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Outline of Presentation

-

Review: American Option in Black-Scholes Model
American Option in Regime-Switching Model
Solution: Implicit Scheme Using Penalty Method
An Upper Bound Condition for Time Step Size
Generalized CRR Tree Method

Numerical Results

On-going and Future Research
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American Option in BS-Model
B -

# BS-model for asset price
dS = rSidt+ S¢dB¢; t  O:

B:: Brownian motion, : volatility, r: interest rate.

# Consider an American put option with strike price K
and maturity T. Let P(S;t) be the option price att T

and S; = S.
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American Option in BS-Model

- N

# Itis well known that P(S;t) satis es the following free
boundary value problem.

@P @P 122@P | . |
@t S@S > S@g P; If S > S(t);

P(S;t) = S; foO S S(t);
P(S;T) = maxf K S;00g;
im P(S;t) =0
S"1
im P(S;t)= K S(t);

SHS(t)
im @RS;Y) _
s#s(t) @S

1

L S(t): exercise boundary. J
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American Option in BS-Model
-

No closed-form solution for American option prices.

Various numerical schemes have been proposed
(binomial tree model, Monte-Carlo simulation,
nite-difference method).

The penalty method was proposed by Zvan et al.
(1998) and further considered by Nielsen et al. (2002)
for Black-Scholes model.

Khalig et al. (2006, 2008) developed an ef cient implicit
scheme using the penalty method.

In this work we study the implicit penalty method for
American option under regime-switching model.
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American Option in RS-Model
-

Constant volatility and interest rate do not t market
very well (e.g. volatility smile).

Stochastic volatility and Stochastic interest rate model.
Volatility (resp. interest rate) is given by a SDE. It takes
In nitely many values in a continuous range. For
example, Heston's model

(
dS = Sfrdt + P wdBY:

dv = (  w)dt+ " wdB?

dB{dBZ = dt. : correlation coef cient.

Regime-Switching Model. Volatility and/or interest rate
take nite number of values (piece-wise constant).
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American Option in RS-Model
B -

#® Let  be a continuous-time Markov chain taking values
among m different states. Each state represents a
particular regime and is labeled by an integer i between

1 and m.
® LetQ=(gj)m m denote the generator of (. Then g;
satisfy: (1) g; Oifié j;()gi Oandqg = isiGi
foreachi=1;:::;m
# Asset price follows
dgst: r dt+ dBy; t O

Volatility |, and interest rate r , depend on ;.
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American Option in RS-Model
B -

# Consider an American put option with strike price K
and maturity T < 1 . Let Vi(S;t) denote the option value
attimeO0 t TwhenS =Sand {=1i. ThenV(S;t),
| =1;:::;m, satisfy the following free boundary value
problem:
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American Option in RS-Model
T8 -
@V, 1 ,,@V @v ., . %X N
@t éis@g rS@S rIVI+|6iq|(VI Vi) =0
If S > S(t);
Vi(S;) =K S; 1If0 S Si(t);
Vi(S; T) =maxfK  S;0g;
lim V;(S;t) =0
S"1
im Vi(S;1) = K Si(1);
SHS; (1)
. @JSt) _
38#@(0 @S L
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Penalty Method for RS-Model
B -

# |dea: Remove the free boundary by adding a carefully
chosen penalty term to the PDE, resulting in a
differential equation on a xed rectangular region.

® lLet0< << 1be asmall regularization parameter and
C > 0be a xed constant. We consider the penalty
functions

C o
V (SiH+  oS)
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Penalty Method for RS-Model

- N

# Adding the penalty terms, we obtain,

> @y 1 @V, @V X
| 22V Q=1 \/. :
g @itz st Sgs Mt @M W)
C —_— . . . . .
+Vi " q(S)_O’ (S;t) 2[0;S1] [O;T);
Vi (S;T) =maxfK S;0g;
Vi (0;1) = K;
Vi (S1:t) =0:

® V. (S;t),i=1;:::;m: solution, S; : upper bound for S.
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Penalty Method for RS-Model
: N

Using gi = 61 Gi» we rewrite

X @V 1 @V, @V X
| 2q?2 i _ I . . \\/.
§ @27 @s Vs 1 VT G

C —_ . . . . .
+ VAT =0; (S5;0)2[0,S1] [6T);
Vi (S;T)=maxfK S;0g;
Vi (0;t) = K;

Vi (S1;1)=0:
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Implicit Scheme for RS-Model

Discretize the domain [0;S; ] [O; T]. Given positive T
integers M and N. Let S= 2= and t= 't bethe
grid sizes for S and t, respectively. Let

VI =Vvi(j Snt),0 j M+1,0 n N+1,

1 1 m.

