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Motivation

•Application:Modelingofhydrodynamic
andtransportprocessesinshallowwater
flowregimes

•Environmental,economicandpublic
healthimplications

–Simulationoftidalfluctuations

–Salinityandcontaminanttransport

–Predictionofhurricanes,stormsurges

–Modelingofriverflowsandfloodplains

•Effectivenumericalmodelsareneededto
managecoastalenvironments

–Howaccuratearesolutions?

–Howtoobtainmostaccurateresultsat
minimalcomputationalcost?

Figure1:WesternnorthAtlanticocean

Figure2:SouthernLouisianacoastline
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Challenges

•Nonlinearitiesandforcingtermsinshallowwaterequations

-steepgradients,numericaloscillations

•Rapidlychangingandcomplicatedsolutionbehavior

-multipleflowregimes

•Complexdomainswithirregularboundaries

•Largecomputationaldomains

Currentsimulatorshandlesomebutnotallofthesedifficulties!
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Approach

Developandimplementnewmulti-algorithmicmethodsbasedon
discontinuousGalerkin(DG)andcontinuousGalerkin(CFEM)

finiteelementmethods.

Appropriatelyexploitfeaturesbystrategicallycouplingmethods

-acrosssubdomainsinregionofinterest:“domain-decomposition”

-acrossvariablesinmodel:“couplingbyequations”

-combinationofbothstrategies:“multi-coupled”
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Features

DISCONTINUOUSGALERKINFEM

•easilyincorporatesh-andp-adaptivity

•locallyconservativeandaccurate

•easilyhandlescomplexgeometryandnonmatchinggrids

•suppressesnon-physicaloscillations

•handlesadvectiondominatedflowregimesefficiently

•degreesoffreedomassociatedwithelements

CONTINUOUSGALERKINFEM

•handlesdiffusiondominatedflowregimesefficiently

•degreesoffreedomusuallyassociatedwithnodes
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LiteratureReview

CFEMonSWEWaveContinuityModel
Lynch,Gray(1979)
Luettich,Westerink,Scheffner(1991)

DGonhyperbolic-typeCockburn,Shu(1989-)
Bey,Oden(1994)

LDGonsecond-orderLocalDiscontinuousGalerkinMethod
Bassi,Rebay(1997),
Cockburn,Shu(1998),
Aizinger,Dawson(2000)

NIPGonsecond-orderNon-symmetricInteriorPenaltyGalerkinMethod
Baumann,Babuška,Oden(1998)
Rivière,Wheeler,Girault(1999-)

LDG/CFEMAlotto,Bertoni,Perugia,Schötzau(2000)
onnon-matchinggridsPerugia,Schötzau(2000)
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ModelTransportProblem

∂tc+∇·(uc−D∇c)+αc=f,inΩ,t>0,

(uc−D∇c)·n=ucD,on∂Ωi,t>0,

(−D∇c)·n=0,on∂Ωot>0.

c(x,0)=c
0
(x),onΩ.

•Assumecoefficients,initialandboundarydata,anddomainaresufficiently
smoothtoadmitauniquesmoothsolutionc.AssumeDissymmetric,
positivesemi-definiteandbounded.Couldbeadvection-dominated.

•LetΩ∈IR
d

haveLipschitzboundary∂Ωdecomposedinto

inflow∂Ωi={x∈∂Ω:u·n<0},

outflow∂Ωo={x∈∂Ω:u·n≥0}

δΩ

δΩ

i

o
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“DomainDecomposition”CouplingStrategy

CFEM

ΩI

LDG
II Ω nΓ

Γ
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Notation

•{Th}h>0denotesauniformfamilyofFEpartitionsofΩ
(quasi-uniforminΩII)

•(·,·)RtheL
2
(R)innerproductforR∈IR

d
,and〈·,·〉Rintegrationover

surfacesorlines,with
∑

Ωe∈Th

(·,·)Ωeallelements,
∑

γi∈Γint

〈·,·〉γiinterioredges

•Definetraceoperatorγo:H
1
(Ωe)→H

1/2
(∂Ωe),letwk∈C

1
(Ω),then

w
−
(x)=lim

(
s→0−
k→∞)

γowk(x+sne),w
+
(x)=lim

(
s→0+
k→∞)

γowk(x+sne)

with

w=
1

2
(w

+
+w

−
),[w]=w

−
−w

+

•Definethe“upwindvalue”onanelementedge

c
↑

=

{

c
−
,u·ne≥0

c
+
,u·ne<0

on∂Ωe
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ΩILDG

Rewritemodelprobleminmixedform

∂tcI+∇·(ucI+z)+αcI=f,

z̃=−∇cI,

z=Dz̃.

