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Abstract
In this paper, we study diagonalizable hyperbolic systems in one space dimension. Based on a
new gradient entropy estimate, we prove the global existence of a continuous solution, for large
and nondecreasing initial data. Moreover, we show in particular cases some uniqueness results.
We also remark that these results cover the case of systems which are hyperbolic but not strictly
hyperbolic. Physically, this kind of diagonalizable hyperbolic systems appears naturally in the
modelling of the dynamics of dislocation densities.

AMS Classification: 35145, 35Q35, 35Q72, 74H25.
Key words: Global existence, system of Burgers equations, system of nonlinear transport
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1 Introduction and main result

1.1 Setting of the problem

In this paper we are interested in continuous solutions to hyperbolic systems in dimension
one. Our work will focus on solution u(t, ) = (u'(t, x))i=1, v, where M is an integer,
of hyperbolic systems which are diagonal, i.e.

ol 0 =0 on OT) xR andfor i=L..M, (P
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with the initial data:
u'(0,7) = ub(z), reR fori=1,..., M. (ID)
For real numbers o < 3%, let us consider the box
U =1 [, 5] (1.1)

We consider a given function a = (a');—
regularity assumption:

a2 U — RM | which satisfies the following

.....

( the function a € C°°(U)

b

there exists My > 0 such that for ¢=1,..., M,
(H1) lai(u)] < My forall ueU,

there exists M; > 0 such that for +=1,..., M,
la'(v) — a'(u)] < Myjv —u| forall v,uel.

We assume, for all © € RM, that the matrix

(afj (u))i,jzl,...,M, where ¢t = —aﬂ

T Qud

is non-negative in the positive cone, namely

forall we U, we have

(H2) . Y
Y G&a(u) >0 forevery €= (&,..., &) € [0,+00)M.
i,j=1,...M
In (ID), each component u}) of the initial data ug = (u,--- ,u}!) is assumed satisfy the

following property:

up € L=(R),

(H3) u is nondecreasing, | for i =1,--- M,

dyul € Llog L(R),
where Llog L(R) is the following Zygmund space:

Llog L(R) = {f € L'(R) such that / Iflln(1+]f]) < —I—oo}.
R
This space is equipped by the following norm:
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Il L og L(r) = inf{A >0: /mln (1 + m) < 1},
R A A

This norm is due to Luxemburg (see Adams [1, (13), Page 234]).

Our purpose is to show the existence of a continuous solution, such that u'(¢,-) satisfies
(H3) for all time.

1.2 Main result

It is well-known that for the classical Burgers equation, the solution stays continuous
when the initial data is Lipschitz-continuous and non-decreasing. We want somehow to
generalize this result to the case of diagonal hyperbolic systems.

Theorem 1.1 (Global existence of a nondecreasing solution)
Assume (H1), (H2) and (H3). Then, for all T > 0, we have:

i) Existence of a weak solution:
There exists a function u solution of (P)-(ID) (in the distributional sense), where

u € [L=((0,T) x R)M N [C([0,T); Llog LR)M and d,u € [L=((0,T); Llog L(R))]M,

such that for a.e t € [0,T) the function u(t,-) is nondecreasing in x and satisfies the
following L estimate:

! (&, )z @) < bl Lo ), fori=1,..., M, (1.2)

and the gradient entropy estimate:

t
/ Z f (00 (t, x)) da + / Z a's(u)0pu' (s, x) 01 (s, x) dx ds < Ch,
_ o Jr
(1.3)
faln(@)+ L if z>1)e,

J(x) = { 0 if 0<a<1/e, (1.4)
and C(T', M, My, [[uo || (ro )1, [|Ozto]| 1,10 £ar))21)-
ii) Continuity of the solution:

The solution u constructed in (i) belongs to C(]0,T) x R) and there exists a modulus of
continuity w(0, h), such that for all (t,z) € (0,7) x R and all §,h > 0, we have:

1 1
In(5 +1) * In(3 +1)

lu(t +0,x 4+ h) —u(t,z)| < Cyw(d,h) with w(d,h) = (1.5)
where Co(T', My, My, |[1o]|froo ), | Oxto |11 10g LR)M )-
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Remark 1.2
Here, we can easily extend the solution u of (P)-(ID), given by Theorem 1.1, on the time
interval [0, +00).

Our method is based on the following simple remark: if the initial data satisfies (H3)
then the solution satisfies (H3) for all . What seems new is the gradient entropy in-
equality. The prove of Theorem 1.1 is rather standard. First we regularize the initial
data and the system with the addition of a viscosity term, then we show that this regu-
larized system admits a classical solution for short time. We prove the bounds (1.2) and
the fundamental gradient entropy inequality (1.3) which allow to get a solution for all
time. Finally, these a priori estimates ensure enough compactness to pass to the limit
when the regularization varnishes and to get the existence of a solution.

Remark 1.3
To guarantee the Llog L bound on the gradient of the solutions. We assumed in (H2) a
sign on the left hand side of gradient entropy inequality (1.3).

In the case of 2 x 2 strictly hyperbolic systems, which corresponds in (P) to the case
of a'(u',u?) < a®(u',u?). Lax [30] proved the existence of smooth solution of (P)-(ID).
This result was also proven by Serre [36, Vol II| in the case of M x M rich hyperbolic
systems (see also Subsection 1.4 for more related references). Their result is limited
to the case of strictly hyperbolic systems, here in Theorem 1.1, we treated the case of
systems which are hyperbolic but not strictly hyperbolic. See the following Remark for
a quite detailed example.

Remark 1.4 (Crossing eigenvalues)

Condition (1.9) on the eigenvalues is required in our framework (Theorem 1.1). Here is
a simple example of a 2 X 2 hyperbolic but not strictly hyperbolic system. We consider
solution u = (u',u?) of

dyut + cos(u?)d,u' = 0,
on (0,T) x R. (1.6)
Opu? + u'sin(u?)0,u® = 0,

Assume:
i) ut(—o0) = 0, ul(+00) = 1 and d,u' >0,

i) u*(—o00) = =%, u?(+00) = % and d,u* > 0.

Here the eigenvalues A (ut,u?) = cos(u?) and Ag(u',u?) = u'sin(u®) cross each other
at the initial time (and indeed for any time). Nevertheless for a'(u',u?) = cos(u?®) and
a’(ut,u?) = ulsin(u?), we can compute



I N 0 —sin(u?)
(aj(u',u7))ij=12 = ( sin(u?) ulcos(u?) )’
which satisfies (H2) (under assumptions (i) and (i1)). Therefor Theorem 1.1 gives the
existence of a solution to (1.6) with (i) and (ii).

Based on the same type of gradient entropy inequality (1.3), it was proved in Cannone
et al. [8] the existence of a solution in the distributional sense for a two-dimensional
system of two transport equations, where the velocity vector field is non-local.

The uniqueness of the solution is strongly related to the existence of regular (Lipschitz)
solutions (see Theorem 7.7). Let us remark that equation (P)-(ID) does not create
shocks because the solution (given in Theorem 1.1) is continuous. In this situation, it
seems very natural to expect the uniqueness of the solution. Indeed the notion of en-
tropy solution (in particular designed to deal with the discontinuities of weak solutions)
does not seem so helpful in this context. Nevertheless the uniqueness of the solution is
an open problem in general (even for such a simple system).

We ask the following Open question:
Is there uniqueness of the solution given in Theorem 1.1 ?

Now we give the following existence and uniqueness result in [IW1°([0,7) x R)], in a
special case to simplify the presentation. More precisely we assume

(H1) a'(u Z Ajju? fori=1,..., M and for all u € U,

Jj=1...M

(HQ’) Z Az’j&'fj >0 forevery &= (51, "-7§M> c [07 +OO)M

ij=1,..,M

Theorem 1.5 (Existence and uniqueness of W1'*> solution for a particular
A= (Aij)ij=i=1,..m)

Assume (H1'). For T > 0 and all nondecreasing initial data ug € [WH°(R)|M, the sys-
tem (P)-(ID) admits a unique solution u € [W-([0,T) x R)|™, in the following cases:

i) M >2 and A;; >0, for all j > i.
i) M >2 and A;; <0, for all i # j and (H2'). And then for all (t,z) € [0,T) x R we

have

Z Opu'(t,z) < sup Z Opub (y (1.7)

i=1,....M yGRZ 1,....M



Remark 1.6 (Case of M = 2)
In particular for M = 2, if (H1"), (H2') and (H3) satisfied then we have, by Theorem
1.5 the existence and uniqueness of a solution in [W>([0,T) x R)]* of (P)-(ID).

In these particular cases of the matrix A, we can prove that d,u’ for i = 1,..., M, are
bounded on [0, T) x R. Thanks to this better estimates on d,u’, and then on the velocity
vector field Au, we prove here the uniqueness of the solution.

