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Literature review: Merton’'s model

® Merton’s model: Portfolio selection without transaction costs
© Market: a bank account (Sp) and a risky asset (S1)

dSO TSodt,
dSi, = 5 (Oéldt -+ Oldlgl) .

© A self-financing process W;:
th = (TWt -+ (041 — T)Y;)dt -+ O'1Y;gd81t.
© A CRRA investor’s problem:

max FElu(Wr)],

Yy

, .
where w (W) = { W1, Ty #0,y <1,

logW, ifv=0.
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Literature review: drawbacks of Merton’'s model

X o 2
® Merton’s strategy: 7t T rTTo .

= T\M.
t a1 —T

x/ y=xy

® Drawbacks of Merton’s model
© Incessant trading:

® Transaction costs incurred are unacceptable in practice
® |t violates the conventional buy-and-hold strategy

© Horizon independent policy:

® It is against the conventional wisdom that the younger should
allocate a greater share of wealth to stocks than the older

|
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Literature review: with transaction costs

® Pioneering work: Magil and Contantitinides (1976). A heuristic argument.

® One risky asset with infinite horizon

©)

O O O O

Davis and Norman (1990): formulation of a free boundary problem.
Shreve and Soner (1994): theoretical analysis by viscosity solution.
Janecek and Shreve (2004, 2007): asymptotic analysis
Muthmuraman (2006): numerical scheme

Kallsen and Muhle-Karbe (2008): shadow price process
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Literature review (continued)

® One risky asset with finite horizon

© Gennotte and Jung (1994): dynamic programming method.

© Liu and Loeweistein (2002): theoretical analysis and numerically
solution for optimal strategy, based on Carr (1998).

© Dai and Yi (2009), Dai et al. (2009): linkage between singular control
and optimal stopping

® Multiple risky assets (infinite horizon)

©  Alkian, Menaldi and Sulem (1996): provide a scheme associated with
policy iteration and multigrid method for uncorrelated returns.

© Muthuraman and Kumar (2006). extension of Muthmuraman (2006).
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Model formulation

® Market: a riskfree asset (So) and N risky assets (S;, 1 =1,2,...,N)

dSo = ?“Sodt,
ds;, = S; (Oéidt -+ O’Zde) ,

where o; > r and E(dBidBj) — pijdt.
® Xo(t) and X;(t): dollar values in bank and risky assets respectively,

N N

dXo = (rXo—kC(t))dt—>> (1+X)dLi+ ) (1 — p)dM,
=1 =1

dX; = o;X;dt+ o0;X;dB; +dL; — sz',

© (C(t) > 0,and k = 1 (consumption) or 0 (no consumption)

© L;(t) and M;(t): cumulative dollar values for buying and selling the
it" risky asset respectively.

© X €[0,00) and p; € [0, 1): proportions of transaction costs incurred

on purchase and sale of the i*" risky asset respectively. \; + p; > 0.
|
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Model formulation (continued)

® Solvency region:

N
S ={x = (zo0,21,...,2n) €EZ" T : g +Z[(1 — )z — (14 X)z; | > 0}

=1

® CRRA investors’ problem: choosing an admissible strategy
(L;i(t), M;(t),C(t)) so as to maximize

E [ /O " e P u(C(s))ds + e_BTu(WT)]

where 3 > 0 is the discount rate.

® Singular stochastic control problem. Define its value function

T
Vz,t) = sup  E;UT [/ ke Py (C(s))ds + e P Ty (W) |
(Li,Mi,C)EA t

forz, € .7, t€[0,T).

|
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HJB equation [Shreve and Soner (1994)]

oV

max{Vt + AV + ku' (=), max Loy;V, max MOiV} =0, iIn.,tel0,T),

Oxo’ 1<i<N 1<i<N

V(mT)u(a?o+Z (1 — i)z — (14 Xo)x; ]),

=1

where £V = 3 LSy =1 PijOi0; T T; — 8% +3 N :137,8 + raxg — BV,
LoiV =—(1+ Xi) 2L +§3§/,Moz (1—ui)§;f)—§fi,

(2 — 17T, iy £0,y <L

A O { —logv—1, ify=0

Buy regions, sell regions, and no trading regions:

