ABOUT THE MODELLING OF COMPLEX FLOWS BY GAS-PARTICLE METHODS

L. DESVILLETTES

Abstract. We wish to present to non–specialists some of the issues of the use of mixed fluid–kinetic equations (sometimes called Eulerian–Lagrangian, or gas–particles) in the context of complex flows. We discuss the modelling, the mathematical state of the art, and briefly describe the numerical methods.

1. Introduction

Most of the flows are modelled by a system of equations enabling one to compute quantities which are functions of the time t and the point x at which the flow is considered. Typically, those quantities are the density ρ(t, x), the velocity u(t, x), the temperature T (t, x), the internal energy e(t, x) and the pressure p(t, x). For diphasic flows, such quantities are introduced for each phase (though some of them, like p for example, can be the same for the two phases), and the additional volume (or sometimes mass) fraction α(t, x) is added. Taking into account the turbulence can lead to consider yet other unknowns (like, for example, the usual turbulent quantities k, ε).

Equations describing the evolution of ρ, u, T (such as Euler or Navier– stokes equations, or their diphasic variants) will be refered as fluid equations in the sequel (Cf. [14]).

For rarefied gases, however, it is not possible to keep as unknowns functions of t and x only, and one has to come back to the density f(t, x, v) of particles which at time t and point x move with velocity v (sometimes called density in the phase space). Note that for realistic gases (diatomic nitrogene for example), one even has to add one or more variables to f, in order to model the microscopic internal energy (Cf. [2]).

The equations used in this theory are variants of Boltzmann’s equation of rarefied monoatomic gases, and are called kinetic equations. They are easily recognizable because their left–hand–side usually begins with the advection operator ∂_tf + v · ∇_xf, related to the inertia of the particles . 1

It many physical problems, one has to mix the two previous points of view and to couple fluid and kinetic equations. For example, the radiative hydrodynamics deals with photons which are modelled by a kinetic equation, whereas the underlying gas is described by fluid equations (Cf. [3]).

However, we are interested in this work only in the case when dispersed (macroscopic)particles (a spray) coexist with a fluid (liquid or gaseous) phase.

In such a case, an alternative to writing a system of fluid equations for the two phases consists in modelling the spray by a kinetic equation, usually a variant of the Boltzmann equation in which a force acting on the particles is due to the surrounding fluid. The fluid itself will be modelled by an Euler-type equation in which source terms represent the effect of the particles on the fluid.

Though many different physical situations can be handled in this way (bubbles of gas in a liquid, etc..), the examples given here rather refer to the case of liquid or solid particles (sometimes called droplets) in a gas.

In section 2, we derive a system of gas–particles equations, in a situation as simple as possible, and try to show the relationships between this system and the more classical equations of diphasic fluids. Some rigorous results are quoted in section 3, about the establishment of the equations and the mathematical study of their solutions. Finally, in section 4, we briefly describe the numerical methods adapted to the gas–particles equations.

2. Modelling

As announced in the introduction, the dispersed phase (spray) is described by its density in the phase space. At least an extra variable is added to the variables t, x, v of the standard kinetic theory, namely the radius r of the droplets of the spray. This density is denoted f(t, x, v, r), it represents the number of particles (per unit of time, position, etc..) which at time t and point x move with velocity v and have a radius r.

The corresponding equation is a variant of Boltzmann’s equation of rarefied gases (Cf. [2]), which is introduced for example in [23] or [17], and writes, in its simplest form ∂_tf + v · ∇_xf + div_v(F f) = 0, (1) where m_p F is the drag force of the gas on the droplets: m_p F (t, x, v, r) = − 4 3 π r^3 ∇_xp(t, x) − D (v − u_g(t, x)), (2) and m_p is the mass of a droplet, p the pressure field of the gas, u_g its velocity field, and D a drag coefficient which depends in general on many variables (and at least r).

Equation (1) can be modified (and complexified) in many ways: the force m_p F can include the added mass effect or Basset’s history term (Cf. for example [21] and [19]); variables taking into account the temperature T_p of the droplets or their deformations are sometimes introduced (Cf. [12]); the radius r of the droplets can evolve because of abrasion, compressibility effects (Cf. [1]), evaporation or chemical reactions (Cf. [12]); the effect of turbulence is often represented by an extra diffusion (in both variables x and v) in equation (1) (Cf. [4], [18]); finally, many types of collisions between droplets can be taken into account, including fragmentation and coagulation (Cf. [12], [13] and [10]).

