 1
¥@±V³Ð¯/¨2­
Æ�¤�¬ª·V¤I¤?ÊU°c«ª¬2¤
±V§A¤I¥@±V³Ðº/±/°cð�ºV¤
±V¤A«2«E­@µ�«2­<¦²º/¬ª°c­<±V«*­@µ�¬ª·V¤�«ª©U«ª¬2¤
® ×9Ú(»²Ú�Ý$Á�×9Ú(»æÛ�Ý

¾E°²¬ª·Ã¥�Æ�¤A§
¬2­<¨Eàm¤
¦c³Ï×K°+»Ô¤(»G¬ª·V¤�Æ�¤
¦c­=§
°²¬�©/ÝQ­<±/¦²©ß°²±
L∞((0,+∞),H1

loc(R))
»

ØÀ¤{¥@¦c«�­¿¨2¤?µ�¤
¨�¬2­�¬ª·V¤�¾N­<¨ªÞg«�­@µNç�¤AäP¦c­g§2·À¥@±V³ÅçC°²ºóÙ²Ú
è/Â�Ú��(Ü7°²±Ì¾E·/°c§�·]¬ª·V¤
©Ë§A­<±V«ª°c³/¤
¨2¤A³Å¬ª·V¤{«ª¬ªºV³U©Í°²±
¬ª·V¤�µK¨�¥@®M¤
¾N­<¨ªÞ½­@µPµ¶º/±V§
¬ª°c­<±V«!­@µ7Ä:­<º/±V³/¤A³ÍÆ<¥@¨ª°e¥@¬ª°c­<±½µ�­<¨!¥H«ª©U«ª¬2¤
® ­@µ7¬ª·V¤�µ¶­<¨ª®Íñ







∂u

∂t
(x, t) + A(u)

∂u

∂x
(x, t) = 0 u(x, t) ∈ U, x ∈ R, t ∈ (0, T ),

u(x, 0) = u0(x) x ∈ R,

×9Ú(»æè�Ý

¾E·V¤
¨2¤�¬ª·V¤I«ª¯m¥<§A¤�­@µ�«ª¬�¥@¬2¤A«
U

°c«*¥@±½­<¯�¤
±Í«ªº/ÄV«2¤
¬E­@µ
R

p ÂV¥@±V³
A

°c«
(p× p)

®¿¥@¬ª¨ª°�Êß¾E·/°c§2·Ë­@µ7§
¦e¥<«2«
C1

­<±
U

»�îÃ­<¨2¤A­�Æ�¤
¨
A(u)

·m¥
Æ�¤
p

«2§
¥@¦e¥@¨�³U°c«ª¬ª°²±V§
¬I¤
°²¸�¤
±�Æ(¥@¦²ºV¤A«I¬ª·m¥@¬I¾F¤{³/¤
±V­<¬2¤{Ä=©:ñ
λ1(u) < λ2(u) <

... < λp(u)
»7ØÀ¤�¨2¤
®¿¥@¨ªÞ�¬ª·m¥@¬E¬ª·/°c«E§A­<±V³U°²¬ª°c­<±Í­<±½¬ª·V¤I¤
°²¸�¤
±=Æ<¥@¦²ºV¤A«*³/­g¤A«Q±V­<¬*¤
±�¬2¤
¨E°²±½­<º/¨Qµ¶¨�¥@®M¤
¾F­<¨ªÞ

¤
Æ�¤
±À°²±À¬ª·V¤M§
¥<«2¤{¾E·V¤
¨2¤
α = a = 0

Â�Ä�¤A§
¥@ºV«2¤H¾N¤H·m¥AÆ�¤¿±V­<¬Y«ª°²¸(±À¯/¨2­<¯�¤
¨ª¬$©]­<±
ρ+ − ρ−

»Mç�¤Aä�¦c­g§2·
¥@±V³ÀçC°²ºÀ¯/¨2­�Æ�¤A³À¬ª·m¥@¬�°�µQ¬ª·V¤H°²±/°²¬ª°e¥@¦�§A­<±V³U°²¬ª°c­<±

u0
°c«�«ªºUô¿§
°c¤
±=¬ª¦²©]§
¦c­(«2¤H¬2­Ë¥ß§A­<±V«ª¬�¥@±=¬W«ª¬�¥@¬2¤(Â�¥@±V³]°�µ

¬ª·V¤�¬2­<¬�¥@¦�Æ(¥@¨ª°e¥@¬ª°c­<±
TV (u0)

°c«Ç¥<«�«ªº/®M¤A³½¬2­MÄ�¤Y«2®¿¥@¦²¦�¤
±V­<º/¸(·�Âm¬ª·V¤
±Å«ª©U«ª¬2¤
® ×9Ú(»æè�Ý!¥<³U®H°²¬2«Ç¥Mº/±/°cð�ºV¤
«2­<¦²º/¬ª°c­<±Í°²±

L∞(R × (0,+∞)) ∩ BV (R × (0,+∞))
ÂV°²±½¬ª·V¤�«�¤
±V«2¤I­@µ�¾N¤
¥@ÞÐ¤
±=¬ª¨2­<¯�©Í«2­<¦²º/¬ª°c­<±V«!¾E°²¬ª·

¨2¤A«ª¯:¤A§
¬E¬2­�¥<³U®H°c«2«ª°²Ä/¦c¤�µ¶º/±V§
¬ª°c­<±´×¶«2¤A¤Iç�¤Aä�¦c­g§2·¢Ù²Ú
èUÂVé�¤?àV±/°²¬ª°c­<±ÃèU»æÛ3ÜKÝ?»
Ø[·V¤
±Ã¬ª·V¤W«ª©U«ª¬2¤
® °c«_·�©g¯�¤
¨ªÄ:­<¦²°c§{¥@±V³Ë«ª©g®H®M¤
¬ª¨ª°c§(Â�¬ª·/°c«_§A­<¨ª¨2¤A«ª¯�­<±V³/«Ç¬2­M¬ª·V¤�§
¥<«2¤

α = a = 0
°²±Ì­<º/¨

«ª©g«2¬2¤
® ×9Ú(»²Ú�Ý?Â�°²¬�°c«#¯/¨2­
Æ�¤A³�°²±�
g¤
¨ª¨2¤WÙ²Ú��UÂ	�#­<¦:¼�Â�ÎQ·�èU»��U»²Ú?ÜC¥I¨2¤A«ªº/¦²¬F­@µC¦c­g§
¥@¦m¤?Êg°c«2¬2¤
±V§A¤_¥@±V³Mº/±/°cð=ºV¤
±V¤A«2«
°²±

C([0, T );Hs(RN ))∩C1([0, T );Hs−1(RN ))
Âg¾E°²¬ª·

s > N
2 +1

»GÎQ·/°c«F¨2¤A«ªº/¦²¬N°c«F­<±/¦²©H¦c­g§
¥@¦:°²±�¬ª°²®M¤(Â
¤
Æ�¤
±Í°²±Í³U°²®M¤
±V«ª°c­<±

N = 1
»