BR; = {(z,t)e. " x[0,T): Lo;V =0},
SR, = {(z,t) e " x[0,T): Mn;V =0},
NT; = (BR;USR))",

NT = N NT;
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Change of variables

Due to the homogeneity of the utility function, it follows that for any p > 0,

p'V(z,1), ify#0,v <1;

vV t) =
(o) {g<t>logp+V<a:,t>, ity =0,

where ¢(t) = “<1_"’_§(T_t)) + e AT Take

1
p=—x——andy; = px;, 1 =1,2,...,N.
i=0 Lt

Denote Y= (y17y27 e yN) and @(yat) — V(l o Z/ﬁil Yi, Y1,Y2, . .- 7yn7t)7 then

| g(t)logp + p(y,t), ify=0.
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Change of variables (continued)

For v # 0 and v < 1, [cf. Davis and Norman (1990), Shreve and Soner (1994),
Akian et al. (1996) or Muthuraman and Kuman (2006)]

o

max {% + Lo+ k(5 - 1) (W’ > v 8y@> " maxi<i<n L1i, Maxi<i<n Mlz‘%ﬁ} =0,

_vN T T ]
S0(:y7f2") — (1 Zz:l(“zjz +>\zyz )> : in Y c QN7 ! c [O,T),

where Q" = {y— (y1,y2,-- - yn) € BN : 1= (payi + Ny ) > 0},

Lo = Zkl . kz% —I—Z],j:l bka—w — Oy

Lirp =3 iy ik + i) 52 — Aivp, Mg = Yool (—8ik + payn) e — pavep
Akl = YrYl ijzl 5,0130@03(5@ — 4i)(0jx — ¥5)

be = Yre > orey (61 — yi) (i — 1) + Zj‘v (v = 1)pijoioy;]

N
0 = g — (7“ + Zi:l yi(os —r — =2 ZJ 1 P’LJUzUJyJ))
Here 6,; = 1ifi =j,and d;; =0 otherW|se.
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Change of variables (continued)

® We adopt a further transformation: W (y,t) = %log(’ygp). Then

max {W: + ZW + kf(W), maxi<;<n L;W, maxi<;<ny M;W} =0,
W(y,T) = log (1 — Z;N:l(,uiyj -+ )\iyi_)) . inQY teo,7),

N
Wheregw:Zkl 1akl(aykayl +7§ZZ g‘?jz/>+2k 1bk —0
L W Zk‘ 1( zk+>\zyk)aw AZ) M W Zk. 1( zk+szk)ay ,LL?:7

8l

fW) = (& - et (1-2N, 5g%) "
art = Yoyt 1 5Pii0i05 (S — yi) Ok — ;)
b = Yk Yoy (O — yi) (i — 1) + S0 (v — 1)pijoio;y;]

® Fory=0,let W(y,t) = %t’)t). satisfying the same equation with
fW) = —(1+logg(t) +log(1 — > il u:5r) + W) /g(t)
0=—(r+Y i yloi—r— 332 pijoiosy;))
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Penalty approximation: a heuristic derivation of HIB

eql&H%d to a class of restricted policies (Davis and Norman (1990)):

L = fot lz‘st, M;: = fotmz-sds, 0< lz‘s, Mis < K, for: = 1,2,...,]\7.

It follows (v # 0 for example)

— — C” oV Y — —
max V4 —I—O%QV—FKJ(— —C—) —I—Z (liﬁoiv—l-mz‘MOZ‘V) = 0.
(li,m;,C) g Org”
.
The optimal strategies are C' = (%) L
: K, if LoV >0, K, if MgV >0,
P = : mi = :
0, otherwise, 0, otherwise,
which yields
— — oV al =\ + =\ +
Vi+ LV + ku” (8—%> + KZ [(»COiV) + (MoiV) } = 0.

i=1
L
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Penalty method (continued)

® Penalty approximation to the transformed equation:

Wy — LW — f(W KZ [(LW)T + (M) Y]

where K is a positive constant to be chosen big enough.