withboundaryconditions

(ucI+z)·n=ucD·non∂Ωi∩∂ΩI,

z·n=0on∂Ωo∩∂ΩI.
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ΩILDG

Forarbitrarytestfunctionsw∈H
1
(Ωe),v,ṽ∈(H

1
(Ωe)

d
),

∑

Ωe∈Th

(∂tcI,w)Ωe−
∑

Ωe∈Th

(ucI+z,∇w)Ωe+
∑

γi∈Γint

〈(ucI+z)·ne,[w]〉γi

+〈ucI·n,w〉∂Ωe∩∂Ωo+〈(ucI+z)·n,w〉∂Ωe∩Γ+
∑

Ωe∈Th

(αcI,w)Ωe

=
∑

Ωe∈Th

(f,w)Ωe−〈(u·n)g,w〉∂Ωe∩∂Ωi,

∑

Ωe∈Th

(z̃,v)Ωe−
∑

Ωe∈Th

(cI,∇·v)Ωe+
∑

γi∈Γint

〈cI,v·ne〉γi

+〈cI,[v]·ne〉∂ΩI/Γ+〈cI,v·ne〉Γ=0,

∑

Ωe∈Th

(Dz̃,ṽ)Ωe−
∑

Ωe∈Th

(z,ṽ)Ωe=0.
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ΩIICFEM

Fortestfunctionr∈H
1
(ΩII),

(∂tcII,r)ΩII−(ucII−D∇cII,∇r)ΩII+〈ucII·n,r〉∂ΩII∩∂Ωo

+〈(ucII−D∇cII)·n,r〉Γ+(αcII,r)ΩII

=(f,r)ΩII−〈(u·n)g,r〉∂ΩII∩∂Ωi
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TransmissionConditionsonΓ

Weenforcethefollowingtransmissibilityconditionsbetweenthetwodomains:

cI=cIIatΓ,

D∇cI·nΓ=D∇cII·nΓatΓ.

CFEM

ΩI

LDG
II Ω nΓ

Γ

Definec
↑
Γ=

{

cI,u·nΓ≥0
cII,u·nΓ<0

onΓ.
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CoupledWeakFormulation

OnΩe⊂ΩI,letfinitedimensionalapproximatingspaceWh=P
k
(Ωe).

OnΩII,letfinitedimensionalapproximatingspaceRh⊂H
1
0(ΩII).

Foreacht>0,weseekapproximatingsolutions
(CI,CII,Z,Z̃)∈Wh(ΩI)×Rh(ΩII)×(Wh(ΩI))

d
×(Wh(ΩI))

d

satisfying

A(CI,C
↑
Γ,Z,w)=L(w)∀w∈Wh,

B(CI,CII,Z̃,v)=0∀v∈(Wh)
d
,

C(Z,Z̃,ṽ)=0∀ṽ∈(Wh)
d
,

D(CII,C
↑
Γ,Z,r)=F(r)∀r∈Rh.
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FunctionalsinΩI

A(CI,CΓ,Z,w)=
∑

Ωe∈Th

[

(∂tCI,w)Ωe−(uCI+Z,∇w)Ωe+(αCI,w)Ωe

]

+
∑

γi∈Γint

〈(uC
↑
I+Z)·ni,[w]〉γi+〈(uCI·n,w〉∂ΩI∩∂Ωo

+〈(uC
↑
Γ+Z)·nΓ,w〉Γ,

L(w)=
∑

Ωe∈Th

(f,w)Ωe+〈gu·n,w〉∂ΩI∩∂Ωi,

B(CI,CII,Z̃,v)=
∑

Ωe∈Th

[

(Z̃,v)Ωe−(CI,∇·v)Ωe

]

+
∑

γi∈Γint

〈CI,[v]·ni〉γi

+〈CI,v·n〉∂ΩI/Γ+〈CII,v·nΓ〉Γ,

C(Z,Z̃,ṽ)=
∑

Ωe∈Th

[

(−Z,ṽ)Ωe+(DZ̃,ṽ)Ωe

]

,

A(CI,C
↑
Γ,Z,w)=L(w)∀w∈Wh,

B(CI,CII,Z̃,v)=0∀v∈(Wh)
d
,

C(Z,Z̃,ṽ)=0∀ṽ∈(Wh)
d
,

D(CII,C
↑
Γ,Z,r)=F(r)∀r∈Rh.
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FunctionalsinΩII

D(CII,CΓ,Z,r)=(∂tCII,r)ΩII−(uCII,∇r)ΩII+(D∇CII,∇r)ΩII

+(αCII,r)ΩII+〈uCII·n,r〉∂ΩII∩∂Ωo

−〈uC
↑
Γ·nΓ,r〉Γ−〈Z·nΓ,r〉Γ

F(r)=(f,r)ΩII−〈gu·n,r〉∂ΩII∩∂Ωi

A(CI,C
↑
Γ,Z,w)=L(w)∀w∈Wh,

B(CI,CII,Z̃,v)=0∀v∈(Wh)
d
,

C(Z,Z̃,ṽ)=0∀ṽ∈(Wh)
d
,

D(CII,C
↑
Γ,Z,r)=F(r)∀r∈Rh.
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StabilityResult

Proposition.Theschemesatisfiesthestabilityresult

|||(CI,CII,Z̃)|||≤
(

‖c
0
‖

2
Ω+

∫

T

0

〈|u·n|,g
2
〉∂Ωidt

)

1/2
+

∫

T

0

‖f‖Ωdt

where

|||(CI,CII,Z̃)|||
2

=‖CI(T)‖
2
ΩI+‖CII(T)‖

2
ΩII

+2

∫

T

0

‖α
1/2

CI‖
2
ΩIdt+2

∫

T

0

‖α
1/2

CII‖
2
ΩIIdt

+2

∫

T

0

‖D
1/2

Z̃‖
2
ΩIdt+2

∫

T

0

‖D
1/2

∇CII‖
2
ΩIIdt

+

∫

T

0

∑

γi∈Γint

〈|u·ni|,[CI]
2
〉γidt+

∫

T

0

〈|u·nΓ|,(CI−CII)
2
〉Γdt

+

∫

T

0

〈|u·n|,(CI)
2
〉∂ΩI∩∂Ωodt+

∫

T

0

〈|u·n|,(CII)
2
〉∂ΩII∩∂Ωodt
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APrioriErrorEstimate

Theorem.ForKagenericpositiveconstant,hthemaximalelement
diameter,andkthedegreeoftheapproximatingspaceP

k
,thescheme

satisfiestheerrorestimate

|||(cI−CI,cII−CII,z̃−Z̃)|||≤Kh
k
.

ThisresultonlyassumestensorDtobepositivesemi-definite.
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LDGAPrioriErrorEstimates

Onconvection-diffusionequations:

Kh
k

Cockburn&Shu,1998L
∞

(L
2
)norm

Kh
k

Cockburn&Dawson,1999generalization

Kh
k+1

Castillo,1999onedimensionalresult

Kh
k+1/2

Dawson&Proft,2000penaltyterm,L
2
(L

2
)norm
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NumericalResults

TestProblems

∂tc+u∂xc−D∂xxc=0

c(x,0)=ĉ

(uc−Dcx)(0,t)=f̂.

•equallyspacedelementsinonedimensionon[0,2π]

•P
1

LegendrepolynomialsinLDGregion

•P
1

basisfunctionsinCFEMregion

•TVDRunge-Kuttatimediscretization

•slope-limitingforLDGsolution
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AdvectionDominated:u=1.0,D=.001

X

Y

01.573.144.716.28

0

0.5

1

LDGRegionCFEMRegion

N=32

t=1.2t=2.2t=3.2t=4.2t=5.2

X
Y

01.573.144.716.28

0

0.5

1

CFEMRegion

N=32

t=1.2t=2.2t=3.2t=4.2t=5.2

(a)CoupledFEMN=32(b)ContinuousFEMN=32
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AdvectionDominated:u=1.0,D=.001

X

Y

01.573.144.716.28

0

0.5

1

LDGRegionCFEMRegion

N=64

t=1.2t=2.2t=3.2t=4.2t=5.2

X
Y

01.573.144.716.28

0

0.5

1

CFEMRegion

N=64

t=1.2t=2.2t=3.2t=4.2t=5.2

(a)CoupledFEMN=64(b)ContinuousFEMN=64
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AdvectionDominated:u=1.0,D=.001

X

Y

01.573.144.716.28

0

0.5

1

LDGRegionCFEMRegion

N=128

t=1.2t=2.2t=3.2t=4.2t=5.2

X
Y
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0

0.5

1
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N=128

t=1.2t=2.2t=3.2t=4.2t=5.2

(a)CoupledFEMN=128(b)ContinuousFEMN=128
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DependencyonInterfaceLocation

X

Y

01.573.144.716.28

0

0.5

1

LDGRegionCFEMRegion

N=64

t=1.2t=2.2t=3.2t=4.2t=5.2

π/8

Coupledsolutionwithinterfacelocationatπ/8
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AdvectionDominated:u=1.0,D=.001

