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Introduction

Introduction

Portfolio optimization: a fundamental concern when investors
trade between a large number of risky assets

@ Merton (1971): Maximizing expected utility of terminal
wealth
He derived a closed formula.

@ Many generalizations: maximizing under Bankruptcy
constraint, maximizing with transaction costs, maximizing
in pure-jump Lévy model.

Maximizing utility problems lead to HJB Equations

An efficient algorithm: Howard algorithm computing two
sequences the optimal strategy and the value function. Not
possible when risky assets humber > 3 .
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Introduction

Introduction

@ Zariphopoulou (2001): maximizing utility in a market with
one risky asset and a stochastic volatility model.
Using a power transformation: the value function is a
solution of a linear P.D.E

@ Pham (2002): multidimensional model, diffusion process,
constraints. A power transformation leads to a semi linear
parabolic equation.

@ Mnif ((2007): multidimensional model, stochastic volatility
model, exponential utility, constraints on amounts, jump
diffusion process. When there is no correlation between
the risky asset and the factor volatility, the optimal
investment strategy is determined by solving a static
optimization problem.
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Problem formulation in the case of power utility

Problem formulation

(Q, F,P) filtered probability space
financial market: bond S° and n risky assets S

S0 = 1
dS; = diag(S;-) (b(/\t)dt + o(A)dW; + &(Ay)d W,

+ / (A, Ui, du))
R™\{0}

W d-dimensional standard Brownian motion

W m-dimensional standard Brownian motion independent of W
w1 a Poisson random measure and

fi(dt, du) = (iu(dt, du))1<i<n = (ni(dt, du) — gi(du)dt)1<i<n is
the compensated Poisson random measure
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Problem formulation in the case of power utility

Problem formulation

gi(du) is the Lévy measure

/ Gi(du) < oo.
An\(0)

A is a d dimensional stochastic factor
d/\t = T](At)dt + th,

Assumption (H1)  is Lipschitz.
We denote

e [EQ) P
A) = inf —_—
Oé( ) TERM w#0 |7T|2
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Problem formulation in the case of power utility

Problem formulation

Assumption (H2)There exists some positive constants C such
that for a.e. (\, u) € RY x R"\{0}:

)\ien’gda()\) >0
6]+ [le(M)]] < C.
la(MI < C(1 +[A)

vi(Au) > —1forall1 <ij<n

(A u)ll < €
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Problem formulation in the case of power utility

Problem formulation

A strategy = is said admissible if it is F-predictable and

n
m € A={(my,..,m) €0,1]", ) ~m < 1}as.forall0<t<T.
i=1
A the set of admissible controls.

t = X +/ X — b(/\S dS —+ 7'('8 (As)dWS —+ W;a(/\s)dWs

+ / w57 (As, U)i(ds, dU)>
A"\ {0}

The utility function: U(x) = %‘S, x € Ry, The objective of the
agent

v(t, x, \) = sup E[U(X7T)|X; = x, At = )], (t,x,)) €[0,T] x Ry x R,
TeA
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Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

Semi-linear PDE

ov 1 . ov
Br +n(A)*Dyv + 2Aw+max {XTF b()\) i
21 * 262 2

+ Z/Rn\{o} (t.x(1 + 7900 1)), \)

v x5 )ald) | o

fora.e. (t,x,)\) €[0,T) x Ry x RY
5
X

v(T,x,)\):F,

Mohamed Mnif Portfolio Optimization



Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

Semi-linear PDE

Due to the power utility function, we look for a candidate of HJB
equation in the form:

X0
V(t7 X, )‘) = ? exp (_¢(t7 )‘))
By differentiation, HJB implies

=0 2o+ HOLDY) =0, (tN) 0. T) xRS, (1)

with terminal condition

#(T,\) =0, y e RY, (2)
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Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

Semi-linear PDE

H is defined on RY x RY by
1 "
H(\ p) = 5 eI = p*n(V)

