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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Callable American Option

» Game Option or Dynkin Game: o stopping time of the seller, 7
stopping time of the buyer. The seller pays to the buyer:

h(X0)1{0<T§T} + /(XT)]'{T>JZT} + g(XT)]‘{G':T:T} .

» Call protection: an increasing finite sequence of stopping time
(0k) k>0, American option callable on [02/41,62/42).
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Option pricing using BSDEs

o SDE for X: X; = Xo + [ b(Xu)du + [f o(X,)dW,
e European option «—— BSDEs

T T
Ve = g(X71) +/ f(Xu, Yu, Zy)du — / Z,dW,
t

t

e American option «— simply reflected BSDEs

T T T
Yt:g(XT)+/ F(Xu, YU,Zu)du—/ Zuqu+/ dK;

t t t

.
Y, > I(X,), t<T and / (Yy—I(X,))dK; =0
0
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Doubly Reflected BSDEs

e Game Option «— doubly reflected BSDEs

T T T T
Yt = g(XT) + / f(XLH YU7Zu)du - / Zuqu + / dKj_—/ dK;
t t

t t

T T
B 2 Yo 2 106 [ (Va— )RS = [ (Ve h0X) K, =0,
0 0
e With call protection «+— Intermittent upper barrier

Ur = o0 Z 1[92/,92/+1) + h(Xt) Z 1[92/+1792/)
>0 >0
T T
Ue > Y > 1(Xe), / (Yoo — I(Xu))dK,| = / (Yoo — Uym)dK, =0,
0 0

— Y may be discontinuous !
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Approximation of the forward process

» SDE X: X; = Xo + [y b(Xu)du + [y o(Xu)dW,
» Euler schemeof X, gridmn={0=ty <. <t <..<tp,=T}:
{ XF = Xo
X{ = XE+b(XI)(t —t;) + o(XT)(We — W), t € (8, tiga]
» Error (b, o Lipschitz)

1

2
<

Sio

Err(X,X™) = IE[ sup | X; — X[|?
te[0,T]

(max; |tiy1 — 6] <€)
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Approximation scheme for the BSDE

» Key idea

tiy1 tiv1
Ye = Yo —i—/ f(Xu, Yu, Zu)du —/ (Z,)dw,
t; ti

Yg:Y’T

tiv1

+ (ti-i-l - ti)f(XLz,-Ta Yt7,-ra Z_Z,r) - (Zg),(Wfi+1 - Wfi)

» A backward scheme

YE =B [YEL ]+t — 6)FXE YEL ZE)
27 = (tis — ) E | (Weuy — WR)(OYEL) | 7

— terminal condition Y} := g(X7).
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Error to control

» continuous version of the scheme (Y™, Z7):
tiv1 ,
YtTirJrl =E |:Yt7ir+1 | ffi:| +/ (ZZIT) dWU
ti
_ T
YE = Yo, + (i — OF(X], YE, ZE) —/ (Z5Ydw,.
t

» Error:

1
Err(Y,Y™) = sup E[|Y;— Y{[?]?

te[0,T]
_ n—1 ti+1 _ 2 B
&r(Z,27) =K Z/ Z, — ZTPdt| =|Z — Z"||pe
i=0 7t
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Introduction Game option and call protection
Option pricing and (reflected) BSDEs
Discrete-time approximation of BSDEs

Regularity and convergence

» (Bouchard-Touzi 2004):
Err(Y,Y™) +Emr(Z,Z™) < CE&r(X, X™) + C||Z — P™Z||3

with V e H2
n—1 B _ 1 tit1
PTV = Z Vti]'[ti,fi+1) , Vt,- =—FK |:/ Veds ‘ Ft,—] .
P tiv1 — ti t

» Need "regularity” on Z. (Zhang 2001)
C

n

12 =P Z|l32 <

5

» Convergence rate

Err(Y,Y™) +&Emr(Z,27) <

Sio
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Discretely reflected BSDEs

A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Known results in the simply reflected case