X

Y
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(a)CoupledFEMN=64(b)ContinuousFEMN=64
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AdvectionDominated:u=1.0,D=.001

X

Y
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0
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N=128
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(a)CoupledFEMN=128(b)ContinuousFEMN=128
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AdvectionDominated:u=1.0,D=.001

X

Y

01.573.144.716.28

0
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CFEMRegion
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(a)CoupledFEMN=256(b)ContinuousFEMN=256

CERMICS
November2002

29



ConvergenceResults

TestProblem

∂tc+u∂xc−D∂xxc=0

c(x,0)=sin(x)

exactsolution

c(x,t)=e
−Dt

sin(x−ut)

•L
2

errormeasuredin[0,2π]

•LDGregion[0,π]

•CFEMregion[π,2π]
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NumericalResults

ConvectionequationHeatequation
u=1.0
D=0.0NL

2
errork=1

32.005299
64.0013222.00
128.0003282.01
256.0000802.04

u=0.0
D=1.0NL

2
errork=1

32.004227
64.0010542.00
128.0002632.00
256.0000662.00

ConvectiondominatedequationConvectiondiffusionequation
u=1.0
D=0.01NL

2
errork=1

32.005076
64.0012512.02
128.0003092.02
256.0000752.04

u=1.0
D=1.0NL

2
errork=1

32.004152
64.0010491.99
128.0002641.99
256.0000662.00
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2DShallowWaterEquations

ζfreesurfaceelevation
hbbathymetricdepth
h̄=ζ+hb,totalwatercolumn
ggravityconstant
τbfbottomfriction
fccoriolisforce
udepth-avg.horizontalvelocities

ξ

Bottom sea bed

hb

•Derivedfromdepth-averaged3dincompressibleNavier-Stokesequations

•Verticalwavelengthismuchsmallerthanhorizontalwavelength

•HydrostaticpressureandBoussinesqapproximations

•Applicableeddyviscosityclosuremodel

•Solveforvariablesζanduorqwhereq≡uh̄
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ShallowWaterEquations

PrimitiveContinuityEquation

∂ζ

∂t
+∇·q=0

ConservativeMomentumEquation

∂q

∂t
+∇·

(

1

h̄
qq

)

+τbfq+(fck×q)+gh̄∇ζ−νT∆q=F

Non-ConservativeMomentumEquation

∂u

∂t
+u·∇u+τbfu+(k×fcu)+g∇ζ−

νT

h̄
∆(uh̄)=

F

h̄

CERMICS
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AlternateContinuityEquation

GeneralizedWaveFormulation

∂
2
ζ

∂t2+τo
∂ζ

∂t
−∇·

[

∇·
(

1

h̄
qq

)

+(fck×q)+(τbf−τo)q

+gh̄∇ζ−νT∆q−F
]

=0
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SimplifiedModel

Findζandusuchthat

∂tζ+∇·(uζ)=0(x,t)∈Ω,t>0,

∂tu+g∇ζ−µ∆u=F(x,t)∈Ω,t>0.

•Assumehb=constant,neglectadvectivetermsinmomentumequation

•LetΩ∈IR
2

haveLipschitzboundary∂Ωdecomposedinto

inflow∂Ωi={x∈∂Ω:u·n<0},

outflow∂Ωo={x∈∂Ω:u·n≥0}

δΩ

δΩ

i

o

ζ=ζ̂on∂Ωi,

ζ(x,0)=ζ0onΩ,

u=ûon∂Ω,

u(x,0)=u0onΩ.

CERMICS
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“Multi-algorithmic”CouplingbyEquationsStrategy

Continuityequation:solveforelevationζ⇐discontinuousGalerkin

Momentumequation:solveformomentumu⇐continuousGalerkin

Continuityequation:solveforelevationζ⇐discontinuousGalerkin

Momentumequation:solveformomentumu⇐NIPG

CERMICS
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DG/CFEMDiscretization

ApplyDGmethodtocontinuityequation:forv∈H
1
(Ωe)

∑

Ωe∈Th

(∂tζ,v)Ωe−
∑

Ωe∈Th

(uζ,∇v)Ωe+
∑

γi∈Γint

〈ζu·ni,[v]〉γi

+〈ζû·n,v〉∂Ωo=−〈ζ̂û·n,v〉∂Ωi

ApplyCFEMmethodtomomentumequation:forw∈(H
1
0(Ω))

2

(∂tu,w)Ω+
∑

Ωe∈Th

(g∇ζ,w)Ωe−
∑

γi∈Γint

〈g[ζ],w·ni〉γi+(µ∇u,∇w)Ω=(F,w)Ω

CERMICS
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DG/CFEMFormulation

DefineVh={v:Ω→IR:v|Ωe∈P
ke(Ωe)}.ApproximateζbyZ∈Vh.

