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Abstract

We consider stochastic differential equations on the whole space possessing
an invariant along their solutions. The stochastic dynamics therefore evolves
on a hypersurface of the ambiant Euclidean space. Using orthogonal coordi-
nate systems, we show the existence and uniqueness of smooth solutions of the
Kolmogorov equation under some ellipticity conditions over the invariant hyper-
surfaces. If we assume moreover the existence of an invariant measure, we show
the exponential convergence of the solution towards its average. In a second part,
we consider numerical approximation of the stochastic differential equation, and
show the convergence and numerical ergodicity of a class of projected schemes.
In the context of molecular dynamics, this yields numerical schemes that are
ergodic with respect to the microcanonical measure over isoenergy surfaces.
MSC numbers: 60H10, 60H30, 58J65, 65C20.
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1 Introduction

We consider stochastic differential equations in R” in the Stratonovich sense, of

the form
dX(t) = f(X(t))dt + o(X(t)) o dW (),



written in coordinates
dX(t) = dt—i—Zae] t)) o AW (2), (1.1)

where f(xz) = (f* (m))zj\il is an N-dimensional vector vector field, and o(x) =

(U@] (x)),i=1,...,N, ¢ =1,...,Dis a N x D matrix. The vector W (t) with
components WV], E =1,... ,D, is a standard Brownian motion in R”. To this
equation corresponds the It6 equation: For i =1,..., N,

;_n

N D
dX'(t) = fi(X(t))+ZZ§ oty 0501 (X (1)) | dt+

j=11=1
Za[é )dwl@) (1.2

where 0; O'H denotes the derivative with respect to 2/ of the function J[ }(t x),
r=(zt,...,2").
We assume in this work that the SDE (1.1) is conservative in the following

sense: There exists a function H(z) defined on RY such that

VeeRYN, Vi=1,...,D, (VH(zx), f(z))=0 and (VH(x),00(z)) =0
(1.3)
where for all £ =1,..., D, oyg(z) is the N-dimensional vector with components
qu, and where (-, -) denotes the Euclidean scalar product on RY. The vector
field VH(z) is the gradient vector of H with respect to the coordinates z =
(zt,...,2M).
Using It6 calculus, it is straightforward to show that if H(z) is smooth enough
on RY | we have for all solution X(t) of (1.1)

Vt>0, H(X(t) = H(X(0)). (1.4)

This expresses that the function H is an invariant of (1.1).
Under ellipticity assumptions on the vector fields oy, we show below that
the SDE (1.1) exhibits a unique invariant measure over the the manifolds

Y, ={z e RY|H(z) = z}. (1.5)

In the context of molecular dynamics, if the equation (1.1) is volume preserving
over the whole space R, then the invariant measure turns to be the microcanon-
ical probability measure (see for instance [1, 11]),

-1
dX, dX,
dv(z) = </2 HVHH> VA o
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where dX, is the surface measure over the isosurface ¥, induced by the Euclidean
metric of RV,

For a general function H(z), it is very difficult in practice to exhibit an atlas
of the manifolds ¥, = {z € R¥|H(z) = z}. The derivation of a numerical
scheme to approximate the solution of (1.1) cannot thus rely on the choice of a
“good” atlas as in [13], and one has to rely on projection step to remain on the
manifold. The numerical analysis then has to be made directly in RY and the
dynamics of (1.1) has to be understood in a vicinity of a given hypersurface X,
rather than on the manifold itself.

The Kolmogorov equation associated with the SDE (1.1) writes, using the
summation convention of covariant and contravariant indices

ol dyv), (1.7)

D
o= Lv where Lv= f'0v+ % Z 0@18
(=1
where v(t,z) is a function depending on the time ¢t > 0 and z € RY. We recall
that a solution of (1.7) is given by v(t,z) = E(v(0, X (¢))| X (0) = z).

After a possible translation of the function H(z), we can always assume that
the initial value of (1.1) lies on the manifold ¥g = {z € RY | H(z) = 0}. In this
work, we will show that we can define smooth solutions of (1.7) in a neighborhood
of this manifold by considering an orthogonal parametrisation of R by the
hypersurface >y which is supposed to be a N — 1 dimensional submanifold of
RY | and the parameter z = H(z) for z € RY. In such a way, we can parametrise
a domain of RY by a product ¥ x (—¢,¢) for small &, provided that g is
smooth enough and compact (note that this last hypothesis could be weakened
in the present analysis, but it is in general fulfilled for the problem of computing
averages in molecular dynamics).

In this new coordinate system, the Kolmogorov operator can be seen as an in-
trinsic operator on Y involving the covariant derivative and curvature terms on
>0. The coordinate z is then only a smooth parameter in the operator. In partic-
ular, the derivative with respect to the global variable z does not come into play
in the definition of the Kolmogorov operator in orthogonal coordinate. By stan-
dard arguments, we therefore can define a smooth solution in the neighborhood
defined by ¥ x (—¢,¢), provided that the collection oy (z) satisfy conditions so
that the operator L can be viewed as elliptic operator on Yg, uniformly in z.

We then consider the case where (1.1) is possess a family of invariant measures
on Y,, depending smoothly on z. An important case where this situation occurs
is when (1.1) is volume preserving which means that the constants are in the
kernel of the adjoint of the operator (1.7) which writes

LTy = )+

D
> 0i(0ly0; )). (1.8)
/=1
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We will refer to this operator as the Fokker-Planck operator associated with
(1.1). Note that (1.1) will be volume preserving in the case where

Qif'(x)=0 and Ve=1,...,D, diojy(z)=0, (1.9)

but this condition is not necessary (see the examples in Section 4).

The motivation for considering such volume and energy preserving systems
arises from computational problems of NVE averages in molecular dynamics
(namely averages with respect to the microcanonical measure (1.6), see for in-
stance [1, 11]). In this situation, for d interacting particles, the phase space
variable decomposes into = = (p1,...,P4,q1,--.,qq) where each ¢; € R3 denotes
the position of a particle, and p; its momentum. The energy hamiltonian H(p, q)

is then written 4

T
b; pi
H = —— +U(qq,--- 1.10
(p.q) ; o T UL a0) (1.10)
where m; is the mass of the i-th particle and U is the potential function.

The principle of molecular dynamics is to simulate numerically the solution
of the corresponding hamiltonian equations

dg OH dp _8_H
" ap (p,q) and TR (P, q) (1.11)

which define a volume and energy preserving (deterministic) system. The ergodic
hypothesis states that, it (p(t),q(t)) denotes a solution of (1.11) evolving on a
hypersurface ¥, corresponding to the Hamiltonian (1.10), we have for all function
g defined on ¥,

i 1 ! = v(z
lim ~ /O o(p(t), (1)) dt = / o) (1.12)

T—oo T

where the measure dv(z) in the right-hand side is the microcanonical measure
(1.6).

However, it is well-known that this hypothesis failed in general, in particu-
lar for integrable or close to integrable systems exhibiting hidden stable invari-
ants preserved by symplectic numerical methods (see [14, 5] and the references
therein). At variance the numerical schemes we present below are shown to be
ergodic with respect to the microcanonical measure.

Another context where such families of measures appear is free energy com-
putations by thermodynamic integration [7]. In this case, one needs to sample a
Boltzmann-Gibbs probability measure conditioned to a fixed value of a reaction
coordinate: exp(—3V)|VE|~1dS, where V : RY — R is the energy, ¢ : RY — R
is the reaction coordinate and S, = {x € RV|¢(x) = 2} (£ plays here the role of
the above function H).