ÎQ·V¤W¥<«2«ªº/®H¯/¬ª°c­<±V«�­@µG°²±V§
¨2¤
¥<«ª°²±/¸Ð°²±/°²¬ª°e¥@¦�§A­<±V³U°²¬ª°c­<±V«Ç¾Q¥<«Ç¥@¦c«2­�§A­<±V«ª°c³/¤
¨2¤A³Ã°²±Ë¬ª·V¤�«ª¬ªºV³U©½­@µ#¬ª·V¤YáGº/¦c¤
¨
¤Að�ºm¥@¬ª°c­<±Ïµ¶­<¨�§A­<®H¯/¨2¤A«2«ª°²Ä/¦c¤��Vº/°c³/«�°²±´³U°²®M¤
±V«2°c­<±¢­<±V¤(»ßØ�°²¬ª·À¨2¤
¸�¥@¨2³´¬2­Í¬ª·V¤A«2¤�«ª¬ªºV³U°c¤A«
ÂP¾F¤M¨2¤?µ�¤
¨Y¬2­
� ·V¤
±Ð¥@±V³MØÏ¥@±/¸ßÙ��UÂ�ÎQ·ßèU»²Ú?Ümµ�­<¨F¥@±�¤?ÊU°c«ª¬2¤
±V§A¤Ç¥@±V³Mº/±/°cð=ºV¤
±V¤A«2«�¨2¤A«2º/¦²¬�°²±

C1(R× [0,+∞))
Äm¥<«2¤A³¿­<±

¬ª·V¤�®M¤
¬ª·V­g³Ë­@µ#§2·m¥@¨�¥<§
¬2¤
¨ª°c«ª¬ª°c§(»EÎQ·/°c«_¨2¤A«ªº/¦²¬!­@µ � ·V¤
±Å¥@±V³ÍØÏ¥@±/¸�«2·V­
¾*«_¬ª·m¥@¬*¬ª·V¤YáGº/¦c¤
¨Ç¤Að�ºm¥@¬ª°c­<±Å­@µ
§A­<®H¯/¨2¤A«2«ª°²Ä/¦c¤��Vº/°c³/«Q³/­=¤A«F±V­<¬N§
¨2¤
¥@¬2¤�«ª·V­g§2ÞU«
Â�µ¶­<¨N«ªº/°²¬�¥@Ä/¦c¤Ç°²±V§
¨2¤
¥<«ª°²±/¸H¥@±V³

C1(R)
°²±/°²¬ª°e¥@¦C§A­<±V³U°²¬ª°c­<±V«
»

¼$±Í­<º/¨!§
¥<«�¤(ÂU¾F¤Y¥@¦²¨2¤
¥<³U©ßÞg±V¤
¾ ¬ª·m¥@¬!«2­<¦²º/¬ª°c­<±V«*­@µ*×9Ú(»²Ú�Ý?Âm¥@¨2¤�ç�°²¯V«2§2·/°²¬ª¹�§A­<±�¬ª°²±�ºV­<ºV«�Â�«2¤A¤Iá#¦�âÇ¥3ãKãE¥@±V³
äV­<¨2§
¥<³/¤
¦ÇÙæå<Ü$»Ðá#Æ�¤
±´°�µE¬ª·/°c«W¨2¤
¸(º/¦e¥@¨ª°²¬$©´ð=ºV¤A«ª¬ª°c­<±´°c«�±V­<¬W§A­<±V§A¤
¨ª±V¤A³´°²±Ï¬ª·V¤�¯/¨2¤A«2¤
±=¬Y¯m¥@¯�¤
¨
ÂP¾N¤¿®¿¥
©
¤?Êg¯�¤A§
¬E¬ª·V¤�«2­<®M¤

C1(R × [0,+∞))
¨2¤
¸(º/¦e¥@¨ª°²¬$©Í­@µ7¬ª·V¤�«2­<¦²º/¬ª°c­<±½µ�­<¨

C1(R)
°²±/°²¬ª°e¥@¦�³V¥@¬�¥U»

Û



�C��� � �C�$�����m� �F���
ÎQ·V¤M®¿¥@°²±Ï¨2¤A«2º/¦²¬Y­@µE¬ª·/°c«�¯m¥@¯�¤
¨Y°c«I¬ª·V¤�¤?Êg°c«ª¬2¤
±V§A¤Ð¥@±V³]º/±/°cð=ºV¤
±V¤A«2«W­@µE¸(¦c­<Äm¥@¦F°²±À¬ª°²®M¤¿«2­<¦²º/¬ª°c­<±V«�µ¶­<¨
¬ª·V¤½«ª©g«2¬2¤
® ×9Ú(»²Ú�Ý$Á�×9Ú(»æÛ�Ý?ÂF®M­g³/¤
¦²°²±/¸]¬ª·V¤½³U©=±m¥@®H°c§A«M­@µ�³U°c«ª¦c­g§
¥@¬ª°c­<±V«M³/¤
±V«ª°²¬ª°c¤A«
»¢ÎQ·/°c«{¨2¤A«ªº/¦²¬M¤
±V«ªº/¨2¤A«
¬ª·V¤!®¿¥@¬ª·V¤
®¿¥@¬ª°c§
¥@¦C¾N¤
¦²¦�Á+¯:­(«2¤A³U±V¤A«�«E­@µ�¬ª·V¤�ì�¨2­<®¿¥3Á$ÒQ¥@¦c­<¸(·½®M­g³/¤
¦7Ù²Ú(Ú?Ü:°²±Ð¬ª·V¤Ç¯m¥@¨ª¬ª°c§
º/¦e¥@¨Q§
¥<«�¤!¾N¤�¥@¨2¤
°²±�¬2¤
¨2¤A«ª¬2¤A³Ë°²±�»

�����	��
���
 ���������������������� !�#"$��%'&��(��)*&��+�������-,
.*/-0�1-2�2

T,L0 ≥ 0 3 α ∈ R
1-465

ρ±0 ∈ H1
loc(R)

1746598+465	:;0�<�=>:@?;/72�2A/-BDC�4�EF1-GHGI8+J�KL<�CM/-4NG�O
P�Q�RTS

ρ±0 (x + 1) = ρ±0 (x) + L0,
PUR�V KN:T0TC�/W5-C�XY?T8+46X�<�CM/-4

+
2ZC�4L:[1-0\?T8�46X�<�C�/-4 S

P�Q^]�S ∂ρ±0
∂x

≥ 0,
P
ρ±0

46/-4 V 5	:_X;0[:_1�GTC�4+E S
P�Qa`�S

a ∈ L∞(0, T )

<�=>:bGIc�GT<d:TJ PUR!e�RISfVTPUR!eg]�S 1!5-JhC�<�Ga1F8+4$CMi;8N:bG�/-2j8><�CM/-4
ρ± ∈ H1

loc(R × [0, T ))
GI8NXT=k<�=+17<

∀t ∈ [0, T ) 3 <�=>:\?T8�46X�<�C�/-4 ρ±(., t) : x 7−→ ρ±(x, t) l :;0IC mY:IG (H1)
1-465