DefineWh⊂(H
1
(Ω))

2
consistingofcontinuous,piecewisepolynomialsof

degreeatmostk.LetWh,0bethecorrespondingsubspaceof(H
1
0(Ω))

2
.

ApproximateubyU∈Wh.

∑

Ωe∈Th

(∂tZ,v)Ωe−
∑

Ωe∈Th

(UZ,∇v)Ωe+
∑

γi∈Γint

〈Z
↑
U·ni,[v]〉γi

+〈Zû·n,v〉∂Ωo=−〈ζ̂û·n〉∀v∈Vh,

(∂tU,w)Ω+
∑

Ωe∈Th

(g∇Z,w)Ωe−
∑

γi∈Γint

〈g[Z],w·ni〉γi

+(µ∇U,∇w)Ω=(F,w)Ω∀w∈W0,h.
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DG/CFEMapriorierrorestimate

Theorem.Forζ,usufficientlysmooth,theschemesatisfiestheerror
estimate

|||(ζ−Z,u−U)|||≤Kh
k
,

where

2|||(ζ−Z,u−U)|||
2

=‖(ζ−Z)(T)‖
2
Ω+‖(u−U)(T)‖

2
Ω

+

∫

T

0

∑

γi∈Γint

〈|U·ni|,[ζ−Z]
2
〉γidt+

∫

T

0

〈|û·n|,(ζ−Z)
2
〉∂Ωodt

+

∫

T

0

〈|U·n|,(ζ−Z)
2
〉∂Ωidt+

∫

T

0

‖µ
1/2

∇(u−U)‖
2
Ωdt,

andKisaconstantindependentofhandk.
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NumericalResultsforDG/CFEM

∂tz+∂x·(uz)=0on[0,π/4]

∂tu+g∂xz−µ∂xxu=fon[0,π/4]

z=ẑatx=0,

u·n=û·natx=0,π/4,

z(x,0)=z0u(x,0)=u0

whereg=9.81,µ=0.01andtheexactsolutionis

z(x,t)=cos(x−t)u=sin(x+t).

UniformMeshNonuniformMesh
L

2
errorL

2
error

k=1NZU

32
642.011.99

1281.991.98
2561.971.97
5121.972.03

L
2

errorL
2

error
k=1NZU

32
642.42.8

1282.52.7
2562.32.5
5122.12.3
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DG/NIPGDiscretization

ApplyDGmethodtocontinuityequation:forv∈H
1
(Ωe)

∑

Ωe∈Th

(∂tζ,v)Ωe−
∑

Ωe∈Th

(uζ,∇v)Ωe+
∑

γi∈Γint

〈ζu·ni,[v]〉γi

+〈ζû·n,v〉∂Ωo=−〈ζ̂û·n,v〉∂Ωi

ApplyNIPGmethodtomomentumequation:forw∈H
1
(Ω)

∑

Ωe∈Th

(∂tu,w)Ωe+
∑

Ωe∈Th

(g∇ζ,w)Ωe−
∑

γi∈Γint

〈g[ζ],w·ni〉γi+
∑

Ωe∈Th

(µ∇u,∇w)Ωe

−
∑

γi∈Γint

〈µ∇u·ni,[w·ni]〉γi+
∑

γi∈Γint

〈µ∇w·ni,[u·ni]〉γi

+〈∇u·n,w〉∂Ω+〈µ∇w·n,u−û〉∂Ω+
∑

γi∈Γint

〈σ[u],[w]〉γi

+〈σ(u−û),w〉∂Ω=
∑

Ωe∈Th

(F,w)Ωe
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DG/NIPGFormulation

OneachΩe,defineVh={v:Ω→IR:v|Ωe∈P
kζ(Ωe)}and

Wh={w:Ω→IR:w|Ωe∈(P
ku(Ωe))

2
}wherekζandkumaybedifferent

ordersofapproximation.Approximateζ(·,t)byZ(·,t)∈Vh,andu(·,t)by
U(·,t)∈Wh.