. 1 -1 . . ..
In the case of the matrix A = 11 ) it was proved in El Hajj, Forcadel [16], the
existence and uniqueness of a Lipschitz viscosity solution, and in A. El Hajj |15|, the

existence and uniqueness of a strong solution in W ?([0,7) x R).

1.3 Application to diagonalizable systems

Let us first consider a smooth function u = (u',. .. ,u)

conservative hyperbolic system:

, solution of the following non-

Owu(t,z) + F(u)opu(t,z) =0, u(t,x) eU, x € R, t € (0,7T),
(1.8)
u(z,0) = ug(x) z € R,

where the space of states U is now an open subset of R™, and for each u, F(u) is a
M x M-matrix and the map F is of class C*(U). We assume that F(u) has M real
eigenvalues Aj(u), ..., A\y(u), and we suppose that we can select bases of right and left
eigenvectors r;(u), l;(u) normalized so that

|7’Z'| =1 and li'Tj :(Sij

Remark 1.7 (Riemann invariant)
Recall that locally a necessary and sufficient condition to write

li(u) = Vupi(u),

is the Frobenius condition l; A\ dl; = 0. In that case the function p;(u) is solution of the
following equation

(@i(u))t + )\@(U)(ﬂpl(u))x =0.

We recall that then ;(u) is called a i-Riemann invariant (see Sevennec [37] and Serre
[36, Vol I1])). If this is true for any i, we say that the system (1.8) is diagonalizable.

Our theory is naturally applicable to this more general class of systems.



1.4 A brief review of some related literature

Now we recall some well known results for system (1.8).

For a scalar conservation law, this corresponds in (1.8) to the case M = 1 and
F(u) = h'(u) is the derivative of some flux function h, the global existence and unique-
ness of BV solution established by Oleinik [34] in one space dimension. The famous
paper of Kruzhkov 28] covers the more general class of L solutions, in several space
dimension. For another alternative approach based on the notion of entropy process
solutions, see Eymard et al. [17], see also the kinetic formulation P. L. Lions et al. [33].

We now recall some well-known results for a class of 2 x 2 strictly hyperbolic systems n
one space dimension. Here i.e F'(u) has two real, distinct eigenvalues

A(u) < Ao(u).

Lax [30] proved the existence and uniqueness of nondecreasing and smooth solutions of
the 2 x 2 strictly hyperbolic systems. Also in case of 2 x 2 strictly hyperbolic systems
DiPerna [12, 13| showed the global existence of a L> solution. The proof of DiPerna
relies on a compensated compactness argument, based on the representation of the weak
limit in terms of Young measures, which must reduce to a Dirac mass due to the presence
of a large family of entropies. This results is based on the idea of Tartar [39].

For general M x M strictly hyperbolic systems; i. e. where F'(u) has M real, distinct
eigenvalues

Al(u) < < )\M(U), (19)

Bianchini and Bressan proved in [6] a striking global existence and uniqueness result of
BV solutions to system (1.8), assuming that the initial data has small total variation.
Their existence result is a generalization of Glimm result [20], proved in the conserva-
tion case; i.e. F(u) = Dh(u) is the Jacobin of some flux function h and generalized by

LeFloch and Liu |31, 32| in the non-conservative case.

We can also mention that, our system (P) is related to other similar models, such as
scalar transport equations based on vector fields with low regularity. Such equations
were for instance studied by Diperna and Lions in [14]. They have proved the existence
(and uniqueness) of a solution (in the renormalized sense), for given vector fields in
L'((0, 4+-00); WL (RY)) whose divergence is in L'((0, +oc); L=(RY)). This study was
generalized by Ambrosio [2], who considered vector fields in L!((0, +00); BV} (RY))
with bounded divergence. In the present paper, we work in dimension N = 1 and prove
the existence (and some uniqueness results) of solutions of the system (P)-(ID) with a
velocity vector field a‘(u), @ = 1,..., M. Here, in Theorem 1.1, the divergence of our
vector field is only in L*°((0,400), Llog L(R)). In this case we proved the existence

result thanks to the gradient entropy estimate (1.3), which gives a better estimate on
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the solution. However, in Theorem 1.5, the divergence of our vector field is bounded,
which allows us to get a uniqueness result for the non-linear system (P).

We also refer to Ishii, Koike [25] and Ishii [24], who showed existence and uniqueness of
viscosity solutions for Hamilton-Jacobi systems of the form:

Ot + Hy(u, Du') =0 with u = (u'); € RM, for z € RN, t € (0,7T),
(1.10)
u'(z,0) = uj(x) r €R,

where the Hamiltonian H; is quasi-monotone in u (see Ishii, Koike |25, Th.4.7]). This
does not cover our study since our Hamiltonian is not necessarily quasi-monotone.

For hyperbolic and symmetric systems, Garding has proved in [18] a local existence and
uniqueness result in C([0,7); H*(RY)) N C'([0,T); H*~'(RY)), with s > £ + 1 (see also
Serre |36, Vol I, Th 3.6.1|), this result being only local in time, even in dimension N = 1.

1.5 Miscellaneous extensions to explore in a futur work

1. In Theorem 1.1 we have considered the study of a particular system only to simplify
the presentation. This result could be generalized to the following system

o' + a'(u, z,t)0,u’ = h'(u,z,t) on (0,7)xR andfor i=1,.., M, (P)

with suitable conditions on a' and h'.

2. Tf we consider the case where the system (P) is strictly hyperbolic. Based in the
result of Bianchini, Bressan [6], we could also prove the uniqueness of the solution,
whose existence is given by Theorem 1.1.

3. We could also extend Theorem 1.5 to system (P’), where we replace (i) and (ii) by
the following condition

i) For M > 2, a(u,z,t) > 0 for j > and for all (u,z,t) € U x R x [0,T).
ii") For M > 2,

a';(u,2,t) <0 forall (u,z,t) €U xR x[0,+00), forall i#yj,

and we assume that for any v; € RM, z; € R, the matrix

bij (t) = afj (’Ui, Z;, t)

satisfies for all t > 0

(H2") Y bt >0 forall &= (&,....¢n) € [0,+00)".



4. We could also prove the uniqueness result in case of W solution among weak

solution. (and in particular any weak solution is a viscosity solution in the sense of
Crandall-Lions [10, 11]).

5. We could propose a numerical scheme and try to prove its convergence.

6. Applications to other equations: Euler, p-systems.

1.6 Organization of the paper

This paper is organized as follows: in the Section 2, we approximate the system (P) and
the initial conditions. Then we prove a local in time existence for this approximated
system. In Section 3, we prove the global in time existence for the approximated system.
In the Section 4, we prove that the obtained solutions are regular and non-decreasing
in z for all ¢ € (0, 7). In Section 5, we prove the gradient entropy inequality and some
other e-uniform a priori estimates. In Section 6, we prove the main result (Theorem 1.1)
passing to the limit as € goes to 0 and using some compactness properties inherited from
our entropy gradient inequality and the a priori estimates. In Section 7 we prove some
uniqueness results in particular cases (Theorem 1.5). An application to the dynamics of
dislocation densities given in Section 8. Finally, in the Appendix, we recall the proof of
uniqueness of Lipschitz solution to system (P).

2 Local existence of an approximated system
The system (P) can be written as:

Owu~+ a(u) 0 yu =0, (2.11)
where u := (u')1_ . a(u) = (a’(u))1,..a and U oV is the “component by component

product” of the two vectors U,V € R™. This is the vector in RM whose coordinates are
given by (U o V); := U;V;:

U1 ‘/1 Ul‘/l
Us Va UsVa
. <> . == .

2

Now, we consider the system (2.11), modified by the term £0,,u, where 0., = and

a2’
for smoothed data. This modification brings us to study, for all 0 < ¢ < 1, the following
system:

Ot — €0p,u° = —a(u®) © Jyu’, (P.)
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with the smooth initial data:

u®(z,0) = ug(x), with uf(z) := up * n.(x), (ID.)

where 7. is a mollifier verify, n.(-) = 1n(2), such that n € C(R) is a non-negative
function and [;n = 1.

Remark 2.1
By classical properties of the mollifier (n.). and the fact that u§ € [L®(R)]M, then
u§ € [C(R)M N [Wm=(R)M for all m € N,

The global existence of smooth solution of the system (FP.) is standard. Here, we prove
this results only to ensure the reader.

The following theorem is a local existence result (in the "Mild" sense) of the regularized

system (P.)-(ID.). This result is achieved in a super-critical space. Here particularly
we chose the space of functions [C([0,T); X (R))]", where

X(R) = {u € L*(R) such that d,u € L¥R)}. (2.12)
This space is a Banach space supplemented with the following norm

ullx®) = llullzoo®) + |0xull s w)-

Here the espace LP(R) with p = 8 will simplify later in Lemma 4.1 the Bootstrap argu-
ment to get smooth solution.

