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Aim
Computing an expectation in a Gaussian framework

E(f(G)
where
o G~ Ny40,1y)
° fIRI—R
are such that

P(f(G) #0) >0 and VO € RY, E(f*(G)e %Y%) < +o0. 0]

Let 6 € R4, )
E(f(G+0)e 0% | =E(f(G)
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Outline of the talk

@ Introduction
© Convergence of the importance sampling parameter
© Convergence of the RIS estimator

© Numerical results
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Importance sampling
Let (Gy) i1 ii.d. ~ A4(0,1,).

1 0. 192
Mn((),f):=;Zf(Gi+9)e Gim
i=1

is an a.s. convergent and asymptotically normal estimator of E(f(G)).

1
Var(M,(6,f)) = ;(vf O)-E*(F(G)

where

2 2
V) =E(2(G+o)e 20 =k (fz(G+ g OGO g 0.6

2
- =[E(f2(G)e_9’G+%). @
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Optimization of 6
2
Under (1) the function /' (0) = E (fZ(G)e‘9~G+%) is

@ C* with derivatives obtained by differentiation within the
expectation :

2
Vevf(e) = [E((Q_ G)fz(G)e‘B-G’rwz' )
2
Vo' 0= [E((Id+ 0-G)O- G)*)fZ(G)e—9~G+%),
@ strongly convex.

= 30, er?: /) = inf /S 6).
OeRd

Approximate E(f(G)) by Mn(6‘£, N
Problem : v/ and therefore 6{ unknown.
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Optimizati fo

@ Glasserman Heidelberger Shahabuddin 99 give a large deviations
2
argument to choose 8 maximizing log|f(0)| — “’%.

@ only gives an approximation of ol ,
© numerical search of a local maximum requires regularity of f

Jérome Lelong (ENSTA) Wednesday 15 April 2009 6/25



Introduction Robust adaptive variance reduction
Convergence of the importance sampling parameter

Convergence of the RIS estimator
Numerical results

L .
Introduction ENSTA

Optimization of 6

@ Glasserman Heidelberger Shahabuddin 99 give a large deviations
R 16]2
argument to choose 6 maximizing log|f(0)| - =-.
@ only gives an approximation of ol ,
© numerical search of a local maximum requires regularity of f

@ Arouna 03,04 characterizes 9{ as the unique solution of

2 —0.G+ o2 : . .
E((0-Gf“(Ge 2~ | =0 (stochastic approximation)

@ use of the same samples to estimate 9]; and E(f(G)) : Arouna 04.
estimator of E(f(GQ)) a.s. convergent and asymptotically normal with
optimal variance vf(G{;) —E2(f(G)).

@ But need of random truncation techniques to stabilize

@ Lemaire and Pages 08 characterize 9’; as the unique solution of
E((20 — G)f*(G—0)) = 0 (stochastic approximation)
= Tuning the gain sequence?
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Robust adaptive variance reduction

Sample average optimization

Under (1), for nlarge enough f(G;) # 0 for some i€ {1,...,n} and the
2
sample average approximation vf @ :=1 i F2(Gpe Gt % ot of
@ C with explicit derivatives :

= 2
Vo, (0) = % PCE Gi)fz(Gi)e‘G-Gﬁ%

i=1

n
vau (0) = % Y. Ug+ OGO -G f2(Gye 007
i=1
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Sample average optimization

Under (1), for nlarge enough f(G;) # 0 for some i€ {1,...,n} and the
2
sample average approximation vf @ :=1 D F2(Gpe Gt % ot of
@ C with explicit derivatives :

= 2
Vo, (0) = % PCE Gi)fz(Gi)e‘G-Gﬁ%

i=1

122 62
HAOE - Y Ua+©O-G)O-G))fA(Gpe 06t &
i=1
Q strongly convex.

=310, erR? : V(@) = inf ,(0).
feRrd
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Sample average optimization

The sample approximation HZ is characterized as the unique root of

1y 2y ,—0.G+ L
Vot 0) =0 &~ (0 -G)f*(Ge T =0
i=1

SI= II=

2 _0.G 4102 .. . . .
f2(Gpe """ I; + positive semi-definite matrix

M=

Vf; v, (0)
1

\%

012
f2 (Gl) e—G.Gi+ % Id

M=

1

The lower bound can be arbitrary small = gradient style algorithms may
converge slowly.

:
Jérome Lelong (ENSTA) Wednesday 15 April 2009 8125



Introduction Robust adaptive variance reduction
Convergence of the importance sampling parameter [ .
Convergence of the RIS estimator Introduction

£
Numerical results aricrect

Sample average optimization

Alternative representation

?:1 Gifz(Gi) e—H.Gi
Y, f2(Gpe b

Vo (0)=000= & Voun(@) =0

where 1, (6) €' % +log (X, f2(Ge %),
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Sample average optimization
Alternative representation

?:1 Gif2 (G e—H.Gi

Vol () =060 =
0 n( ) == Z?:lfz(Gi)e—&Gi

& Voun() =0

where 1, (6) €' % +log (X, f2(Ge %),

" GG fA(Ge 0

Y1 fA(Ge0Ci

2L Gif2(Ge Gyl | G fA(Gpe ?Ci
(X1, f2(Gpe0:Giy?

