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APPLICATION FOR HJ EQUATION

• Image Analysis (contour detection, shape from shading, ...)

• Front Propagation (level set method )

• Optimal Control Process
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OUTLINE

first order: ut + H(Du) = 0

• SL scheme

• High order scheme with Weno reconstruction

• Numerical Test

second order: ut + H(D2u, Du) = 0

• SL scheme for Mean Curvature Motion codimension 1

• SL scheme for Mean Curvature Motion codimension 2

• Numerical Test



FIRST ORDER EQUATION
{

ut(x, t) + H(∇u(x, t)) = 0 x ∈ RN , t ∈ [0, T ]
u(x,0) = u0(x)

Legendre Transform : H∗(α) = sup
p∈RN

{α · p − H(p)} α ∈ RN .

p → H(p) convex ⇒ H∗∗ = H

H(∇u) = sup
α∈RN

{α · ∇u − H∗(α)}

Hopf-Lax formula :

u(x, t) = inf
α∈RN

{t H∗(α) + u0 (x − αt)}



NUMERICAL SOLUTION

Dynamic Programming Principle

u(x, t + ∆t) = inf
α∈RN

{∆tH∗(α) + u(x − α∆t, t)}

SL scheme





un+1
i = min

a∈RN
{∆tH∗(a) + I[un](xi − ∆ta)}

u0
i = u(xi,0).

We need to compute:

• I[un](xi−∆ta) by an INTERPOLATION procedure ⇒ WENO

• Legendre trasform H∗(a)

• minimum for a ∈ RN by PRAXIS algorithm (ftp.netlib.org )



TEST 1: two dimensional circle collapse




vt(x, t) + |Dv(x, t)| = 0

v(x,0) = max(1 − |x|,0),

OSHER-SETHIAN scheme

n.it ∆x ∆t relativeL∞-order relative L1-error CPU time

10 0.08 0.01 3.35 · 10−2 2.74 · 10−2 < 1s

2 0.08 0.05 2.14 · 10−2 1.63 · 10−2 < 1s

50 0.04 0.02 1.85 · 10−2 0.38

Semi-Lagrangian scheme

n.it ∆x ∆t relativeL∞-order relative L1-error CPU time

10 0.08 0.01 3.19 · 10−2 2.61 · 10−2 25.69s

2 0.08 0.05 2.00 · 10−2 1.00 · 10−2 2.48s

10 0.04 0.1 4.57 · 10−3 1.88 · 10−2



Osher Sethian scheme SL scheme
Osher Sethian scheme
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WENO RECOSTRUCTION

Idea: convex combination of lower order reconstruction.

I[V ](x) =
n∑

k=1

ωkPk(x).

Pk are lower order Lagrange polynomials interpolating V

wk are non linear weights, which measure how smooth the func-

tions Pk are in x
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2n − 1 WENO RECONSTRUCTION I[V ](x)

Assume we have an interval 1D with a mesh structure,

we’d like to reconstruct V in x

-V is known on the mesh nodes

-x ∈ Ij = [xj, xj+1]

1. Sk = {xj−n+k, ..., xj+k} k = 1, ...n,

n stencils s.t. x belong to each one

2. Γ =
⋃n

k=1 Sk

3. Pk(x) polynomials of degree n interpolating V on Sk



4. Q(x) higher order 2n − 1 polynomial on the larger stencil Γ

5. Ck(x) linear weight s.t. Q(x) =
∑n

k=1 Ck(x)Pk(x)

6. βk SMOOTHNESS INDICATOR ,

βk =
∑

1≤l≤n

∫

Ij

h2l−1(DlPk(x))
2dx k = 1, ..., n h size of Ij

7. ωk NON LINEAR WEIGHT

ωk =
ω̃k∑n

k=1 ω̃k

, ω̃k =
Ck

(ε + βk)
2

The final WENO reconstruction is

I[V ](x) =
n∑

k=1

ωkPk(x).



POSITIVITY of the LINEAR WEIGHTS Ck(x)

Q(x) =
n∑

k=1

Ck(x)Pk(x) (1)

should interpolate V on the larger stencil Γ ⇒

Ck(x) = γk

∏

xl∈Γ\Sk

(x − xl) (2)

with γk unknowns to be determined.

