page=0



A. Buffa

Méthode de décomposition de domaine avec
maillages non conformes pour

I’électromagnétisme

ANNALISA BUFFA
Istituto di Analisi Numerica del C.N.R. Pavia (Italy)
Laboratoire Jacques Louis Lions (Paris)

En collaboration avec:
Y. Maday, F. Rapetti, F. Bouillault, F. Ben Belgacem



A. Buffa

Outline

e Domain decomposition method with non-matching grids:
— A Model problem and its variational formulation;
— Definition of the mortar method;

— Convergence results;

e Applications
— magnetostatics;

— 3D electric engines.



Domain decomposition: the mortar method

curl E = —0;B div (eE) = p

curl !B =cO,E+J, + oE div(B) =0

EAngo=0 B -njpog=0

E(-,0) =Eo B(-,0) = Bo.

e Good parallel/domain decomposition methods are of KEY
IMPORTANCE in electromagnetic computation.

— huge calculation: 3D vectors in the space, sometimes 6.

vectors in the space.

— Often the coefficients involved (e, u, o) are discontinuous at

the interface between different materials.



Domain decomposition: the mortar method

Maxwell’s equations, model problem

curl E = —0;B
curl n !B =cd,E+J, + oE :> u—+ curlcurlu ="f
EAngg =0 B-npog=0 uAn=0 at o)
E(-,0) =Eo B(-,0) = Bo.
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Domain decomposition: the mortar method

3D continuous/discrete problem
Ho(curl,Q) ={uecL?Q)’ : curlue L?(Q)°, uAn=0at 90}
= {(w;); € L?(9;)?, curlu; € L*(€;)%, uAn =0 at 99
u; An=u; Anatl;}
Variational formulation:

u € Hy(curl, Q) Vv e Hy(curl, Q)

fQu-V+churlu-curlv — fo-V
Discretization:

e Independent grids on each subdomain , 7; p;

Edge Elements in each subdomain;

e LFasy and optimal coupling among subdomains;

([un A nﬂ,goh)rij =0 ¢, €77
Mortar method: the constraint is in the discrete space



Domain decomposition: the mortar method

> = Skeleton, > = Ule I'y, non-overlapping partition
(7 .n, Xi.n), conforming H(curl, ;) finite elements , i =1,.., N
X, = Q),; X; » + boundary condition at 02
(%Fh,Mg,h) finite elements on I'y, £ =1, .., L
My, =@, Mo,

We set uy = (uj, .., u))

a(u,v) =31 [, (ui-vi +curlu - curlvi)dQ  Vu,v e X,

b(u,A) =3, fr, [un An] - Xpdl Yu € Xy, A, € My,

Discrete space: X, = {vy, € X;, s.t. b(vp, ) =0 Ve, € My}

Discrete problem: Find uj; € A}, such that
a(uh,vh) = fQ fv, Vv, € &}



Domain decomposition: the mortar method

Edge Elements

Families of H(curl, 2) conforming finite elements, Tetrahedra

Nédélec ('80): (E€9(Q,)) v:T —R3, v=a+bAx; abecRS
[V -7rpds Vo€ Pye) e=e;, i=1,.,6 (6D.oF.)

Nédélec (’86): (E€1(Q;)) v : T — R3, v € Py (T)3
[V -7rpds Vo€ Pi(e) e=e;,i=1,.,6 (12D.oF.)
Tangetial Traces: A =uAn (n outward normal)
EEY (W) Any =  RT1(0)
EE1(Q) An; = BDM(08;)

0f); non-smooth surfaces

H (div)-conforming, normal components.



Domain decomposition: the mortar method




Domain decomposition: the mortar method

Choice of discrete spaces

Xin=EEL, Ton:={Viw) o A1, Vi) n € Xio),nt
Tgh = Ty N Ho(div,I'y),

My C Ty such that dim(Mh) — dz’m(Tgo’h).

My =Ty, = no existence of solutions.
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Domain decomposition: the mortar method

Constraint space formulation

Xp=4{vp € Xy, st. blvp,)=0 Ve e M}

Find uj, € &}, such that a(uy, vi) = |, fvy Vv, € &y
We have a non—conforming approximation on {2:

Lemma: (Berger-Scott-Strang) If curlu € H'(Q), then:

||11 — uhH*,curl S, infthXh ||ll — VhH*,curl"‘
L

Z 172, < Huh A ngﬂe, (curlu)r >1/2,T
(=1

SUPy, e x,,

(curlu)7 = n A (curlu A n)

|| ||* ,curl — Zz 1 H chrl Q; (broken norms)
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Domain decomposition: the mortar method

Error Estimates When max h; < min h; (mesh sizes)

1<i<M 1<i<M

lu = upnllscurt S hy/[Inh| |[ul

*,2,curl,(?