Applying the -method (with second order central
differencing applied to the diffusion operators and

upwind differencing applied to the transport terms to

avoid oscillations due to spatial discretization), we

obtain a system of nonlinear algebraic equations:

|
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Implicit Scheme for RS-Model
- -

vy o, o R 2vIn
+ S + (1
\/_j;n +1 \/_j;n
+ I’iSj > 7 + (1 ) S
S S X
ri gV @ v+ vt e@ VI
" 161 H
C C
* jin+1 +( ) jin = 0:
Vi +  qS) Vil + q(S§p)

S=j S, é\/_j;n — Vij +1;n 2\/ij;n . Vij 1n.

|
jin _ \/j+1;n j;n
sV = v, who oL
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Implicit Scheme for RS-Model
-

Replacing V™ with V" *! in the nonlinear term, we have,

[ 1] #
;n +1 E +1 E
v v + 1 o2go AV ‘(1 sV
|~ ( ) 2
Wt 2 ( S)? 4 (S)
\/_j;n +1 \/_j;n
+r|SJ > IS +(1 ) Sé
! | X ) )
(ri gV @ VI gyt VI
|61
C
=0:

Call it implicit scheme one (IMS1).
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Implicit Scheme for RS-Model

Further replacing \/lj;In with \/Ij;n 1 for1 6 i,

#
+1 ;n +1 )
v v L1 252 sV (1) sV
{ 2 ' ( S)? " ( S)?
V_j;n+1 V_j;n
+hSg — st ) Sé
ri g) V@ VM gyt
6]

* jin+1
\Y +  q(S)

Call it implicit scheme two (IMS2).
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An Upper Bound for t

- N

Positivity constraint for American put value.
Vi(S;t) maxfK  S;0g; S 0,0 t T;1 1 m:
The discrete version:

V" maxfK S;00,0 j M+1;0 n N+1;1 i m:
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An Upper Bound for t
- -

heoreml1l Let | =max i, r_. =maxr;, and
I I
r. =max(r; ¢i). SupposethatC r K,S; K, and
I

( S)? .
[ 2S2 +r.S1 S+r.( S)3+ X ( 9)2

Then the approximate values f\/ij;n g generated by the

iImplicit scheme IMS1 and that generated by the implicit
scheme IMS2 satisfy the constraint

V" maxdK S;0g;0 j M+1;0 n N+1;1 i m:
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Generalized CRR Tree Method
-

The binomial tree model has been broadly used
because of its simplicity and ef ciency.

Divide the option life [O; T] into N steps with step size
— l_

N

Consider the joint Markov process (S ¢),0 t T.
Let (Sk; k) :=(St; t)i=kn be the state at the kth step of
the tree, k =0;1:::::N.

Assume (Si; k) =(S;i). Then at the (k + 1) th step,
Sk+1 can either move up to Su; with probabillity p; or
move down to Su; * with probability 1 p;, where

P —
Ui = € v Pi = P P

rJ_ —:
e h e ih
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-

Generalized CRR Tree Method

k+1 May stay at state i with probability p; or jump to

-

any other state j 6 i with probability p; , where

N
N
N
N

Dj = Pf ka1 =]l k=1g 1

Do
Do
DIro

OIo

S T T O

;] m:

lows that at the (k + 1) th step, there are totally

Pi Bji »
1 pi)p;;
Pip; ] 61

It then fo
2m possible states for (Sg+1; k+1), given by
% (Su.,l) wit
(Su 1) wit
Sk+1 ; = .
(k+1 k+1) §(Su.,1), Wit
" (Su hj); wit

(1 ppj; ] 6
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Generalized CRR Tree



Generalized CRR Tree
-

The tree recombines only partially.

Aingworth et al. (2006) showed that th!e number of
kK+2m 1

nodes at the kth step is = O(k°™ 1.
2m 1

Example. m = 20 regimes, N = 100 time steps. Then
the last step of the tree would have

139

4:7 10'°2 nodes.
39

This tree construction is practical for small m.
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Numerical Examples

Two regimes (m = 2). We compare
Implicit scheme one (IMS1)
Implicit scheme two (IMS2)
MTree — generalized CRR tree method

BE — an analytical approximation due to Buf ngton
and Elliott (2002. For two-regime case, lengthy
formula).