® Historical work of penalty method
© Forsyth and Vetzal (2002): American option pricing.
2 OV oV

oV 1, L
Bt 737 % g5z trigg TV HAS-V)T =0

© Dal, Kwok and You (2007): linked with intensity-based framework.
© Dai, Kwok and Zong (2008): the pricing of GMWABSs.

|
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Advantages of penalty method

® no prior knowledge of free boundaries required,;

® robustness: any discretization, dimension, and unstructured mesh;
® Newton iteration can handle penalty terms and other nonlinearities;
® solve the Jacobian matrix by standard sparse matrix software.
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Penalty method with difference discretization

® Solution domain and boundary conditions

Solution domain when N = 2

® Discretization
© Fully implicit scheme

© The penalty terms are linearized by non-smooth Newton iteration [cf.
Forsyth and Vetzal (2002) and Dai et al. (2007)]:

- KL,WE if ., W E1 >0
K <£1W’k> = i 7,1_1 -
0, if L;W> < 0,

Here the upwind scheme should be applied for g—Z‘; in ;W and M;W. |
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The penalty algorithm

n n + ™Y n — “Wn,
( (FW )i:pli<w_<1$y>i) s ((1_u )i_w>

ny

| W =log(l — (uy™ + Xy )i, fori=m+1,..m—1,n=0,...n—1

Where + n n n — n n n
(E"W7")s =W, — W, (B-W7"); =W, —W;_4,

19 —

0, otherwise. 0, otherwise.

We aim to show that as K — +oo, the scheme converges to

(FWn) >0 ( A ) o (E+Wn)z >0 (E_Wn)z _( —H ) >0
1T I 1_|_)\y 7 h i 9 h 1—My 1
. A WM (ETWN
Fwr = 0)v (o) = S ) v (5 — (=)

W =log(l — (uy™ + Ay™)):.

£ (BT, A i (= (5~
{ KA, if S > (A0 Pé%{ KAt i (=45) > Egr

Y
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Convergence analysis (k = 0)

® Error in Penalty formulation:
© If % < const.,as At, h — 0, then the penalty method solves

E+an' C E=Wm),; — C

1+ \y h KAt h 1 — py KAt

A ETW™n), C E-Wm), — C
=0 (|20 - Eo < Lo v (B - 2y < )
14+ Ay h KAt h 1 — py KAt

W =log(l — (py™ + My )i,

where C' > 0 is independent of K, At, h.
© Key proof (stability): Suppose W," is the solution, then

(Wil <10l + [[W(T, y)loo, forall n, i

¢ Convergence of the Penalty Iteration:
© The iterations converge monotonically, i.e. W™ 1 > W™k for > 1.
© The nonlinear iteration is convergent for any initial guess W™°.

B
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Numerical results: N=2

Test of varying the penalty parameter K on the gradient constraint problem (N = 2).

Penalty method for gradient constraints with Fully Implicity and Upwind scheme (N = 2).

K ©(Yny > Yy, 0)
0.1 -7.104291
0.5 -7.097533
102 -7.097435
10° -7.097435
benchmark -7.097434

n Ny, | Ny, || €]l oo Ratio
50 10 10 3.07e-03 -
100 | 20 20 1.50e-03 | 2.05
200 40 40 6.99e-04 2.14
400 | 80 80 2.99e-04 | 2.34
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Case of one stock

® Singular control: variational inequality with gradient constraints

min{—Wt—,,?W—/if(W),1_:\)\y—Wy,Wy_|_ K }:0

or equivalently,

Wi W —sfW)=0 it - E <, < A

—Hy 1+ Ay
Wy — SW —kf(W)>0 W, =——F
1 —py
. A
_ — — > =
W, — LW — kf(W) >0 Wy =15
® Letv =W,, (y = 0 for illustration)

0 0 — : Y 2
— LW =Tv, —f(W)=f(v)= v:+ o
Oy gyt W) =1 g(t)(l—yv)( v)
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Case of one stock: a double obstacle problem

® A double obstacle problem (optimal stopping):

— : 7 A
—yy — _ = — < v <
ve —Tv—kf(v)=0 if 1—,uy_v_1+)\y
—vy —Tv—kf(v) >0 ifop=——"1
1 —py
A

—vy — Tv—kf(v) < if v =
ve —Tv—kf(v) <0 if v 15w

or equivalently,

min{max{—vt —Tv — kf(v),v — 7 -I-)\)\y} v+ . —,u,uy} =0,

® Connection of singular control and optimal stopping
© Dal and Yi (2009): no consumption case, JDE.
© Dai et al. (2009): consumption case, SIAM J. Contr. & Opt.
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Case of one stock: a reduced penalty method

® Standard penalty approximation (v = 0 for illustration):

)—i— i K( H o ’U)+

—vy —Tv—kflv)=-K(@v-— 1

© Discretization: Crank-Nicolson scheme (second order of accuracy)

|
Numerical Methods for Portfolio Selectionwith Transaction Costs & — p. 22/32



Numerical results: N=1

Test of varying the penalty parameter K on the double obstacle problem (N = 1).