In this Section, we will prove the following

Theorem 2.2 (Local existence result)
For all initial data u§ € [X(R)|M there exists

T* = T*(My, ) > 0,
such that the system (P.)-(ID.) admits solutions u € [C([0,T%); X (R))]™.

In order to do the proof of Theorem 2.2 in Subsection 2.2 we need to recall in the
following Subsection some known results.

2.1 Useful results

Lemma 2.3 (Mild solution)
Let T > 0, and u¢ € [C([0,T); X(RN]™ be a solution of the following integral problem
with v (t) = us(t,-):

u(t) = Se(t)ug — /o Se(t — s) (a(u®(s)) © Oyu(s)) ds, (IN,)



where S-(t) = Si(et) such that S;(t) = e'® is the heat semi-group. Then u® is a solution
of the system (P.)-(ID.) in the sense of distributions.

For the proof of this lemma, we refer to Pazy [35, Th 5.2. Page 146].

Lemma 2.4 (Picard Fized Point Theorem, see [26])
Let E be a Banach space, let B : E X E — E be a continuous map such that:

1B(z,y)lle < nllyle forall z,yekF,
where n s a positive given constant. Then, for every xg € E, if
0<n<l,
the equation x = xo + B(x,x) admits a solution in E.

In order to show the local existence of a solution for (/NV,), we will apply Lemma 2.4 in

the space E = [L®((0,T); X (R))]"™.

Lemma 2.5 (Time continuity)
Let T > 0. If u® € [L>=((0,T); WP(R))]M, 1 < p < +oo, are solutions of integral
problem (IN.), then uf € [C([0,T); W(R))]™.

For the proof of Lemma 2.3, see A. Pazy [35, 7.3, Page 212|.

Lemma 2.6 (Semi-group estimates)
Let 1 <p < q<+o0. Then for all f € LP(R) and for all t > 0, we have the following
estimates:

i) 15:(8) fll o) < Ot 25| f | oy,
i) [|0:S-(6) f || Lomy < CtiéHfHLP(Rw

where C'= C(g) is a positive constant depending on e.

For the proof of this Lemma, see Pazy |35, Lemma 1.1.8, Th 6.4.5].

2.2  Proof of Theorem 2.2

Our goal is to show local existence of a solution of (P.) using the Picard fixed point
Theorem. To be done according Lemma 2.3 it is enough to prove the local existence for
the following equation:

us(t) = Sc(t)u§ — /0 Se(t — s) (a(u®(s)) © Opu(s)) ds, 213

= S.(t)u§ + B(u,u®)(t),
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with B(u,v)(t) = —/0 Se(t —s) (a(u)(s) © dyv(s)) ds.

If we estimate B(u,v), we will obtain, for all u,v € [L>=((0,T); X(R))]M, where X (R)
defined in (2.12), the following:

1B, )0 = H [5:0= ) atuts)) o 020t s

(Lo (R)]M
(2.14)

+

b

(L8 (R)]M

/0 0.5 (t — s) (a(u(s)) ¢ dyv(s)) ds,

where for a function f = (f*,..., fM) € [X(R)]™, we note here

Ifllix@yn = sup  [|f oo + sup |0, f [l scw)-
i=1,..., M =1 M

.....

Using Lemma 2.6 (i) with p = 8, ¢ = oo for the first term and Lemma 2.6 (ii) with p =8
for the second term, we obtain that :

——— Jla(u(s) s ()| gy .

t
1
1B, 0) () | e < C / _
0 (t — 5) 16

t
1
—1—0/ a(u(s))0,v(s ds.
) 93 la(u(s)) 00 ()l 5 )
We use the Holder inequality, and get, for all 0 <7 < 1:

1
1B (u, v)(O)llx@yy < CT2 (|02 poo o7);25 )y »
(2.15)

1
< CT2 |0l poe g0,y xRy >

where C(My,e). Moreover, we know by classical properties of heat semi-group (see A.
Pazy [35]):

1< () ugll izoe (0, x @y < [Jugllix @y - (2.16)
Now, taking

—
~
*
S~—
[SI
[l
E.
B
VRS

1
— 2.1
o) 217

we can easily verify that
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By applying the Picard Fixed Point Theorem (Lemma 2.4) with E = [L>((0,7*); X (R))]™,
this proves the existence of a solution u® € [L>((0,7*); X (R))]™ for (2.13).

Then, according to Lemma 2.5, we deduce that the solution is indeed in [C'([0, T%); X (R))]™.

This proves, by Lemma 2.3, the existence of a solution in [C'([0,7*); X (R))]™, which
satisfies the system (P.)-(ID.) in the sense of distributions. O

3 Global existence of the solutions of the approxi-
mated system

In this Section, we will prove the global existence of solution for the system (P.)-(ID.).
Before going into the proof, we need the following lemma.

Lemma 3.1 (L* bound)
Let T > 0. If u® € [C([0,T); X(R))]M is a solution of system (P.)-(ID.) with initial
data uf € X(R), then

HUEH[LOO([O,T)XR)]M < ||u6||[L°°(R)]M
The proof of this Lemma is a direct application of the Maximum Principle Theorem for
parabolic equations (see Gilbarg-Trudinger [19, Th.3.1]).

Remark 3.2
Thanks to the previous Lemma, we notice that we can take the box U defined in (1.1) as
the following

U= Hij\iﬂ—HUS’ZHLw(R), ||U3’Z||Loo(R)]-

For fized €, this definition guarantee that My do not change in the course of time.

The result of this Section is the following.

Theorem 3.3 (Global existence)

Let T > 0 and 0 < & < 1. For initial data u§ € [X(R)]" satisfying (H1) and (H2).
Then the system (P.)-(ID.), admits a solution v € [C([0,T); X (R)|M, with u®(t,-)
satisfying (H1) and (H2) for all t € (0,T). Moreover, for all t € (0,T), we have the
following inequalities:

[ (&, ) oo ) < Jug || oo (), fori=1,...,M, (3.18)

Proof of Theorem 3.3:
We are going to prove that local in time solutions obtained by Theorem 2.2 can be
extended to global solutions for the same system.

13



We argue by contradiction: assume that there exists a maximum time 7},,, such that,
we have the existence of solutions of the system (P.)-(ID.) in the function space
[O([Ov Tmaw)? X(R))]M

For every small enough § > 0, we consider the system (P.) with the initial condition
,0
ug” () = u° (Thae — 0, 7).

From Theorem 2.2 to deduce that there exists a time T*(Mj, €), independent of ¢ (see
Remark 3.2), such that the system (P.) with initial data u5° has a solution u=® on the

3

time interval [0,7*). Then for

TD = (Tmax - 6) + T*a

we extend u° on the time interval [0, 7}) as follows,

(t.2) u (t,z), for t€ [0, T — 9],
u s =
u(t,x), for t € [Thae —0,Ty)

and we can check that @° is a solution of (P.)-(ID.) on the time interval [0, 7). But
from Lemma (3.1) we know that the time 7™ is independent of § (see Remark 3.2), which
implies that Ty > T,,., and so a contradiction.

The inequalities (3.18) is a consequence of Lemma 3.1. O

4 Properties of the solutions of the approximated sys-
tem

In this section, we are going to prove that the solution of (P.)-(/D.) obtained by Theorem
2.2 is smooth and monotone.

Lemma 4.1 (Smoothness of the solution)

Let T > 0. For all initial data u € [X (R)|™, where O,us € [W™P(R)|M for all m € N,
1<p< +oo.

If v is a solution of the system (P.)-(ID.), such that u¢ € [C([0,T); X(RN]™ and
dpuf € [L((0,T); LY RNM, then uf € [C=(]0,T) x R)™ and satisfies,

ut e [W™P((0,T) x R)M, forall1 < p < +oo and m € N\ {0}, (4.19)

Proof of Lemma 4.1

Step 1 (Initialization of the Bootstrap):

For the sake of simplicity, we will set
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Flu®] = —a(u®) © d,u’.

From the fact that u¢ € [C(]0,T); X (R))]" and d,uc € [L=((0,T); L'(R))]M, we deduce
that d,uf, F[u] € [L*((0,T) x R)]™ N[LE((0,T) x R)]™, which proves by interpolation
that

d,uf, Fluf] e [LP((0,T) x R)]M forall 1 <p < 8. (4.20)

Because u® is a solution of (F;), we see that

Ou® — e0pu® = Fu7], (4.21)

gt — €04z, u° = O F[uf]. (4.22)
Applaying the classical regularity theory of heat equations on (4.21), we deduce that:
duf and  9,uf € [LP((0,T) x R)M, forall 1 <p<8. (4.23)
For more details, see Ladyzenskaja [29, Theorem 9.1]. But we know that

O Fu] = —a(u®) ¢ 0pptt® — Da(u®)0,u® o 0pu° (4.24)

We notice that thanks to this better regularity on u® ((4.20) and (4.23), and by the
Holder inequality we can easily prove that

9, F[uf] € [LP((0,T) x R)M forall 1 < p < 4.

