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THENAVIER–STOKESEQUATIONS

Overview

PartI:BasicfactsabouttheNavier–Stokesequations

PartII:PropositionofaparadigmforLES

PartIII:Thehyperviscositymodel

PartIV:Thespectralhyperviscosityapproximation
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BASICFACTS
ABOUTTHE

NAVIER–STOKES
EQUATIONS
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THENAVIER–STOKESEQUATIONS

•u:velocity,p:pressure

•Ωisthefluiddomain






















∂tu+u·∇u+∇p−ν∇
2
u=finΩ

∇·u=0inΩ,
u|Γ=0oruisperiodic,
u|t=0=u0,

•u0istheinitialdata

•fasourceterm.

•ρischosenequaltounity.
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EXISTENCEANDUNIQUENESS

•J.Leray(1934):introducesthenotionofturbulentsolution.
Aturbulentsolutionisaweaksolutionin
L
2
(0,T;H

1
(Ω))∩L∞(0,T;L2(Ω)).

•J.Lerayusesmollificationtoproveexistence:
ψ∈D(R

3
),ψ≥0,

∫

R3ψ=1,ψε(x)=
1
εψ

(

x
ε

)

.

∂tuε+(ψε∗uε)·∇uε+∇pε−ν∇
2
uε=f

•E.Hopf(1951)etal.usestheGalerkintechniquetoprove
existence.

Thequestionoftheexistenceofclassicalsolutionsforlong
timesisopen.Thisquestionislinkedtothequestionof
uniquenessofturbulentsolutions.

⇒ClayInstitute1M$prize.
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SUITABLEWEAKSOLUTION

V.Sheffer(1976)introducessuitableweaksolutions:

DEFINITION:ANSweaksolutionissaidtobesuitable(or
dissipative)iff

∂t(
1
2u

2
)+∇·(u(

1
2u

2
+p))−ν∇

2
(
1
2u

2
)+ν(∇u)

2
−f·u≤0.

THEOREM:(Caffarelli-Kohn-Nirenberg(1982))The
“dimension”ofthesetofsingularpointsofsuitableweak
solutionsinΩ×[0,+∞]islessthan1.

Bestpartialregularitytheoremtodate.
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P
k
(X)=limδ→0+inf{

∑

r
k
i,X⊂∪Q(Mi,ri),ri<δ}

�������

�

�

�
	

�
�

�
Singularset:S

S={(x,t)∈Ω×]0,T[,u6∈L∞(V),∀Vs.t.(x,t)∈V}

Caffarelli-Kohn-Nirenberg⇒P
1
(S)=0
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THEOREM:(Duchon-Robert(2000))Thelimits(asε→0
+

)of
Leray-regularizedNSsolutionsaredissipative.

ThequestionisopenforGalerkinweakNSsolutions.

Proof:uε⇀uinL
2
(H

1
)(uptosubsequences)and

uε→uinL
p
(L

q
),1≤p≤

4q
3(q−2),2≤q<6.

Testwithφuε,φ∈D(Q)(OK,sinceuεissmooth!).
∫

Q−
1
2u

2
ε(∂tφ+ν∇

2
φ)−(ψε∗uεu

2
ε+pεuε)∇φ+ν(∇uε)

2
φ−fuεφ=0

u
2
ε→u

2
inL

p
(L

1
),∀p≥1

ψε∗uε→uinL
4
(L

3
)

u
2
ε→u

2
inL

4
2(L

3
2)

}

⇒ψε∗uεu
2
ε→uu

2
inL

4
3(L1)
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Proof(continued):

Periodicdomainand∇·f=0
∇
2
pε=−∇·∇·(ψε∗uε⊗uε)⇒

‖pε‖L2≤c‖ψε∗uε⊗uε‖L2≤c‖uε‖L4⇒pε→pinL
4
3(L2).

pε→pinL
4
3(L2)

u→uinL
4
(L

2
)

}

⇒pεuε→puinL
1
(L

1
)

∫

Q(∇uε)
2
φ≥2

∫

Qφ∇(uε−u)∇u+
∫

Qφ(∇u)
2
⇒

liminfε→0
∫

Q(∇uε)
2
φ≥

∫

Q(∇u)
2
φ
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LARGEEDDY
SIMULATIONS
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OBJECTIVESOFLES

•ConceptintroducedbyLeonard(1974)

•TheobjectiveistomodifytheNSmodelsothatthenew
modelisamenabletonumericalsimulations.