K ©(yar,0)

10 -7.123355

104 -7.123784
10° -7.123796
106 -7.123798
benchmark | -7.123798

Penalty method for double obstacle problem with Crank Nicolson scheme (V = 1).

Ny Ny lelloo, & =0 | ratio | ||e||loc,x =1 | ratio
1200 | 200 1.29e-05 - 3.12e-05 -
2400 | 400 3.46e-06 2.6 2.70e-06 11.6
4800 | 800 8.70e-07 4.0 1.11e-06 2.4
9600 | 1600 2.02e-07 4.3 3.57e-07 3.1
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Numerical results: optimal trading strategies (/N = 1)

0.6
SR solid line: k=1
__________________ dot line: k=0
ol
0.4}
NTR

0.2

0.1r

0 0.5 1 15 2 25 3
t
Compare consumption and nonconsumption. This figure shows the optimal
fraction of wealth in the risky asset will decrease when consumption is
involved. The case o — r — (1 — )o” < 0. Parameter default values: o = 0.15,

r=007,0=03,7v=-1,86=01,A=p=0.01,T = 3.
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Numerical results: optimal trading strategies (/N = 1)

solid line: k=1
dot line: k=0

0 (£5 i 1:5 é 2&5 3
t
The case a — r — (1 — v)o? > 0. This figure shows that the leverage is
possible when the excess return (o — r) is large enough. Parameter default
values: o = 0.30, 7 = 0.07, 0 =0.3,vy=—-1,8=0.1, A\ = pn=0.01, T = 3.
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Numerical results: optimal trading strategies (/N = 1)

0.8

0.7r

0.6

0.5F

> 04F

0.3

0.21

0.1r

0

solid line: k=1
dot line: k=0

0

0.5 1 15
t

2

2.5

3

An example of nonmonotone boundaries for consumption case when 3 is

large. Parameter default values: a = 0.18, r = 0.07, 0 =03,y = -1, 8 =17,

A=p=001,T=3.
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Numerical results: optimal trading strategies (/N = 2)

0.35
0.3
0.25F
0.21
t=1.75
' 0.15f

0.1

0.05F

_0.05 Il Il Il Il Il Il Il
—-0.05 0 0.05 0.1 0.15 0.2 0.25 0.3 0.35

The no transaction region with respect to time ¢. From this figure, we can see
the buy boundaries for both y; and y. equal zero at t = 1.75, close to the
expire date T' = 2. This illustrates that it is never optimal to buy risky assets
when the time horizon is close to the expire date since there is not enough
time to recover the transaction costs. Parameter default values: a; = 0.15,
az =0.12,r =0.07,01 = 04,02 =03, p=0.2,vy= -1, 3 =0.1,

)\1:'u1:)\OZ,UJOZO.OLTZQ.I{:L L
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Numerical results: optimal trading strategies (/N = 2)

0.3

0.251

0.2f

0.15}

0.1}

0.05 ' : '
0.1 0.15 0.2 0.25 0.3

The no transaction region at ¢t = 0: the impact of positive correlation p > 0.
Parameter default values: a; = 0.14, as = 0.11, r = 0.07, 01 = 0.4, 02 = 0.3,
7:—1,620.1,)\1:,ulz)\Qz,uQ:O.Ol,T:Q,/ﬁ;:O.
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Conclusion and future work

® Conclusion
© A unified framework of penalty method
© A convergence analysis of penalty method

© A reduced penalty method based on the connection of singular
control and optimal stopping

© Numerical results

® Future work
© Numerical methods for N > 4
© Fixed transaction costs: a quasi-linear variational inequality
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Questions and Comments
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