Ingredients
I : L*(T) — Tho Jp(A—=TIaX)pn = 0 Ve, € My
[MIa A2y S HAlz2(r)
7} : H'(curl, ;) — ££1(£;) interpolation operator

ui — Zj i [eurt + A7 |Jus — Zhwil| 2 S hfuilsqae;

'vin An|lor < hq;_l/2Hvi’h A n||(H(1)62 inverse inequality

()’

curlu)r|s Br < ht’2. /| 1n h1 curlu)r||s11/2. 1 Sobolev inequality
: 5 Yo +1/2,

e The regularity of u is requested only in a neighborhood of I.
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Domain decomposition: the mortar method

In((W_a-W_h)/W_a)

same mesh size different mesh size
Error on the energy value (h_1=h_2) Error on the energy value (h_1 different from h_2)
_03 T T T T T T _06 T T T T T
-0.6 - .
-0.9 |
e——=e matching
U o- — -0 pon-matching i
-1.2 -
—~ -15~-
— CGI
=
J EI -1.8 |
7
] “5| =21 r
=
£ 241
=2.7 -
— _3 [
_36 1 1 1 1 1 1 1 1 _33 1 1 1 1 1
-32 -3 -28 -26 -24 -22 -2 -18 -16 -14 -3 -2.75 -25 -2.25 -2 -1.75 -15
In(h) In(h)
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Domain decomposition: the mortar method

Magnetostatics

curl(v curlu) =J in Q uxn=0 on 0.

here u : curlu = B and u solution implies u + V¢ is solution.

Variational formulation T : curlT = J, and

Given T € L*(Q)?, find u € Hy(curl, ) such that
Joqveurlu-curl vdQ = [, T-curl vdQ) , Vv € Hy(curl, )

Discrete Variational formulation

Given T € L?(Q)?, find u;, € X}, such that

Jo v curluy -curl v, dQ = [, T -curl v, dQ , Vvj, € &,
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Domain decomposition: the mortar method

Features of the discrete problem:

e We need to construct a basis for A}, ... their are supported on
3/4 tetrahedra;

NES/

7

§ I N
§> ********** 47%?

%

interface integration interface
mesh mesh mesh

e The final system has the form:
Muy, =T,

where the matrix M has a non-trivial kernel. The system has a
solution since 7, € range{M}. Conjugate gradient method!
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Domain decomposition: the mortar method

Table 1: Conforming discretizations

meshes dof | CG residual/ 10~ | CG iterations | energy,/10°
I-1 68 4.7063 20 1.5419
IT - 11 296 9.7081 30 1.9261
IIT - III 712 9.9794 43 2.0271
IV -1V 2652 9.9279 52 2.1267
V-V 2604 8.9139 67 2.1267
VI - VI 6416 9.4174 90 2.1622
VII - VII | 12820 9.4468 113 2.1787

Analytic value of the energy: 2208 MJ
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Domain decomposition: the mortar method

Table 2: Non-conforming discretizations

meshes dof | CG residual/10~"7 CG iterations | energy/10°
I-1rotated 68 7.3256 53 1.5521
IIT - 1 358 7.8839 2D 1.7466
I - III 422 9.2364 141 1.7764
I - IIT rotated 422 9.6712 127 1.7779
IT - IT rotated 296 9.7265 75 1.9195
IT-1V 1539 9.7055 143 2.0216
IT - IV rotated 1539 9.6157 142 2.0264
IIT - III rotated 712 9.7021 92 2.0277
IV - IV rotated 2652 9.6514 108 2.1318
V - V rotated 2604 9.9828 116 2.1267
VI - VI rotated 6416 9.9618 135 2.1621
VI - VII (*) 9722 9.8627 193 2.1703
VII - VI (*) 9514 9.7641 186 2.1703
VII - VII rotated | 12820 9.7970 194 2.1786

Analytic value of the energy: 2208 MJ
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Domain decomposition: the mortar method

a% + curl (v curluy) = J; 21(0)
curl (v curlusz) = J; Qo
div(Reu) = 0 Tx]0,T|
8u1

T,, = le r X [( — oo —I—JS) X curlul]dQ

dw do
J—+kw =T, , w=—

dt dt

(Re(a1))r,r(x,t) = (uz2)r,r(x,1)

(Ri(vecurluy)),r(x,t) = (vecurlusz), r(x,1t
where Riu = Ri(u(R_:x,1)).

Theorems: Existence, uniqueness for J suff. large, discretization

by mortar edge element + Implicit /explicit Euler in time.
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Domain decomposition: the mortar method

Time discretisation and coupling

initial configuration —4/

computation
of the magnetic

potential u temporal increment
calculation of
the magnetic torque

- 656
solution of the
mechanical : application of
equations the computed
W and O angle @

Coupling flowchart

Time discretisation by a simple implicit/explicit Euler.

Download at http://www.ian.pv.cnr.it/ annalisa
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