» Bally and Pages (2002): f does not depend on Z, /, b, o lipschitz.
< bound %
» Ma and Zhang (2005): f depends on Z, b, o is Cg and o elliptic, /
is C?
< bound &
né4
» our goal:
- extension to doubly reflected BSDEs
- in a setting convenient for financial application
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Framework: No call protection

e Assumptions
» On the boundaries /, —h are semi-convex (OK for financial
application)
» SDE coefficients are lipschitz, no ellipticity condition on ¢

» f depends on z.

e Remark:
The reflection term is a problem!
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Discretely reflected BSDE

Given atimegrid R={0=rn <..<rn <..<r,=T}
A triplet (Y9, Y9, Z9) satisfying

Vg = V4 = g(xr)

and, for j < m—1and t € [r}, rj11),

i t

Yd = Yo + [ f(Xy, Y, Z2)du — [F(Zd)aw, |
Ytd = Ytdl{tgééﬁ}“‘P(Xtv Ytd)l{te%}

with P(x,y) = (h(x) A y) V I(x)
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

First results

» "Good"” approximation of the reflected BSDE:

1
3 C
(Y, Y9 = sup E[m - Yd\z] o
te[0,t] ! \/E
C
&rr(Z,2%) = |1Z = Z|pe < NG
(max; |rjip1 —ri| < €)
JI+L Tl =y
» Continuous w.r.t. the parameters f, g, X (thus o, b)
< In the proofs, regularization of the parameters.
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Euler scheme for discretely RBSDEs

Given the grids R C 7
» Starting from the terminal condition YT = YT = g(XF)

» compute at each step

t,‘+1(Wtf+1 - Wtf) ‘ fti
VIo= BV | F| o+ (tn - 6)FOXE YELZE)
Yi Yipewy + PXT, YI)iten)

ti

ZtT’r = (t;+1 — t,')fl E |:Y7r

Y™ Y9 Y™ oo \N/d, 77 « 74
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Convergence error

» As in the non-reflected case,
Err(Y9, Y™ + Err(Z9,Z7) < Cérr(X,X™) + C||29— P"Z9|}3,
» Regularity
d_ prd m 1
129 = PTZ% e < C(4/ — + —)
n n4
» thanks to a representation of Z9 (f = f(Z))
(Z8) = E | DS+ VH(Z8)DeZgdu | 7).
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Discretely reflected BSDEs
Extension to continuously reflected case

A discrete-time approximation for doubly reflected BSDEs
Improvement of the results

Continuously reflected case: convergence and regularity

» We use the scheme of the discretely reflected BSDE!
< we control the error between (Y, Z) and (Y9, Z9), and between

(Y9, z9) and (Y™, Z7)
» We chose convenient grids ® and 7 (m ~ \/n)
— Convergence of the scheme

Err(Y,Y™) +&mr(Z,27) <

2o

< Regularity on Z : [|Z — P"Z||32 < &
n4
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Different kind of improvement

» Weaker assumption on the boundaries: "only” lipschitz
< convergence rate controled only by &
noé

» Is it possible to obtain better convergence rate ?
- on the Z part, no...
- on the Y part, yes! stronger assumption
boundaries are Cg with lipschitz second derivatives and strictly
separated.
b, o are Cg with lipschitz first derivatives.
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

New representation for the Z9 (g = I, f = f(2))

fi+1

> Recall: (Z¢) =E [DtYd IV, F(Z9)DeZddu | Fr).
» New representation of Z9 using stopping times

m=inf{t €R |t 2, V¢ (1(X), M(X) AT .
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

New representation for the Z9 (g = I, f = f(Z)) bis

» New representation of Z9:
(Z) = E[VOOG)NDX), | 7 L te [, 5m).