∑

Ωe∈Th

(∂tZ,v)Ωe−
∑

Ωe∈Th

(UZ,∇v)Ωe+
∑

γi∈Γint

〈Z
↑
U·ni,[v]〉γi

+〈ZÛ·n,v〉∂Ωo=−〈Ẑû·n,v〉∂Ωi

∑

Ωe∈Th

(∂tU,w)Ωe+
∑

Ωe∈Th

(g∇Z,w)Ωe−
∑

γi∈Γint

〈g[Z],w·ni〉γi+
∑

Ωe∈Th

(µ∇U,∇w)Ωe

−
∑

γi∈Γint

〈µ∇U·ni,[w·ni]〉γi+
∑

γi∈Γint

〈µ∇w·ni,[U·ni]〉γi

+〈∇U·n,w〉∂Ω+〈µ∇w·n,U−û〉∂Ω+
∑

γi∈Γint

〈σ[U],[w]〉γi

+〈σ(U−û),w〉∂Ω=
∑

Ωe∈Th

(F,w)Ωe
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DG/NIPGapriorierrorestimate

Theorem.Foru,ζsufficientlysmoothandpenaltyparameter
σ=O(h

−1
e),theschemesatisfiestheerrorestimate

|||(ζ−Z,u−U)|||

≤K2







∫

T

0

∑

Ωe∈Th

[

h
2k

ζ
e

e||ζ||
2

Hk
ζ
e+1(Ωe)

+h
2ku

e
e||u||

2
Hku

e+1(Ωe)

]

dt







1/2

where

2|||(ζ−Z,u−U)|||
2

=‖(ζ−Z)(T)‖
2
Ω+‖(u−U)(T)‖

2
Ω

+

∫

T

0

‖µ
1/2

∇(u−U)‖
2
Ωdt+

∫

T

0

∑

γi∈Γint

〈|U·ni|,[ζ−Z]
2
〉γidt

+

∫

T

0

〈|U·n|,(ζ−Z)
2
〉∂Ωdt+

∫

T

0

∑

γi∈Γint

‖σ
1/2

[u−U]‖
2
γidt

+

∫

T

0

‖σ
1/2

(u−U)|
2
∂Ωdt,
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NumericalResultsforDG/NIPG

∂tz+∂x·(uz)=0on[0,π/4]

∂tu+g∂xz−µ∂xxu=fon[0,π/4]

z=ẑatx=0,

u·n=û·natx=0,π/4,

z(x,0)=z0u(x,0)=u0

whereg=9.81,µ=0.01andtheexactsolutionis

z(x,t)=cos(x−t)u=sin(x+t).

UniformMeshNonuniformMesh
L

2
errorL

2
error

k=1NZU

32
642.001.90

1281.991.92
2561.981.93
5122.002.01

L
2

errorL
2

error
k=1NZU

32
641.001.00

1281.001.00
2561.001.00
5121.001.00
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NumericalResults

•g=9.81,mu=25

•computationaldomain[0,10000]

•leftboundaryconditionforZ=.1*cos(.00001459*t)

•mixedboundaryconditionsforU

•graphsolutionatpointx=3600
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25Elements
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50Elements
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100Elements
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PenaltyParameterSensitivity

time(days)

elevation

4681012
9.8

9.85

9.9
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10.05
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Point2
N-50
sigma=1

time(days)

velocity

4681012
-0.01

0

0.01

0.02

0.03DG/NIPG
DG/CG

Point2
N-50
sigma=1

CERMICS
November2002

49



CombinedStrategies

InΩI:

Continuityequation:solveforelevationζ⇐discontinuousGalerkin

Momentumequation:solveformomentumu⇐NIPG

InΩII:

Continuityequation:solveforelevationζ⇐discontinuousGalerkin

Momentumequation:solveformomentumu⇐continuousGalerkin

∂ζ

∂t
+∇·q=0

∂u

∂t
+τbfu+g∇ζ−µ∆u=F

CERMICS
November2002

50



FormulationinΩI

ApplyDGmethodtocontinuityequation:forv∈H
1
(Ωe)

∑

Ωe∈Th

(

∂ζI

∂t
,v

)

Ωe

−
∑

Ωe∈Th

(uIh̄I,∇v)Ωe+
∑

γi∈Γint

〈uIh̄I·ni,[v]〉γi

+〈ûIh̄I·n,v〉∂ΩI∩∂Ωo+〈uIh̄I·nΓ,v〉Γ=−〈ûIˆ̄hI·n,v〉∂ΩI∩∂Ωi,

ApplyNIPGmethodtovelocityequation:forw∈(H
1
(Ωe))

2

∑

Ωe∈Th

(

∂uI

∂t
,w

)