In a first part of this paper, under an ellipticity assumption on the vector
fields oy and in the case where (1.1) admits an invariant measure, we show the
exponential convergence of the solution of (1.7) towards its average over the mi-
crocanonical measure, uniformly in z for z in a small interval. We moreover show
that all the tangent space derivatives of v(¢, z) decay exponentially in time. This
implies in particular the ergodicity of the exact solution of (1.1) and this gives
the equivalent of (1.12) for the stochastic flow of (1.1) in the volume preserving
case.

In a second part of this work, we consider numerical schemes satisfying in
essence two conditions: Consistency with (1.1) and preservation of the energy
H(x). Using the results obtained in Section 2, we show the weak convergence of
such numerical schemes, which gives a new way of computing NVE averages in
the context of molecular dynamics. We conclude by giving examples of schemes
satisfying the above conditions.

The method and analysis we use are closely related to previous works by Talay
and co-workers [22, 13, 20, 21]. The particularity here lies in a systematic use of
differential geometry to understand the properties of the Kolmogorov operator
on a hypersurface of the ambiant space. Let us also mention the analysis made
in [17, 16] where constrained symplectic SDEs and appropriate discretization
schemes are introduced.

In the following, for a given & > 0, we define the domain

QO = {z e RN|H(x) < ¢}

It defines a neighborhood of the hypersurface .

2 Analysis of the Kolmogorov operators

The goal of this section is to derive expressions of the operators L and L’ in
terms of intrinsic objects defined on the hypersurfaces X, .

2.1 Orthogonal coordinate system

We can write the Kolmogorov and Fokker-Planck operators as

D
) 1 . i
Lv = f‘Viv+Z§Ufz]Vi(Ufz]vjv)'
=1 1 | (2.1)
and LTv = -V, (f’v)+Z§Vz'(0fe]vj(afe]v))

respectively, where V is the Riemannian connection of RV associated with the
Euclidean product (-, -). The advantage of these expressions is that they are



expressed only in term of globally defined objects: The covariant derivative and
the metric tensor. In the Euclidean coordinate system {z!,..., 2"}, the metric
tensor is the identity tensor, and this expression reduces to (1.7). For a general
local coordinate system {y',...,y™}, the metric is represented by the matrix
9ij(y), i,j = 1,...,N which are the component of the metric tensor in the
coordinate system {y‘}. With this metric tensor are associated the Christoffel
symbols (see for instance [4])

1
T3 = 59" (0igjm + 0jim — Omis); (2.2)

where 0; denotes the derivative with respect to 3*, where ¢*™ are the components
of the inverse of the metric tensor defined by ¢*" ¢, = 6;? the Kronecker tensor.

The coordinate system {y'} induces a local basis in the corresponding
tangent bundle. For a vector field T = T%-2
(1,1) tensor fields with components

Oy’
the covariant derivative is the

Dyt

VT = 9T + T T™.

Now an expression like V,; 7" is the contraction of the previous tensor, and is thus
a function equal to A A A
v, T" =o,T" + T, T™.

It is worth noticing that the right-hand side in this expression a priori depends
on the local coordinate system {y‘} while the left-hand side denotes a function
defined globally on RY. For a function v, the covariant derivative reduces to
Viv = 0v.

In a local coordinate system, we thus see that (2.1) can be written

D
A 1 . .
Lv = f'O;v + Z Eaf@@- (quajv).
/=1

1 ,
5 D Timo 05 Zr ol o). (2.3)
(Recall that for Euclidean coordinates, all the Christoffel symbols vanish).
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We introduce now an orthogonal coordinate system that will reflect the foli-
ation of Q° by the isosurfaces ¥, defined by (1.5).
In the following, we make the following assumption on H:

Hypothesis 1 The function H is smooth, and there exists € > 0 such that for
all z € (—e,¢), X, is compact, and for all x € ¥,, VH(x) # 0. This implies that
for z € (—e,¢), ¥, is a smooth submanifold of RN of dimension N — 1.

Note that Q° := [J,¢_. ) ¥:. We then denote by Fi(z) the flow of the
ordinary differential equation

d VH(F,(x)) v
—Fi(x) = ——————, Fy(x) =z R, 2.4
N T 24

where || - || denotes the Euclidean norm in RY. Up to a possible reduction of ¢,
Hypothesis 1 implies that for all x € Q°, Fy(x) is well defined for |s| < e.

Let (U, ) be a local chart on ¥y with U C ¥y. The application ¢ : 3y D
U — o(U) c RV~ induces local coordinates (y*))_' € p(U) c RV~1. In the
following, Greek indices will refer to N — 1 dimensional indices running from 1
to N — 1. We define the application

p(U) x (=€,€) 3 (y*,2) = @(y*, 2) = F. 0 ™' (). (2.5)
This is a local coordinate system over the domain 2°. By construction, we have
0:[H(®(y",2))] = (VH(®(y",2)), 0:2(y*, 2))
= (VH(®(y*,2)), VH((y°, 2)))/[VH(®(y*, 2))|*
= 1
whence for all z € (—¢,¢) and all y* € U,
H(®(y", 2)) = 2. (2.6)
Hence, the inverse application of (2.5) is the map
O 52— (o(Fop@) (@), H(z)) € p(U) x (=¢,¢) (2.7)

and it is clear that to an atlas on ¥ corresponds an atlas on €2° made of the
charts (2.7).
For given (y,z) € p(U) x (—¢,¢), we denote for simplicity by (Ya,Y:) the

local basis of RY corresponding to the local basis (%, %) and we identify the

vector fields Y;, i = «, z with the vectors of RV, Y, = 0,® and Y, = 0, ®.



The metric tensor g;;(y“, z) splits into the “surfacic” components g3 and the
“normal” components g,, and g,,. By definition we have

9:2(y*,2) = (Ya(y" 2),Ya(y" 2))
= (0:2(y*,2),0:2(y", 2)) (2.8)
= IVH@E* )"
From (2.6), we deduce that for all 3,
(VH(®(y", 2)),032(y", 2)) = 0.
Dividing this expression by ||V H(®(y“, z))\|2, we obtain

(0.D(y™, 2)), Ig®(y®, 2)) = 0.

which means that

9. = (Y3,Y.) = 0.

This expression justifies the name “orthogonal coordinate system” on €2°.
Finally, we see that

9ap(y®, 2) = (Yo, Ys) = (0., 03P)
expands as

gaﬁ(ya = aqp + Z gaﬁ y 0) (2'9)
k>1 k!

where an5 = (Oap ™1, 05~ 1) is the metric tensor on ¢ (the expansion in z comes
from the analyticity in z of the solution F}(x) of (2.4)).

Using this orthogonal coordinate system, it is easy to show that each ten-
sor field on Qf can be decomposed into several tensor fields on ¥ depending
smoothly on z € (—¢,¢). For instance, if u’ is a vector field on ¢, it can be rep-
resented by a couple (u®(y, z), u*(y, z)) € C°((—¢,¢),T(T' ) x C>(2)) where
['(T'Xg) denotes the space of vector fields on U and where y = (y%) denotes
a point in YXy. The proof of this result relies on the special choice of the atlas
defined by (2.7) and this situation is very similar to the case of shells (see [9, 8]).

In the orthogonal coordinate system defined above, the local charts (2.7)
define local coordinates on open subset of 2°. We denote by

dy'(y, 2) = (dy*(y, 2),dz(y, 2))

the dual basis of the vector field basis Y;(y,z) = (Ya(y,2),Yz(y,2)) defined
above (we identify here y" with z). Hence, local basis for tensor fields on ¥ can
be expressed as tensor products of dy*(y,0) and Y, (y,O0).