Parameters. 1o =6, 1 =9,r1=0:1,r>=0:05 1=0:8,
» = 0:3. All options have maturity T =1 and exercise
price K = 9.

For IMS1 and IMS2,S; =50, S=0:02 t=0:0005
=000, =0andC-=1.

For the tree, we divide the option life into 1000steps. J
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Numerical Examples

-

Table 1 lists approximate option prices.

BE approximations and implicit schemes are accurate
for the options that are in the money (S < K)).

As the stock price S keeps increasing so the options
become less and less likely to be exercised early, the
BE approximations become gradually worse.

Implicit schemes do not suffer this deterioration.

Fig. 1 displays the option prices as a function of the
stock price SfromS=5toS=20 attimet =0.

Fig. 2 displays the price surfaces as a function of both S
and t over the rectangular domain [5;20] [O; 1].
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Table 1. Comparison of American put option prices for two-regime mo

Numerical Examples

S BE IMS1 IMS2 MTree BE IMS1 IMS2 MTree
0=1 0=2

3.5 5.5000 5.5001 5.5001 5.5000 | 5.5000 5.5012 5.5012 5.5000
4.0 5.0020 5.0067 5.0066 5.0031 | 5.0000 5.0016 5.0016 5.0000
4.5 45359 4.5486 45482 45432 | 45083 4.5194 4.5190 4.5117
6.0 3.4085 3.4198 3.4184 3.4144 | 3.3517/ 3.3565 3.3550 3.3503
7.5 25870 25887 2.5867 2.5844 | 2.5125 2.5078 2.5056 2.5028
8.5 21631 2.1598 2.1574 2.1560 | 2.0812 2.0722 2.0695 2.067/8
9.0 1.9810 19756 19731 19722 | 1.8967 1.8860 1.8832 1.8819
9.5 1.8160 1.8090 1.8064 1.8058 | 1.7/301 1.7181 1.7153 1.7143
10.5 | 1.5309 1.5214 15187 1.5186 | 1.4440 1.4301 1.4272 1.4267
12.0 | 1.1944 1.1827 1.1/99 1.1803 | 1.1096 1.0945 1.0916 1.0916

L Column 2-5 are for regime 1 and Column 6-9 are for regime 2.

ol
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Numerical Examples

American Put Option Price Vi(S)

5 10 15 20
Stock Price S

Figure 1. American put option price curve at t = 0 using the
Implicit scheme two (IMS2). The upper curve is for o =1 and the
lower curve isfor o=2. J
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Numerical Examples

Figure 2. American put option price surface using the implicit
scheme two (IMS2). The left panel is for ¢ = 1 and the right panel
Isfor o=2. J
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Numerical Examples

-

Four regimes (m = 4). We test the implicit schemes.

t 2M = 11;2;3;4g. the Generator Is
2 3

.

Parameters. 1=0:9, =05 3=0:7, 2=0:2,
ri=0:02r,=0:1,r3=0:06 rg =0:15. All options have
maturity T =1 and exercise price K =9.

For IMS1 and IMS2,S; =100, S=0:04 t=0:0005
=0:001, =0andC=1:5. J

Wk = Wk Wk

= Wk Wk Wk
O ~NNNRNN

Wk Wk Wk =
Wk WkFE = Wi
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Numerical Examples

-

Fig. 3 displays the option prices as a function of the
stock price S on [5;30]attimet =0.

Fig. 4 displays the price surfaces as a function of both S
and t over the region [5;30] [O; 1].

|

New Numerical Scheme for Pricina American Option with Reaime-Switchina = n. 29/33



Numerical Examples

American Put Option Price Vi(S)

5 10 15 20 25 30
Stock Price S

Figure 3. American put option price curve att = 0 using IMS2

(Four regimes). The four curves (from top to bottom) correspond to
Lregime 0 =1;3;2;4, respectively. J
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Numerical Examples
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American put option price surface using IMS2. (Four

egimes). J
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Conclusions

-

We develop an implicit penalty method for American
option with regime switching.

We believe it is a promising direction of developing new
approximation methods for complex derivatives using
new asset models.

On-going and for future researches:

Multi-asset American options with regime-switching.
Apply meshfree radial basis functions.

Transaction costs.

Stochastic volatility and stochastic interest rate.
State estimation and nonlinear ltering.
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Thank You!
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