(H2)
e

ÎQ·V¤Y¯/¨2¤A§A¤A³U°²±/¸ß¬ª·V¤A­<¨2¤
®z¸(°²Æ�¤A«�¥M¸(¦c­<Äm¥@¦�¤?ÊU°c«ª¬2¤
±V§A¤{¥@±V³Íº/±/°cð=ºV¤
±V¤A«2«Ç¨2¤A«ªº/¦²¬�­@µ7¬ª·V¤�«ª©U«ª¬2¤
® ×9Ú(»²Ú�Ý?»_¼$¬2«
¯/¨2­=­@µE°c«�Äm¥<«�¤A³Ï­<±Ï¬ª·V¤Mµ¶­<¦²¦c­�¾E°²±/¸Ã«ª¬2¤
¯V«�»Ðä�°²¨2«ª¬W­@µ_¥@¦²¦+Â�¾N¤M¨2¤
¸(º/¦e¥@¨ª°²¹
¤�¬ª·V¤¿«ª©U«ª¬2¤
® ×9Ú(»²Ú�Ý?»½ÎQ·V¤
±�ÂP¾F¤
«ª·V­
¾R¬ª·V¤Yº/±/°�µ�­<¨ª®n1�K60TCM/-0ICC¤A«ª¬ª°²®¿¥@¬2¤A«_°²±

L∞((0, T );H1
loc(R))

µ¶­<¨_¬ª·/°c«*¨2¤
¸(º/¦e¥@¨ª°²¹
¤A³Å«ª©U«ª¬2¤
®Í»QÎQ·V¤A«2¤
¤A«ª¬ª°²®¿¥@¬2¤A«7°²±M­<±V¤N·m¥@±V³CÂ(¦c¤
¥<³{¬2­I¥!¨2¤A«2º/¦²¬7­@µ�¤?Êg°c«2¬2¤
±V§A¤�µ�­<¨7¦c­<±/¸�¬ª°²®M¤E«2­<¦²º/¬ª°c­<±¿¥@±V³{­<±�¬ª·V¤E­<¬ª·V¤
¨7·m¥@±V³CÂ
¬ª·V¤
©Ð¥<«2«ªº/¨2¤�¬ª·V¤Ç¯m¥<«2«�¥@¸�¤�¬2­W¬ª·V¤�¦²°²®H°²¬QÄ=©Ð§A­<®H¯m¥<§
¬ª±V¤A«2«�»#ä�°²±m¥@¦²¦²©�ÂU¬ª·V¤I³/¤
®M­<±V«ª¬ª¨�¥@¬ª°c­<±Ë­@µPº/±/°cð=ºV¤
±V¤A«2«
°c«*³/­<±V¤I°²±Ë¥H³U°²¨2¤A§
¬*¾Q¥A©�»

�����	��
���
 ���poq�Ir��L
ts("N
������L�us(
����� 	��s(v��kwx��
y�T�6���$,bz{���W�
α = 0

,
|�:;<

a(·)
G�17<�C�G�?Tc

(H3)
1-465

ρ±,
1 , ρ±2 ∈ H1

loc(R × [0, T )) } :~<�B@/�G�/-2j8><�CM/-4NG#/�?#<�=>:#GTc�GT<d:TJ PUR!e�RIS
BDC�<�=

α = 0
e�� /-0_:[/ l :T0 3 2g:;< ρ±1 (., t), ρ±2 (., t) l :T0TC ?Tc (H1)

1-465
(H2)

?;/-0{172�2
t ∈ [0, T )

eu� =>:T4 3 C ?
ρ±1 (·, 0) ≤ ρ±2 (·, 0)

C�4
R 3 B�:b=+1 l : ρ±1 ≤ ρ±2

C�4
R × [0, T )

e
ÎQ·/°c«I§A­<®H¯m¥@¨ª°c«2­<±À¨2¤A«ªº/¦²¬I¾Q¥<«I§
¨ªºV§
°e¥@¦#°²±À¥Ð¯/¨2¤
Æ=°c­<ºV«�¾N­<¨ªÞ¢Ùæå3Ü$Â�µ�­<¨�¬ª·V¤H³/¤
®M­<±V«ª¬ª¨�¥@¬ª°c­<±Ï­@µQ¤?Êg°c«ª¬2¤
±V§A¤
¥@±V³´º/±/°cð=ºV¤
±V¤A«2«H­@µ_ç�°²¯V«2§2·/°²¬ª¹Í«2­<¦²º/¬ª°c­<± ¬2­Ã¯/¨2­<Ä/¦c¤
® ×9Ú(»²Ú�Ý?ÂG°²± ¬ª·V¤ß«2¤
±V«2¤Ð­@µ!Æ=°c«�§A­(«ª°²¬$©Ï«�­<¦²º/¬ª°c­<±�Â7µ¶­<¨
çC°²¯V«2§2·/°²¬ª¹�°²±/°²¬ª°e¥@¦F§A­<±V³U°²¬ª°c­<±V«
»�â_¤
¨2¤(Â�¬ª·V¤H°²±�¬2¤
¨2¤A«2¬W­@µQ¬ª·/°c«�¨2¤A«ªº/¦²¬I°c«�¥Ð¦²°²¬ª¬ª¦c¤MÄ/°²¬�«2¤A§A­<±V³V¥@¨ª©�»Ð¼$±V³/¤A¤A³CÂ
¬ª·m¥@±/Þg«W¬2­Ë¬ª·/°c«�§A­<®H¯m¥@¨ª°c«2­<± ¯/¨ª°²±V§
°²¯/¦c¤(ÂG¾N¤¿·m¥
Æ�¤¿Ä�¤A¤
± ¥@Ä/¦c¤�¬2­Ë­<Ä/¬�¥@°²± °²±V³U°²¨2¤A§
¬ª¦²©

H1
loc(R × [0, T ))¤A«ª¬ª°²®¿¥@¬2¤A«
»#ÎQ·V¤A«2¤Y¤A«ª¬ª°²®¿¥@¬2¤A«E°²±Í¬ª·V¤
°²¨*¬ªº/¨ª±Ë¦c¤
¥<³½¬2­M¥�¨2¤A«ªº/¦²¬!­@µG¤?Êg°c«2¬2¤
±V§A¤I°²±

H1
loc(R × [0, T ))

»
� º/¨�¾N­<¨ªÞ�µ�­=§
ºV«�¤A«�­<±{¬ª·V¤Q«ª¬ªºV³U©Y­@µ�¬ª·V¤N³U©g±m¥@®H°c§A«G­@µ�³U°c«ª¦c­g§
¥@¬ª°c­<±V«G³/¤
±V«ª°²¬ª°c¤A«
»7¼�±{¥Ç³U°�ÉC¤
¨2¤
±�¬#³U°²¨2¤A§
¬ª°c­<±�Â
¦c¤
¬*ºV«!ð=ºV­<¬2¤�«2­<®M¤I¨2¤A§A¤
±=¬!¨2¤A«ªº/¦²¬2«_­<±Ë¬ª·V¤�³U©g±m¥@®H°c§A«!­@µ#³U°c«ª¦c­g§
¥@¬ª°c­<±V«*¦²°²±V¤A«�Â/¬�¥@Þ�¤
±Ë°²±V³U°²Æg°c³Uºm¥@¦²¦²©�Âm¬ª·m¥@¬
¥@¨2¤Q¨2¤
¯/¨2¤A«2¤
±�¬2¤A³HÄ=©W±V­<±UÁ+¦c­g§
¥@¦mâ�¥@®H°²¦²¬2­<±UÁd��¥<§A­<Ä/°�¤Að=ºm¥@¬ª°c­<±V«!×¶«2¤A¤IÙæÛUÂ!�3Üm¥@±V³½Ù²Ú�Â �<Ü/µ�­<¨7¦c­=§
¥@¦m¥@±V³{¸(¦c­<Äm¥@¦
°²±Í¬ª°²®M¤�¨2¤A«ªº/¦²¬2«*¨2¤A«2¯:¤A§
¬ª°²Æ�¤
¦²©VÝ?»