8



As mentioned above, the components of Christoffel symbols do not define a
tensor field on a given manifold. However, using the fact that the metric tensor
satisfies go. = 0 in orthogonal coordinates, we can easily show the following
result:

Lemma 2.1 Let (y,z) = (y, 2) be a local orthogonal coordinate system induces
by a local chart (U,p) on Xy and let Ff;j be the Christoffel symbols (2.2). Then
the expressions

2u(y, 2)Y3(0) @ dy“(y, 0)
T2 5(y, 2)dy’ (y,0) @ dy*(y, 0)
Féz(y, z)dy“(y,0)

2. (¥, 2)Ya(y,0)

all define tensor fields on ¥ depending smoothly on z.

We do not give a proof here, as it is very similar to the situation of shells (see
[9, 8] for similar statements). Roughly speaking, it states that freezing one or
two coefficients of the Christoffel symbol to z in orthogonal coordinates yields
tensor fields.

Let u' be a smooth vector field on Qf. The covariant derivative of u’ in a
local coordinate system is given by

Vil = 0’ + I‘gkuk

and defines a tensor field on Q°.
In a local orthogonal basis, this tensor field can be decomposed into four
parts:
V.u® = 0u” + 1'%, (y, 2)u” (2.10)

which defines a function in C*°((—¢,¢),C* (X)), and similarly
Vou® = 0.u® +T'4(y, 2 2P + T2 (y, 2)u”. (2.11)

which defines an element of C*°((—¢, €), I'(T'%y)) after using the previous Lemma.

In the following, we denote by D, the covariant derivative on ¥, associated
with the metric ang. As J,u® = Dyu® because u* is a scalar function, we obtain
that the expression

Vau® = Dou® + T3 5(y, z)uﬁ + 17 (y, 2)u® (2.12)

defines an element of C*°((—¢,¢),['(T1 X)), where I'(773) denotes the space of
1-form fields on X.
Finally, we write

Vi’ = o,u” + Fgg(y, 2)u’ + ng(y, 2)u”. (2.13)

9



But using the expansion (2.9) it can be shown (see [9]) that the expression

Ag,@(yv Z) = Fgﬁ(yv Z) - Pgﬁ(Y7 O)

defines a tensor field on ¥j. Note that Fgﬁ(y, 0) are the Christoffel symbols on
¥ associated with the metric an3. Consequently, we can write (2.13) as

vauﬁ — Dauﬂ + Ago_(y’ Z)UU + ng(% Z)uz’ (214.)

which now makes sense in C*°((—¢, ), ['(T{ X)) where I'(T} Xo) denotes the space
9f tensor. ﬁ§1ds of type (1,1) on Xy. Note that A75(y,0) = 0 and that A7;(y, 2)
is analytic in z.

2.2 Existence of solutions

We express now the operators L and LT in orthogonal coordinate system. Let
f? be a vector field on QF such that (VH, f) = 0. Written in an orthogonal
coordinate system, this implies that f* = 0. In the following, we write f°(y, 2)
the tangential part of the vector field f viewed as a vector field on the manifold
3 depending smoothly on z. We hence have

fiviv = fa(y’ Z)Dav(y’ Z)'
Using the equations (2.10) and (2.14), we find

Vi(fiv) = Va(f*)+ V. (f7)

(2.15)
= Da(f") + A% (f7v)

where all the tensors are evaluated at the point (y, z) € ¥ x (—¢,¢). Similarly,
we can write

Vi(f'V;i(f7v)) = Da(fV;(f/v)) + Moo (F7V;(f70))
whence using (2.15)
Vi(f'Vi(#70)) = Da(f*Ds(f7v)) + Da(f*Ag, (£70))
+ A2 (F7D(f70)) + Ao (F7 A5, (£7)).
In the following, we denote by D the intrinsic operator with components D,,

in a local coordinate system. Using the previous expression, we can easily show
the following result:

10



Theorem 2.2 In orthogonal coordinates, the Kolmogorov operator L viewed as
an operator on the manifold ¥y x (—e,e) writes

D
1
L(y,zD)v = f*(y, 2)Dav + 5 Z oy (¥, 2)Da (O‘@} (y,2z)Dgv)
(=1

where O'Fé] (y,z) and f*(y,z) are the components of the vector fields oy and f

in orthogonal coordinates. Similarly, the Fokker-Planck operator LT, writes in
orthogonal coordinates

L"(y,z; D)

l\DI»—l

D
ZDa ofy(y:2)Dg (0 [z](y’ 2)v))
=1

= Da(f*(y,2)v) + P(y,z; D)v

P(y,z;D) is an intrinsic operator of order 1 on ¥g depending analytically of z
and such that
P(y,0;D) = 0.

In the rest of this work, we make the following hypothesis:

Hypothesis 2 For all one-form field £, € T'(T1 %) and all (y,z) € g x (—¢,¢),

ZUZ] y,z g] y, )gafﬁ > Af foz (2.16)

for some A independent on z.

This means that L(y, z; D) is elliptic on Xy, uniformly in z € (—¢,¢).
For a function ¢ on ¥g, and £ > 0, we denote by

|D£g0|2 — DM D2 ... DMSODOQ DO{Q L. Dae@
the semi norm of order ¢ of ¢. Note that the contravariant indices denote a
multiplication by the inverse of the metric tensor a®® on Xy: D* = ¢*? Dg.

We recall that for k& > 0 the Sobolev space H*(Xg) on ¥ is defined as the
space of functions ¢ : 39 — R such that for all £, 0 < ¢ <k,

Dl = [ IDfeldz < o
Yo
The corresponding norm is written

k
1
lell g =D ID 1, -
(=0

11



On the manifold ¥y, the covariant derivative operator commutes with the
contraction by the metric tensor: D% = ao‘ﬂDﬁgo = Dgao‘ﬁgo. However, the
covariant derivative does not commute with itself. For a given one-form fields u,
on Yo, we have for instance

Do Dsu, — DDy, = Reops,u® (2.17)
where u’ = a’7u, is the contravariant vector-field corresponding to wu,, and
where R,g5, is the curvature tensor on ¥y depending only on the metric tensor

aqs (see for instance [4]).
Theorem 2.3 Let vy € C™®(Xg X (—¢,¢)). Under the hypothesis 2, the equation

o(t,y,z) = L(y,z;D)u(t,y,z), ©v(0)=wp (2.18)
possesses a unique solution v(t,y,z) € C>((0,+00) x ¥y X (—¢,¢)).
Proof. The result is a consequence of a priori bounds for the solution of (2.18).
Let (-, -)z2 denote the L? product on Xg. If v is a solution, we can write

30rllelly, = (L(y,zD),v)pe
= —3 ¥ 0y, 2)ofy (v, 2)DatDgv + (Q(y, 2 D)v, v) 2

where Q(y, z; D) is an operator of order 1 on ¥y depending smoothly on z. This
shows that for constants C, ¢ and b depending on ¢, we have

2 2 2
< =ClDoll, + cl[Do|[ 5 o]l > + blfo]

1
§at||v||L2 = 12

whence ) )
Aol 7. < Ml

for a constant M depending on e. This shows the a priori estimate

loll > < e™llvoll s -

[P
Using (2.17), we obtain similar estimates for the derivatives 9*D‘v which satisfy
equations of the form

