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Sensitivity Analysis

Consider a Black-Scholes model;
L,
S; = Spexp _56 t+oW,|, t>0,

and the sensitivity of its European payoff with respect to the parameter Sp;

d

TSO]E[(D(ST)]'

By the martingale representation theorem, it holds that

q)(ST) ST +/ 8S ST |/t]dSt, a.s.
1
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Estimating Derivatives

To compute this sensitivity, a standard method is a finite difference
approximation;

L E@((1+8)Sr) ~®((1-#)S7)] _ 9
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Estimating Derivatives

To compute this sensitivity, a standard method is a finite difference

approximation;
. E[®((1+&)Sr) —2((1-¢)S7)] _ J
le%l AT - aSOE [CD(ST)]’

Unless € = 0, this method is biased!




Malliavin Calculus Approach (Fournié et al [1999])

Using some (Gaussian) Malliavin calculus formulas: the integration by parts;
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Malliavin Calculus Approach (Fournié et al [1999])

Using some (Gaussian) Malliavin calculus formulas: the integration by parts;
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Malliavin Calculus Approach (Fournié et al [1999])

Using some (Gaussian) Malliavin calculus formulas: the integration by parts;

E [ /0 TD,@(ST)dt} =E[®(S7)Wr],
and the chain rule of the Malliavin derivative;
D®(St) = ®'(S7)D,;St = ®'(S1)Sr0,  as.,
we get
E [®(S7)St] = %E[CD(ST)WT]'
Therefore, we get an estimator;

aisoE P(S1)) = B [/(57)51] =

S E[®(S7)Wr].

SooT
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Features of Malliavin Formulas

Compared with a finite difference estimator

0 _E[@((1+¢)Sr) —@((1—¢)Sr)]
75, El@(s7)] = 7650 :

an integration-by-parts estimator
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Features of Malliavin Formulas

Compared with a finite difference estimator

d _E[@((1+¢)Sr) —@((1—¢)Sr)]
TSOE [@(ST)] =~ 265,

b

an integration-by-parts estimator

0
TSOE [®(S7)] =

o B,

1. is unbiased! (no need to balance bias and variance.)

2. requires no computation of additional points ®((1+ €)Sr) and
P( ( 1— 8)ST) !

3. possibly reduces variance in Monte Carlo simulation!
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Case of Pure-Jump Infinite-Activity Lévy Processes

For example, a Malliavin calculus has been developed with an
integration-by-parts formula
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Case of Pure-Jump Infinite-Activity Lévy Processes

For example, a Malliavin calculus has been developed with an
integration-by-parts formula

B o) [ [ X(t2) - v)asan)
’ T
=E [/0 A X(t,2) (D ®(Y7)) v(dz)dt|
and a Malliavin derivative
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which are unfortunately not useful in the sensitivity analysis framework.
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Case of Pure-Jump Infinite-Activity Lévy Processes

For example, a Malliavin calculus has been developed with an
integration-by-parts formula

E [(I)(YT) /0 i /R X(t)(u - v)(dz,dt)]

T
=FE [/ X(1,z) (D, @(Y7)) v(dz)dt|,
0 JRr,
and a Malliavin derivative
DMCI)(YT) = CD(YT +Dt,zYT) — CI)(YT),

which are unfortunately not useful in the sensitivity analysis framework.
(Related Works; (i) simple Poisson processes by El-Khatib and Privault
[2004], (ii) jump-diffusion by Davis and Johansson [2006] and Cass and Friz
[2007].)
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(This part is joint work with Arturo Kohatsu-Higa.)




1: Lévy Processes as Time-Changed Brownian Motion

(This part is joint work with Arturo Kohatsu-Higa.)
1. {Y;:t> 0} is a one-sided positive Lévy process,
2. {W;:t>0} is a standard Brownian motion,
3. {Y;:t>0} and {W, : t > 0} are independent.

Set a time-changed Brownian motion
X[ = ‘u.t+ 6Y1+ GWY”

and consider an asset price dynamics model

X

St = SOW

ure-Jump Infin



X[ = ‘u.t+ 6Y1+GWYI.

For example,

1. {Y;:¢> 0} is a gamma process — {X; : ¢ > 0} is called a variance
gamma (Lévy) process,
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X[ = ‘u.t+ 6Y1+GWYI.

For example,

1. {Y;:¢> 0} is a gamma process — {X; : ¢ > 0} is called a variance
gamma (Lévy) process,

2. {Y;:t> 0} is an inverse Gaussian process — {X; : 7> 0} is called a
normal inverse Gaussian (Lévy) process.

Conditional on {Y; : # > 0} (due to the independence), the (Gaussian)
Malliavin calculus approach is almost directly applicable;

St
D(S7)6 | —— | |V,
( T) (onT DVSTdv> ‘ T‘|

YT:|;

E [®'(S7)Sr|Yr] =E
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and thus we get a delta formula

aaSOE [@(S7)] :SioE [@(S7)S7] = GLSOE {q)(ST) WY’] :
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and thus we get a delta formula

S5 ERSn]~ L E@/(5n)5r] = Soo8 oo

a5 So Yr
In a similar manner, we can derive other sensitivities

1 E[®(S7)] : “Gamma”,

2
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and thus we get a delta formula
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In a similar manner, we can derive other sensitivities
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and thus we get a delta formula

2 B0 B[@/(57)8r] = S8 [@(sn) 2.

In a similar manner, we can derive other sensitivities

1.

g—;E[qD(ST)] : “Gamma”,
=0

2. %E[CI)(ST)] : “Vega”,

3. FE[@ (4 f7 Sudu) | : “Delta for Asian”.
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and thus we get a delta formula

2 B0 B[@/(57)8r] = S8 [@(sn) 2.

In a similar manner, we can derive other sensitivities

1.

g—zzE[qD(ST)] : “Gamma”,
s2
2. %E[CI)(ST)] : “Vega”,

3. FE[@ (4 f7 Sudu) | : “Delta for Asian”.

4. Delta, Gamma and correlation for Basket.
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2: Density Transform Approach based on Gamma Processes

(This part is joint work with Atsushi Takeuchi.)