� �+
t"N
����6�g������������������ !�y"$��%�&��(��)*&��+��������wd�6
{��&�
�����
f�h��)*&�">�W���6�\,
�h:�0_:TJ91-0I�u<�=+17<9<�=>:TG�:�<d:_XT=	4$CMXTGtX[1-4 } :�1IK!K62ZCM:[5�<�/�<�=N:tX[1�G�:�/_?�X�2�1�GIGICMX[1-2���8�0ME	:T0IG�:_i;8N17<�CM/-4NG�C�4
W 1,p

loc (R × [0, T ))
?;/-0�172�2

1 ≤ p < +∞
e

�I465	:[:_5 3 C ?aB�:�X[/74NGICM5	:T0 3 ?�/-0�1�E7C l :;4�?T8+46X�<�CM/-4 f 3 1-465{C�4$C�<�CM1-2�5!1!<�1 u0 3 <�=>:\?;/-2�2A/-BDC�4+E�:_i�8>17<�CM/-4LO






∂u

∂t
+

∂

∂x
(f(u)) = 0

C�4
D′(R × (0, T ))

u(x, 0) = u0(x) x ∈ R,

×9Ú(» �=Ý

è



<�=>:T4~B�:^=>1 l :�<�=>:@?�/-2�2A/-BDC�4�E9<�=N:_/-0[:TJ{O
�����	��
���
 ����� |�:;<

p ∈ [1,+∞)
1-465

f
2A/�X[1-2�2jcF2jC K�G�XT=	C�<���17465FXH/-4 l :�� 3 <�=>:T4 3 ?;/-0�172�2 T,L0 ≥ 0 3 1-465

u0 ∈ W 1,p
loc (R) 3 l :T0TC m :IG (H1)

1-465
(H2)

e�� =>: :_i�8>17<�CM/-4 P�R!e��7S 1	5-JhC�<�G{1 G;/-2Z8><�C�/-4
u ∈ W 1,p

loc (R ×
[0, T )) 3 8�4$CMi;8$:�C�4~<�=>:�X;2�1-GHG�/�?^G�/-2j8><�CM/-4NG^G;17<�C�G�?Tc-C�4+E (H1)

1-465
(H2) 3 ?�/-0�1-2�2 t ∈ [0, T )

e

�C�	� 
½�����C����
/�:���+�P�R��¡I���#� �����E�V�
¼$±Ï«�¤A§
¬ª°c­<± ÛUÂP¾F¤¿¨2¤
¸(º/¦e¥@¨ª°²¹
¤�¬ª·V¤MµKº/±V§
¬ª°c­<±

a(·)
¥@±V³À¬ª·V¤M°²±/°²¬ª°e¥@¦N§A­<±V³U°²¬ª°c­<±V«
» �!µK¬2¤
¨W¬ª·m¥@¬
Â�¾F¤M¯/¨2­�Æ�¤

¬ª·m¥@¬�¬ª·V¤M«ª©U«ª¬2¤
® ×9Ú(»²Ú�Ý$Á�×9Ú(»æÛ�Ý?ÂP®M­=³U°�àm¤A³ÏÄ�©Ì¬ª·V¤H¬2¤
¨ª® ×
ε
∂2ρ±

∂x2

ÝI¥<³U®H°²¬2«Y¦c­=§
¥@¦G°²±Ï¬ª°²®M¤M«2­<¦²º/¬ª°c­<±V«�×K°²±
¬ª·V¤�Ñ�îË°²¦c³gÕH«2¤
±V«2¤�Ý?Â�Ä�©ÅºV«ª°²±/¸Ã¥@±¢¥@¯/¯/¦²°c§
¥@¬ª°c­<±´­@µ*¥Ðà/ÊU¤A³À¯:­<°²±=¬�¬ª·V¤A­<¨2¤
®Ö°²±À¬ª·V¤¿«ª¯m¥<§A¤M­@µNµKº/±V§
¬ª°c­<±V«
°²±

C([0, T );H1
loc(R))

¥@±V³ÏÆ�¤
¨ª°�µK©g°²±/¸
(H1)

µ�­<¨�¥@¦²¦
t ∈ (0, T )

»ÍÎQ·V¤
±¢°²±´«�¤A§
¬ª°c­<±¢èUÂ�¾F¤�¯/¨2­
Æ�¤�¬ª·m¥@¬
¬ª·V¤½­<Ä/¬�¥@°²±V¤A³ó«2­<¦²º/¬ª°c­<±V«¿¥@¨2¤Ð¨2¤
¸(º/¦e¥@¨¿¥@±V³ Æ�¤
¨ª°�µK©

(H2)
µ�­<¨H¥@¦²¦

t ∈ (0, T )
Â�¾E°²¬ª·ó°²±/°²¬ª°e¥@¦*§A­<±V³U°²¬ª°c­<±V«

Æ�¤
¨ª°�µK©g°²±/¸
(H2)

»ï¼$± «2¤A§
¬ª°c­<± �VÂ*¾F¤Ã¯/¨2­
Æ�¤]«�­<®M¤Ëº/±/°�µ�­<¨ª® 1 KL0ICM/-0TC!¤A«ª¬ª°²®¿¥@¬2¤A«ß­@µY¬ª·V¤Ã¨2¤
¸(º/¦e¥@¨ª°²¹
¤A³
«2­<¦²º/¬ª°c­<±]­<Ä/¬�¥@°²±V¤A³Å°²±Å«�¤A§
¬ª°c­<±]èU»IÎQ·V¤
±�Â�¬ª·m¥@±/ÞU«�¬2­�¬ª·V¤A«2¤{¤A«ª¬ª°²®¿¥@¬2¤A«
Â�¾F¤H¥@¦c«2­Ð¯/¨2­�Æ�¤{°²±Ã¬ª·/°c«I«2¤A§
¬ª°c­<±
¬ª·V¤W¤?ÊU°c«ª¬2¤
±V§A¤�­@µ�¸(¦c­<Äm¥@¦7°²±Ã¬ª°²®M¤�«2­<¦²º/¬ª°c­<±V«
»Ç¼$±Å«2¤A§
¬ª°c­<±��UÂ:¾F¤W¸(°²Æ�¤W¬ª·V¤�³/¤
®M­<±V«ª¬ª¨�¥@¬ª°c­<±]­@µFÎQ·V¤A­<¨2¤
®
Ú(»²Ú(» �_±V³]°²±Ï«2¤A§
¬ª°c­<± �ß¾F¤M¯/¨2­
Æ�¤ß¥½§A­<®H¯m¥@¨ª°c«2­<±Ï¯/¨ª°²±V§
°²¯/¦c¤¿¨2¤A«ªº/¦²¬W­@µQ¬ª·V¤¿«2©g«ª¬2¤
® ×9Ú(»²Ú�ÝI°²±À¬ª·V¤M§
¥<«2¤
α = 0