Now, we apply again the classical regularity theory of heat equations on (4.22), to deduce
that:

Ot and  pgpu’ € [LP((0,T) x R)M, forall 1 < p < 4. (4.25)
We know that
O F[uf] = —a(u®) ¢ Opu® — Da(u®)ou® © Opu® (4.26)
Thanks this previous regularity on u®, we obtain by the Holder inequality that
O F[uf] € [LP((0,T) x R)]™ forall 1 <p<4.
Which gives that
dyus, Fluc] e [W((0,T) x R)]™ forall 1 <p <4,

and by the Sobolev embedding that d,u € [LP((0,T) x R)]™ for all 1 < p < cc.
Step 2 (Recurrence):

15



Now, we use the same steps, we can prove by recurrence that for all m € N if,

dpuf € [L°((0,T) x R)M |
()
dpus, Fluf] € [W™r((0,T) x R)]Y forall1<p <4,

then
(Hm) = (Hpt)-

Indeed, as in (4.23) we can deduce here that

dut and uf € [W™P((0,T) x R)]M, forall 1 < p <4, (4.27)
and From (4.24), because d,uf € [L=((0,T) x R)]", we can obtain here that

O, F[uf] € [W™P((0,T) x R)]™ foralll<p<4.
Which proves that, as in (4.25) that

Opt® and  9,pput € [W™P((0,T) x R)M, forall 1 < p <4, (4.28)
and From (4.26), we deduce that

O F[uf) € [W™P((0,T) x R)]Y forall1<p<4,
and then

d,uf, Flus] € [WmH2((0,T) x R)]Y  forall 1 < p <4,
Which proves by the Sobolev embedding the results. O
Lemma 4.2 (Classical Maximum Principle)

Let T > 0. For all initial data u € [X(R)|™, where O,us € [W™P(R)|M for all m € N,
1 < p < +o0, and satisfying (H3).

If u® is a solution of the system (P.)-(ID.), such that v € [C([0,T); X(RN]™ and
Oyus € [L*°((0,T); LY(R))|M, then we have fori=1,..., M, d,u>* >0 on (0,T) x R.

Proof of Lemma 4.2
We first derive with respect to  the system (P.)-(ID,), and get for w® = (w');—1 =
Oy uf

Ohw® — 0w + a(u) © dyw® + Da(u)w® o w® = 0.

Since u® € [C([0,T) x R)]M, we see, for i = 1,..., M, that w®' is smooth and satisfies
w*(0,x) = dyug’ > 0. From the classical maximum principle we deduce that w®" > 0
on [0,7) x R. O
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Remark 4.3 (L' uniform estimate on 9,u°)
Because O,u** >0, fori=1,..., M, we deduce from Lemma 3.1 that:

1020% [ poo o,y ™ < 21U o,y sy < 2N 00 )21 (4.29)

Corollary 4.4 (global existence of nondecreasing smooth solutions)
Let T > 0. The solution given in Theorem 2.2 can be chosen such that u® = (u*");=1. um
smooth, satisfies (4.19) and for each i =1,..., M, O,u® >0 on (0,T) x R.

The proof of Corollary 4.4 is a consequence of Theorem 2.2 and Lemmata 4.1, 4.2 and
Remark 4.3.

5 e-Uniform a priori estimates

In this Section, we show some e-uniform estimates on the solutions of the system (P-)-
(ID.). These estimates will be used in Section 6 for the passage to the limit as € tends
to zero.

Lemma 5.1 (L*° bound on «* and L' bound on 9,u°)

Let T > 0,0 < e <1 and function uy € [L=(R)|™ satisfying (H3). Then the solution
of the system (P.)-(ID.) given in Theorem 3.3 with initial data uf = ug * 1., satisfies
the following e-uniform estimates:

(E1) ||U€”[Loo((o,T)xR)]M < HUOH[LOO(]R)]M’

(E2) 1050 poo (0,0, RypM < 2 100l (100 myy -

Proof of Lemma 5.1:

First, we remark that if 0,ug > 0, then 0,uf = (O,uo) *n-(z) > 0 (because 7 is positive).
The fact that ug € [L®°(R)]™ and d,ug > 0, we obtain that d,uq € [L*(R)]".

By classical properties of the mollifier (1.). we know that if ug € [L>®(R)]" and
dpug € [LYR)]M we have ug € [X(R)M and 8,u5 € [W™P(R)]M for all m € N,
1<p< +oo.

M

Now, we use Lemma 3.1 and Remark 4.3, we deduce by the classical properties of the
mollifier (£'1) and (E2).

Before going into the proof of the gradient entropy inequality defined in (5.30), we
announce the main idea of this new gradient entropy estimate. Now, let us set for w > 0
the entropy function

fw) =wlhnw.
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For any non-negative test function ¢ € CHR x [0,+00)), let us define the following
“gradient entropy” with w® := O, u':

o[ 50

i=1,....M

It is very natural to introduce such quantity N(t) which in the case ¢ = 1, appears to be
nothing else than the total entropy of the system of M type of particles of non-negative
densities w'. Then it is formally possible to deduce from (P) the equality in the following
new gradient entropy inequality for all t > 0

dN i i
%(t)jL/R(p( Z a’;w w]) dx < R(t) for ¢t>0, (5.30)

ij=1,...M

with the rest

R(t) = /R {(@90) ( > f(wi)> + (0z¢0) (

1., M

where we only show the dependence on ¢ in the integrals. We remark in particular that
this rest is formally equal to zero if ¢ = 1.

To guarantee the existence of continuous solutions, we assumed in (H2) a sign on the
left hand side of inequality (5.30).

For we return this previous calculate more rigorous, we prove actually the following
gradient entropy inequality

Proposition 5.2 (Gradient entropy inequality)

Let T >0, 0 < e <1 and function uy € [LOO(R)]M satisfying (H3). We consider the
solution u® of the system (P.)-(I1D.) given in Theorem 3.3 with initial data uf = ug*1.,.
Then, there exists a constant C (T, M, My, ||uol|(re my, [|Octiol|(r10g Lerym such that

// Z Vw w < C, with N(t / Z f(w™)dz. (5.31)

1,j=1,.
where w® = (w")=1, = O,u and f is defined in (1.4).
For the proof of Proposition 5.2 we need the following Lemma:

Lemma 5.3 (Llog L Estimate)
Let (n.). be a non-negative mollifier, f is the function defined in (1.4) and h € L'(R) is
a non-negative function. Then
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i) /f(h) < +o0 if and only if h € Llog L(R).
R
ii) If h € Llog L(R) the function h. = h xn. € Llog L(R) satisfies

[P — he|lL10g Lr) — 0 as & —0.

The proof of (i) is trivial, for the proof of (ii) see R. A. Adams [1, Th 8.20] for the proof
of this Lemma.

Proof of Proposition 5.2:

Remark first that the quantity N(¢) is well-defined because w® € [L>((0,T); L*(R))] N
[L>((0,T); LB(R))]M (by Theorem 2.2 and Corollary 4.4) and we have the general in-
equality ’71 < wlogw < w? for all w > 0.

From Theorem 4.4 we know that w®® and smooth non-negative function. Now, we
derive N (t) with respect to ¢, this is well-defined because for i = 1,..., M, we have

/ < el|w™|| Lo ((0.1). L1 () and for all m € N, w*' € W™*((0,T) x R) (see (4.19)).
ws,izé

Finally, we get that,

]

But, it is easy to check that

O O N

if x>1/e,
if 0<z<1/e

8=

This proves that J, < 0. To control J;, we rewrite it under the following form

J1—/ Z a'(uf) g (w*") Opw,
R

i=1,...M

where

x—% if x>1/e,
0 it 0<az<1le,
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Then, we deduce that

i=1,....M
_ _/ Z aij (ue)wa,]g(,wa,z)’
R j=1,..,.M
7 N 7 N
_ _/ Z afj(us)wsgwe,z _/ Z a?j(ug)ww(g(ws’z) _ws,z)’
Ry j=1,..,.M R j=1,..M

From (H2), we know that J;; < 0. We use the fact that |g(z) — x| < I for all z > 0 and
(H1), to deduce that

[ il < S MMy w™ ] oo 0.y 0 ) M

< %MQMIHU'OH[LOO(R)]M

where we have use Lemma 5.1 (E2) in the last line. Finally, we deduce that, there exists
a positive constant C(||uo||ze(wyjm, M1, M) independent of & such that

d
—N({t) <Ju+Jiz+Jo

dt
< Ju+C.

