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Example of strongly anisotropic mesh

Boundary layer 0.0001, 241 vertices, asp. ratio > 10*.

Mesh Isovalues

Same accuracy with isotropic, adaptive finite elements : O(10 000) vertices !



Example of strongly anisotropic mesh




Anisotropic a posteriori error estimates and anisotropic,
adaptive finite elements

Laplace problem

Advection-diffusion

The heat equation
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A posteriori error estimators : example 1

Isotropic, residual-based, explicit a posteriori error estimator (Baranger El-Amri
M2AN 1991, Babuska Duran Rodriguez SIAM Numer. Anal. 1992)
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Numerical results (isotropic, residual-based, explicit err. est.)

hl — h2 error et hl — h2 error el
0.01 — 0.01 1.36 | 4.71 0.005 — 0.04 0.65 3.2
0.005 — 0.005 0.69 | 4.64 0.0025 — 0.02 0.33 | 134
0.0025 — 0.0025 | 0.35 | 4.74 0.00125 — 0.01 | 0.16 | 13.6
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Numerical results (Zienkiewicz-Zhu)

hl — h2 error et hl — h2 error el
0.01 — 0.01 1.36 | 0.81 0.005 — 0.04 0.65 | 0.94
0.005 — 0.005 0.69 | 0.92 0.0025 — 0.02 0.33 | 0.98
0.0025 — 0.0025 | 0.35 | 0.97 0.00125 — 0.01 | 0.16 | 0.99

Open question : why is ZZ asymptotically exact on some non-parallel meshes ?
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Anisotropic, a posteriori error estimators

Goal : to extend the explicit, residual-based error estimator to strongly anisotropic
meshes.
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Anisotropic interpolation estimates (Formaggia Perotto,
Numer. Math. 2001)
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Anisotropic, a posteriori error estimates

Recall that
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An anisotropic error indicator based on ZZ error estimator

14



An anisotropic error indicator based on ZZ error estimator

hl — h2 error el

0.01 — 0.01 1.36 | 2.22
0.005 — 0.005 | 0.69 | 2.42
0.0025 — 0.0025 | 0.35 | 2.54




An anisotropic error indicator based on ZZ error estimator

hl — h2

error | et hl — h2 error | et
0.01 — 0.01 1.36 | 2.22 0.005 — 0.04 0.65 | 2.43
0.005 — 0.005 0.69 | 2.42 0.0025 — 0.02 | 0.33 | 2.62
0.0025 — 0.0025 | 0.35 | 2.54 || 0.00125 —0.01 | 0.16 | 2.68
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Anisotropic interpolation estimates (Formaggia Perotto,
Numer. Math. 2001)
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Anisotropic, adaptive finite elements
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Anisotropic, adaptive finite elements
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Anisotropic, adaptive finite elements
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Anisotropic, adaptive finite elements

1/2
. (ZKET}L n%)
Goal : find 7}, s.t. 0.75 TOL < < 1.25 TOL.
(fQ |Vuh|2) e
Sufficient condition : 0.75*TOL? [, [Vus|? < ng < 1.25°TOL? [, |Vuy|?
1 8uh .
with e = (1 + Bl +—1 | [52] | )




Adaptive meshes for the Laplace problem
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Adaptive meshes for the Laplace problem

TOL = 0.25 : adapted mesh after 30 mesh generations, 145 vertices (zoom)

19



20

Advection-diffusion
Find u : 2 — R such that

—eAu+a-Vu=f in €2,
u=20 on 0f).
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Advection-diffusion

Find u : 2 — R such that

—eAu+a-Vu=f in €2,
u =20 on 0f).

Continuous, piecewise linear, stabilized finite elements

Question :

what is the stabilization coefficient on strongly anisotropic meshes ?

Q= (0,1)% € =0.0001, a = )L, f =0, 241 vertices, asp. ratio > 10%.

Mesh Isovalues /Zoom
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The heat equation

Find u : Q x (0,7) — R such that

%—AUZJ” in Q x (0,7),

plus initial and boundary conditions.
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The heat equation

T
Error : e = u — upr, / / Vel
0o Jo
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The heat equation

T
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The heat equation
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The heat equation

1/2
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Adaptive finite elements : 0.75 TOL <
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The heat equation
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The heat equation
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Strongly nonlinear parabolic problems : Solidification of a

binary alloy
with Lab. Métallurgie Physique, M. Rappaz A. Jacot.

Phase field model. Find ¢, ¢ : Q x (0,7) — R such that

106 . .
Tror — v (A(V9)Ve)) —S(e,0) =0  inQ2x(0,T),

% div (Du(@)Ve + Dafe.6)V6) =0 in Qx (0.T),
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Solidification : from macro to meso scale
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Solidification : from meso to micro scale




Phase field with low anisotropy
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Phase field with low anisotropy
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Phase field with strong anisotropy
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The multiphase field model

Phase 2
(P2 =1)
Phase 1
(p1=1)




The multiphase field model
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The multiphase field model
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Conclusions and perpectives

Use of anisotropic, adaptive grids : same accuracy with fewer vertices.

Robustness 7 Lower bound ? ZZ ?

Systems of p.d.e ? (Stokes)