0;0:D"v = L(y, 2 D)3 D' + R(y, 2D, 0. )v

where R is an operator of order k+ ¢ — 1 in 9, and D,. We hence easily obtain
a priori estimates for these derivatives by induction. The uniqueness is clear, as
the equation (2.18) is linear. |

2.3 Invariant measure and exponential convergence

Throughout the rest of this section, we assume moreover that there exists a
smooth function p(z) > 0 defined on ¢ such that for all z € ¢, we have

LTp=o0. (2.19)

12



Note that in the case where p = 1 the constant function equals to 1 on QF, then
(2.19) expresses that the equation (1.1) preserves the volume. In general, this
hypothesis states that p is an invariant measure for (1.1). Indeed, for x € QF, let
X(t,x) denote the solution of (1.1) starting at = for ¢ = 0. Using (1.4), we have
X(t,x) € QF° for all time ¢ > 0. Then for all function ¢(x) with compact support
in QFf, we have using the Kolmogorov equation
d 4
T Jo E(p(X(t,z)p(x)de = (L(2%50)E(p(X (¢ 7)), p(@)) L2 (02¢)
= (E(p(X(t,x)), LT (z% ;) p(x)) 12 (02

=0

where (-, ) r2(0s) denotes the L? product in Cartesian coordinates on QFf, and
where LT (z%;0;) denotes the adjoint of the operator L(x%;9;) given by (1.7) in
Cartesian coordinates. In a normal orthogonal coordinate system (y®, z), the vol-
ume form dz is transformed into the measure y/|g;;(y, 2)|dy® A dz where |g;;(2)]
denotes the determinant of the metric tensor g;;(y, z). Using the equations (2.8)
and (2.9), this measure can be written

1
IVH]|

ds. Adz (2.20)

where d¥, is the volume form \/|ga3(y, 2)|dy® induced by the Euclidean measure
in R on the surface .. Hence, we can write for all z = (y,2) € ¥g x (—¢,¢),

plx)de = p(y, z) d¥Xo Adz

where

oo P2 l9as(y, 2)l
M2 = W EE A\ 909, 0) (2.21)

defines a density function on ¥y depending smoothly on z. In the sequel, we will
often ignore the dependency in y € Xy, and write u(z) for u(y, z). Shortly, we
can write

p(x)de =du(z) Adz

where du(z) = p(z)d¥y. Note that in the case where p = 1, then up to a
multiplication by a constant, the measure du(0) is the microcanonical measure
on Xy (see (1.12)).

Proposition 2.4 For all (y,z) € 3¢ x (—¢,¢), let L(y,z;D)* denote the adjoint
of L(y, z; D) with respect to the L? product on the hypersurface Y. Let u(y,z)
the function defined by (2.21). Then for all (y,z) € ¥o X (—¢,¢), we have

L(y,z D) u(y,z) = 0. (2.22)
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Remark 2.5 Before giving the proof, let us notice that the operators L* (the
adjoint in L?(Xg)) and LT (the adjoint in L?(Q2)) do differ in general. ]

Proof. Let ¢ be a function defined on ¢ ~ ¥ x (—¢,¢). Let p be the function
satisfying (2.19). We have in Cartesian coordinates

(p, L(x":0:) ) 1205y = (LT (2":0:)p, @) 12(0¢) = 0.

Written in orthogonal coordinates (y, z) = (x'), this equation reads
/ (L(y, 2 D)g(y, 2)) iy, 2)dEodz = 0.
Sox(—e,€)

We take now ¢(y, z) = v(y)x(z) where v is a function on ¥y and x(z) a function
on (—e,e). We then have using Theorem 2.2

L(y,z; D)p(y, 2) = x(2)L(y, z; D)v(y).

Ignoring the argument y in the equation, we get

/E X(z)dz/E w(z)(L(z; D)v)dEy = 0.

—&
As x(z) is an arbitrary function of z € (—¢,¢), this implies that for all z € (—¢,¢)
and all v € C*(%),

/ 1(2)(L (2 DYv)dSy = / o(L(2: D) u(2))dS = 0.
Yo Yo

This yields the result. [ |

Lemma 2.6 Let v(t,y,z) be a solution of the equation v = L(y,z;D)v. For
all z € (—e,¢), and all t > 0, we have that

) /Eov(t,y, 2)2duly, » Z/ ofy(y, z)Dav(t,y, 2 ))Zdu(y,Z)- (2.23)

Proof.  For all smooth function v defined on ¥y x (—&,¢), we have on the
manifold ¥ x (—e&,¢) (ignoring again the argument y € Xo),

L(z;D)v? = 20f%(2)Dav + Z ofy(z }( )Dgv)

which implies that

D
2
L(z;D)v? = 20L(z;D)v + Z (U&](Z)Da’l)) .
(=1

14



Now if v is a solution of 9,v = Lv, we have

at/EOUQdu(z) = 2(vL(z;D)v, u(z))
— (L(=D) Z /E o5 (:)Da)  dp(2)

and the result follows from L(z;D)*u(z) = 0. ]

In the following, we denote by HvHM @) the weighted norm

2 2
ol = | au(e). (2.24)

Note that the norms || - ||L2(20) ||H(0)

a positive function, ¥y is compact and z € (—¢, ¢), there there exist two positive
constants ¢ and C' such that for all z € (—¢,¢),

and || - are not the same. However, as p is

c<pu(z) <C (2.25)

on Yy and hence the norms ||-|| and ||- Hu () Are in fact equivalent uniformly

L2(%o)
in z.

Lemma 2.7 Under the hypothesis 2, there exists a constant \g depending on g
and ¢ such that for all function v(z) € CO((—e¢,¢), H'(X0)) satisfying

Vze(—¢e), /2 v(z)du(z) =0, (2.26)
then we have
D
Vze (—¢e), Xolv(z <Y lof; )H (2.27)
(=1

Proof. As ¥j is a compact manifold, there exists a constant a > 0 such that
for all function p € H(X) satisfying

(o ::/E pdX =0, (2.28)

we have the Poincaré-Wirtinger inequality (see [4])

2 2
alol s,y < D01,
Using (2.16) and (2.25), we have for all such function ¢

D

o 2 2
> llofy (2Dl ) > AIDel ) > eAlDg| 2, 0, (2.29)
/=1
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and hence using again (2.25), we see that there exists a constant b > 0 such that
for all z € (—¢,¢), and all ¢ satisfying (2.28),

D
2 (6%
bl < S lofy (=)Dagl’,
(=1

Now if v(z) € C%((—e,¢), H' (X)), satisfies (2.26), we can write for all z € (—¢, €),

bllo(z) — (2o, < Z lofy (=) Dav(2)]%,. (2:30)

where (v(z))o denotes the average (2.28) of v(z). Let z € (—¢,¢), and assume
that ¢ satisfies [;;, ¥ du(z) = 0. We have that

112, = 19 = (b + ol

w(2)

=1~ Wl +2 [ = ho)wlodu(z) + 5 | du2)

= I = @l = 093 | auz) < v = (ol

Applying this formula to ¢y = v(z) and combining with (2.30) then yield the
result with A\g = b. [ |

w(z) "

Theorem 2.8 Let v(t,y,z) be a solution of the equation v = Lv with initial
value vo(z) € C®((—e,e) x o). Let u(z) the function defined in (2.21) and
I| - Hu(z) the corresponding weigthed L? norm. Under the assumption (2.16), for

all z € (—e,¢), and all t > 0, we have that
[v(t,2) = [ 0(0,2)du(2)]] ) < [0(0,2) = [0(0,2)dp(2)] ) exp(=0t) (2:31)

where vo = Ao/2, Ao being the constant appearing in (2.27). Moreover, for all
J € N, there exist contants vy and Cj such that for all z € (—¢,¢),