+ max {6(7r*b()\) — T a(\)p) — %5(1 —8)|Z(\) 2

TEA

+Z/

1+ v\ )’ — 1 = 67 (A, U)) Ch‘(du)} :
H"\{O}
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Verification Theorem
Regularity of the value function
Example: A multi-assets stochastic volatility model

Characterization of the optimal investment strategy

Semi-linear PDE

Theorem

Let assumptions (H1) and (H2) hold. Suppose that there exists
a solution ¢ € C'2([0, T) x R%) n C°([0, T] x RY) to the
semi-linear equation (1) with the terminal condition (2). We also
assume that |D¢(t, \)| has a linear growth condition in A
uniformly in t. Then the value function of (1) is given by:

X9

4]

v(t,x,\) = —exp (—¢(t,\), (t,x,\) €[0, T] x Rx RC.
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Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

Theorem

The optimal portfolio is given by the Markov control
{7t =7n(t,\t),0 <t < T} where

#(t,N) € argmin {~3(r"b()) — 7*o(A\)De(t, 1))

+ 15(1 — 8|\ |2

* S _ 4 _ 5t , .
Z/R"\{O} 14+ 7\ u)? —1-6 fy,()\,u)) q,(GU)}

v
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Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

Regularity of the value function

(H3)(i) inf «(X) > 0 (uniform elliptic volatility).
AERd

(i) n is C' and Lipschitz, bis C' and bounded and Db is
bounded.

(iii)x=* is C' and bounded and ||D(XX*)|| is bounded
(iv)—1 < yj(\, u) = y5(u) < Mforall (A, u) € RY x R"\ {0}
where M > 0.

Mohamed Mnif Portfolio Optimization



Verification Theorem

- . . Regularity of the value function
Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility mode

Regularity of the value function

Under Assumption (H3), there exists a solution

¢ € C'2([0, T) x RY) n C°([0, T] x RY) to the semi-linear
equation (1) with terminal condition (2) and linear growth
condition in X uniformly in t on the derivative D¢.
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Verification Theorem
Regularity of the value function

Characterization of the optimal investment strategy Example: A multi-assets stochastic volatility model

i
= bidt+vi(Ae) Y pipidWi + /1 — p2d W)
t- j=1

+ / ~ii(u)i;(at, du
Z ooy L L)

dhy = (a,-—@,-/\,-t)dt+th, forallie {1,...,n}.

(vi)1<i<n bounded C' functions with bounded derivatives and
lower bounded by a positive constante¢; > 0 forall i € {1,...,n}
a; and ¢; are constants, pj; is the constant correlation between
the two Brownian motions of S’ and &/, p; is the constant
correlation between S’ and its volatility and ~;(v) > —1 and is
bounded.
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Verification Theorem
Regularity of the value function
Example: A multi-assets stochastic volatility model

Characterization of the optimal investment strategy

The optimal portfolio is given by:

n
#(t, Ar) € arg min [52 b

5(1 B (5 inf(i.f)
+ 5 Z T (vi(Ai) Vj(/\jt Z Pik Pjk
7] 1
+ 0 TipijPj (i(Nit)) oy o¢ (t,At)
O\

i=1 j=1

_ Z/Rn\{o} 14+ 7 y(u)’ =1 - 577*%.(u)) q,-(du)] ,
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Connection with BSDEs and numerical study

We define two processes (Y, Z) by

Yi = (;5(1',/\0, Zi = qu)(t, /\1) forall f [0, T]

Proposition

Suppose that Assumptions (H1), (H2) and (H3) hold. We define
the processes (Y, Z) as follows

Vt = eXp( Yt), Zf = \_/tZt, forall t € [0, T],
then the couple (Y, Z) is a solution of the following BSDE
—dY; =9\, Vi, Zy)dt — ZdW,,

with terminal condition

4
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Connection with BSDEs and numerical study

Proposition

§07.2) = —min{=d(r"b(N)y - 7*o(N)2)
e ki
-y s T yi(1))? — 1 — 67*; : .
> / i () =16 V(U))q(dU)}
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Connection with BSDEs and numerical study

Discretization and simulation of the decoupled FBSDE

/\;Vt = Nigo
»{0 )
N N N
/\/,tk+1 = /\/,tk + U(Al,tk)h + AVV/,/(a

_ 1 _
z,{Vtk - EEK(Yt’k\’+1 AW, g),

o
where Ex(.) = E(.|Fy,).