�����������	�
������ �������������������� ��� ���

•AlmostnoreasonablemathematicaltheoryforLES.
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THEFILTERING-EVERYTHINGPARADIGM

Let(·):w7−→wbearegularizingoperatoractingonspace-
andtime-dependentfunctions(wecallitafilter).

Assumethatthefilterislinearandcommuteswithdifferential
operators.

ApplythefilteroperatortotheNavier–Stokesequations:






















∂tu+u·∇u+∇p−ν∇
2
u=f−∇·T,

∇·u=0
u|Γ=0,oruisperiodic,
u|t=0=u0,

wherehaveintroducedtheso-calledsubgrid-scaletensor:

T=u⊗u−u⊗u
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THEFILTERINGPARADOX

THECLOSUREPROBLEM:
TheGoalofLES(Leonard(1974))istomodelTintermsofu
only,withoutresortingtou.

THEOREM:(Germano(1986))
Exactclosureispossible,e.g.,takev:=(I−ε

2
∇
2
)−1v

PARADOX:(Guermond-Oden-Prudhomme(2001))
Ifthefilterinducesanisomorphism,thesolutionsetofNSis
isomorphictothesolutionsetofthefilteredequations.

⇒Thetwosetsofweaksolutionsbeingisomorphic,one
shouldexpecttousethesamenumberofdegreesoffreedom
forapproximatingtheNSsolutionasforapproximatingthe
filteredsolution.
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THEFILTERINGPARADOX

CONCLUSION:

•Filteringandachievingexactclosuremaynotreducethe
numberofdegreesoffreedom.

•FilteringtheNavier–Stokesequationsisanefficient
approachonlyifinexactclosureisperformed.

•Thefiltering-everythingparadigmisprobablynonsensical.
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PROPOSITIONFORANEWPARADIGMFORLES

DEFINITION:Asequence(uε,pε)ε>0issaidtobeaLES
solutionofNSif

•Forallε>0,(uε,pε)isuniquelydefinedforalltimes(i.e.
regularizationtechniques.tthereisexistenceand
uniquenessforuεandpεforalltimes).

•uε→u,pε→p(uptosubsequences)and(u,p)isa
suitableweaksolutionofNS.

EXAMPLE0:Galerkinapproximationsareregularizing
techniques(so-calledDNS).
DoesaGalerkinsolutionconvergetoasuitableweak
solution?(500k$question?).
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EXAMPLESOFLES

EXAMPLE1:Leray’sregularizationisaLEStechnique(1934)!
Howeverthe“model”isnotframeinvariant(isitimportant?).

EXAMPLE2:NS-αmodel(Holmes–Marsden–Ratius(1998),
Holmesetal.(1999)).Theoreticalmechanics⇒

∂tuε+(uε)·∇uε−(∇uε)
T
uε+∇pε−ν∇

2
uε=f

Alternativeinterpretation

∂tuε+(∇×uε)×uε+∇πε−ν∇
2
uε=f.

•ItisaLerayregularizationwherethenonlineartermis
(∇×u)×u+∇(

u2

2).

•Theequationisframe-indifferent.