» where

Vor = VIX)Lx)s 79y + VX)) < vy -

and

t t 1
A= exp{/ vzf(zj)’dwu—/ (2\vzf(zj)|2> du}.
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs

Extension to continuously reflected case
Improvement of the results

Convergence results

» Regularity for 29

129~ PT 2|y

A
()
BES

» We then obtain

1

Err(Y?, Y“)gCgi et Err(Y,Y™) <
n

3>
>0 Ko

» key assumption: boundaries are strictly separated.
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Discretely reflected BSDEs
A discrete-time approximation for doubly reflected BSDEs Extension to continuously reflected case
Improvement of the results

Conclusion

>

Efficient method (even works for RBSDE in convex domain of RY)

v

Improvement of known results

v

Computation of the Delta
(Z8Y = E[Vo(X;)AL VX, | ft] (VXe) Lo(Xe), t €[5, ri41) -

» Can we apply it to Game Option with call protection ?
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Setting

Lo N A . § Result
Application to game option with call protection ComeEEEmse [Re

Assumptions

» X unidimensionnal (for this talk)
» o smooth and invertible around a given level S.

» f does not depend on z ! (working on it...)
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Setting

Lo N A . § Result
Application to game option with call protection ComeEEEmse [Re

Definition of Call protection period

» Protection monitoring times: Fixed grid
T ={To=0<---<Ty<---<Ty=T}

» Auxiliary process H with value in a finite set K and depending on
the past value of X

» Activation/Deactivation times for the upper boundary (K C K)

0211 = inf{t > 0y ; H; Qé K} ANT
0210 = inf{t > 0311, He € K} ANT.

» Definition of H:
Hr, = Rl(HTlfl)l{XTlfzs} + ,{/2(HT171)1{XT,7<5}

H constant on [T;_1, Ty), H-1 € K



Setting

Lo N A . § Result
Application to game option with call protection ComzEs (e

SEIES

» Activation possible at one date:
TZ:{T0:0< T1< T2: T}
K ={0,1}, K = {0}
H() =0, HT1 = l{Xles}, HT2 = HT1

» Activation/Deactivation
TZ:{T0:0<"'< T < < Ty= T}
K ={0,1}, K = {0}
Hr, = Lix;, _>sy
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Setting

Lo N A . § Result
Application to game option with call protection ComeEEEmse [Re

Another example

» "l out of d” : Call is possible if X > S on at least / of the last d

monitoring times.
K=1{0,1}9, K ={k e K||k| < I} where k| = ¢ | k'
And HT, = (I{XT,_d25}7 ceny l{XT,ZS})'
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Setting

Lo N A . § Result
Application to game option with call protection ComeEEEmse [Re

Approximation of Activation/Deactivation times

» H™ is defined defined using X™ instead of X
» 0, approximation of 6, defined using H™ instead of H

» we use the assumption on o: smooth and invertible around S.

— E[|f) — 6)]] < C|m|z ¢ .
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Setting
Applicati 5 . . . Convergence Result
pplication to game option with call protection

Discrete-time scheme

Given the grids 7 CRCw
> Starting from the terminal condition YT = YT = g(XF)

» compute at each step

th,r = (tl'+1 - tf) 1 |:Yt?r+1(Wt,'+1 - Wti) ‘ ft,'
Vi = E|Yi, | R+ (G- )AL YL ZD)
Y™ = ti l{tiggye} + P (t,', XZI,T, Ytz,-r)l{t,E?R}

Pt x,y) =y + [1(x) = yIT = X soly = B L, <octny
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Setting

Application to game option with call protection Conezaiee R

Convergence results

» Once again use of discretely reflected BSDEs

» Control the error between
s (Y_,Y,Z) and (Y90 yd0 zd0)
PN (Yd,G’ \"/d,e’ Zd,@) and (Ydﬂ_’ \"/dﬂ_’ Zd,é)
N (Ydﬂ’ \"/d,@jzd,@) and Y, ?71’7271’

» to obtain

Er(Y-, Y™) + En(Y, Y7) + Em(Z,27) < Cilmli~
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Setting

Application to game option with call protection Conezaiee R

Conclusion

» New difficulties, Y discontinuous: discrete monitoring of the
protection,

» approximation of stopping times: quantity of interest EU@, — 0,|]
» Main open question: if f depends on Z... Gobet-Makhlouf ?
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