»¿ä�°²±m¥@¦²¦²©�ÂP°²±Ï«2¤A§
¬ª°c­<± �Ð¾N¤M¸(°²Æ�¤¿¥@±¢¥@¯/¯/¦²°c§
¥@¬ª°c­<±´­@µE¬ª·V¤H¯/¨2¤
Æg°c­<ºV«�¨2¤A«ªº/¦²¬2«Y°²±À¬ª·V¤M§
¥<«2¤H­@µE¬ª·V¤
§
¦e¥<«2«ª°c§
¥@¦�ÒNº/¨ª¸�¤
¨2«*¤Að=ºm¥@¬ª°c­<±�»

� �������V���G~W��� �����m���2���:�2�*~����A�E�! !~" $#�#W���%���'&( E���G�"�*)+�V���,&

¼$±Å¬ª·/°c«�¯m¥@¨�¥@¸(¨�¥@¯/·�ÂC¾N¤{¯/¨2­
Æ�¤¿¥�¬ª·V¤A­<¨2¤
® ­@µN¤?ÊU°c«ª¬2¤
±V§A¤{­@µN«�­<¦²º/¬ª°c­<±V«
Â�¦c­=§
¥@¦G°²±Å¬ª°²®M¤(Â:µ�­<¨�¬ª·V¤H«ª©g«2¬2¤
®
×9Ú(»²Ú�Ý_®M­=³U°�àm¤A³ÌÄ�©Ì¬ª·V¤�¬2¤
¨ª®

ε
∂2ρ±

∂x2

¥3µK¬2¤
¨I¬ª·V¤�¨2¤
¸(º/¦e¥@¨ª°²¹�¥@¬ª°c­<±Ï­@µN¬ª·V¤Yµ¶º/±V§
¬ª°c­<±
a(·)

¥@±V³Ì¬ª·V¤�°²±/°²¬ª°e¥@¦
§A­<±V³U°²¬ª°c­<±V«
»7ÎQ·/°c«�¥@¯/¯/¨2­
Êg°²®¿¥@¬ª°c­<±{Ä/¨ª°²±/¸�«�ºV«�Äm¥<§�ÞI¬2­!¬ª·V¤F«ª¬ªºV³U©�Â3µ¶­<¨�¤
Æ�¤
¨ª©

0 < ε < 1
Â<­@µ/¬ª·V¤�µ¶­<¦²¦c­�¾E°²±/¸

«ª©g«2¬2¤
®Íñ







∂ρ+,ε

∂t
− ε

∂2ρ+,ε

∂x2
= −

(

aε(t) + (ρ+,ε − ρ−,ε) + α

∫ 1

0
(ρ+,ε − ρ−,ε)(y, t)dy

)
∂ρ+,ε

∂x
in D′(R × (0, T )),

∂ρ−,ε

∂t
− ε

∂2ρ−,ε

∂x2
=

(

aε(t) + (ρ+,ε − ρ−,ε) + α

∫ 1

0
(ρ+,ε − ρ−,ε)(y, t)dy

)
∂ρ−,ε

∂x
in D′(R × (0, T )),

×�ÛU»���Ý

¾E·V¤
¨2¤
aε = ã ∗ ηε

Â7¾E°²¬ª·
ηε(·) = 1

ε
η( ·

ε
)
Â#«ªºV§�·´¬ª·m¥@¬

η ∈ C∞
c (R)

Â7¯�­(«ª°²¬ª°²Æ�¤(Â#¥@±V³ ∫
R

η = 1
»ÅÎQ·V¤

µKº/±V§
¬ª°c­<±
ã(·)

°c«!¥@±Ë¤?ÊU¬2¤
±V«ª°c­<±Í°²±
R

­@µ7¬ª·V¤ÇµKº/±V§
¬ª°c­<±
a(·)

Ä�©
0
»

ØÀ¤Y¥@¦c«2­H§A­<±V«ª°c³/¤
¨*¬ª·V¤�¨2¤
¸(º/¦e¥@¨ª°²¹
¤A³Í°²±/°²¬ª°e¥@¦�§A­<±V³U°²¬ª°c­<±V«_­@µ�¬ª·V¤�«2©g«ª¬2¤
®Ö×�ÛU»���Ý?ñ

ρ±,ε(x, 0) = ρ±,ε
0 (x) = ρ±,ε,per

0 (x) + L0x = ρ±,per
0 ∗ ηε(x) + L0x.

×�ÛU»���Ý

ØÀ¤I·m¥AÆ�¤I¬ª·V¤Iµ¶­<¦²¦c­�¾E°²±/¸¿¤?Êg°c«2¬2¤
±V§A¤I¦c­=§
¥@¦�°²±½¬ª°²®M¤I¨2¤A«ªº/¦²¬
ÂUµ�­<¨E¬ª·V¤Y¥@¯/¯/¨2­AÊU°²®¿¥@¬2¤A³Ë«2©g«ª¬2¤
®Íñ

�
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 o �������*����
f�k�W��
t� �!���������+�� !�$,�� GIGI8+J9:
(H1)

17465
(H3)

e .�/-0�1-2�2
α ∈ R

1-465
ρ±0 ∈

H1
loc(R)

<�=>:;0_:�:��7CpG;<�G
T ?(‖ρ±,per

0 ‖H1(T), ‖a‖L∞(0,T ), L0, α, ε) > 0,
GI8NXT=�<�=+17<h<�=>: GTc�GT<d:TJ P�]+e��TS�VIP�]>e��IS 1!5-JhC�<�Gy1�G�/-2Z8+<�CM/-4

ρ±,ε ∈ C([0, T ?);H1
loc(R))

BDC�<�=
ρ±,ε(., t)

l :T0TC ?Tc-C�4�E (H1)
e

äV­<¨Y¬ª·V¤¿¯/¨2­=­@µ*­@µE¬ª·/°c«Y¬ª·V¤A­<¨2¤
® ×¶«2¤A¤M«2º/ÄUÁ$«2¤A§
¬ª°c­<± ÛU»æè�Ý?ÂP¾F¤�±V¤A¤A³Ï«�­<®M¤��_­<¬�¥@¬ª°c­<±ó¥@±V³
	#¨2¤
¦²°²®H°²±m¥@¨ª©
¨2¤A«ªº/¦²¬2«
ñ

�7�$� �Ï�C�(�:���+���
¼$±½¾E·m¥@¬Eµ�­<¦²¦c­
¾*«�Â/¾F¤Y¥@¨2¤�¸�­<°²±/¸M¬2­{ºV«2¤�¬ª·V¤�µ�­<¦²¦c­
¾E°²±/¸�±V­<¬�¥@¬ª°c­<±�ñ

Ú(»
ρε = ρ+,ε − ρ−,ε Â

ÛU»
ρ±,ε,per = ρ±,ε − L0x

Â
èU»

T = (R/Z)
°c«E¬ª·V¤

[0, 1)
¯�¤
¨ª°c­=³U°c§�°²±�¬2¤
¨ªÆ(¥@¦+Â

�V»Q¦c¤
¬
f = (f1, f2)

Ä:¤Ã¥ÅÆ�¤A§
¬2­<¨�«ªºV§�·-¬ª·m¥@¬
fi ∈ H1(T)

µ¶­<¨
i ∈ {1, 2}

» ÎQ·V¤Í±V­<¨ª® ­@µ
f

°²±
(
H1(T)

)2 ¾E°²¦²¦�Ä:¤I³/¤?àV±V¤A³½Ä=©
‖f‖H1(T) = max(‖f1‖H1(T), ‖f2‖H1(T)).