•uε→u(uptosubsequences)anduissuitable

15
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EXAMPLESOFLES

EXAMPLE3:Ladyzenskaja(1967)proposed






















∂tuε+uε·∇uε+∇pε−∇·(ν∇uε+εT(D))=f,
∇·uε=0
uε|Γ=0,oruisperiodic,
uε|t=0=u0.

whereoperatorTisnonlinear,andD=
1
2(∇uε+(∇uε)

T
).

ForinstanceT(ξ)=β(|ξ|
2
)ξwithcτ

µ
≤β(τ)≤c′τµ,with

µ≥
1
4ispossible.β(τ)=τ

1/2
yieldsSmagorinsky’smodel.

THEOREM:(Ladyzenskaja(1967))ThemodifiedNSequations
haveauniqueweaksolutionforallt>0.

Moreoveruε→u(uptosubsequences)anduissuitable.
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EXAMPLE4:
HYPERVISCOSITY

17
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HYPERVISCOSITY

EXAMPLE4:Lions(1959)proposedtousehyperviscosity.Ω
isthed-torus,wheredisthespacedimension.























∂tuε+uε·∇uε+∇pε−ν∇
2
uε+ε(−∇

2
)
α
uε=f,

∇·uε=0
uεisperiodic,
uε|t=0=u0.

THEOREM:(Lions(1959))ThemodifiedNSequationshavea
uniqueweaksolutionforallt>0ifα>

d+2
4.

Moreoveruε→u(uptosubsequences)anduissuitable.

QUESTION:Howthistechniquecanbeimplemented
numerically?

18



PartIIIMathematicalAspectsofComputationalFluidDynamics,OberwolfachNovember9-15,2003

HYPERVISCOSITY:APRIORIESTIMATES

Testingthemomentumequationbyuεyields
1
2
d
dt‖uε‖

2
L2+ν‖∇uε‖

2
L2+ε‖(−∇

2
)
α
2uε‖2L2=(f,uε).

Integrationintime,givesthefollowingestimate:

‖uε‖
2
L2+

∫

T

0‖uε‖
2
Hαdt.‖u0‖

2
L2+‖f‖

2
L2(L2).

Inasimilarmanner,testingbyuε,tyields

‖uε,t‖
2
L2(L2)+‖uε‖

2
Hα.‖u0‖

2
Hα+

∫

T

0dt
∫

Ω|uε|
2
|∇uε|

2
dx+‖f‖

2
L2(L2).

UsingHölder’sinequality,wewrite
∫

Ω|uε|
2
|∇uε|

2
dx.‖uε‖

2
L2p‖∇uε‖

2
L2p′,

1
p+

1
p′=1.
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HYPERVISCOSITY:APRIORIESTIMATES

OwingtoSobolevinequalitieswealsohave

‖uε‖L2p.‖∇uε‖L2p′if
1
2p≥

1
2p′−

1
d,

‖∇uε‖L2p′.‖uε‖Hαif
1
2p′≥

1
2−

α−1
d.

Thesetwoconditionsyield

α≥
d+2
4andp′≥2d

d+2,

and

‖uε,t‖
2
L2(L2)+‖uε‖

2
Hα.‖u0‖

2
Hα+

∫

T

0‖uε‖
2
Hα‖uε‖

2
Hαdt+‖f‖

2
L2(L2)

andsince
∫

T

0‖uε‖
2
Hαdtisbounded,Gronwall’slemmayields

‖uε,t‖L2(L2)+‖uε‖L∞(Hα).c(ν,u0,f,ε).

ExistenceofsolutionsinL∞(0,T;Hα
),∀T>0,isprovedby

meansoftheGalerkintechniqueusingtheaprioriestimates.
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SPECTRAL
HYPERVISCOSITY

21
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FOURIERAPPROXIMATION

DEFINITION:

H
s
(Ω)={u=

∑

k∈Z3

uke
ik·x,u

k=u−k,
∑

k∈Z3

(1+|k|
2
)
s
|uk|

2
<+∞}.

(u,v)=(2π)−3
∫

Ω

uv=
∑

k∈Z3

ukvk.