2: Density Transform Approach based on Gamma Processes

(This part is joint work with Atsushi Takeuchi.)
The gamma process is a one-sided pure-jump Lévy process in [0, +o0) whose
Lévy measure is given in the form

—bz

v(dz) = aS—dz, z€(0,+),

Z

where a > 0 and b > 0. For each (time) ¢ > 0, its marginal has the gamma
distribution with the characteristic function

Es [""] = exp {t/(o (€% —1) v(dz)] _ (1’;)_“[,

while the density function £ of the marginal distribution at time 7 under P is
given in closed form by

o)

t
ﬁp(y) = 7yat—le—by’ ye [07+°°)




Let (%) ¢[o,r) be the natural filtration of {Y; : 7 € [0, T]}.
Define a probability measure Q) via the so-called Esscher transform

d@l B ekYT B
aP |2 = Ep [EAYT} =exp[AYr — @r(4)],
where b
or(A) = Talnb_l.

The probability measures P and Q; are mutually absolutely continuous.
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Scaling Property of Gamma Process

Lemma
It holds that

ﬁ@l({Y,:tEO}):fp({bfAYl:t20}>.
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Scaling Property of Gamma Process

Lemma
It holds that

ﬁ@l({Y,:tEO}):fp({bfAYl:t20}>.

Sketch of Proof

1. Both are Lévy processes.
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Scaling Property of Gamma Process

Lemma
It holds that

ﬁ@l({Y,:tEO}):fp({bfAYl:t20}>.

Sketch of Proof
1. Both are Lévy processes.

2. The marginal laws are identical:

Ea b
Q<o) = [ war= [ 7 fwa=r (Gr <),
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Delta Formula

Define

Sy = Soexput+ Y+ 7],




Delta Formula

Define
Sy = Soexput+ Y+ 7],

and set its transformed version (under Q)

b
b AYt+Zt:| .

S(;L> = Sopexp [,ut—i—




Delta Formula

Define
Sy = Soexput+ Y+ 7],

and set its transformed version (under Q)

b
Theorem
0 1 1 bYr—aT +1
—Ep[® = —Fp|[® = —Ep|P _— .
55 B2 0(50)] = 5 e [@/(51)51] = g e [0 (57) 2T
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Sketch of Proof

On one hand, by applying the scaling property, we have

0 A
g [26)] _g [26s7)]
Qx Yr IﬁYT
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Sketch of Proof

On one hand, by applying the scaling property, we have

0 B A
g, | 2] _g [26)]
Qy Yr _IﬁYT

On the other hand, by the definition of the Esscher transform, we have

0 0

Eg v

Yy P 7 Yr

@(Sé‘”)] :EP [d@a
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Hence, we get




Hence, we get

A 0
IE]P? q)(S; )) — EP elYT—(PT(l) ¢(S§" ))
b_ Yr |
=7 Yr T

By taking derivative at A = 0, we get

Ep [®'(S7)St| = Ep {CD (St) bYT_aTH] :

Yr
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Hence, we get

A 0
IE]P? q)(S; )) — EP elYT—(PT(l) ¢(S§" ))
b_ Yr |
=7 Yr T

By taking derivative at A = 0, we get

bYr —aT +1
Ep [®'(S7)S7] = Ep {CID (S7) TYT] .
Therefore,
p) 1 1 bYy —aT +1
— FEp[® ——Fp [® = —Fp |®(S7) ————|.
50 p [P(S7)] 5 p [®'(ST)ST] 5 11»[ (Sr) 7 }
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In a similar manner, we can derive other sensitivities




In a similar manner, we can derive other sensitivities

g—;Ep [®(S7)] : “Gamma”,
0

1.




In a similar manner, we can derive other sensitivities
1. g—;%IEp[CD(ST)] : “Gamma”,
2. “Delta and Gamma” for Asians;
1T N
Ep {op (T/O Suduﬂ Ep @ (N k; S |1,

and

Ep [® (/Sy S+ Siy)] -




Numerical Illustrations
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Conclusion

. For the first part, we make use of the “independence” of the Brownian
motion and the time-changing process.

. For the second part, we make use of the “scaling property of gamma
process” with respect to Esscher transform.

. Our formulas are unbiased and often reduce Monte Carlo variance.

. Both are interesting enough; our models can be both of “pure-jump
type” and of “infinite-activity type.”




Conclusion

. For the first part, we make use of the “independence” of the Brownian
motion and the time-changing process.

. For the second part, we make use of the “scaling property of gamma
process” with respect to Esscher transform.

. Our formulas are unbiased and often reduce Monte Carlo variance.

. Both are interesting enough; our models can be both of “pure-jump
type” and of “infinite-activity type.”

. Future directions
(1) general SDE form?
(i1) Gaussian and Jump simultaneously?