�U»Eç�¤
¬
f

Ä�¤�¥WµKº/±V§
¬ª°c­<±ÍµK¨2­<®
R × (0, T )

¬2­
R

»7¾F¤I±V­<¬2¤IÄ=©
f(t) = f(., t) : x 7−→ f(x, t)

»

� �+
t"N
��uo �poq�
� �	
-��� % �� 	����� ,�� XHX[/-0_5-C�4+E�<�/
(H1)

V
(H2) 3 C�<�C�G�X;2g:_1-0 <�=+17< ρε 3 ρ±,ε,per 1-465 ∂ρ±,ε

∂x1-0_:
1
V K$:T0ICM/�5-CMXhC�4kGdK>1!XH:Y?T8+46X�<�CM/-4NG e

È!±V³/¤
¨*¬ª·V¤�±V­<¬�¥@¬ª°c­<±Ì­@µ�¯m¥@¨�¥@¸(¨�¥@¯/·ÅÛU»²Ú(Â/¾F¤�Þ=±V­�¾ ¬ª·m¥@¬*¬ª·V¤I«ª©U«ª¬2¤
®Ö×�ÛU»���ÝN°c«*¤Að=º/°²Æ(¥@¦c¤
±�¬*¬2­/ñ

∂ρ±,ε,per

∂t
−ε

∂2ρ±,ε,per

∂x2
= ∓

Ä/°²¦²°²±V¤
¥@¨!¬2¤
¨ª®
︷ ︸︸ ︷

Cα[ρε(t)]
∂ρ±,ε,per

∂x
∓

¦²°²±V¤
¥@¨*¬2¤
¨ª®
︷ ︸︸ ︷

aε(t)
∂ρ±,ε,per

∂x
∓ L0Cα[ρε(t)]∓L0a

ε(t) in T×(0, T ),
×�ÛU»
�(Ý

¾E·V¤
¨2¤
Cα[ρε(t)](x) =

(

ρε(x, t) + α

∫ 1

0
ρε(y, t)dy

)

,

¾E°²¬ª·Í¬ª·V¤I¯�¤
¨ª°c­=³U°c§�°²±/°²¬ª°e¥@¦�§A­<±V³U°²¬ª°c­<±V«

ρ±,ε,per(x, 0) = ρ±,ε,per
0 (x) in T.

×�ÛU»æå�Ý

�7��� �¿���m���$� �$�����(�����m� �������
��������� o �g� �
�b
f�6s\�	
f�W���	�t�6w9�W����
��	�L&�v�"N
-���!�	% ���	)*&����� !�$,�� 4L5	:T0�<�=>:�=�cHKN/7<�=>:IGTCpG

(H1)
1-465

(H3)
17465�?;/-0�: l :T0Tc ρ±0 ∈ H1

loc(R) 3 B�:b=+1 l :
R!e�� =>:@?T8�46X�<�C�/-4$G

ρ±,ε,per
0 ∈ C∞(T)

1-465 l :;0IC ?IcF<�=>:@?;/-2�2A/-BDC�4+EF:IG;<�C�J917<d:�O

‖ρ±,ε,per
0 ‖H1(T) ≤ ‖ρ±,per

0 ‖H1(T).

�



]+e�� =>:@?T8�46X�<�C�/-4
aε(·) ∈ C∞(R) ∩ L∞(R)

1-465 l :T0TC m :IG�<�=>:\?;/-2�2A/-BDC�4+E�:IG;<�C�J917<d:WO

‖aε‖L∞(R) ≤ ‖a‖L∞(0,T ).

`�e�� =>:aG�:_i�8N:T4LXH:
aε(·)

G;<�0�/-4+E-2jc�X[/-4 l :;0�E	:TG�<�/ a(·)
C�4

L2(0, T )
e�� =>:aG�:_i�8N:T4LXH:IG

ρ±,ε,per
0

G;<�0�/74�E-2Zc
X[/-4 l :T0ME	:�<�/ ρ±,per

0

C�4
H1(T)

e
ÎQ·V¤I¯/¨2­=­@µG­@µ7¬ª·/°c«E¦c¤
®H®¿¥{°c«!¥H§
¦e¥<«�«ª°c§
¥@¦C¯/¨2­<¯:¤
¨ª¬�©½­@µ�¬ª·V¤I¨2¤
¸(º/¦e¥@¨ª°²¹A°²±/¸Ð«2¤Að=ºV¤
±V§A¤

(ηε)ε
»

��������� o ��� ������v�%����6v�&��W���L�D, � GIGI8+J{:
(H3)

e .�/-0h: l :T0Tc T ≥ 0 3 C ? ρ±,ε,per ∈ C([0, T );H1(T))1-0_:bG�/-2j8><�CM/-4NG�/�?b<�=>:@?�/-2�2A/-BDC�4�E :_i;8N17<�C�/74LO

ρ±,ε,per(x, t) = Sε(t)ρ
±,ε,per
0 ∓L0

∫ t

0
aε(s)ds ∓

∫ t

0
Sε(t − s)

(

Cα[ρε(s)]
∂ρ±,ε,per

∂x
(s)

)

ds

∓

∫ t

0
Sε(t − s)

(

L0Cα[ρε(s)] + a(t)
∂ρ±,ε,per

∂x
(s)

)

ds,
×�ÛU» ��Ý

B =>:T0[:
Sε(t) = eεt∆ CpG�<�=N:�=>:_17<YG�:TJhC V E-0_/-8�K 3 <�=>:;4 ρ±,ε,per C�G�1FG;/72j8><�C�/74�/_?�<�=>:�GTcfG;<d:TJ P�]+e���SfVTP�]+e��;S

C�4~<�=>:bG�:T4$G�:�/�?�5-C�GT<�0TC } 8><�CM/-4NG e
äV­<¨*¬ª·V¤I¯/¨2­g­@µ7­@µ7¬ª·/°c«E¦c¤
®H®¿¥UÂ/¾N¤I¨2¤?µ�¤
¨*¬2­ 	�¥@¹A©ÀÙ²Ú �UÂ/ÎQ· �U»æÛU» 	�¥@¸�¤�Ú��	��Ü$»

��������� o �����
	 �p�*��% s\�6���L�-, O@|�:;<
E } :b1b��1-461	XT=�G�K>1	XH: 3 B } :a1�X[/-4�<�C�4$8N/-8�G } C�2jC�4L:_170 1IK!KL2jCMX[17<�CM/-4?I0_/-J

E × E
<�/

E
1-465

L } :�1 X[/-4�<�C�4$8N/-8	Gb2ZC�4L:_1-0�1IK	K62jCMX[17<�CM/-4h?T0�/-J E
<�/

E
GI8NXT=k<�=+17<dO

‖B(x, y)‖E ≤ λ‖x‖E‖y‖E
?;/-0�172�2

x, y ∈ E,

‖L(x)‖E ≤ µ‖x‖E
?;/70�1-2�2

x ∈ E,
B =>:T0[:

λ > 0
1-465

µ ∈ (0, 1)
1-0[: E-C l :T4tX[/-4NG;<�1-4�<�G e�� =N:T4 3 ?�/-0�1-2�2 x0 ∈ E

GI8NXT=k<�=+17<

‖x0‖E <
1

4λ
(µ − 1)2,

<�=>:h:_i;8N17<�C�/74
x = x0 + B(x, x) + L(x)