HDJU(t’ Z)H“(Z) <Cy eXp(—’)/Jt) (2~32)
Proof. We have using (2.22)
0 [ o(t.2)au(z) = (L(=D)o(t, ). (22 = (u(t,2). L DY p(2)z =0,

This shows that the average of v(¢, z) with respect to the measure du(z) is con-
stant with respect to t. Now we easily see that L(z; D)1 = 0. Hence the function
w(t,z) = v(t,z) — [v(t,z)du(z) satisfies the equation dw = L(z;D)w. The
equation (2.31) is then an easy consequence of the two previous Lemmas.
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To prove (2.32), let us consider first the case where J = 1.
From Lemma 2.6 and (2.16), we have

2 2
atHw(tv z)”u(z) < _AHDw(tv z)”u(z) :

Multiplying this equation by e with § > 0 and integrating from 0 to T, we
obtain

T T
5t 2 5t 2
/O M ohlw(t, 2 dt+A/0 | Duw(t,2)|,, dt <0.

After integration by part, this shows that
5T 2 g st 2
T, +A [ Dul )

T
2 2
<.}, +3 [ et

Using (2.31) and taking 6 < -y shows that there exists a constant M such that
for all z € (—¢,¢),

/ [ Duwt, )|, . dt < M. (2.33)
0 n(z)

It is clear that the operator L(z;D) acts on tensor fields, and we have
DoL(z;D)w = L(2z;D)(Dyw) + [Dq, L(z; D)]w

where [Dq, L(z;D)] is an operator of order 1 on ¥y depending smoothly on z,
and involving the curvature tensor on ¥y (see (2.17)). Hence Dyw(t,v) satisfies
the equation

0Dqw = L(2;D)(Dqw) + [Da, L(z; D)]w.

Computations similar to those made in Lemma 2.6 show that there exist positive
constants cq, co and c3 independent on z such that

2
auDu(t. )%, < ~alDw(t )|, +elDut. )%, +cslluw.2)

I° I° I°
w(z) w(z) (=)

Multiplying by 7! with 0 < 7; < § and integrating from 0 to 7T yields

T 2 T 2
/ M9, [Duw(t, )% dt + 1 / M| D2w(t, 2|2, dt

0 wu(z) 0 p(2)
T 2 T 2
302/ e [Duwt, )| dt+C3/ Mfw(t, 2| dt < Cp (2.34)
0 w(z) 0 w(z)

for some constant Cjy independent of 7" and z, where we used (2.33), (2.31) and
the fact that v; < § < 9. We thus have

e”lTHDw(T, z)

T
2 2 it 2
Iy < Co+ w2} 43 [ e Due. )1}, at
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and using again (2.33) we conclude that

IDw(T, z) < Crexp(—m7T)

2
HH(Z)
for a positive constant C independent of 7" and z. This shows (2.32) for J =1,
as Dv = Dw. Moreover, we derive from (2.34) that

/ e D2w(t, 2)||°, . dt < Co.
0 w(=)

The result is then easily shown by induction using computations similar to the
previous ones, with the fact that for all J € N,

D'L(z D) = L(z;D)D’ 4 [D’, L(2; D)]

where [D”, L(z;D)] is an operator of order J — 1 on ¥y and depending smoothly
on z. -

As ¥y is a compact manifold, using (2.25) and Sobolev embedding Theorems
(see [4]) we immediately get the following result:

Corollary 2.9 Let v(t,y, z) be a solution of the equation Oyv = Lv with initial
value vy(y, z) € C*¥(Xg x (—¢,¢)). Under the assumption (2.16), for all J € N,
there exists constants vy and My depending only on %o and € such that for all
(v,2) € Xo X (—¢,¢), and all t > 0,

ID7u(t,y,2)| < Mjexp(—vt) (2.35)

Remark 2.10 The previous result give uniform bounds with respect to z €
(—e, ). This fact is not necessary for the analysis of the properties of the projected
numerical schemes defined below, which requires only the previous estimates on
the manifold 3. However, we believe that these uniform bounds should be
necessary to understand the good behaviour of non projected schemes, see for
instance [16]. ]

3 Numerical analysis

We now consider the discretisation of the stochastic differential equation (1.1).
Following [20], we define the sequence

(v, ¢=1,...,D, peN}

of i.i.d. random variables satisfying the following conditions

VpeN, Vi=1,...,D, EUNH™= (3.1)

0 ifm=1,30rb
1 ifm=2



and the condition
E(Ug])4 < oo and IE(UI[;/Z})6 < 0.

Notice that these last two conditions are in particular satisfied if ]Uz[ﬁ\ < C as.
for a constant C' independent of p and ¢. Examples of such family of random
variables can be found in [20].

Let Xy € ¥ and a time step h < hg. We assume that we can define a family
{X,} of random variables satisfying the following conditions:

(C1) VpeN, X,eX
(C2) Let X,(0)=X,+0(Xp1—X,), 60€(0,1). Then
¥peN, Vo€ (0,1), [H(X,0)<e.

(C3) In Cartesian coordinates we have

Xi, = XZ+\/_ZJZ] X,)Ulf

+h( Za )90y (X ))
+ hw, +h3/2rl+h2 :

where for all p, if 7, denotes the o-algebra generated by the family {Xo,..., Xp},
we assume that wp, , and s, are F;, measurable, and satisfy

P

° w; is a even polynomial in (UIE ], . UIE }) of degree less than 2 with coef-
ficients depending on X, and such that E (w},|X,) = 0.

° 7“;) is a odd polynomial in (U,L”, ceey UI[;D]) of degree less than 3 with coeffi-

cients depending on X, and such that E (r;|Xp) =0.
o E(|s}|IXp) < R,

where R does not depend on p € N and on h < hg.

The condition (C1) will be fulfilled for projection schemes in general, while
the condition (C2) is equivalent to the fact that the corresponding piecewise
trajectory lies in the neighbourhood QF of ¥: It will be fulfilled for A sufficiently
small in the case where the random variables Ug] are uniformly a.s. bounded.

The condition (C3) expresses the fact that the scheme is consistent with (1.1).
Note that this condition implies in particular that for a given ¢ € {1,..., D}, we
have using (3.1)

E (w U} X,) = 0. (3.2)

Note moreover, that the first three terms in the expression of X, 11 — X, define a
vector in Q° attached to the point X, € 3. Using (2.10), (2.12) and (2.14), the
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fact that J[Zg] = f# = 0 and the fact that Agg(y, 0) = 0, we see that in orthogonal
coordinate system, the tangential part of this vector is

D D
(0% (6% (6% 1 (0%
(Xpi1 = Xp)* = VB Y ofgU +h(f2 + 5> ofDaofy) €Tx, B0 (3:3)
(=1 (=1

while its normal part is

D
z h z «
=1

where all the functions are evaluated in X, (for which we have z = 0).

3.1 Convergence result

Lemma 3.1 Let v be a function defined on ¥y. Then we have
VpeN, E((X1)—v(X,)X,) = AL(X,: D)o(X,) + b, (3.5)
with
Bl <C suwp D70l e 3,

where C' does not depend on p and of h < hg.