Using (2) in (1):

C1(xj−n+1) = 1

C1(xj−n+2) + C2(xj−n+2) = 1
...

∑k
i=1 Ci(xj−n+k) = 1 k = 1, .., n



More explicitly we obtain the relation

k∑

i=1

γi Π
xl∈Γ\Sk

(x − xl) = 1 k = 1, .., n

Using some tools from combinatorics we proved that

Ck(x) are positive for each k

Therefore I[V ](x) =
∑n

k=1 ωkPk(x) is a convex combination and

min
k

Pk(x) ≤ I[V ](x) ≤ max
k

Pk(x)



TEST 1: two dimensional periodic solution




vt(x, t) +
(vx1(x,t)+vx2(x,t)+1)2

2 = 0

v(x,0) = v0(x) = − cos π(x1+x2)
2 ,

"DATO_INIZIALE"
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WENO 3rd order

∆x relative L∞-error L∞-order relative L1-error L1-order

0.16 3.00 · 10−3 7.43 · 10−4

0.08 4.66 · 10−4 2.6 4.79 · 10−5 3.9

0.04 2.68 · 10−5 4.1 2.44 · 10−6 4.2

0.02 1.48 · 10−6 4.1 1.62 · 10−7 3.9

∆t = 0.02, T = 0.8
π2

WENO 5th order

∆x relative L∞-error L∞-order relative L1-error L1-order

0.16 1.28 · 10−3 1.51 · 10−4

0.08 4.89 · 10−5 4.3 3.40 · 10−6 4.8

0.04 2.07 · 10−6 4.5 1.01 · 10−7 5

0.02 2.37 · 10−8 6.4 1.09 · 10−9 6.5

∆t = 0.02, T = 0.8
π2



WENO 3rd order

∆x relative L∞-error L∞-order relative L1-error L1-order

0.16 1.00 · 10−2 1.09 · 10−3

0.08 8.68 · 10−5 6.8 3.50 · 10−5 5

0.04 9.35 · 10−6 3.2 1.97 · 10−6 4.1

0.02 2.97 · 10−7 4.4 1.09 · 10−7 4.1

∆t = 0.03, T = 1.5
π2

WENO 5th order

∆x relative L∞-error L∞-order relative L1-error L1-order

0.16 8.55 · 10−3 7.00 · 10−4

0.08 8.53 · 10−4 3.6 9.30 · 10−5 4.3

0.04 2.08 · 10−6 8.6 4.68 · 10−8 9.4

0.02 5.34 · 10−9 8.6 1.69 · 10−10 8.1

∆t = 0.03, T = 1.5
π2



SL SCHEME for MEAN CURVATURE MOTION




ut(x, t) = div

(
Du(x,t)
|Du(x,t)|

)
|Du(x, t)|

u(x,0) = u0(x)

representation formula by Soner and Touzi:

u(x, t) = E{u0(y(x, t, t))}, Du 6= 0





dy(x, t, s) =
√

2P (y, t, s)dW (s)

y(x, t,0) = x

P (y, t, s) =
1

|Du|2

(
u2

x2
−ux1ux2

−ux1ux2 u2
x1

)

H.M. Soner, N. Touzi, A stochastic representation for mean

curvature type geometric flows, Ann. Probab. 31 (2003), no.

3, 1145–1165.



CONSTRUCTION OF THE SCHEME

Soner Touzi formula between t and t + ∆t :

u(x, t + ∆t) = E{u(y(x, t + ∆t,∆t), t)}

Brownian dimension reduction :

√
2PdW =

√
2

|Du|

(
ux2

−ux1

)(
ux2dW1

|Du| − ux1dW2

|Du|

)
= σdŴ

we can replace the Stochastic Initial problem by




dy(x, t, s) = σ(y, t, s)dŴ (s)

y(x, t,0) = x.



Weak Euler :

{
yk+1 = yk +

√
2σ(y, tk,0)∆Ŵk

y0 = x.

with

P (∆Ŵk = ±
√

∆t) =
1

2
.