1!5-JhC�<�Gb1{G;/-2Z8><�C�/-4#C�4
E
e

äV­<¨*¬ª·V¤I¯/¨2­g­@µ7­@µ7¬ª·/°c«E¦c¤
®H®¿¥{¾N¤I¨2¤?µ�¤
¨*¬2­ � ¥@±/±V­<±V¤¿Ù��UÂ/ç�¤
®H®¿¥ �V»æÛU»²Ú��<Ü$»

¼$±ó­<¨2³/¤
¨H¬2­Å«ª·V­
¾ ¬ª·V¤½¤?ÊU°c«ª¬2¤
±V§A¤½­@µI¥Ã«�­<¦²º/¬ª°c­<±ó¾E°²¬ª·/°²±ó¬ª·V¤ÐµK¨�¥@®M¤
¾N­<¨ªÞ¢­@µ�ç�¤
®H®¿¥ÀÛU» �VÂ#¾N¤Í¥@¯/¯/¦²©
ç�¤
®H®¿¥ËÛU»��Ð°²±À¬ª·V¤¿«ª¯m¥<§A¤

E =
(
L∞((0, T );H1(T))

)2 Â�¾E·V¤
¨2¤
x0

Â
B

¥@±V³
L

¥@¨2¤M³/¤?àV±V¤A³CÂ�µ�­<¨
u =

(u1, u2), v = (v1, v2) ∈ E
ÂUÄ=©:ñ

x0 = Sε(t)ρ
ε
0,vec + L0

~i

∫ t

0
aε(s)ds,

¾E·V¤
¨2¤
ρε

0,vec = (ρ+,ε,per
0 , ρ−,ε,per

0 ), ~i =

(
−1
1

)

.
×�ÛU»²Ú���Ý

B(u, v)(t) = Ī1

∫ t

0
Sε(t − s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)

ds,
¾E·V¤
¨2¤

Ī1 =

(
−1 0
0 1

)

.
×�ÛU»²Ú(Ú�Ý

L(u)(t) = L0
~i

∫ t

0
Sε(t − s)Cα[u1(s) − u2(s)]ds + Ī1

∫ t

0
Sε(t − s)

(

aε(s)
∂u

∂x
(s)

)

ds.
×�ÛU»²Ú
Û�Ý

�
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f ∈ Lq(T)

BDC�<�=
2 ≤ q ≤ +∞

17465
g ∈ L2(T) 3 <�=N:T4?;/-0�172�2

t > 0
B�:b=+1 l :�<�=N:\?�/-2�2�/7BDC�4�E :IG;<�C�J917<d:IG�O

P C S
‖Sε(t)(fg)‖L4(T) ≤ Ct−

3

4 ‖f‖L2(T)‖g‖L2(T),

P C�C S
∥
∥
∥
∥

∂

∂x
(Sε(t)f)

∥
∥
∥
∥

L2(T)

≤ Ct−
1

2 ‖Sε(
t

2
)f‖L2(T),

P C�C�C S
∥
∥
∥
∥

∂

∂x
(Sε(t)(fg))

∥
∥
∥
∥

L2(T)

≤ Ct−( 1

2
+ 1

q
)‖f‖Lq(T)‖g‖L2(T),

B =>:T0[:
C = C(ε)

CpG�1aK>/�GTC�<�C l :hX[/-4$GT<�1-4�<Y5	:dKN:;465-C�4�E�/-4 ε
e

äV­<¨*¬ª·V¤I¯/¨2­g­@µ7­@µ7¬ª·/°c«E¦c¤
®H®¿¥UÂV«�¤A¤ 	�¥@¹A©]Ù²Ú �UÂVç�¤
®H®¿¥½Ú(»²Ú(»æåUÂVÎQ· �U» �V»��3Ü$»

�b
f�6s\���f�p�W���L� o ��� ������v�������"N
��6s\�	
�">����
	, O |�:;<
FT =

(
L∞((0, T );H1(T))

)2 e � =>:T4�?�/-0~: l :T0Ic
T ≥ 0 3 α ∈ R 3 u = (u1, u2) ∈ FT

1-465
v = (v1, v2) ∈ FT

<�=>: } C�2jC�4L:_1-0 /IKN:T0_17<�/-0 B
5�:�m\4L:_5�C�4

P�]+e�R!RIS 3 C�G�X[/-4�<�C�4$8N/-8�G�?I0_/-J FT×FT
<�/

FT

e � /-0[:_/ l :T0 3 <�=>:T0[:�:��7CpG;<�GY1@K>/�GTC�<�C l : X[/-4$GT<�1-4�< C = C(α, ε)GI8NXT=k<�=+17<6?;/-0�172�2
u, v ∈ FT

B�:b=+1 l :�O

‖B(u, v)‖FT
≤ CT

1

4 ‖u‖FT
‖v‖FT

.

�b
f� �6w���w �b
f�6s\���f�p�W���L� o ���
ØÀ¤I·m¥AÆ�¤

‖B(u, v)(t)‖H1(T) =

∥
∥
∥
∥
Ī1

∫ t

0
Sε(t − s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)

ds

∥
∥
∥
∥

H1(T)

≤

∫ t

0

∥
∥
∥
∥
Sε(t − s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

H1(T)

ds

≤

∫ t

0

∥
∥
∥
∥
Sε(t − s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

L4(T)

ds

+

∫ t

0

∥
∥
∥
∥

∂

∂x
Sε(t − s)

(

Cα[u1(s) − u2(s)]
∂v

∂x
(s)

)∥
∥
∥
∥

L2(T)

ds.

È_«ª°²±/¸Hç�¤
®H®¿¥HÛU»��½×K°`Ý#µ�­<¨Q¬ª·V¤ÇàV¨2«ª¬Q¬2¤
¨ª®í¥@±V³Ðç�¤
®H®¿¥MÛU»��ß×K°²°²°`ÝF¾E°²¬ª·
q = 4

µ�­<¨N¬ª·V¤I«�¤A§A­<±V³�¬2¤
¨ª®ÍÂU¾N¤
§
¥@±Ë§A­<±V§
¦²ºV³/¤I¬ª·m¥@¬
ñ

‖B(u, v)(t)‖H1(T) ≤ C

∫ t

0

1

(t − s)
3

4

‖Cα[u1(s) − u2(s)]‖L4(T)

∥
∥
∥
∥

∂v

∂x
(s)

∥
∥
∥
∥

L2(T)

ds

≤ C sup
0≤t<T

(‖u(t)‖H1(T)) sup
0≤t<T

(‖v(t)‖H1(T))

∫ t

0

1

(t − s)
3

4

ds.
�



ÎQ·V¤
±½µ¶­<¨!¥@¦²¦
t ∈ (0, T )

Â/¾F¤�·m¥AÆ�¤(ñ

‖B(u, v)(t)‖H1(T) ≤ Ct
1

4 ‖u‖L∞((0,T );H1(T))2‖v‖L∞((0,T );H1(T))2

≤ CT
1

4 ‖u‖L∞((0,T );H1(T))2‖v‖L∞((0,T );H1(T))2 .