Integrating in time we get by Lemma 5.3, there exists a another positive constant
C(T, M, Ml, ||UOH[L°°(IR)}M7 ||81«U0||[L10gL(R)}M) independent of ¢ such that

N(t)+/0t/R' >

7/7j:17"'7

afj(ua)wa’jwa’i <CT+ N(0) <C.
M

Lemma 5.4 (W~!! estimate on the time derivatives of the solutions)

Let T > 0,0 < e <1 and function ug € [L=(R)]" satisfying (H3). Then the solution
of the system (P.)-(I1D.) given in Theorem 3.3 with initial data u§ = ug * 1., satisfies
the following e-uniform estimates:

Hatuan[L2((0,T);W*1’1(]R))]M <C (1 + HUOH[ZLoo(R)]M) .
where W~11(R) is the dual of the space Wh>°(R).

Proof of Lemma 5.4:
The idea to bound 0,u® is simply to use the available bounds on the right hand side of
the equation (FP.).
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We will give a proof by duality. We multiply the equation (P.) by ¢ € [L2((0,T), W (R))]"

and integrate on (0,7") x R, which gives

11 12

A

Ve

/ ¢ O = 8/ ¢ 2 ut — / ¢ a(u®) o Jyu’.
(0,7)xR (0,T)xR (0,7)xR
We integrate by parts the term /7, and obtain that for 0 < ¢ < 1:

| < ‘ / .60
(0,T)xR

7

< TH890¢||[LQ((O,T),LOO(R))]M HazUEH[L2((0,T),L1(R))]M>

(5.32)
3
< 2121l 2oy ey 1ol oo o
here, we have used the inequality
1
“aﬂtuan[LQ([O,T);Ll(]R))]M <277 ||u0||[L°°(]R)]M’ (5.33)

which follows from estimate (4.29) for bounded and nondecreasing function u°. Similarly,
for the term I, we have:

[F2| < Mollllipoo o,y xmy 100122 (0,2 ooy 1920 20,9, 11 iy
1 (5.34)
< 2072 Moo |7 e sy 10l 12 (0. e gy -

Finally, collecting (5.32) and (5.34), we get that there exists a constant C' = C(T', M)
independent of 0 < ¢ < 1 such that:

¢8u5§0<1+u 2 )(b oo (RNM

[, o 01, yor) 1611y 500 )

which gives the announced result where we use that L2((0,7), W~11(R)) is the dual of
L*((0,T), Wh>(R)) (see Cazenave and Haraux [9, Th 1.4.19, Page 17]). O

Corollary 5.5 (¢-Uniform estimates)

Let T >0, 0 < e <1 and function ug € [L®(R)|™ satisfying (H1) and (H2). Then the
solution of the system (P.)-(I1D.) given in Theorem 3.3 with initial data u§ = ug * 1.,
satisfies the following e-uniform estimates:

1027 ow 0,7y:108 @™ F 147 oo 0.0y + 1060 | 2oy 11 @y < €

We can easily prove this Corollary collecting Lemmata 5.1, 5.4 and 5.3 and Proposition
5.2.
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6 Passage to the limit and the proof of Theorem 1.1

In this section, we prove that the system (P)-(ID) admits solutions u in the distributional
sense. They are the limits of u® given by Theorem 3.3 when ¢ — 0. To do this, we will
justify the passage to the limit as ¢ tends to 0 in the system (F.)-(ID.) by using some
compactness tools that are presented in a first Subsection.

6.1 Preliminary results

First, for all I open interval of R, we denote by

Llog L(I) == {f € L'(I) such that /I|f|ln(1+ |f]) < +oo}.

Lemma 6.1 (Compact embedding)
Let I an open and bounded interval of R. If we denote by

Whileel(ry = fu € LY(I) such that Oyu € Llog L(I)}.
Then the following injection:
Wl,LlogL([> SN C([),

1S compact.

For the proof of this Lemma see R. A. Adams |1, Th 8.32|.

Lemma 6.2 (Simon’s Lemma)
Let X, B, Y be three Banach spaces, such that

X — B with compact embedding and B — Y with continuous embedding.

Let T > 0. If (u®). is a sequence such that,

[ oo 0,1)) + 1| zoo 0,8y + 11060 || Lago.my0) < Cs

where ¢ > 1 and C is a constant independent of €, then (u®). is relatively compact in

C((0,7); B).
For the proof, see J. Simon [38, Corollary 4, Page 85|.

In order to show the existence of solution system (P) in Subsection 6.2, we will apply this
lemma to each scalar component in the particular case where X = Whlos(1), B = [*°(1)
and Y = W=H(T) .= (Whee (1))

We denote by K.,,(I) the class of all measurable function u, defined on I, for which,
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/ (¢ — 1) < +oo.

I

The space EX P([) is defined to be the linear hull of K., (). This space is supplemented
with the following Luxemburg norm (see Adams |1, (13), Page 234]| ):

|ull exp(ry = inf {A >0: / (e% - 1) < 1} ,
I

Let us recall some useful properties of this space.

Lemma 6.3 (Weak star topology in Llog L)
Let Eeyy(I) be the closure in EXP(I) of the space of functions bounded on I. Then
Eeip(I) is a separable Banach space which verifies,

i) Llog L(I) is the dual space of Eeyp(1).
i) L>(I) — Eep(I).
For the proof, see Adams |1, Th 8.16, 8.18, 8.20].

Lemma 6.4 (Generalized Hélder inequality, Adams [1, 8.11, Page 234])
Let f € EXP(I) and g € Llog L(I). Then fg € L'(I), with

£l < 20 fllexpmllgllLiog Lir)-

The following Lemma, we allow to define later the restriction of a function f € W—11(R)
on all open interval I of R.

Lemma 6.5 (Extension)

For all open interval I of R, there exists a linear and continuous operator of extension
P wWhee(I) — Whe(R) such that

i) Puj, = u for ue Wh>(I).

’L’L) HPuHWl"’O(R) < HUHWL"O(I) fOT’ u € Wl,oo([)

for the proof of this Lemma see for instance Brezis |7, Th.8.5|.

Thanks this Lemma, we can notice that, if f € Wb (R), where W11(R)
(WH*(R))’, we can define, for all open interval I of R, the function f|, as the following

< f\]? h SWL1(1),Wheo (=< f, Ph SW-LL(R),WLe(R) -
for all h € WhH>(1I).
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6.2 Proof of Theorem 1.1

Step 1 (Existence):

First, by Corollary 5.5 we know that for any 7' > 0, the solutions u°® of the sys-
tem (P.)-(ID.) obtained with the help of Theorem 3.3, are e-uniformly bounded in
[L>=((0,T) x R)]. Hence, as ¢ goes to zero, we can extract a subsequence still denoted
by u¢, that converges weakly-+ in [L>((0,T) x R)]" to some limit «. Then we want to
show that u is a solution of the system (P)-(ID). Indeed, since the passage to the limit
in the linear terms is trivial in [D'((0,T) x R)]", it suffices to pass to the limit in the
non-linear term,

a(u®) o Jyut.

According to Corollary 5.5 we know that for all open and bounded interval I of R there
exists a constant C' independent on ¢ such that:

HuEH[Loo((O’T);Wl,LlogL([))]]u + HUEH[LOO((O,T)XI)]M + HatusH[LQ((O,T);W—l’l(I))]M <C.

From the compactness of WhLleLl([) < [°°(]) (see Lemma 6.3 (i)), we can apply
Simon’s Lemma (i.e. Lemma 6.2), with X = [Wl’LlogL([)}M, B = [L=(D)™ and
Y = [W=4(D)]Y, which shows that

M

u is relatively compact in in [L=((0,T) x D)™ — [L*((0,T); L>(I))] (6.35)

Then form continuous injection of L>*(I) — E..,(I) (see Lemma 6.3 (ii)), we deduce
that,
ue is relatively compact in [L((0,T); Eegp(0))]"™. (6.36)

On the other hand, by Corollary 5.5, we notice that d,u® is e-uniformly bounded in
[L>((0,T); Llog L(I))]™. Moreover, the space [L>((0,T); Llog L(I))]* is the dual
space of [Ll((O,T);Eexp(I))]M, because Llog L(I) is the dual space of E..,(I) (see
Lemma 6.3 (ii) and Cazenave, Haraux [9, Th 1.4.19, Page 17]). Then, up to a sub-
sequence

dpuf — Oyu weakly-x in [L>((0,T); Llog L(I))]" . (6.37)

Form (6.36) and (6.37), we see that we can pass to the limit in the non-linear term in
the sense

[L'((0,T); Eexp(l))]M — strong x [L®((0,T); Llog L(I)™ — weak — *.
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Because this is true for any bounded open interval I and for any 7" > 0, we deduce that,

a(u®) ¢ dyu — a(u) ¢ d,u in D'((0,T) x R)
Consequently, we can pass to the limit in (P.) and get that,

du~+ a(u) o d,u=0 in D'((0,T) x R).