Vaiu,0) =1+

> 1;.

= 6{1 can be computed by very few steps of Newton’s algorithm.
Remark : The payoffs (f(G;j))1<i<n do not depend on 6.
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Robust adaptive Importance Sampling estimator (RIS)

12 AL
M@, 1) = ;Zf(Gi"'a);)e_g}':'G’ 3

i=1

@ Use of the same samples to approximate 6£ then E(f(G))

10}2
@ No independence between the variables | f(G; + 9{,) e_(’{l'Gi_ Tz

Questions :
@ Convergence of the RIS estimator?
@ Asymptotic normality?

o Ifyes, is the asymptotic variance optimal s (65() -E2(f(G)?
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© Convergence of the importance sampling parameter
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Parameter reduction

To save computation time, it may be useful to search for the optimal 6 in a
sub-space & c R? with dim(&) =d' <d.

Q introduce a matrix A € R%* @ with rank d’ < d,st. ImA) =&
Q consider T’:A = argminT R v’;,(Ar) instead of 6’; =argmin_ pd v{,(@).
When d’' « d, T’:A is much easier to compute.
@ approximate E(f(G)) by M, (ATQA, N
Sofar,d =dand A= 1.

Example : model driven by a Brownian motion W in R on a time-grid
(f1,...,tny) = d=1xN.
The choice W; + 7t corresponds to d' = I.
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Convergence of the importance sampling parameter

Proposition

Qo r,f,’A and vf,(Ar],;’A) converge a.s. to T{'A and (ATJL’A).
Q Ifmoreoverv0 e R, E(f*(G)e %) < +oo, then

vaah = Z Ay 0,87 B
where B= A*V5 o (Arf A and

A2
C = Cov|a* (A - G2 (@ etrs -6+ e )
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Definition

For o € R%, we say that a function h: R% — R
9 is o/ -monotonic if

Vxe Rd, T € R— h(x+ </ T) is monotonic

@ belongs to ¥, if h may be decomposed as the sum of two <« -monotonic
functions g and g such that

IA>0,3B€[0,2), VxER, |gi0)] < 1™ fori=1,2. 3)

v

When d =1, 7 consists of the functions of finite variation which satisfy
the growth assumption (3).
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Convergence of the estimator

Theorem

Assume (1) and that f admits a decomposition f = fi + 1;g=1,> with

9 fi a continuous function s.t. VM > O,IE( sup |fi(G+ 9)|) < 400
101=M

9 f> €V, defined below.

Then, for any deterministic integer valued sequence (v;), 1 0o, M, (A V’f, N
converges a.s. 1o E(f(G)).
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Convergence of the estimator

Theorem

Assume (1) and that f admits a decomposition f = fi + ;=12 with

9 fi a continuous function s.t. VM > O,IE( sup |fi(G+ 9)|) < 400
101=M

9 f> €V, defined below.

Then, for any deterministic integer valued sequence (vy), 1 0o, My, (A V’f, i)
converges a.s. 1o E(f(G)).

_g.g-1022 d £ _aok
sup [Ifi(G+0)1e % 2 | < sup I (G+6)| [] (M +e M)
101=M 101=M k=1
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Convergence of the estimator

Theorem

Assume (1) and that f admits a decomposition f = fi + 1;g=1,> with

9 fi a continuous function s.t. VM > O,IE( sup |fi(G+ 0)|) < 400
101=M

9 f> €V, defined below.

Then, for any deterministic integer valued sequence (v;), 1 0o, M, (A V’f, N
converges a.s. 1o E(f(G)).

2 2
[E( sup (Iﬁ(G+0)|e‘9'G_%))Se% Z [E(sup |ﬁ(G+9+u)|)
18|1=M pe{fM,M}d 0|l<=M

= ULLN : a.s. My(0, fi) — E(f1(G)) locally unif. = Mn(ArC’f,fl) - E(fi(G)
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Asymptotic normality

Theorem

Assume (1), V0 € R, E (f*(G)e™%F) < +oo and that f admits a
decomposition f = fi + fo + 1;g-1,f3 with

Q fi aC! function s.t.
VM >0, E(supjg<p |fi (G+0)] +supjg<p [VA(G+0)]) < +oo,

Q dJac ((m—d’)/m] ,BE0,2),A>0,
VX, yeRL |0 - L) < Ae'x'ﬂ"'y'ﬂlx—yl"‘ ,
Q fe7,.
Then /(M (47", f) = E(F(G) = M (0,0 (AT} - E2(£(G)) .