Time-discretization

u∆t(x, tn+1) = 1
2u∆t(x +

√
2σ(x, tn,0)

√
∆t, tn) +

+1
2u∆t(x −

√
2σ(x, tn,0)

√
∆t, tn).

Fully discrete scheme Du 6= 0

un+1
j =

1

2

(
I[un](xj + σn

j

√
∆t) + I[un](xj − σn

j

√
∆t)

)



MODIFIED SCHEME




un+1
j = 1

2

(
I[un](xj + σn

j

√
∆t) + I[un](xj − σn

j

√
∆t)

)
if |Dn

j | > C∆xs

un+1
j = 1

4

∑
i∈D(j)

un
i if |Dn

j | ≤ C∆xs

CONSISTENCY ERROR

(case |Dn
j | > C∆xs)

L∆x,∆t = O

(
∆xr

∆t

)
+ O

(
∆xq−s

∆t
1
2

)
+ O(∆t

1
2) + O

(
∆t

∆xs

)



MONOTONE SCHEME

Ĥ(un; j) = (1−λ)
2

[
I1[u

n](xj + σn
j

√
∆t) + I1[u

n](xj − σn
j

√
∆t)

]

+λ
4

∑
i∈D(j)

un
i , with λ ∈ [0,1].

Theorem Assume λ ≥ 1
1+δ

, where δ ≡ C∆xs+1

16
√

∆tLI1[un],G
.

Then Ĥ(un; j) is monotone.



TEST: two dimensional circle evolution

∆t = O(∆x
3
4), s =

1

4
.

∆x ∆t ‖ · ‖∞ ‖ · ‖1 L∞ − order L1 − order

0.04 0.08 3.04 · 10−4 6.50 · 10−6

0.02 0.053 1.25 · 10−4 3.42 · 10−6 1.2 0.9

0.01 0.032 5.22 · 10−5 1.82 · 10−6 1.2 1.6

0.005 0.02 2.09 · 10−5 7.75 · 10−7 1.3 1.2



DEVELOPMENT of a NONEMPTY INTERIOR
    1.05
       1

    0.95

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

    1.05
       1

    0.95

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

    1.05
       1

    0.95

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

    1.05
       1

    0.95

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
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The torus evolving into a sphere



The torus collapsing in a circle



Dumb-bell: topology change in R3



MCM codimension 2





ut = F (D2u, Du) R3 × [0,∞)

u(x,0) = 1
2d(x, C)2

F (A, p) = inf
ν∈N (p)

{trace[AP ν]} N (p) = {ν ∈ S2 : P νp = 0}

P ν = ννT

Soner Touzi formula:

u(x, t) = inf
ν∈U

{E{u(yν(x, t, t),0)}}

with U = {ν : [0, T ] → S2 ⊂ R3 : ν · Du(x, t) = 0}




dyν(x, t, s) =
√

2ν(s)dŴ (s)

yν(x, t,0) = x

L.Ambrosio, M.Soner, Level Set Approach to Mean Curvature

Flow in Arbitrary Codimension, J.Differential Geometry, 43 (1996),

693-737.



Time-discretization:

u∆t(x, tn+1) = inf
νn∈Û

{
1

2
u∆t(x +

√
2νn

√
∆t, tn) +

1

2
u∆t(x −

√
2νn

√
∆t, tn)

}
.

Full-discrete scheme:

un
j = min

νn∈R3
{1
2I[un](x +

√
2νn

√
∆t) + 1

2I[un](x −
√

2νn
√

∆t) +

+
(|Dn

j νn|)2
ε1

+
(|νn|−1)2

ε2
}.



Evolution of ε helical surface,ε = 0.008.



OPTIMAL TRAJECTORY ALGORITHM

• s0 := xjmin point of the curve

• νn∗
j = argmin

νn
j ∈Û

{un(sj +
√

2∆sνn
j )} j = 0, ..., ĵ

• sj+1 = sj +
√

2∆sνn∗
j j = 0, ..., ĵ

• |s0 − sĵ| ≤ ε
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Evolution of a helix in R3.
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