×�ÛU»²Ú
è�Ý

�b
f�6s\���f�p�W���L� o ��������������"N
 �6s\�	
�">����
	, O |�:;<
FT =

(
L∞((0, T );H1(T))

)2 1-465
a(·)

G;17<�C�G�?Tc V
C�4�E

(H3)
e � =>:T4u?�/-0�172�2

L0, T ≥ 0
1-465

u = (u1, u2) ∈ FT 3 <�=>: 2jC�4L:_1-0u/IKN:;0�17<�/70
L

5�: V
m\4L:_5'C�4 Pd]+e�R�]�S 3 C�G�X[/-46<�C�4$8N/-8�G{?T0�/-J FT

<�/
FT

e � /-0_:[/ l :T0 3 <�=>:;0_:�:��-CpG;<�G�1tK>/�GTC�<�C l : X[/-4$GT<�1-4�<
C = C(α, ε, ‖a‖L∞(0,T ), L0)

GI8NXT= <�=+17<dO

‖L(u)‖FT
≤ CT

1

4 ‖u‖FT
.

ÎQ·V¤I¯/¨2­=­@µG­@µ�	G¨2­<¯:­(«2°²¬ª°c­<±ÃÛU»æå{°c«*«ª°²®H°²¦e¥@¨_­@µ�¬ª·V¤I­<±V¤IºV«�¤A³ß°²± 	G¨2­<¯�­(«ª°²¬ª°c­<±ÃÛU»
�g»

��������� o ��� .*/-0�1-2�2
L0, T ≥ 0

1-465
a(·)

G;17<�C�G�?Tc-C�4+E
(H3) 3 C ?

Xaε(t) = L0
~i

∫ t

0
aε(s)ds, t ∈ (0, T ) 3

<�=>:T4
‖Xaε‖(L∞(0,T ))2 ≤ L0T‖a‖L∞(0,T ).

ÎQ·V¤I¯/¨2­=­@µG­@µGç�¤
®H®¿¥MÛU» �{°c«E¬ª¨ª°²Æg°e¥@¦F×`µ¶¨2­<® ç�¤
®H®¿¥¿ÛU»æèË×�Û�ÝªÝ?»

��������� o �������Ir��6�L�W��� &(��������w@�W���F����
����H�6
f�L&�s@, .�/-0�1-2�2
f ∈ W 2,2(T)

17465
0 ≤ θ < t 3 B�:�=+1 l :<�=>:@?;/-2�2A/-BDC�4+E�:IG;<�C�J917<d:TG�O

P C S

‖(Sε(t − θ) − Id)f‖L2(T) ≤ C(t − θ)‖
∂2f

∂x2
‖L2(T),

P C�C S
‖(Sε(t − θ) − Id)f‖L2(T) ≤ 2‖f‖L2(T),

B =>:T0[:
C = C(ε)

CpG�1aK>/�GTC�<�C l :hX[/-4$GT<�1-4�<Y5	:dKN:;465-C�4�E�/-4 ε
e

ØÀ¤I¨2¤?µ¶¤
¨E¬2­ 	�¥@¹A©]Ù²Ú �UÂVç�¤
®H®¿¥��U»æÛ 	�¥@¸�¤�Ú �UÚ?ÜCµ¶­<¨!¬ª·V¤�¯/¨2­=­@µG­@µ�¬ª·/°c«!¦c¤
®H®¿¥U»

��������� o ���6���_����
��  !�L�L�W��� &������ , � GHGT8�J{:
(H3)

e ��?
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L∞(0,T )

)

e4L0(1+α2)T .

Ú��



ÎQ·/°c«E¦c¤
¥<³/«*¬2­{¬ª·V¤�³/¤A«2°²¨2¤A³½¨2¤A«ªº/¦²¬
»

��������� �*�g� �
L2 �	���W��
�">�����L���W�����W��
���%(�	
-� �N">�W���6�����6w �W�������Lv�&��W���6���-, � GIGI8+J9: (H1) 3 (H2) 3

(H3)
1-465

ρ±0 ∈ H1
loc(R) 3 C ? ρ±,ε ∈ C∞(R × [0, T ))
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∂x
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∥
∥
∥
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(
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0
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)
∂ρ±,ε

∂x

∥
∥
∥
∥
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(
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)
∥
∥
∥
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∥
∥
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ρ±,ε ∈
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�6eA] 0[:IG�KN:[X�<�C l :T2jc 3 GI8NXT=k<�=+17<dO

∥
∥ρ±,ε,per

∥
∥

L∞((0,T );L2(T))
+

∥
∥
∥
∥

∂ρ±,ε

∂x

∥
∥
∥
∥

L∞((0,T );L2(T))

+

∥
∥
∥
∥

∂ρ±,ε

∂t

∥
∥
∥
∥

L2(T×(0,T ))

≤ C,
× �V»²Ú
å�Ý

B =>:T0[:
ρ±,ε,per = ρ±,ε − L0x

e
�b
f� �6w���w������	��
���
 �*���
ØÀ¤Q¥@¨2¤F¸�­<°²±/¸�¬2­!¯/¨2­�Æ�¤Q¬ª·m¥@¬7¬ª·V¤�¦c­g§
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¨*¬ª·V¤Y«ª©g«2¬2¤
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∂x

(
(ρ1 − ρ2)

2
)
)

= −

∫ 1

0

(

(ρ1 − ρ2)
2 ∂k1
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I2 ≤ |α|‖(ρ1 − ρ2)(t)‖L2(T)‖(ρ1 − ρ2)(t)‖L2(T)

∥
∥
∥
∥

∂k1
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∥
∥
∥
∥
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∥
∥
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∥
∥
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) ∂ρ+,ε

2

∂x

°²±
D′(R × (0, T )),

∂ρ−,ε
2

∂t
− ε

∂2ρ−,ε
2

∂x2
=

(

ρ+,ε
2 − ρ−,ε

2 + aε(t)
) ∂ρ−,ε

2

∂x

°²±
D′(R × (0, T )).

¨2¤A«ª¯:¤A§
¬ª°²Æ�¤
¦²©�»

¼+µ�¾F¤Y³/¤
±V­<¬2¤
w±,ε Ä=©

ρ̃±,ε
2 − ρ̃±,ε

1

ÂU¾E·V¤
¨2¤(Â

ρ̃±,ε
2 = ρ±,ε

2 e−γt, ρ̃±,ε
1 = ρ±,ε

1 e−γt ¾E°²¬ª·
γ > 0,

¾F¤�§
¥@±Ë¤
¥<«2°²¦²©Ð§�·V¤A§2Þ½¬ª·m¥@¬
w±,ε ¥@¨2¤�«2­<¦²º/¬ª°c­<±V«_­@µ�¬ª·V¤Çµ�­<¦²¦c­
¾E°²±/¸Ð«ª©g«2¬2¤
®Íñ







∂w+,ε

∂t
− ε

∂2w+,ε

∂x2
+ γw+,ε = −eγt (w+,ε − w−,ε)

∂ρ̃+,ε
2

∂x
− eγt

(

ρ̃+,ε
1 − ρ̃−,ε

1 + e−γtaε(t)
) ∂w+,ε

∂x
,

∂w−,ε

∂t
− ε

∂2w−,ε

∂x2
+ γw−,ε = eγt (w+,ε − w−,ε)

∂ρ̃−,ε
2

∂x
+ eγt

(

ρ̃+,ε
1 − ρ̃−,ε
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