2 — 4 . . . .
Note that 7”‘1’28‘1"1 is increasing with d', equals % for d’ =1and
converges to 1 as d — oo.
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Applications

In multidimensional Black-Scholes models or discretized local volatility
models (I stocks on the time-grid (71, ..., f{y) — d = I x N), hypothesis on f,
is satisfied for

@ basket Call and Put payoffs
@ basket exchange payoffs
@ best-of options payoffs
Problem with barrier or binary options unless d' = 1 and payoff in ¥4

Example : payoffs of discrete barrier Call and Put options in the
one-dimensional (I = 1) Black-Scholes model when

A=,V —1t,....VIiN—In-1)
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Basket options

Payoff: (Zﬁzl(u’sl‘T—I()Jr —d=1

Numerical results

Robust adaptive variance reduction

L Numerical results

p K Price PriceMC Variance MC Price RIS Variance RIS
0.1 45 7.210 7.216 12.12 7.209 1.04
55 0.561 0.567 1.90 0.559 0.14
0.2 50 3.298 3.304 13.56 3.296 1.74
0.5 45 7.662 7.678 42.2 7.650 5.06
55 1.906 1.879 14.46 1.906 1.25
09 45 8.215 8.154 69.47 8.211 7.89
55 2.823 2.823 30.08 2.819 2.58

Table: Basket option in dimension d = 40 with r=0.05, T =1, S(i) =50, ol= 0.2,
w'= L foralli=1,...,dand n=10000.

In comparison with MC, variance divided by 10 and computation time
multiplied by 3 (4.5 CPU seconds instead of 1.5) — time needed to achieve
a given precision divided by 3.3.
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One-dimensional barrier option
Payoff: (St - K)+1vi<j<d, Sy=1) where ;= %T

@ RIS : optimization of the drift parameter 6 € R?
@ RRIS : optimization of A7 for r e Rwith A= (VT,...,VIg— Ig_1)".

Payoffin 7).
L Price PriceMC VarMC VarRIS Price RRIS Var RRIS
70 11.445 11.472 401.51 34.10 11.454 34.33
80 11.244 11.240 401.04 35.68 11.261 36.11
90  9.689 9.672 383.93 42.54 9.705 45.37
95 7.564 7.518 342.05 42.01 7.557 49.84

Table: Down and Out Call option with 0 = 0.2, r=0.05, T =2, S(l) =100, K=110
and n =10000.

@ Variance similar for RIS and RRIS and divided by a least 7/ MC
@ Computation time multiplied by 2 for RRIS — Time needed to
achieve a given precision divided by 3.5.
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One-dimensional barrier option

04 — |
. 7177 1
03— 7Z
02—
01—
0 AREREENT IAERIREN N
-4 -3 -2 -1 0 1 2 3 4

Figure: Normalized distribution of My, (9{,, ) (RIS) for the option with L = 80,
n=10000, 5000 independent runs.
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Barrier basket option
Payoff: (L1, 0'Sh~ K)+ Ly yjen, st > 1y With 4= I d=1xN.
=

RRIS:d' =1, Aj-nr+ii=+/Gi— -1 forj=1,...,Nand i=1,...,1, all the
other coefficients of A being zero.

K Price PriceMC VarMC VarRIS Price RRIS Var RRIS
45 2.371 2.348 22.46 2.58 2.378 2.62
50 1.175 1.178 10.97 0.78 1.179 0.79
55 0.515 0.513 4,72 0.19 0.517 0.19

Table: Down and Out Call option in dimension I =5 with 0 =0.2,
So = (50,40, 60,30,20), L= (40,30,45,20,10), p=0.3, r=0.05, T =2,
w=(0.2,0.2,0.2,0.2,0.2) and n=100000.

Variance of RRIS similar to RIS, divided by 10 to 20/MC. Computation
time multiplied by 2.
Time needed to achieve a given precision divided by 5 to 10.
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Best-of option in a local volatility model

o dSi=Si(rdt+o(t,SHdw))
with 04(£, %) = 0.6(1.2 — e~ 011 ~0-001(xe" =5)%) o=0.05V
and (W',..., W) as before.

o payoff : (maxi<i=; S5 — K)+

K  Price PriceMC VarMC Price RRIS Var RRIS
70 3.260 3.236 137 3.299 24.50
80 1.901 1.917 94.23 1.905 14.09
90 1.220 1.253 67.70 1.227 9.41

Table: Best Of option in dimension 12 with p = 0.5, r=0.05, T'=1, n=50000 and
w'=1, S(’) =50foralli=1---1I.

Time needed to achieve a given precision divided by 2.

Jérome Lelong (ENSTA) Wednesday 15 April 2009

24125



Introduction Robust adaptive variance reduction
Convergence of the importance sampling parameter

Convergence of the RIS estimator
Numerical results

[ .
Numerical results ENSTA

Conclusion

o Fully automatic adaptive importance sampling technique for the
computation of E(f(G)) where f: RY - Rand G~ N(0,1,).

@ Theoretical results ensure convergence of the estimator and
asymptotic normality with optimal limiting variance for a large class
of financial payoffs f

@ According to our numerical experiments,

¢ time needed to achieve a given precision is divided by a factor between
2 and 10 in comparison with crude Monte Carlo

@ only one importance sampling parameter per stock is enough
@ convergence and asymptotic normality hold for a larger class of payoffs.
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