Connection with BSDEs and numerical study

Error induced the discretization in time

Since Y;\ is a constant and AN is a Markov Chain, it is easy to
see that Y} = yJY(Nj)) and Zj) = Z(A]) where y}Y and Z[{ are
unknown regression functions defined in a backward manner.

Zhang (2004), Bouchard and Touzi (2004), Gobet et al. (2005)
proved For h small enough

t+-1

E|Z— Z)[Pdt < C (1 + \/\0\2> h

N—1
max E|Y, — YN]?
oD F1 Vi~ Vil +l;)/tk
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Connection with BSDEs and numerical study

Discretization and simulation of the decoupled FBSDE

Step 2. Localization. Localization of the Brownian increments
and the function g

o [AWklw = —Ro\/(h) vV AWk A Ryy/(h)
° 97\, y,2) =g (-Ri VA ARy, ..., —RaV A\g A Rg, ¥, Z)

Tbe Iocglization modifies the numerical scheme. We define
(YN’R,ZN’R) by

A _

_N,H 1 \, s

Z/,tk = EEk(YtI:I+:?[A VVl,k]W)a

CN.R oN,R — vN,R >N.R
Ytk = Ek(Ytk+1 ) + hEk(gR(Aal’ Ytk+1 ’Ztk ))7
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Connection with BSDEs and numerical study

Discretization and simulation of the decoupled FBSDE

The main interest of the localization is to provide bounded
. . —N.R -N,R
regression functions y,"* and z,"". One has

1721l < Cy(R) and |12y < C(R)( See Proposition 1
(Lemor Gobet and Warin (2006))

Step 3. Function bases.

@ We approximate Vt’k\”’? and Z,{\;;R forall1 </<dbya
projection on a finite-dimensional function bases po,k(/\?kl’ﬂ)
and p,7k(/\2(”’q) forall1 </ <d.

@ We set o for all 0 < / < d the projection coefficients of

¥"F and Z,’\{ A1 <1< d on the function bases
(p, Kk)o<I<d- We denote by K; x the size of p k.
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Connection with BSDEs and numerical study

Discretization and simulation of the decoupled FBSDE

Step 4. Monte-Carlo Simulations.
@ We simulate M independent Monte Carlo simulations of
(A} )o<k<n and (AWi)o<k<n-1. We denote
(A 1<memo<ken and (AWM)1<memo<k<n-1 these
simulations.
@ We write p,7k(/\fk”m) = p/'x and B,"f,ﬁ the matrix of size
M x K; x which rows are (pf})*. we denote by K/ the rank
of BY%.
Step 5. Truncations. We force our approximation of YN-# and
ZN-A 10 be bounded by C,(R) and C,(R). For a function 1, we
define the truncations by [¢],(x) = —C,(R) vV ¥(x) A Cy(R) and
[¥]2(x) = —=Cz(R) V ¥(x) A Cz(R)
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Connection with BSDEs and numerical study

The algorithm

_, yNRM _
v

— iteration: for k = N — 1,..., 0, assume that y" AM(AYl ) is

known, then we solve the d + 1 least-squares problems:

M m
o1 NAM, Ny AWk
aff = arg inf 1 > sy (/\tH’?)T — a.pk?
m=1

M NAM(p
afly = arglnf Z!y tk+1)

~R/ AN, NRM N,
+ th(Atk mayk+1 (Atk+T) [Ol/,k-Pﬂ]Z) - 04~P8?k|2

=N,R,.M

— J M) = [ad-poxly(-) and 20 FM() =

[k -PrK)z()-
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Connection with BSDEs and numerical study

