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Given a stochastic differential equation
dX(s) = b(s, X(s),n(s))ds+a(s, X(s),w(s))dW(s), t<s<T
whose solution is X(s) = X&*™ with initial data X(t) = x.

Consider the stochastic control problem

V(t,x) =supE {/T L(s, X:™ n(s))ds + w(X%X’”)} (1)
t

TeEA

V(t, x) is the classical or viscosity solution to the
Hamilton-Jacobi-Bellman (HJB) PDE:
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OV H(t,x, DV, D3V) =0, (t,x)€[0,T)xR",
@)

V(T,x)=v(x), xeR",

where

H(t, x,p, A) = sup | b p+ %Tr(Aao—T) i

uen

Thus, in order to solve (1) we need to solve (2). To solve (2)
numerically, we should consider an HJB equation localized in a
finite domain:
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OV H(t,x,D,V,D2V) =0, (t,x)€[0,T)x O,

V(T,x)=4(x), xeO, 3)

V(t,x) = W(t,x), (t,x)e(]0,T)x d0),

\

where O is bounded in R".
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Motivation

Questions

It raises two questions:

Question 1 What are suitable boundary conditions (i.e.
V(t, x)) for the localized HJB equations?

Question 2 What is the error of localization (i.e. |V — V|) if the
last-mentioned boundary conditions are not given
precisely?
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Approximation of boundary conditions

Observations

@ No “financial laws” (compared with “physical laws”).

@ No general methodology to provide suitable boundary
conditions. It should be carried out case-by-case.

@ Consider the HJB equations derived from the portfolio
utility maximization problems, which can also be solved
theoretically by the martingale method (or the duality
approach) introduced by Karatzas.
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Approximation of boundary conditions

A financial market model

“Bond”: one riskless asset
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Approximation of boundary conditions

A financial market model

“Bond”: one riskless asset
“Stocks”: nrisky assets

Wealth process

dB(s) Z i(s) dP;i(s)

dX(s) = (X(s) = Y _mi(s)) B(s)

i=1

Pis) (4)

where m;(s) is the amount of money invested in the /" stock.
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Approximation of boundary conditions

The portfolio utility maximization problem

@ Utility function U: strictly increasing, strictly concave,
continuously differentiable.

@ Utility maximization:

V(t,x) = supE [U(X"*7(T))] .
TeEA

@ The corresponding HJB equation:

OV 4 1=0, (tx)€[0,T)x (0,+00),

V(T,x)=U(x), x>0.
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Approximation of boundary conditions

The martingale method

The martingale method shows if

V(t,x) = supE [U(X"*™(T))],

TeA
then
V(t,x) = E[U(I(\"HE'))] (6)
with
E(I(\HEYYHEY) = x, 7)

where [ is the inverse of U’ and H' is the solution to the
equation

aH(s) = H(s) [-r(s)ds — " (s)dW(s)|, t<s<T.
H(t) = 1.
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Approximation of boundary conditions

So, the natural way to approximate V/(t, x) is:

o Approximate H%:' by the Euler scheme. Get H{") — Ht!
as M — oo.

@ For given M, let

VM = BUUIOHM))] ()
with
E(I(N HMYHMY = x. (10)

VéM) can be considered as an approximation of V(t, x).
@ Solve (10) numerically. Get Ay — A7.

@ By using Ay, find VéN) such that VéN) — V?EM), N — oo for
M given.

VéN) is then a suitable approximation of boundary conditions.

HUANG Junbo Approximations of bc for HJB egs by stochastic algorithms



Approximation of boundary conditions

We shall prove

e |V(tx)— Vz(M)\ < Cﬁ, where C, pg are constants and C
depends on x and T.

@ For given M,
P (| VN — M) < CN*%> > 40(N¥) — 3 — C'N~%, where
®(-) is the standard normal cumulative distribution
function, C and C’ are constants and § > 0.

V,OSN) will be specified later.
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Approximation of boundary conditions

Approximation by the Euler scheme

Note that H? =exp{—h(T)}, where h(-) satisfies
dh(s) = —(r(s) + 319(s)|?)ds — 97 (s)dW(s),

(11)
h(t)=0
The Euler scheme of (11) is defined by
M
h" = o,
(12)

M M
A = hM) _ (r(6) + S0t \ )AMT
—OT(G D)AWL =12 M.

Then the Euler approximation of H% is
M) _ (M)
Hy" = exp{—h;," }.