PN=
{

p(x)=
∑

|k|∞≤Ncke
ik·x,ck=c−k

}

,

Velocityspace−→XN=Ṗ
3
N,

Pressurespace−→MN=ṖN.

22



PartIVMathematicalAspectsofComputationalFluidDynamics,OberwolfachNovember9-15,2003

FOURIERAPPROXIMATION

H
s
(Ω)3

∑

k∈Z3

vke
ik·x=v7−→PNv=

∑

|k|∞≤N
vke

ik·x∈PN

LEMMA:PNsatisfiesthefollowingproperties:

1)PNistherestrictiononH
s
(Ω)oftheL

2
projectiononto

PN.

2)∀s≥0,‖PN‖L(Hs(Ω);Hs(Ω))≤1.
3)PNcommuteswithdifferentiationoperators.

4)∀v∈H
s
(Ω),∀µ,0≤µ≤s,‖v−PNv‖Hµ.N

µ−s‖v‖Hs.

5)∀v∈PN,∀µ,s,s≤µ,‖PNv‖Hµ.N
µ−s‖v‖Hs.

23
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ANAIVEHYPERVISCOSITYMODEL

DEFINITION:Q(x)=
1

(2π)3

∑

1≤|k|∞≤N|k|
2α
e
ik·x.

Q∗uN(x)=
∫

Ω

uN(y)Q(x−y)dy=
∑

1≤|k|∞≤N
|k|

2α
uke

ik·x

IfαisanintegerQ∗uN(x)=(−∇
2
)
α
uN

Letε>0































FinduN∈C
1
([0,T];XN)andpN∈C

0
([0,T];MN)suchthat

(∂tuN,v)+(uN·∇uN,v)−(pN,∇·v)+ν(∇uN,∇v)
+ε(Q∗uN,v)=(f,v),∀v∈XN,∀t∈(0,T],

(∇·uN,q)=0,∀q∈MN,∀t∈(0,T],
uN|t=0=PNu0.

24



PartIVMathematicalAspectsofComputationalFluidDynamics,OberwolfachNovember9-15,2003

ANAIVEHYPERVISCOSITYMODEL

ConsistencyerrorinL
2

:ε‖Q∗uN‖L2≤ε‖uN‖H2α=O(ε
1
2).

Butεcannotbetoosmalltoplaytheregularizingeffectwe
expect.
⇒Consistencyerrorcannotbearbitrarilysmall.

Butifu∈H
s
,wheresmaybearbitrarilylargeifuissmooth,

‖u−PNu‖L2≤cN−s‖u‖Hs=O(N−s).
⇒Theinterpolationerrorcanbearbitrarilysmall.

⇒Thehyperviscosityregularizationspoilstheconsistency.
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ASPECTRALHYPERVISCOSITYMODEL

KEY:Actuallyitisnotnecessarytostabilizethelowwave
numberssincetheyshouldbecontrolledbymeansoftheL

2

aprioriestimate.

DEFINITION:Letα>
5
4andβ>0(twoparameters).







































εN=N−β,with0<β<

{

4α−5
2Ifα≤

3
2,

4α(α−1)
2α+3Otherwise.

}

<2α

Ni=N
θ
,withθ=

β

2α
,

Q(x)=(2π)−3
∑

Ni≤|k|∞≤N
|k|

2α
e
ik·x

26
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ASPECTRALHYPERVISCOSITYMODEL

Onecanalsodefinethehyperviscositykernelasfollows:

Q(x)=
1

(2π)3

∑

Ni≤|k|∞≤N
Q̂|k||k|

2α
e
ik·x,

wheretheviscositycoefficientsQ̂|k|aresuchthat

|1−Q̂|k||.
N
2α
i

|k|2α,∀|k|∞≥Ni.

Thisdefinitionhasthepracticaladvantageofensuringa
smoothtransitionoftheviscositycoefficientsacrossthe
thresholdNi.