This solution w is also satisfy the following estimates (see for instance Brezis |7, Prop.
3.12]):

(E1) HaﬂcuH[LOO((O,T);LlogL(R))}M < liminf Haxusu[LW((O,T);LlogL(lR))]M <C,

(E2') [Jull(poo (0,1 xmym < Hminf [[u || poo oy < w0l (oo my »

At this stage we remark that, thanks to these two estimates we obtain that (a(u) ¢
dyu) € [L®((0,T); Llog L(R))]™, which gives, since u = —a(u) o dyu, that du €
[L>((0,T); Llog L(RN]™, and then u € [C([0,T); Llog L(R))]™.

Step 2 (The initial conditions):

It remains to prove that the initial conditions (ID) coincides with u(-,0). Indeed, by
Corollary 5.5, we see that, for all open bounded interval I of R, u° is e-uniformly bounded
in

M

W20, 1)W1 = [ (o,

where W~11(I) is the dual of WhH(I). It follows that, there exists a constant C
independent on ¢, such that, for all ¢, s € [0,T):

1
[[u"(t) = w ()| -1y < Clt = s
In particular if we set s = 0, we have:
4°(6) = 3l s e < Ct2. (6.38)

Now we pass to the limit in (6.38). Indeed, the functions u® and u§ are e-uniformly
bounded in [W2((0,T); W=L1(1)]™ and [W—21(1)])" respectively. Moreover we know
that u — u§ converges weakly-x in [L°((0,T) x )] to u — u,.

Therefore, we can extract a subsequence still denoted by u® —ug, that weakly-x converges
in [W12((0,7); W*Ll(l))]M to u — up. In particular this subsequence converges, for all
t € (0,T), weakly— in [L>((0,¢); W=21(I)]™, and consequently it verifies (see for
instance Brezis [7, Prop. 3.12]),
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. . 1
1t = wollpzoe 0,1y < Hmink [|u” = gl o, -12 ¢y < CF2

From (6.38) we deduce that
[u(t) = uollgy—ra (e < C12,
which proves that u(-,0) = uo in [D'(R)]".

Step 3 (Continuity of solution):
Now, we are going to prove the continuity estimate (1.5). For all h > 0 and (t,z) €

(0,T7) x R, we have:
z+h
/‘ @Mt@@‘

< 21| ExP(z,a+h) | Oxt| L 10g Liz,z-+h)

lu(t,z + h) —u(t,x)] <

2ol
T 1 s 0z U|[Lee ;Lo )
ln(% T 1) Lo ((0,7);L1og L(R))
1
<C—ri—0,
= In(y+1)
where we have used in the second line the generalized Holder inequality (see Lemma
6.4) and in last line we have used that J,u € L*°((0,7); Llog L(R)). Which proves

finally the continuity in space. Now, we prove the continuity in time, for all 6 > 0 and
(t,x) € (0,T) x R, we have:

x40
Slult +6,2) — ult, )] = / fu(t + 6, ) — ult, 2)|dy,

K1

A

z+0
g/‘ lu(t 4+ 0,2) — u(t + 6, y)|dy,

Ky

7 N

x40
+/) lu(t +96,y) — u(t,y)|dy,

K3
o\

x+0 o
T / ult, ) — u(t, 2)|dy.

Similarly, as in the last estimate, we can show that:
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z+4§ x+6
Ky + K sa/ |azu<t+6,y>!dy,+6/ D,ult, y)ldy,

< 40|11l Ex Pw,a+6) |0zt oo ((0,1); L 10g L(R))
)

< (C————.

~ In(3+1)

Now, we use that u is a solution of (P), and we obtain that:

z+0 t+6
K, < / / |Owu(s,y)|dy,
x t

t+0 x+6
< / / la(uls, 9)) o Dyuls, y)|dsdy,
t x

< 5M0||“||L°°((O,T)><]R)||1||EXP(x,:c+6)||6zu||L°°((O,T);LlogL(]R)a

)
<C—7——
T In(;+1)

where we have used in last line that u € L>((0,7) x R), collecting the estimates of K7,
K, and K3, we prove that:

1

t+ 0 —u(t < -
ult +6,2) — u(t, )| < et

(Ki+ Ky + K3) <C

ST

which proves finally the following:

lu(t 4+ 0,z + h) —u(t,z)] < C (ln(ll—l— 0 + ln(ll+ 1>> :
5 h

7 Some remarks on the uniqueness

In this Section we study the uniqueness of solution of the system (P)-(ID) with

We show some uniqueness results for some particular matrices with M > 2.
For the proof of Theorem 1.5 in Subsection 7.2, we need to recall in the following Subsec-
tion the definition of viscosity solution and some well-known results in this framework.
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7.1 Some useful results for viscosity solutions

The notion of viscosity solutions is quite recente. This concept has been introduced by
Crandall and Lions [10, 11| in 1980, to solve the first-order Hamilton-Jacobi equations.
The theory then extended to the second order equations by the work of Jensen [27]
and TIshii [23]. For good introduction of this theory, we refer to Barles [5] and Bardi,
Capuzzo-Dolcetta [3].

Now, we recall the definition of viscosity solution for the following problem for all 0 <
e<1:

O+ H(t,x,v,0,v) —e0pv =0 with z,0v € R, t € (0,T). (7.39)

where H : (0,7) x R* — R is the Hamiltonian and is supposed continuous. We will set

USC((0,T) x R) = {f such that f is upper semicontinuous on (0,7) x R},
LSC((0,T) x R) = {f such that f is lower semicontinuous on (0,7) x R}.

Definition 7.1 (Viscosity subsolution, supersolution and solution)

A function v € USC((0,T) x R) is a viscosity subsolution of (7.39) if it satisfies, for
every (to, zo) € (0,T) x R and for every test function ¢ € C*((0,T) x R), that is tangent
from above to v at (to, xg), the following holds:

atﬁb + H(t07 Lo, V, abe) - 58zx¢ S 0.

A function v € LSC((0,T) x R) is a viscosity supersolution of (7.39) if it satisfies, for
every (to, zo) € (0,T) x R and for every test function ¢ € C*((0,T) x R), that is tangent
from below to v at (ty, o), the following holds:

8t¢ + H(t07 Lo, V, ar¢) - 5am¢ Z 0.

A function v is a viscosity solution of (7.39) if, and only if, it is a sub and a supersolution

of (7.39).

Let us now recall some well-known results.

Remark 7.2 (Classical solution-viscosity solution)
If v is a C? solution of (7.89), then v is a viscosity solution of (7.59).

Lemma 7.3 (Stability result, see Barles [5, Th 2.5])
We suppose that, for e > 0, v° is a viscosity solution of (7.39). If v* — v uniformly on
every compact set then v is a viscosity solution of (7.39) with e = 0.

Lemma 7.4 (Gronwall for viscosity solution)
Let v, a locally bounded USC(0,T) function, which is a viscosity subsolution of the

equation EU = av where a > 0. Assume that v(0) < vy then v < v €T in (0,T).
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The proof of this Lemma is a direct application of the comparison principle, (see Barles
[5, Th 2.4]).

Remark 7.5

From Lemmata 7.2, 7.8 and from (6.35), we can notice that the solution u® of our system
(P) given in Theorem 1.1 is also a viscosity solution of (P) (where the u? for j # i are
considered fized to apply Definition 7.1).

7.2 Uniqueness results

In this Subsection we prove Theorem 1.5. Before going on, we recall in the following
Remark a well-known uniqueness results and we recall in Theorem 7.7 the uniqueness
results of W1 solution of (P).

Remark 7.6 (Uniqueness for quasi-monotone Hamiltonians)
If the elements of the matriz A satisfy:

A + Z Ai;j >0 forall i=1,---,M.

and if Oyu' >0 fori=1,..., M, then we can easily check that the Hamiltonian

H;(u,0u') = ( Z Aijuj> oyu',
j=1,...M

is quasi-monotone in the sense of Ishii, Koike [25, (A.8)]. Then the result of Ishii, Koike
[25, Th.4.7] shows that for any initial condition ug € [L®°(R)|M satisfying (H1)-(H2),
the system (P) satisfies the comparison principle which implies the uniqueness of the
solution.

We have the following result which seems quite standard:

Theorem 7.7 (Uniqueness of the 1> solution)
Let uy € [WE(R)|M and T > 0. Then system (P)-(ID) admits a unique solution in

Wi ([0, T) x R)™.

The proof of this Theorem is given in Appendix, because we have not found any proof
of such a result in the literature.