Ωe

+
∑

Ωe∈Th

τbf(uI,w)Ωe+
∑

Ωe∈Th

(g∇ζI,w)Ωe−
∑

γi∈Γint

〈g[ζI],w·ni〉γi

−〈gζI,w·nΓ〉Γ+
∑

Ωe∈Th

µ(∇uI,∇w)Ωe−
∑

γi∈Γint

〈µ∇uI·ni,[w]〉γi

+
∑

γi∈Γint

〈µ∇w·ni,[uI]〉γi−〈µ∇uI·nΓ,w〉Γ+
1

2
〈µ∇w·nΓ,(uI−uII)〉Γ

−〈µ∇uI·n,w〉∂ΩI+〈µ∇w·n,uI−ûI〉∂ΩI=
∑

Ωe∈Th

(FI,w)Ωe,
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FormulationinΩII

ApplyDGmethodtocontinuityequation:forv∈H
1
(Ωe)

∑

Ωe∈Th

(

∂ζII

∂t
,ν

)

Ωe

−
∑

Ωe∈Th

(uIIh̄II,∇ν)Ωe+
∑

γi∈Γint

〈uIIh̄II·ni,[ν]〉γi

+〈ûIIh̄II·n,ν〉∂ΩII∩∂Ωo−〈uIIh̄II·nΓ,ν〉Γ=−〈ûIIˆ̄hII·n,ν〉∂ΩII∩∂Ωi,

ApplyCFEMmethodtovelocityequation:forw∈(H
1
(Ωe))

2

(

∂uII

∂t
,ω

)

ΩII

+τbf(uII,ω)ΩII+(g∇ζII,ω)ΩII−
∑

γi∈Γint

〈g[ζII],ω·ni〉γi+〈gζII,ω·nΓ〉Γ

+(µ∇uII,∇ω)ΩII+〈µ∇uII·nΓ,ω〉Γ+
1

2
〈µ∇ω·nΓ,(uI−uII)〉Γ=(FII,ω)ΩII.
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Multi-CoupledWeakFormulation

OnΩI,definefinitedimensionalapproximatingspacesfork
ζI
e,k

uI
e≥1:

VI,h={v:ΩI→IR:v|Ωe∈P
k
ζI
e
(Ωe)}

Wh={w:ΩI→IR:w|Ωe∈(P
k
uI
e

(Ωe))
2
},

ApproximateζIbyZI∈VI,h(DG)andapproximateuIbyUI∈Wh(NIPG).

∑

Ωe∈Th

(

∂ZI

∂t
,v

)

Ωe

−
∑

Ωe∈Th

(UIHI,∇v)Ωe+
∑

γi∈Γint

〈UIH
↑
I·ni,[v]〉γi

+〈UIHI·n,v〉∂ΩI∩∂Ωo+〈UH
↑
·nΓ,v〉Γ−〈UIˆ̄hI·n,v〉∂ΩI∩∂Ωi=0,

∑

Ωe∈Th

(

∂UI

∂t
,w

)

Ωe

+
∑

Ωe∈Th

τbf(UI,w)Ωe+
∑

Ωe∈Th

(g∇ZI,w)Ωe−
∑

γi∈Γint

〈g[ZI],w·ni〉γi

−〈gZI,w·nΓ〉Γ+
∑

Ωe∈Th

µ(∇UI,∇w)Ωe−
∑

γi∈Γint

〈µ∇UI·ni,[w]〉γi

+
∑

γi∈Γint

〈µ∇w·ni,[UI]〉γi−〈µ∇UI·n,w〉∂ΩI+〈µ∇w·n,UI−ûI〉∂ΩI

−〈µ∇U·nΓ,w〉Γ+
1

2
〈µ∇w·nΓ,[U]〉Γ+

∑

γi∈Γint

〈σ[UI],[w]〉γi

+〈σ(UI−ûI),w〉∂ΩI+〈σ[U],w〉Γ=
∑

Ωe∈Th

(FI,ω)Ωe,

CERMICS
November2002



Multi-CoupledWeakFormulation(continued)

OnΩII,definefinitedimensionalapproximatingspacesfork
ζII
e≥1:

VII,h={v:ΩII→IR:v|Ωe∈P
k
ζII
e

(Ωe)}

Rh⊂(H
1
(ΩII))

2
∩{uII:uII=ûIIon∂ΩII},

ApproximateζIIbyZII∈VII,h(DG)andapproximateuIIbyUII∈Rh

(CFEM).