Proof. With the notation of (C3), the curve

(0,1) 30— p(0) = F_p(x,(0)) (Xp(0))

is a well-defined curve on X such that a,(0) = X, and a,(1) = X, 11 . We can
write

1
o(Xpe1) = o(X) = [ ol 0)a0

whence
d 1 d? 1 d3
0(Xps1) = 0(X,) = 20(@p(O)lo= + 5 1700 oo + 7 270(0(0))lo=o
1 1 3 d4
— 1-— — . .
+ 21 J, (1-29) d94v(ap(9))d0 (3.6)

We can decompose the application 6 — v(a,(0)) as
v(ap(0)) =vollo X,(0)

where I : Q° — Y is defined as II(x) = F_p(,)(z). Let us denote by (dII)¢(x)
the jacobian matrix of IT acting from 7,Q° to Tij(,)X0, and similarly, (d2H)%
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and (dBH)% . the second and third differential of II. Here, the greek indices are
(N — 1)-dimensional, while the roman indices are N-dimensional.
We have

%v(%(@)) = Dav(IT 0 X, (0)) (A1) (Xp(0)) (Xps1 — Xp)".
For 6 = 0, this yields

Loy (0)o=0 = Dt (X,) (A (X,) Xy — X,

In a normal coordinate system, the application IT simply reads (y, z) — y, and
thus its restriction to Y is the identity. Hence, if T is a tangent vector to X
viewed as vector in RV, we have as X, € X,

(A& (X,)T" = T

where T denote the components of 7" in a local basis of T'x, 3. Using 3.3 we
have

(dID) (Xp) (Xp+1— \/_Zaz]

+ h(AI)F (X, )wh + A3 () (X,)rd + h*(dIDE (X)) sk

Denoting the conditional expectation E(-|X,) by EXr, this implies that

D
d 1
EYr —-v(ap(0))lo=o = h(fo‘ 32 aﬁ]Dﬁafg})Dav + h2e
/=1

where all the functions are evaluated in X,,, and where
1
El¢V] < R|Dol| . -
For the second derivative, we have

2
%U(ap(e)) = Dyo(Il o Xp(‘g))(dQH)%(Xp(e))(XpH - Xp)i(Xerl - Xp)j

+DgDav (o X,y (0)) (AT (X, (0)) (X1 — X,)'] [(dID)] (X, (0)) (X1 — X))
(3.7)

Let T be a vector in RY. In an orthogonal coordinate system around Xp, let T
be its components in Tx, ¥, and T its components along the normal to Tx, 5,
We have

(A* D)5 (X,)TTY = (d*T)g(X,) T T+ 2(d*TDG, (Xp) TPT + (A2, (X,) T T
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But as the restriction of II to X is the identity, we have (dzl'[)g‘ﬁ(Xp)T"Tﬁ =0.
Using (C3), (3.3), (3.4) and (3.2) we easily see that

|E ( p+1 — Xp)ﬂ(Xerl - Xp)z| < Ch?
for a constant C' independent of p.
Hence, using the fact that EX?|(X,11 — X,)?| = O(h) we get
EXP|(d2 )z‘j(Xp)(Xp+1 - Xp)i(Xerl - Xp)j| < Ch2
for a constant C' independent of p.

Similarly we have for the second part of (3.7), for 6 =0,
E*DsDav(Xp) (Xpr1 — Xp)* (Xpi1 — Xp)°

This implies that

2

d
157V (@(0))lo= O—Zaz] DD + A2
=1

EX»

where the functions are evaluated in X,,, and with
2
El¢| < C sup |ID7o] . -
J=12

Differentiating again the function v(a,(0)), we can see by similar computations

that
3

d
EX»
de3

and that for all § € (0, 1),
4

v(ap(0))lo=o| < CA* sup [D7v]] .
J=1,2,3

d
XP
£ det

w(op(®)] < Cn* sup D]

goeoy

Collecting together the previous formulas, we get

E(0(Xpe1 — X, X,) =

D
1
(faDan + = Z DﬁO'[g -|— 5 Z O'[ﬂg]O'[oé]DﬂDav> + hQé‘p
(=1
where &, satisfies the estimate of the Lemma. This yields the result. |

Theorem 3.2 Under the hypothesis 2, let X (t) be the solution of (1.1) starting
at zg € Yo, and let (Xp)pen be a family of random variables satisfying (C1) —
(C3) for h < hg and such that Xy = xo. Let g be a smooth function defined on
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Yo and let t, = ph for p € N. Then we have for hy sufficiently small and T' > 0,

Vt, <T, |Eg(X,) —Eg(X(ty))| <C(T)h (3.8)
where C(T') depends on T and hg.

Proof. Let u(t,z) be the solution of the equation 0,u = Lu on Q° with the
initial condition wug(y, z) = ¢g(y) written in an orthogonal coordinate system (see
Theorem 2.3). Following [22], we write

9(Xp) = u(0,Xp)

p—1
= u(tp, .’L‘o) + Z u(ti, Xp_i) — ’U,(tz‘, Xp—i—l)

- i=0

+ Z u(ti, Xp—i—1) — u(tiv1, Xp—i—1)
i=0

Hence we have
p—1
Eg(Xp) —Eg(X(tp) = > B(E(ults, Xp—i) — u(ti, Xp—i1)|Xp-i1))
i=0

p—1
+ > E(E(u(ti, Xpio1) — ultiv, Xp-io1)| Xp-i1))
=0

Using the previous lemma, we have
E(u(ti, Xp—i) = ulti, Xp—i—1)| Xp—i-1) = hL(Xp—i—1; D)ulti, Xp—i—1) + h%&;
with

Elépil <C sup [D7u(t;, ) (3.9)

=1,...,

HL""(ZO) ’
Now using Taylor expansion, we easily get
u(ti, Xp—i—1) = utivr, Xp—i1) = —hL(Xp—i—1; D)ults, Xp—i-1)
— % /Oh(h — 8)L(Xp—i—1;D)?u(t; + s, X,_i1)ds.
But as L is an operator of order 2 in D, we have

E(L(Xp—i—1;D)?ulti + 5, Xp—i1)| Xp—i1) < CJ sup. ID”u(t; + s, M oo (5)

(3.10)
for some constant C' independent of p € N and ¢ € N. Collecting together the
previous results, we see that

p—1
Eg(Xp) —Eg(X(ty)) = h? Z Cpii
=0
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where |(p| < Csupy_; 4 [ID7u(t;, ) and this yields the result. |

H LOO(Zo)

3.2 The ergodic case.
In this subsection, we assume that the hypothesis (2.19) is satisfied. We as-

sume moreover that the family of random variables { X, } satisfies the additional
hypothesis
(C4) Forall zp€ ¥y, and forallopenset W C Xy then
if Xo=20 PEpeN|X,eW)>0.
As ¥ is compact, this hypothesis ensures that the process {X,} possesses a

unique invariant probability measure p for which it is ergodic: For all bounded
function g on X,

N
1
lim — E g(Xp):/ gdu" as. (3.11)
N S0

The following result refines the preceding convergence theorem. It shows
that under the hypothesis (2.19) the constant in the convergence estimate (3.8)
is uniform in 7"

Lemma 3.3 Under the hypothesis 2 and (2.19), let X (t) be the solution of (1.1)
starting at xg € Yo, and let (X,)pen be a family of random variables satisfying
(C1) — (C3) for h < hgy and such that Xg = xo. Let g be a smooth function
defined on o and let t, = ph for p € N. Then we have for hgy sufficiently small,

VpeN, |Eg(X,)—Eg(X(tp))| <Ch

where C' does not depend on p and h < hg.