Proof of Theorem 1.5: '
Using Theorem 7.7 with a'(u) = Z A;ju’, it is enough to show that the system (P)-

(ID) admits a solution in [W1H([0,T) x R)]M. To do that, it is enough to prove that
the solution u® of the approximated system obtained in Corollary 5.5 satisfies that 0,u®

is bounded in [L*°((0,T) x R)]™ uniformly in 0 < & < 1. Indeed, we then get the same
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property for d,u, where w is the limit of u® as ¢ — 0. Moreover, from the equation (P)
satisfied by v and the fact that

we [L2(0,T) x R)IM and d,u e [L®((0,T) x R)]™,
we deduce that d,u € [L®((0,T) x R)]™ which shows that u € [W1>=([0,T) x R)]".

To simplify, we denote

and we interest in the

“'(t,x) = my(t).
maxw™'(t, ) = my(t)

This maximum is reached at least at some point x;(t), because w*' € C*((0,T) x R) N
WHr((0,T) x R) for all 1 < p < +00 (see Lemma 4.1, (4.19)).

In the following we prove in the two cases (i) and (ii) defined in Theorem 1.5 that
m;, for all ¢ = 1,..., M, is bounded uniformly in €. First, deriving with respect to x
the equation (P.) satisfied by uf € [C((0,T) x R)]", we can see that w® satisfies the
following equation

O™ — epw™ + Y Aguowt + Y Aywtiws = 0. (7.40)

J=1..M Jj=1...M

Now, we prove that m; is a viscosity subsolution of the following equation,
—mi(t) + Y A (@) w (¢ 2(t)) < 0. (7.41)
=1

Indeed, let ¢ € C*(0,T) a test function, such that ¢ > m; and ¢(tg) = m;(ty) for some
to € (0,T). From the definition of m;, we can easily check that ¢ > w(t,z) and
d(tg) = w'(to, zi(ty)). But, the fact that w™ € C*((0,T) x R), by Remark 7.2 we
know that w®' is a viscosity subsolution of (7.40). We apply Definition 7.1, and the fact
that 0,¢ = 0.0 = 0, we get

%¢(t0) —+ | Z Aijws’j(to, Ii(to))we’i(to,xi(t(]» S 0.

j=1,...M

Which proves that m; is a viscosity subsolution of (7.41).
Two cases may accur:
i) Here, we consider the case where M > 2 and A;; > 0 for all j > i. We see the

equation satisfied by m;, we deduce that satisfies (a viscosity subsolution)
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Cm(t) <= 3 Aguttm ()t (6 n(0) <0

j:17"'7

where we have used the fact that, for j =1,..., M, A;; > 0 and w® > 0. This proves
by Lemma 7.4 (with w = 0) that,

ml(t) < ml(O) = ws’l(t,Il(t)) < H@muéHLoo(R)

We reason by recurrence: we assume that m; < C for all j < i, where C is a positive
constant independent of ¢, and we prove that m,,; is bounded uniformly in €. Indeed,
we know that

d
— M1 (t) <

o D Apy g (2 () w T (¢ 2 (1)),

=1, M

<= 3 Ayt s () (e (1)
J<i+l

- Z Aipryw™ (8, 2(0) w2 (1)),

M>j>i+1
We use that A;44; >0, for M > j > ¢+ 1, we obtain that

d . ,
Emiﬂ(t) < - Z Aipr o™ (25 ()w™ (¢, 2344 (1)),
j<itl
<C ( > |Az‘+1,j|) mi1(t).
j<itl

This implies by Lemma 7.4, with o = C < Z |Ai+17j|>, that
j<itl
mip1(t) < mip (O)eaTa

< |0t | oo rye®”

Which proves that for all = 1,..., M, m; is bounded uniformly in e.

ii) Here, we consider the case where M > 2 and A;; < 0 for all ¢ # j. Taking the sum

over the index i, from (7.41) we get that the quantity m(t) = Z m;(t) satisfies (a
i=1,..,M
viscosity subsolution see Bardi et al. |4])
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%m(t) S—”Z A (¢, 2())w (¢, 2;(t)),
i,j=1,....M

<— > Agw It m () w (1 (1)),
i,j=1,...,M

<0.

where we have used that the matrix A satisfies (H2') and w®' > 0, for i = 1,..., M.
Using Lemma 7.4 with a = 0, we get

which proves (1.7). O

8 Application on the dynamics of dislocations densi-
ties

In this Section, we present a model describing the dynamics of dislocations densities.
We refer to [22] for a physical presentation of dislocations which are (moving) defects
in crystals. Even if the problem is naturally a three-dimensional problem,we will first
assume that the geometry of the problem is invariant by translations in the x3-direction.
This reduces the problem to the study of dislocations densities defined on the plane
(21, 7) and propagation in a given direction b belonging to the plane (zy,5) (which is
called the “Burger’s vector”).

In this setting we consider a finite number of slip directions b € R? and to each b we
will associate a dislocation density. For a detailed physical presentation of a model with
multi-slip directions, we refer to Yefimov, Van der Giessen [41] and Yefimov |40, ch. 5.
and to Groma, Balogh |21] for the case of a model with a single slip direction . See
also Cannone et al. [8] for a mathematical analysis of the Groma, Balogh model. In
Subsection 77?7, we present the 2D-model with multi-slip directions.

In the particular geometry where the dislocations densities only depend on the variable

T = x1 + T9, this two-dimensional model reduces to one-dimensional model which pre-

sented in In Subsection 8.2. See El Hajj [15] and El Hajj, Forcadel [16] for a study in

the special case of a single slip direction. Finally in Subsection 8.3, we explain how to

recover equation (P) as a model for dislocation dynamics with a’(u) = Z Az’ for
M

j:17“"
some particular non-negative and symmetric matrix A.
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8.1 The 2D-model

We now present in details the two-dimensional model. We denote by X the vector
X = (z1,73). We consider a crystal filling the whole space R? and its displacement
v = (v1,v9) : R? — R?, where we have not yet introduced the time dependence for the
moment.

We define the total strain by

c(v) = (Vo + Vo),

v,
where Vv is the gradient with (Vv);; = %, i,j € {1,2}.
J

Now, we assume that the dislocations densities under consideration are associated to
edge dislocations. This means that we consider M slip directions where each direction
is caraterize by a Burgers vectors b* = (b}, 05) € R? for k =1,..., M. This leads to M

type of dislocations which propagate in the plan (z,25) following the direction of I;k,
fork=1,..., M.

The total strain can be splitted in two parts:
e(v) = e 4¢P
Here, £ is the elastic strain and P the plastic strain defined by

D (8.42)

k=1,..,.M

where, for each k = 1, ..., M, the scalar function v is the plastic displacement associated
to the k-th slip system whose matrix €%* is defined by

1
k=2 (57“ Qi + it ® 57“) , (8.43)
where 7 is unit vector orthogonal to 6% and <I;k ® ﬁk> =l
ij

To simplify the presentation, we assume the simplest possible periodicity property of
the unknowns.

Assumption (H):

i) The function v is Z*-periodic with / vdX =0.
(0,1)2

ii) For each k =1,..., M, there exists L* € R? such that u* — L¥ - X is a Z*-periodic.
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iii) The integer M is even with M = 2N and L**N = L¥ and that
LN — Lk’ pEtN _B’k’ aFtN — ﬁk’

SOk+N _ Ok

iv) We denote by 7 = (7%, 75) a vector parallel to b* such that 7+ = 7%,

that L* is chosen such 7% - L* > 0.

We require

The plastic displacement u* is related to the dislocation density associated to the Burgers
vector b¥. We have
k-th dislocation density = 7% - Vu* > 0. (8.44)

The stress is then given by
o=NMN:e° (8.45)

i.e. the coefficients of the matrix o are:

Tij = Z Aijkl€Zl for Z?] = 1727

k=12

where A = (Az'jkl)
for m > 0:

are the constant elastic coefficients of the material, satisfying

Z Aijri€ijer = m Z €2; (8.46)

ijkl=1,2 1,7=1,2

,5,k,1=1,27

for all symmetric matrices € = (g;5),., i-e. such that g;; = ¢j;.

ij’
Finally, for k = 1,..., M, the functions «* and v are then assumed to depend on
(t,X) € (0,T) x R? and to be solutions of the coupled system (see Yefimov |40, ch. 5.]
and Yefimov, Van der Giessen [41]):

(dive =0 on (0,7) x R?
o =A:(e(v)—¢e?) on (0,T) x R?,
e(v) =3 (Vu+'Vo) on (0,T) x R%
ep Z gOky on (0,T) x R? (8.47)

ot = (0:e")F V' on (0,7) xR?, fork=1,...,M,

\

i.e. in coordinates
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( ..
880” =0 on (0,7) x R2, fori=1,2,
j=1,2 9Ti
Oij = ANijri (e(v) — €F))  on (0,T) x R?,
ke l=1,2
1 [/ 0v;  Ov,
&-j(v):—( g Uj) on (0,7) x R?, | fori,j=1,2
eh= ) ey on (0,T) x R?,
k=1,...M
O = Z Jijsgj’-k 7 Vuk on (0,T) x R?, fork=1,..., M,
\ ijef1,2}

where the unknowns of the system are u* and the displacement v = (v, v5) and with
g% defined in (8.43). Here the first equation of (8.47) is the equation of elasticity, while
the last equation of (8.47) is the transport equation satisfied by the plastic displacement
whose velocity is given by the Peach-Koehler force o : €%*. Remark that this implies
in particular that each dislocation density satisfies a conservation law (see the equation
obtained by derivation, using (8.44)). Remark also that our equations are compatible
with our periodicity assumptions (H), (4)-(i7).