The underlying gas is described (once again in a situation which is as simplified as possible) by a set of two equations of Euler type, relative to the density ρ_g(t, x), the velocity u_g(t, x) and the volume fraction α(t, x) of the gas:

∂_t(α ρ_g) + div_x(α ρ_g u_g) = 0, (3) ∂_t(α ρ_g u_g) + div_x(α ρ_g u_g ⊗ u_g) + ∇_xp = − ∫ m_p F f dvdr. (4) The right–hand–side of (4) models the transfer of impulsion from the droplets to the gas. It ensures the conservation of the global mass and impulsion of the mixture:

∂_t ( ∫ α ρ_g dx + ∫ m_p f dxdvdr ) = 0, (5)

∂_t ( ∫ α ρ_g u_g dx + ∫ m_p f v dxdvdr ) = 0. (6) Note that equation (4) can also be written under the (maybe more familiar) form:

∂_t(α ρ_g u_g) + div_x(α ρ_g u_g ⊗ u_g) + α ∇_xp = ∫ D (v − u_g) f dvdr. (7) The system is then closed by imposing a pressure law p = p(ρ_g), (8) and the relation between α and f:

1 − α = ∫ 4 3 π r^3 f dvdr. (9) Once again, many variants or improvements of equations (3), (4), (8), (9) can be devised: introduction of the internal energy and compressibility of droplets (Cf. [1]), phase transitions and chemical reactions (Cf. [12]), etc..

In order to compare the set of equations (1) – (4), (8), (9) to classical diphasic equations, one can integrate (1) with respect to m_p dvdr and m_p vdvdr. Denoting the mean density of the spray by

ρ̄_p = ∫ m_p f dvdr ∫_4 3 π r^3 f dvdr , (10)

and its mean impulsion by

ρ̄_p ū_p = ∫ m_p f v dvdr ∫_4 3 π r^3 f dvdr , (11)

we get

∂_t((1 − α) ρ̄_p) + div_x((1 − α) ρ̄_p ū_p) = 0,

(12)

∂_t((1 − α) ρ̄_p ū_p) + div_x((1 − α) ρ̄_p ū_p ⊗ ū_p) + (1 − α)∇_xp + div_xp^0 = − ∫ D (v − u_g) f dvdr, (13)

where

p^0(t, x) = ∫ m_p (v − ū_p(t, x)) ⊗ (v − ū_p(t, x)) f(t, x, v, r) dvdr. (14)

We now can compare the set of equations (12), (14), (3), (4), (8), (9) to the usual system of four diphasic equations. The main differences are the following:

1. The equation relating α to f replaces the equality of pressures, 2. The tensor p^0 is added to the pressure field, 3. The terms of exchange of momentum depend on the whole distribution f and not simply on the mean quantities ρ̄_p, ū_p. In particular, the dependance of D with respect to r prevents to simplify the integral.

It is difficult to clearly understand which flows should be modelled by gas–particles rather than by diphasic equations. It seems that at least flows in which the dispersion in the variable r is very large (polydispersed flows) are better modelled in the gas–particles framework (Cf. [6]).

However, various authors have tried to compare the gas–particles and the diphasic approaches, at the level of numerical simulations (Cf. for example [15] and [8]).

3. Rigorous results

A rigorous establishment of the system (1) – (4), (8), (9) seems to be extremely difficult. However, such results exist when the flow underlying the particles is very simple (potential or Stokes flow). It is then possible to prove that the dipolar approximation of the flow around N particles leads, when N tends to infinity and under a suitable scaling of the size of the particles, to simplified versions of (1) – (4), (8), (9) (Cf. [11], [20], [22]). Those recent results seem very promising and improvements are expected in the future. One can also quote the study of the effect of turbulence on the droplets, leading to correcting diffusion terms in equation (1) (Cf. [4]).

Few mathematical studies of the behaviour of solutions of equations like (1) – (4), (8), (9) seem to exist. Existence and stability of travelling waves solutions are studied in [7] and [5] for a simplified 1D model where the fluid equation is of Bürger type. We also refer to the study of the Vlasov–Stokes system in [9].

4. Some remarks on the numerical simulation

Note first that particle–gas equations are not always written to be directly discretized and computed. They are sometimes used to derive fluid equations, which in turn will be discretized (Cf. for example [6] in the context of polydispersed flows).

Nevertheless, many academic and commercial codes have been developed, which directly simulate the gas–particles equations (Cf. for example [12], [16]). The fluid part of the equations is solved by standard methods (finite volumes for example). Like for the Boltzmann equation, however, it is not reasonable (except maybe for 1D simulations) to discretize with finite volumes or elements the phase space. In a 3D context, note that the dimension of this phase space is 7 (8 if the time is taken into account !). Therefore, a particle method is introduced for eq. (1). That is, f is discretized as (Cf. for example [10]):

f(t, x, v, r) = N (t)∑

i=1 a_i(t) δ_{x=xi(t),v=vi (t),r=ri(t)}. (15)

Then, when a value at some point of f is needed (for example if one wants to compute nonlinear functions of f such as the entropy), one uses the convolution of the sum of Dirac masses by a given nonnegative function χ(x, v, r) with compact support and such that ∫ χdxdvdr = 1. That is, eq. (15) is replaced by

f(t, x, v, r) = N (t)∑

i=1 a_i(t) χ(x − x_i(t), v − v_i(t), r − r_i(t)). (16)

Taking for χ a characteristic function (in the x variable) leads to the notion of volume of control, which often coïncides with the mesh used to solve the fluid part of the equation.