The algorithm

Assumption (H4) (p; k)o<i<a,0<k<n is @ complete orthonormal
system with respect to the empirical scalar product < .,. >k um

<Y1, ¥ Zkm= Z P (A M2 (AY )

L e

AWT]
M N,R, M [AW/R]w
Qrg = M E P/mkyk+1 tk+1 )7,7

Mo N,R, M
Mok = Z Po <Yk+1 tk+1 ™

T th(AN "IN, (o4 PT2))

tk+1
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Connection with BSDEs and numerical study

The algorithm

@ For the convergence, we refer to Lemor, Gobet Warin
(2006)

@ The error induced by the localization has a contribution of
order h

@ We choose the hypercube basis. We choose a domain D
and we partition it into small hypercubes of edge «

@ To get a global (squared) error of order h”?, 3 € (0, 1], we
have to choose k ~ h’" (i.,e. K= Ch™ A yand
d(ﬁ4+1)7%

M ~ Ch=9B+1)-(B+2) jog(h=— 7 )
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Connection with BSDEs and numerical study

Numerical Approach

We simulate the d-dimensional stochastic factor A = (A¢)scjo, 7
by using Monte-Carlo method. We denote by /\?k”m € R the

m-th approximation of A;. We determine d}®* = max /\,'.V;m
' 1<m<M Dk

and d™" = min /\f\’t’m. We consider
) 1<m<m "%

Di={Xe R\ € [, d>], st forall 1 <i<d}.

We partition into small hypercubes of edge « the domain Dy.
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Connection with BSDEs and numerical study

One risky asset model results

— = bdt+ O'(/\t)th + 5(/\1‘)th7
ahs = (a — 9/\1)dt +dW;, A\g =0,
I__and 5(\) = ep + 2

where o(\) = €1 + Wi e

Table 1 gives the values of our model parameters.

Table: Values for the model’s parameters

ad T b €1 €2 a

1 1 10.03 [ 0.71x107° | 0.704x107° | 0.71

a | p1]| P a 9 §
0.704 | 4 3 0.05 1 0.5
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Connection with BSDEs and numerical study

One risky asset model results

We determine Yy, then v4 (0 X, No) == £ exp (- Yp). We

compute (0, x, Ag) : Z ), where
m=
N-1 gm Sm
XP =x+ ) Xi# %
k=0 f

Table: Resulis for the value function

M 4000 | 6000 | 8000 | 10000
v1(0,10,Ao) | 6.375 | 6.375 | 6.375 | 6.362
v5(0,10,A¢) | 6.321 | 6.346 | 6.367 | 6.361
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Connection with BSDEs and numerical study

Two risky assets model results

ds] i

S = bt (M) (prdW] +/1— W),
t

ast _ w; — pRdW,
@ = bodt + va(Nat) | p(p1dWy + /1 — p7d W)
t

+ V1= p2(p2dWE + /1 - pEdV_Vrz)> :
dh\y; = (81 — 91/\1t)dt+ dW;, N =0,
dhot = (@ — OaMo)dt + dWE, Ay = 0,

where vj(\) = ¢ + \/ﬁ, i € {1,2}. Our model parameters

are given in Table 3.

Mohamed Mnif Portfolio Optimization



Connection with BSDEs and numerical study

Two risky assets model results

Table: Values for the model’'s parameters
T h by bo a4 01 as
0.4 | 0.04 | 0.05|0.03| 0.75 1 0.5

b | p P1 p2 J €1 €2 B | B
1103]075| 05 05 [10°6[10°%] 4 3

N Q

We determine Yo, then v4(0, x, Ag) := £ exp (— Yo).
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Connection with BSDEs and numerical study

Two risky assets model results

Table: Results for the value function

M 6000 | 8000 | 9000
v1(0,10,Ap) | 6.376 | 6.372 | 6.372

The optimal investment strategy at t = 0 is given by

75 = (0,0.91,0.09).it is optimal to invest only in risky assets. It
is better to invest more in the first risky asset since the drift of
the second is higher and the level of the volatility of S is lower

(B1 > Bo).
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