Approximation of boundary conditions

Approximation by the Euler scheme

(12) can be written in a “continuous” form

HM)(s) = /t () L o) s /t 9T (M)W (),

(13)
where
mgM) =max{tj, i=0,...,Ms.t t <s}.
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Approximation of boundary conditions

Another market model

#(s) = r(m{™y,  fi(s) = u(m{™), 5(s) = o(m{™).  (14)

We then can define the similar “Bond” process B(-), the “Stock”
process P;(-) and the wealth process X(-).
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Approximation of boundary conditions

A key observation

it Vi is defined by
* y(M
Vi = E[U(OG ™))

with " "
E(IOGHFDYHE) = x,

where H(TM) is the Euler approximation of HE' then

Vi = supE [U(X"*7(T))]
TeA

according to the martingale method.
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Approximation of boundary conditions

Therefore,

V(t,x) — Vi = supE [U(X"*7(T))] - supE |U(X"™*7(T))| .

Since X and X are the solutions of two SDEs, the error
between X and X is controlled by the coefficients of the SDEs.
Thus it is not difficult to prove

|[V(t, x) — VZ(M)| < Cﬁ, where C, pg are constants and C
depends on x and T.
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Approximation of boundary conditions

Approximation by the RM algorithm

We need to solve numerically
E(I(N; HM)YHMY = x (15)
to find A\7. A7 can be regarded as a zero of the following function
1(0) = E((OHMYHMYy — x, 6> 0. (16)

We then can invoke the so-called Robbins-Monro (RM)
algorithm.
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Approximation of boundary conditions

The RM algorithm

Consider a function f(0) = E(Y(X,)), where X is a random
variable. Suppose f(6*) = 0. The Robbins-Monro algorithm is
usually defined as

en = 0”—1 + Tn Y(Xm 9/’7—1 )7 (17)

where {v,} is a suitable sequence satisfying
>0, v ——0, Z”}’n— (18)

and {Xp, n € N} isi.i.d. and each X, has the same probability
distribution as X.
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Approximation of boundary conditions

The RM algorithm

Many authors have proved that under certain conditions 6,

On

converges to 6* a.s. and is asymptotically normal. We,

Tn
however, have provided a Berry-Esseen type rate of
convergence for the RM algorithm.
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Approximation of boundary conditions

The RM algorithm

Many authors have proved that under certain conditions 6,
0n — 0*

converges to #* a.s. and is asymptotically normal. We,

Tn
however, have provided a Berry-Esseen type rate of

convergence for the RM algorithm.

Theorem

Foranyv > 0,

|0n — 6"
Nal

where C and C' are constants, § > 0 and &(-) is the standard
normal cumulative distribution function.

P( < Cv) >20(v)—1-C°,
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Approximation of boundary conditions

Go back to our problem:
VM = BLU(IN; HM)))
with y y
f(A7) = (O HI)HM) — x =0, (19)

Apply the RM algorithm to (19) and obtain a RM sequence {6,}
such that 6, — Aj. Let

N
VM = LS U011 X0). (20)
i=1

where each X, has the same probability distribution as H(TM)
and {X,, n € N} is the same sequence used in the RM
algorithm.

HUANG Junbo Approximations of bc for HJB egs by stochastic algorithms



Approximation of boundary conditions

By the Berry-Esseen type result for the RM algorithm, we then
can show

@ For given M,
P (| VM — M) < CN*%> > 40(N¥) — 3 — C'N~%, where
®(-) is the standard normal cumulative distribution
function, C and C’ are constants and § > 0.
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Approximation of boundary conditions

Questions

v" What are suitable boundary conditions for the localized
HJB equations?
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Approximation of boundary conditions

Questions

@ What is the error of localization (i.e. |V — V|) if the
last-mentioned boundary conditions are not given
precisely?
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Error of localization

In a complete market

We have

IV(t,x) — V(t,x)| < sup |V(s,B) — V(s,B)|F(B)

0<s<T

fort € [0, T], x € (0, B). Especially, when r, u; and oj; are
constants, fort € [0, T], x € (0, 3e"(T-1),

F(B) = <<D1 <;e’(T”) + |0\m> :

where 6 is a known constant and ®(-) is the cumulative normal
distribution function.
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Error of localization

Error estimates in high-dimensional space

Given a R"-valued state process X(s) evolving as follows
dX(s) = b(s, X(s),n(s))ds+a(s, X(s),n(s))dW(s), t<s<T.
Denote this process by X* if X(t) = x. And assume

|b(t, x, u) = b(t, y, u)| + llo(t, x, u) — o(t,y, u)|| < Klx —yl,

[6(t, x, u)| + [lo(t, x, u)|| < K(1 + |x]),

for some constant K > 1.
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Error of localization

Error estimates in high-dimensional space

’V(tax) - V(tv X)‘
< sup  |V(s,y) — V(s y)2e 2K (7D
0<s<T,|y|=R
2
1+ |x|? T
< 14 R2 )
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Error of localization

Thanks! )
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