8.2 Derivation of the 1D-model

In this Subsection we are interested in a particular geometry where the dislocations
densities depend only on the variable x = x; + x5. This will lead to 1D-model. More
precisely, we make the following:

Assumption (H'):
i) The functions v(t,X) and u*(t,X) — L¥ - X depend on the variable v = x1 + T».

i) T+ =1, fork=1,...,M.
iii) LV = L5 fork=1,..., M.

For this particular one-dimensional geometry, we denote by an abuse of notation the
Lh+Lk
2

function v = v(t, z) which is 1-periodic in z. If we set (¥ = , we have

Lk:_Lk
L’VX:lk-:c—F(%) (21 — 29).
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,,,,,

is such that for k = 1,..., M, u*(t,z) — I* - x is 1-periodic in .

Now, we can integrate the equations of elasticity, i.e. the first equation of (8.47). Using
the Z*-periodicity of the unknowns (see assumption (H), (i)-(i7)), and the fact that

gFHN = 20k (see assumption (H), (i4i)), we can easily conclude that the strain

1
¢ as a linear function of (v’ — U]+N)j:1 _____ ~y and of (/ (! —u? ™) dw) )
0 j=1,....N

77777

(8.49)
This leads to the following Lemma
Lemma 8.1 (Stress for the 1D-model)
Under assumptions (H), (i)-(it)-(iii) and (H'), (i)-(ii1) and (8.46), we have
—g % = Z Ajju’ + Z Qij/ v dx, fori=1,...,N. (8.50)
j=1,..M j=1,..M 0
where fori,7=1,..., N
Aij=A;  and Apng=—Aij = Aijin,
(8.51)

Qi;j=Qji and Qinj = —Qi; = Qij+n-

Moreover the matriz A is non-negative.
The proof of Lemma 8.1 will be given at the end of this Subsection.
Finally using Lemma 8.1, we can eliminate the stress and reduce the problem to a one-

dimensional system of M transport equations only depending on the function u!, for
i=1,..., M. Naturally, from (8.50) and (H’), (i7) this 1D-model has the following form

1
atui‘i‘( Z Aijuj + Z Qij/ u’ dx) dpu’ =0, on (0,T) xR, fori=1,..., M,
j=1,s M j=1,sM 0

1., 1.,
(8.52)
with from (8.44)

Opu' >0 fori=1,..., M. (8.53)

Now, we give the proof of Lemma 8.1.
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Proof of Lemma 8.1:
For the 2D-model, let us consider the elastic energy on the periodic cell (using the fact
that e® is Z*-periodic)

1
E@lz—/ A et e® dX.
2 (0’1)2

By definition of ¢ and €¢, we have fori =1,.... M

0% = -V, B (8.54)
On the other hand usind (H’), (i)-(ii), (with © = x; + x3) we can check that we can

3

rewrite the elastic energy as

el 1 ! e e
FE =3 A e e da.
0

Replacing ¢ by its expression (8.49), we get:

1t A
E = 5/0 Z Ajj(w — u]+N)(u’ u“LN) dx
ij=1,...N
1 1
+= Z QZ] (/ (u] _ uj+N) dﬂf) (/ (uz ui-l—N) dﬂf) ’
4,j=1,...,N 0

for some symmetric matrices A, ; = A;;, Q;; = Q;,. In particular, joint to (8.54) this
gives exactly (8.50) with (8.51).

Let us now consider the functions w* = u* — vt such that

1
/ w' dr =0 fori=1, .. N, (8.55)
0

From (8.46) that we deduce that

’LUi — { u_)i on [07 %]7

—' on [

which satisfies (8.55). Finally, we obtain that
e 1 ! —1,—]

Because this is true for every w’, we deduce that A a non-negative matrix. O
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8.3 Heuristic derivation of the non-periodic model

Starting from the model (8.52)-(8.53) where fori = 1,..., M,, u'(t,x)—1"-x is 1-periodic
in x, we now want to rescale the unknowns to make the periodicity disappear. More
precisely, we have the following Lemma:

Lemma 8.2 (Non-periodic model)
Let u be a solution of (8.52)-(8.53) assuming Lemma 8.1 and u'(t,x) —1"-z is 1-periodic
in x. Let

ul(t,x) = ul (6t,6x), for a small § >0 and for j=1,..., M,
such that, for all j =1,..., M

wh(0,-) = @(0,)), as 6—0, and @(0,400) =@+ (0,+00) (8.56)

-----

o’ + ( Z Az‘jﬂj> dpui’ = 0, on (0,T) xR, (8.57)
j=1

with the matriz A is non-negative and d,u* > 0 fori=1,..., M.

We remark that the limit problem (8.57) is of type (P) with (H1') and (H2).
Now, we give a formal proof of Lemma 8.2.

Formal proof of Lemma 8.2:

. , 1
Here, we know that uj — 41" - x is S—periodic in z, and satisfies forz=1,..., M

atu2+( S Agul+o Y Qij/éug' dw) sy =0, on (0,T) xR, (8.58)
G=LM j=tM 0

1., 1.

To simplify, assume that the initial data us(0,-) converge to a function @(0,-) such that
0,us(0, ) has a support in (—R, R), uniformly in 0, where R a positve constant. We
expect heuristically that the velocity in (8.58) remains uniformly bounded as § — 0.

Therefore, using the finite propagation speed, we see that, there exists a constant C'
independent in 0, such that d,us(t,-) has a support in (=R — Ct, R + Ct) uniformly in
d. Moreover, from (8.56) and the fact that

Z Qij/otS wfde = Y Qij/éw — WY da,

j=1,.,N 0
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we deduce that

=

Z Qﬁ/é U% di[),
; 0

remains bounded uniformly in §. Then formally the non-local term vanishes and we get
fori=1,....M

-----

which proves that @ is solution of (8.57), with the matrix A is non-negative . a

9 Appendix: proof of Theorem 7.7

Let uy = (u}); and uy = (ub);, for i = 1,--- | M, be two solutions of the system (P) in
[WL((0,T) x R)]™, such that ui(0,-) = ui(0,-).

Then by definition u¢ and u} satisfy respectively the following system, for i = 1,--- , M:
oy = —a'(uy)Opul,
Oty = —a' (uy) Opub,

Subtracting the two equations we get:
O (uy —uh) = — (a’(u1) — a'(u2)) Opuy — a’(u2) By (uf — ub).

Multiplying this system by (u? — ub) (1) where ¥(x) = e717l, and integrating in space,
we deduce that:

1d.,. . | | - |
a0 =0y = = [ (@) = o) (0 = ) w20,

I
1d . , - ' A ) . A
5@( > H(Ui—ué)wHiz(RJ: —/R ST () — a(u)) (uf — ub) 2D
i=1,...M i=1,..,M
L
1 <
5 [ o -
Ri—1,..M

T



Integrating I by part, we obtain:

Iy
T ' . N
he 5[ 3 djtm@uds -
R j=1,..M
I2A2
1
w3 [ 3 ) - o
Ri—1,...M

Next, using the fact that v} is bounded in W*°((0,T) xR), fori = 1,..., M, we deduce
that:

(9.59)

-----

Since 9,((x))? = —2sign(z)(¢(x))? and v} is bounded in W1°((0,T) x R), for i =
1,---, M, we obtain:

Lol < ;M(](. S —u;wn;@)

(9.60)

<o X 1=l

i 1 7777

Now, using the fact that u} is bounded in W%>°((0,T) x R), for i = 1,-,-, M, and the
inequality |ab] < 1(a? + b?), we get:

1 A .
1Ll < MM+ 1)||u1||[W°°((O,T)><R)]M/R > fuj —uh Py,
=1

M

-----

1 i i 2
< éMl(M‘I’ D)[Jur |[wree (0,7 x )™ ( Z H(U1 - U2)w”L2(R)> 5 (9.61)

i=1,...,M
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Finally, (9.61), (9.59) and (9.60), imply:

4 (_Z o - uawuim) < (|0 4 V] + ) < € ( SR ung;(R)) |

i=1,...,.M i=1,..,M

Z [ = ué)wHiw((O,T);LQ(R)) < Z || (1(0, ) = u5(0,-)) ¢Hiz(R) T =0,
i=1,...M i=1,...M
ie., up =uy a.ein (0,7) x R. O
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