Proof.  The proof is similar to the proof of Theorem 3.2. The changes are
the following: Eqn. (3.9) together with (2.35) imply that there exists positive
constants v and M independent of h < hg, such that for all p € N and i € N,

E[&pi| < M exp(—t;).
Using the same estimates in (3.10), we see that

p—1
Eg(Xp) —Eg(X(tp)) = h? Z Cpii
=0

where
|Cp.il < M exp(—t;)
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after possible change of the constant M which does not depend on p, i and
h < hg. Hence we have

Eg(Xp) —Eg(X(t,) < Mh*) exp(—t)

z';o ‘
= MAh? Z exp(—vyh)"
i=0
= Mh——8F—
1 — exp(—vh)
< Ch
for some constant C' independent of p, and h < hg sufficiently small. This shows
the result. |

Theorem 3.4 Under the hypothesis 2 and (2.19), (C1) — (C4), let u" be the
invariant measure on Yo of the process {Xp} for h < hg. Let g be a smooth
function defined on ¥o and let t, = ph for p € N. Then there exists a constant

C' such that
/ gduh—/ gdZ/(O)' <Ch
Yo >0

where dv(0) is the probability measure

-1
( / u(y,O)dEo> iy, 0)d,
3o
on Yo with u(y,0) defined by (2.21).

Proof. Using Lemma 3.3, we have

N
1 1
E— " g(X,) ~ B Y g(X(1,)) < Ch (3.12)
p=0
Now, using the hypothesis 2 and (2.19), we have

. B
lim _;)Q(X(tp))_/zogdy(()) a.s.

N—oco N —

Hence, taking the limit N — oo in (3.12) yields the result. ]

4 Applications
In this Section, we give two classes of SDE of the form (1.1) satisfying the hy-

pothesis (1.3), (2.19) with p = 1, and (2.16). We then give example of numerical
schemes in both these cases, and show numerical results.
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4.1 Two examples of conservative SDEs
4.1.1 Stochastic shakers

In the spirit of [10], we introduce the following SDE, constructed as Hamiltonian
system with stochastic time dependent symplectic matrices.
Let (Gg)i<e<n(v— 1)/2 be the set of N x N skew symmetric matrices with co-

efficients satisfying G[J] =0 for all (i,5) € {1,..., N2\ {(i(0),5(0)), (5(£),i(£))},
and Gz[éf)’](@ = Gfé(f) A = 1, where the indices (i(¢),j(¢)) are such that

YY), 5(0) = Ui<icj<n (i 5). The set of matrices (Gg)i1<r<n(n—1)/2 I8
a basis of the space of (real) skew symmetric matrices. In the case N = 3, we can
choose, for instance, (i(1), j(1)) = (1,2), (i(2),j(2)) = (1,3) and (i(3),j(3)) =
(2,3), which corresponds to

0 10 0 01 0 0 0
G'=[-1 00|, G*=|l0 00|, and G*=10 0 1
0 00 -1 0 0 0 -1 0
We consider stochastic differential equations of the form
AX(t) = J*o H(X (t))dt + ZG ORH (X (t)) o dWiy(t) (4.1)

where J is a N x N skew symmetric matrix and D = N(N — 1)/2. This SDE
is of the form (1.1), with f’(x) a Hamiltonian deterministic vector field, and
afq (x) = Gfﬁ@kﬂ (z). The skew-symmetry of the matrices J and Gy implies
that the condition (1.3) is satisfied.

Moreover, it is easy to verify that this system satisfies the condition (1.9),
and hence (2.19) with p = 1 and thus is volume preserving.

The following result shows that the condition (2.16) is fulfilled for the equation
(4.1):

Lemma 4.1 Assume that the hypothesis 1 is satisfied. Then there exists a con-
stant ¢ > 0 and ¢ > 0, such that, for all z € (—¢,¢), x € X, and £ = (&)X, €
T,>., we have

2
D N
> Z&G OH () | > &I (4.2)
/=1 \i,k=1 =1

Proof. By the definition of the set of matrices (Gg)1</<n(n—1)/2, the sum in
Equation (4.2) can be written

> (ﬁiakH - fkaiH>2-
1<i<h<N
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Let us denote by nj the k-th component of VH/||VH]|, i.e. ny = OxH/||VH].
We have

> (fz‘nk - flmi)Q = D Eni+E&ind = 26mn

1<i<k<N 1<i<k<N
9 9
= E §ng —2 E §ink&rn;
ki 1<i<k<N

Writing

and using the fact that >, n? = 1, we find that

N
2
> <§mk - &cnz‘) =Y G-np) -2 Y &Gmbn
1<i<k<N k=1 1<i<k<N
N N
=) G- &Gni-2 ) &b
k=1 k=1 1<i<k<N

N 2
2
= [I€ll” - <Z§knk> :
k=1
Now if & € 1,33, we have by definition
Z L0k H = 0.
k
Gathering these results together, we find that
2 2.2
> (6o —goH) = IVH| ¢

1<i<k<N
and this yields the result with

¢c= min min [|[VH(z)|,
z€(—e,e) TEX:

which is positive under the hypothesis 1, for sufficiently small e. [ |

4.1.2 Projected gradient dynamics

We would like now to introduce another dynamics ergodic with respect to the
microcanonical measure (see [7]).
For any point 2 € RY, let us define the orthogonal projector on T, H(z):

VH @ VH
Pzx)=1d — ———(x). 4.3
() V| () (4.3)
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In Cartesian coordinates, its components are written

L (VE)(,H)
Pl=§4 T
U

Let us now consider the following SDE:

AX'(t) = = P)(X(1))V (g0 H +In |[VH|| ) (X(2)) dt + V2P(X (1)) 0 dW(1)
(4.4)
where X*(t) € RV, Wi(t) is a N-dimensional Brownian motion, and g : R — R
denotes any smooth function. This SDE is of the form (1.1) with o(z) = V2P (z),
and f(z) = —P(x)V(g9(H(z)) + In||[VH(x)||). Using the definition of P(z), it is
clear that (1.3) is satisfied.
Let us introduce the function V' defined by:

Viz) = (goH—i—lnHVHH) (2). (4.5)
The fact that (2.19) is satisfied for p = 1 is equivalent to the equation!
—V,PIVIV + V,P/VIP = 0. (4.6)
But we have (see Lemma A.1 in [7] for the first equality)
PiVIPf = —P/V'In|VH|
= —PV'V,

and hence the equation (4.6) is sastisfied.
Finally, the equation (4.4) satisfies (2.16): We have for all x € X, for all

5 E TZ'EZ
N L
> (&) =3¢
j=1 j=1

which shows (2.16) with A = 1/2.

Remark 4.2 More generally (see [7]), using such projected SDE, it is possible

to sample any measure of the form exp(—3V)|V¢|~1dS, where V : RY — R is

an energy, £ : RV — R is a reaction coordinate and S, = {z € RV|¢(z) = 2}.
One needs to consider the solution X (¢) of the SDE

dX'(t) = —Pj(X(1))V V(X () dt + /2871 Pj(X(t)) o AW (1)

'Recall that in Cartesian coordinates we have ViH = V;H = 0;H, and similarly for the compo-
nents of the projection operator P =PV = P!
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where P(x) is the projector
Pla) —1d - 2O VE

e

4.2 Numerical schemes

We now give examples of schemes corresponding to both the previous systems of
SDE.