Alltheresultsstatedhereafterholdalsowiththisdefinition.
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ASPECTRALHYPERVISCOSITYMODEL

We’dlikeβlargesothatεN=N−βissmall.

ButtheconditionuN→uwhereuisdissipativeenforces

β<

{

4α−5
2Ifα≤

3
2,

4α(α−1)
2α+3Otherwise.

}

<2α

α
3
22345

β<
1
2<

8
7<

8
3<

48
11<

80
13

θ<
1
6<

2
7<

4
9<

6
11<

8
13

Admissiblevaluesoftheparametersα,β,andθ.
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ASPECTRALHYPERVISCOSITYMODEL

NotethatεN=N−2α
i































FinduN∈C
1
([0,T];XN)andpN∈C

0
([0,T];MN)suchthat

(∂tuN,v)+(uN·∇uN,v)−(pN,∇·v)+ν(∇uN,∇v)
+εN(Q∗uN,v)=(f,v),∀v∈XN,∀t∈(0,T],

(∇·uN,q)=0,∀q∈MN,∀t∈(0,T],
uN|t=0=PNu0.

Notethat∇·uN=0since∇·un∈MN,i.e.the
approximatevelocityfieldissolenoidal.
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PROPOSITION:Thehyperviscosityperturbationisspectrally
smallinthesensethat

εN‖Q∗vN‖L2≤cN−θs‖vN‖Hs,∀vN∈H
s
(Ω),∀s≥2α.

PROOF:Notethat

‖Q∗uN‖
2
L2=

∑

Ni≤|k|∞≤N
|k|

4α
|uk|

2
.

Usingthefactthat2α≤sandthatNi≤|k|∞≤|k|,wehave:

|k|
4α
=N

4α
i

(

|k|
Ni

)

4α

≤N
4α
i

(

|k|
Ni

)

2s

=N
4α−2s
i|k|

2s

Moreover,fromthedefinitionofNi,εN,andθ,wehave

N
4α−2s
i=ε−2

NN−2θs

sothat

ε
2
N‖Q∗uN‖

2
L2≤ε

2
Nε−2

NN−2θs
∑

Ni≤|k|∞≤N
|k|

2s
|uk|

2
≤N−2θs‖uN‖2Hs

30



PartIVMathematicalAspectsofComputationalFluidDynamics,OberwolfachNovember9-15,2003

LEMMA:Wehavetheaprioriestimates

‖uN‖L∞(L2)+ν
1/2
‖uN‖L2(H1)+ε

1/2
N‖uN‖L2(Hα).c.

PROOF:Observethat

εN‖uN‖
2
Hα=εN‖uN‖

2
Ḣα=εN(Q∗uN,uN)+εN

∑

1≤|k|∞<Ni

|k|
2α
|uk|

2

Toestimatethelasttermintheaboveinequality.Usethefact
thatεN=N−2α

iandthat|k|≤
√
3|k|∞.

εN
∑

1≤|k|∞<Ni

|k|
2α
|uk|

2
≤3

α
N−2α

iN
2α
i

∑

1≤|k|∞<Ni

|uk|
2
≤3

α
‖uN‖

2
L2.

SinceuNissolenoidalandusingtheabovebound,weobtain
‖uN‖

2
L2+ν‖uN‖

2
L2(H1)+εN‖uN‖

2
L2(Hα)

.‖u0‖
2
L2+

1

2
‖f‖

2
L2(L2)+(3

α
+
1

2
)‖uN‖

2
L2(L2).

TheresultisaconsequenceofGronwall’slemma.
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LEMMA:Wehave
‖uN‖Lp(H2/p)+‖uN‖Lp(Lq)≤c,with1≤p≤

4q
3(q−2),2≤q≤6,

‖pN‖L4/3(L2)≤c.

PROOF:First,weobservethat∇
2
:MN−→MNisbijective.