∑

Ωe∈Th

(

∂ZII

∂t
,ν

)

Ωe

−
∑

Ωe∈Th

(UIIHII,∇ν)Ωe+
∑

γi∈Γint

〈UIIH
↑
II·ni,[ν]〉γi

+〈UIIHII·n,ν〉∂ΩI∩∂Ωo−〈UH
↑
·nΓ,ν〉Γ−〈UIIˆ̄hII·n,ν〉∂ΩI∩∂Ωi=0,

(

∂UII

∂t
,ω

)

ΩII

+τbf(UII,ω)ΩII+(g∇ZII,ω)ΩII−
∑

γi∈Γint

〈g[ZII],ω·ni〉γi

+〈gZII,ω·nΓ〉Γ+(µ∇UII,∇ω)ΩII+〈µ∇U·nΓ,ω〉Γ

+
1

2
〈µ∇ω·nΓ,[U]〉Γ−〈σ[U],ω〉Γ=(FII,ω)ΩII.

CERMICS
November2002



Multi-CoupledWeakFormulation(continued)

Foreacht>0,weseekapproximatingsolutions

(ZI,UI,ZII,UII)∈VI(ΩI)×Wh(ΩI)×VII(ΩII)×Rh(ΩII)

suchthatthepreviousequationsaresatisfiedforalltestfunctions

v∈VI(ΩI),w∈Wh(ΩI),ν∈VII(ΩII),andω∈R0,h(ΩII).

ΩIII Ω nΓ
Γ

DG elevationDG elevation
NIPG velocityCFEM velocity
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Multi-CoupledAPrioriErrorEstimate

Theorem.Foru,ζsufficientlysmoothandpositivepenaltyparameter
σ|γi=O(h

−1
γi),theschemesatisfiestheerrorestimate

|||(ζ−Z,u−U)|||≤K5h
k

+K6







∫

T

0

∑

Ωe∈Th

[

h
2k

ζ
e

e||ζ||
2

Hk
ζ
e+1(Ωe)

+h
2ku

e
e||u||

2
Hku

e+1(Ωe)

]

dt







1/2

2|||(ζ−Z,u−U)|||=‖(ζ−Z)(T)‖
2
Ω+‖(u−U)(T)‖

2
Ω+

∫

T

0

∑

γi∈Γint

〈|UI·ni|,[eζI]
2
〉γidt

+

∫

T

0

∑

γi∈Γint

〈|UII·ni|,[eζII]
2
〉γidt+

∫

T

0

〈|UI·n|,e
2
ζI〉∂ΩI+

∫

T

0

〈|UII·n|,e
2
ζII〉∂ΩII

+

∫

T

0

〈|U·nΓ|,[ζ−Z]
2
〉Γdt+

∫

T

0

〈|U·n|,(ζ−Z)
2
〉∂Ωdt+‖τ

1/2
bf(u−U)‖

2
Ωdt

+‖µ
1/2

∇(u−U)‖
2
Ωdt+

∫

T

0

∑

γi∈Γint

‖σ
1/2

[uI−UI]‖
2
γidt

+

∫

T

0

‖σ
1/2

(uI−UI)‖
2
∂ΩIdt+

∫

T

0

‖σ
1/2

[uI−UI]‖
2
Γdt
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NumericalApplication

ADCIRC

•UtilizesGWCEformulationsolvedbyCFEM

•SolvesmomentumbyCFEM

•Linearbasisfunctions

•Luettich,Westerink,Scheffner(1991)

ADCIRCmodification

•ReverttoPCEandsolvebydiscontinuousGalerkin

•Constantorlinearbasisfunctions

•SolvesmomentumbyCFEM
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NumericalResultsforElevation
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NumericalResultsforElevation

X
-200204060

-10

0

10

20

30

40

50

60

70

80
ETA

0.1366
0.1180
0.0994
0.0808
0.0622
0.0436
0.0249
0.0063

-0.0123
-0.0309
-0.0495
-0.0681
-0.0867
-0.1053
-0.1239

X
-200204060

-10

0

10

20

30

40

50

60

70

80
ETA

0.1366
0.1180
0.0994
0.0808
0.0622
0.0436
0.0249
0.0063

-0.0123
-0.0309
-0.0495
-0.0681
-0.0867
-0.1053
-0.1239

ADCIRCimplementationModifiedDGimplementation

CERMICS
November2002

59



NumericalResultsforElevation
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NumericalResultsforVelocity
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NumericalResultsforVelocity
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NumericalResultsforVelocity
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CurrentWork

•Adaptivestrategies:examinetheaccuracyandefficiencyofadaptivity
withrespectto

themethod.

themesh.

•Aposteriorierrorestimation.

•Adaptivemethodologies:developasimulationmethodologycombining
thesimulationmethodsandstrategies.
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