4.2.1 Methods for stochastic shakers.

A general method for constructing schemes adapted to (4.1) is the following: For
each discrete time step ¢, = ph, draw a symplectic matrice (hJ + \/EGM UILE]),
where UI[,Q satisfies the hypothesis of Section 3, and then apply any energy pre-
serving method to the deterministic system associated with this matrice. In order
to be consistent with the SDE, the scheme has to be of order 2 which will be
automatically the case if the method is symmetric. For instance, the following
two schemes can be considered:

1. Symmetric projection. This is the scheme defined as follows: Assume that
X, € Yo, and define X1 by

Xp - Xp"‘VH(Xp)TMa

5 ~ X
Xp+1 = Xp + (hJ + G{QUEBVH(%), (4'7)

Xpt1 = Xpp1 + VH(Xpi1) 1,
where p is chosen such that X1 € 3¢ (see [14]).
2. Symmetric discrete gradient. This is the scheme defined by
Xpi1 =Xy + (hd + GUIVH (X, Xpi1), (4.8)
where VH (7, y) is a function satisfying:

VHG.y) (G ~y) = H(y) - Hy),
VH(y,y) = VH(y).

With these properties, we can easily prove that H(X,41) = H(X,). We can take
for instance
H() - H(y) - VH@E) Ay

VH(y,y) = VH(7) + 5
1 Ayll

29



with § = %(g/] +y) and Ay = y — y. This scheme, named midpoint discrete
gradient was introduced by Gonzalez [12].

It can be checked that these schemes satisfy the hypothesis (C1) to (C4) for
4]

h sufficiently small provided the random variables Upg are a.s. bounded.

4.2.2 Projected gradient dynamics schemes.

For the discretization of the SDE (4.4), we note that it can be rewritten in the
following form:

AX (t) = —VV(X(8)) dt + V2AW (t) + VH(X (t))dA(), (4.9)

where A(t) is a real valued process, which can be interpreted as the Lagrange
multiplier associated with the constraint H (X (t)) = H(Xp). This process can
be decomposed into two parts:

dA(t) = dA™(t) 4+ dAf(2). (4.10)
The martingale part A™(¢) is

VH
2
IVH]

dA™(t) = —V2 (X(t)) - dW (), (4.11)

where - implicitly denotes the It6 product. The bounded variation part Af(t) is

At = —H (x@ SVVI(X (1) dt + vH
(t) HVHHQ( (t)) (X(1)) Tk

(X(8) - T(X(@)dt,  (412)
where I'(z) denotes the mean curvature vector to X g (,) at point z:

r:-v-( Vi ) Vi (4.13)

IVH| ) IVH

We can now consider two discretizations of (4.4) which can be shown to be
consistent (see [7, 15]). The first one is:

{ X1 =X, — VV(X0) h+V2h Uy, + AAyiy VH(X,41), (414)

where AA,, 41 is such that H(X,1) = Ho,
where h is the time step and U, is a 3N-dimensional standard Gaussian random
vector satisfying the hypothesis in the beginning of Section 3. Notice that (4.14)

admits a natural variational interpretation, since X,, 1 can be seen as the closest
point on the submanifold 3, to the predicted position X, —VV(X,,) At+v2h U,.
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The real AA, 41 is then the Lagrange multiplier associated with the constraint
H(Xp41) = Ho.
Another possible discretization of (4.4) is

{ Xpi1 = X, — VV(X,) b+ V20 Uy, + AN, VH(X,), (4.15)

where AA,, 41 is such that H(X,+1) = Hp.

Although this scheme is not naturally associated with a variational principle, it
may be more practical since its formulation is more explicit.

It can be checked that these schemes satisfy the hypothesis (C1) to (C4) for
h sufficiently small provided the random variables U,, are a.s. bounded.

These numerical schemes for constrained Brownian dynamics are in the spirit
of the so-called RATTLE [3] and SHAKE [19] algorithms classicaly used for con-
strained Hamiltonian dynamics, and also related with the algorithms proposed
in [23, 2, 18].

4.3 Numerical results

We cconsider the following hamiltonian in dimension N = 4:

1
H(x1, 20, 23,24) = 5@% + 23) + V(z3, 24) (4.16)

where
V(xs,xq) = (CC% - 1)2 + (x4 + x% — 1)2.

We are interesting in computing the averages of the following eight observables
(z3, 2%, ¥5, x4, 23, 22, 23, V(23,24)) with respect to the NVE measure (1.6). To
this aim, we simulate approximations X,, p > 1 of the previous systems, and
compute the time average (3.11) for sufficiently large N.

The hamiltonian (4.16) represents a particle in dimension 2, with momentum
(P2, py) = (z1,22) and position (¢, qy) = (x3,24) in the double-well potential
V. It is possible to calculate analytically the exact averages of the observables
mentionned above. We refer to Section 3.4 in [6].

In Table 1 and 2, we show the result for the method (4.8). The initial con-
ditions are such that x; = 0.5, x9 = —0.5, x3 = —1 and x4 = 0.5, so that the
initial energy level is H = 0.5. The 95% confidence interval is obtained with 30
independent runs. The time step is h, and the number of points in the trajectory
is represented by the number N.
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Observables | Exact  Approx. h=1.10"3, N =5.10°

T3 -0.94459 -0.94580  [-0.94651 -0.94509]
a2 0.92843  0.93064 [ 0.92930, 0.93196]
i 0.98964  0.9937 [ 0.99110 , 0.99625]
24 0.07156  0.07075  [0.06825 , 0.07326]
a2 0.25517  0.25470  [0.25392 , 0.25548]
22 0.24482  0.24496  [0.24432 , 0.24560]
a2 0.24482  0.24528  [0.24465 , 0.24591]

V(zs,x4) 0.25517  0.25488 [ 0.25453 | 0.25522]

Table 1: midpoint discrete gradient algorithm

Observables | Exact  Approx. h=5.10"% N = 10°
T3 -0.94459  -0.94458  [-0.94511, -0.94404]

3 0.92843  0.92850 [0.92750, 0.92950]

T3 0.98964  0.99009 [ 0.98814, 0.99203]

T4 0.07156  0.07201 [ 0.07011, 0.07391]

3 0.25517  0.25550 [0.25476, 0.25625]

x? 0.24482  0.24444 [0.24389, 0.24500]

x% 0.24482  0.24448 [0.24384, 0.24512]
V(xs,x4) 0.25517  0.25554 [ 0.25517, 0.25591]

Table 2: midpoint discrete gradient algorithm

In Tables 3, we give the results obtained with a slight modification of the
dynamics (4.14), namely:

Xpi1 = Xn — VV(Xn) h+ V20U,
+ WJ? VH(X,) - \/thfg';”f;’ VH(X,) 4+ ANy VH(X 1),
where AA,, 41 is such that H(X,,11) = Ho,

(4.17)
The two additional terms are easy to compute, do not modify the consistency of
the scheme, and improve the convergence in the projection step. In practice, we
use an Uzawa algorithm to perform the projection step. The initial values are
the same as in the previous section

Observables | Exact Approx h=15.10"% N = 10°

0.24766, 0.24936

73 -0.94459  -0.94094  [-0.94288, -0.93900]
73 0.92843  0.92051  [0.91688 0.92414]
T3 0.98964  0.97029  [0.96342 0.97715]
T4 0.07156  0.07372  [0.06666, 0.00808]
z3 0.25517  0.26230  [0.26071, 0.26390]
z? 0.24482  0.25074  [0.24910, 0.25238]
3 0.24482  0.25223  [0.25074, 0.25372)]

[ ]

V(zs,zs) | 0.25517  0.24851
9L




Table 3: projected gradient algorithm
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