Finally, note that the particle discretization enables sometimes to take into account complex phenomena (fragmentation of droplets, etc..) which are not always so easy to write down in the PDE formalism. As a consequence, some of the codes used in the industry do not necessarily refer to a given set of equations.

5. Conclusion

The gas–particles equations constitute an interesting alternative to the equations of diphasic fluids in certain circumstances (polydispersed flows for example). They can be solved at the numerical level by using a particle method for the kinetic part of the system, and (for example) a finite volume method for the fluid part.

References

[1] L. Boudin, L. Desvillettes, R. Motte, Un modèle particules compressibles – gaz In preparation.

[2] C. Cercignani, The Boltzmann equation and its applications. Springer, New York, (1988).

[3] S. Chandrasekhar, Radiative Transfer. Dover Publications, London, (1972). [4] K. Domelevo, Analyse mathématique et numérique d’une modélisation cinétique d’un brouillard de gouttelettes dans un écoulement gazeux turbulent. Thèse de l’Ecole Polytechnique, (1996).

[5] K. Domelevo, Long time behaviour for a kinetic modelling of two–phase flow with thin polydispersed sprays. Preprint n. 99–21 du laboratoire MIP, Université Paul Sabatier, (1999).

[6] K. Domelevo, The kinetic–sectional approach for evaporating sprays. Preprint n. 98–20 du laboratoire MIP, Université Paul Sabatier, (1998).

[7] K. Domelevo, J.-M. Roquejoffre, Existence and stability of travelling waves solutions in a kinetic modelling of two–phase flow. Comm. Part. Diff. Eq., 24 (1 and 2), (1999), 61–108.

[8] F. Durst, D. Milojevic, B. Schönung Eulerian and Lagrangian predictions of particulate two–phase flows: a numerical study. Appl. Math. Modell, 8, (1984), 101–105.

[9] K. Hamdache, Global existence and large time behaviour of solutions for the Vlasov–Stokes equation. Prépublication de l’université Paris–Nord, (1997).

[10] J. Ilylkema, P. Villedieu, Modélisation cinétique et simulation numérique des collisions entre gouttelettes d’alumine dans un propulseur à poudre, Partie 1: aspects théoriques et Partie 2: aspects numériques. Preprint [11] P.-E. Jabin, Equations de transport modélisant des particules en intéraction dans un fluide et comportements asymptotiques. Thèse de l’Université Paris 6, (2000).

[12] A.A. Amsden, P.J. O’Rourke, T.D. Butler, Kiva II, A computer program for chemically reactive flows with spray. Los Alamos National Laboratory, (1989).

[13] J. Laliéville, E. Deutsch, O. Simonin, Large eddy simulations of interaction between colliding particles and an homogeneous isotropic turbulence field. in ASME fluid engineering conference, FED vol. 228, Hiltons head, USA, (1995), 359–369.

[14] L.D. Landau, E.M.Lifschitz, Fluid Mechanics. A course in theoritical physics, n. 6, Pergamon Press, (1959).

[15] A.A. Mostafa, H.C. Mongia, On the modelling of turbulent evaporation sprays:

Eulerian versus Lagrangian approach. Int J. Heat Mass Transfer, 30, (1987), 2583–2593.

[16] R. Motte, A numerical method for the particle–gas equations. In preparation. [17] P.J. O’Rourke, Collective drop effects on vaporizing liquid sprays. PhD Thesis, Los Alamos National Laboratory, (1981).

[18] M.W. Reeks, On a kinetic equation for the transport of particles in turbulent flows. Phys. Fluids A, 3, 446–456.

[19] J.J. Riley, PhD Thesis, The John Hopkins University, Baltimore, Maryland, (1971).

[20] G. Russo, P. Smereka, Kinetic theory of bubbly flow I and II. SIAM J. Appl.

Math., 56, (1996), 327–371.

[21] L. Sainsaulieu, Contribution à la modélisation mathématique et numérique des écoulements diphasiques constitués d’un nuage de particules dans un écoulement de gaz. Habilitation à Diriger les Recherches, Université Paris 6, (1995).

[22] H. Spohn, Large scale dynamics of interacting particles. Springer–Verlag, Berlin, (1991).

[23] F.A. Williams, Combustion theory. 2nd edition, Benjamin Cummings, (1985).

Ecole Normale Supérieure de Cachan, Centre de Mathématiques et Leurs Applications, 61, Avenue du Président Wilson, 94235 Cachan, FRANCE. e-mail desville@cmla.ens-cachan.fr