Then,wemultiplythemomentumequationby∇(∇
2
)−1pN

(notethat∇(∇
2
)−1pN∈XNisanadmissibletestfunction).

Byusingseveralintegrationsbyparts,weobtain
‖pN‖

2
L2=(∇pN,∇(∇

2
)−1p

N)

=(−∂tuN+ν∇
2
uN−uN·∇uN+f,∇(∇

2
)−1p

N)

=−(uN·∇uN,∇(∇
2
)−1p

N),sinceuNandfaresolenoidal
=−(∇·(uN⊗uN),∇(∇

2
)−1p

N)

=(uN⊗uN,∇∇(∇
2
)−1p

N)

.‖uN‖
2
L4‖pN‖L2,

i.e.‖pN‖L2.‖uN‖
2
L4.UsetheboundonuN,forq=4,p=

8
3.
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COROLLARY:Letsbearealnumbersuchthat
s≥2α−1>

3
2,wehave

‖∂tuN‖L4/3(H−s).c.

THEOREM:uN→uanduisaweaksuitablesolutiontoNS.

PROOF:TestthemomentumequationbyPN(uNφ):

(∂tuN,PN(uNφ))+(uN·∇uN,PN(uNφ))−(pN,∇·PN(uNφ))
+ν(∇uN,∇PN(uNφ))+εN(Q∗uN,PN(uNφ))=(f,PN(uNφ))

DefineR=(uN·∇uN,PN(uNφ)−uNφ)andbecauseuNis
solenoidal,wehave

(uN·∇uN,PN(uNφ))=(uN·∇uN,uNφ)+R=−(
1
2|uN|

2
uN,∇φ)+R.

33
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FortheremainderRwehave

|R|=|(uN·∇uN,PN(uNφ)−uNφ)|,
.‖uN‖

2
L4‖∇(PN(uNφ)−uNφ)‖L2,

.N
1−α‖uN‖2L4‖uNφ‖Hα,Approximationproperty,

.N
1−α‖uN‖2L4‖uN‖Hα‖φ‖Hs.Leibniz-likerule,s>α+

3
2.

Tobound‖uN‖L4weproceedasfollows.

‖uN‖
2
L4.‖uN‖

2
Hr,Sobolevemb.,

1

4
=
1

2
−
r

3
,r=

3

4
,

.‖uN‖
2(1−γ)
L2‖uN‖

2γ
Hα,Interp.inq.,γα=r,γ=

3

4α
,

.‖uN‖
3

2α
Hα.

Atthispoint,therearetwopossibilities:either
3
2α≤1or

3
2α>1.
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Ifα<
3
2,then

‖uN‖
2
L4.‖uN‖Hα‖uN‖

3
2α−1
Hα,

.N
3
2−α‖uN‖Hα‖uN‖

3
2α−1
L2,Inverseinequality.

Then,owingtoεN=N−β

|R|.N
5
2−2α‖uN‖2Hα‖φ‖Hs=N

5
2−2α+βε

N‖uN‖
2
Hα‖φ‖Hs.

Thatistosay,owingtothehypothesisβ≤
4α−5
2wehave

∫

T

0|R|→0asN→+∞.
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CONCLUSIONS
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CONCLUSIONS

•ThenewLESparadigmisconstructive:i.e.enforcingthe
regularizedsolutiontoconvergetoasuitableweaksolution
impliesstrongconstraintsonthenumericalmethods.

•Extensiontononperiodicdomainsandfiniteelementsis
likelytobehighlytechnical.
⇒Thereisnoeasyaprioriestimateonthepressure.
⇒Thereisnoeasyaprioriestimateon∂tuh(Fourier
analysisgivesuh∈H

3
8−ε(L2),thisisnotenough!)

⇒Thenonlineartermdoesnotposedifficulties!
⇒Thetroublemakeristheproductphuh!
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