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Kolmogorov Equation Agenda:

E— = Kolmogorov Equation: basic theory and functional setting.

= Examples: Asian options, Hobson-Rogers model.
= Main result: existence of a strong solution.
= Optimal regularity (in progress).
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Model equation

[Kolmogorov] (1934), [Fokker] (1914), [Planck] (1917)

Opp + V0 — O, (z,v,t) € R

Ornstein-Uhlenbeck

|

dV, = odW,,
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Asian Options

Black & Scholes setting

dBt = ’I“Btdt,

[Barraquand-Pudet] (1996), [Barucci-P.-Vespri] (2001),
[Jiang-Dai] (2004)
= Arithmetic average: A; = f(f S.dr, dA; = S;dt

{ dSt = uStdt + O'Stth,

IV 1 5,0V OV
2~ 37 % a5 T8z

= Geometric average: A; = f(f log (S, )dr, dA; = log(Sy)dt

0%V oV

ov 1
5 +1log(S) = 5

— —g28°

ot 2 oS
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Path-dependent volatility

[Hobson, Rogers] (1998); [Di Francesco, Pascucci] (2004);
* Model equation [Foschi, Pascucci] (2007)

e Asian Options
e Path-dependent volatility

e Path-dependent vol: PROs dSt — ,LLSt dt —|— O-(Dt)th)

American Options

D, = deviation from the normal trend

Kolmogorov Equation

Outline of the proof

+o00
Dt = St - )\/ €_>\T St—T dr
0
Pricing operator:

ov 1

2V oV
2— —_
75z T o524
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Path-dependent vol: PROs

inroduction = realistic asset/volatility dynamics

e Introduction

e Model equation

e Asian Options

e Path-dependent volatility PREZZO e MEDIA

115
e Path-dependent vol: PROs ‘ ‘

American Options 1

Kolmogorov Equation
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Optimal stopping

introducton Price of the American Option:

American Options
e Optimal stopping t
e Obstacle problem U(t7 :C) p— Sup E [SO(T’ X,r’x)]

e Uniformly parabolic PDEs T
e Degenerate equation TE t, T

e Our main results

Kolmogorov Equation

utine of the proo = X% diffusion starting from (z, ¢)
= payoff function
= 7, 7 set of all stopping times with values in [t, T'.
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Introduction

K Kolmogorov operator

American Options
e Optimal stopping

e Obstacle problem {

e Uniformly parabolic PDEs

max{Ku, p —u} =0, in ]0, T[xRY
’LL(T, ) — SO(Ta °>7 in RY
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e Our main results
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Continuation region

X
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Uniformly parabolic PDEs

= Variational solutions:
Bensoussan & Lions (1978)
Kinderlehrer & Stampacchia (1980)

= Obstacle and optimal stopping:
van Moerbeke (1975)
Bensoussan & Lions (1978)

= American options:
Bensoussan (1984), Karatzas (1988)
Jalllet & Lamberton & Lapeyre (1990)

= Viscosity solutions:
Fleming & Soner (2006), Barles (1997)

= Strong solutions:
Friedman (1975)
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Degenerate equation

= Barraquand and Pudet (1996)

Introduction

= Barles (1997)

ngmnilppzlfnl o = Parrott and Clarke (1998)

= Wu, Yu and Kwok (1999)

Kolmogorov Equation = Hansen and Jorgensen (2000)

Outine of the proof = Ben-Ameur, Breton and LEcuyer (2002)

= Barone-Adesi, Bermudez and Hatgioannides (2003)
= Marcozzi (2003)

= Fu and Wu ( 2003)

= Jiang and Dai (2004)

= d’Halluin, Forsyth and Labahn (2005)

= Huang and Thulasiram (2005)

= Bermudez, Nogueiras and Vazquez ( 2006)

= Barbu and Marinelli (2008)
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e Our main results
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Our main results

[1] Di Francesco, Pascucci, P. (2008) Existence of a strong
solution to the obstacle problem for non-uniformly parabolic
pricing PDEs for Asian options

[2] Pascucci (2008) Solution to the optimal stopping and
pricing problems for Asian options

[3] Frentz, Nystrom, Pascucci, P. (2008) Optimal interior
regularity for solutions to the obstacle problem

-p. 11/28




Introduction

American Options

Kolmogorov Equation
e Kolmogorov Equations

e Transition denisty

e Model equation

e Non Euclidean structure
e Homogeneous norm

e Holder spaces

e Sobolev spaces

e A priori estimates

e Strong solution

e Obstacle-Payoff function
e The existence result

e Properties of u

e Optimal regularity

Outline of the proof

Kolmogorov Equations

Consider the Stochastic Differential Equation in RY

dXt = BXtdt + O'CZWt, XO — I,

B: N x N constant matrix,
o. N X m constant matrix,
W; m—dimensional Wiener process, 1 < m < N.
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Kolmogorov Equations

Consider the Stochastic Differential Equation in RY

dXt = BXtdt + O'CZWt, XO — I,

B: N x N constant matrix,
o. N X m constant matrix,
W; m—dimensional Wiener process, 1 < m < N.

= Solution: X; = e'P (:1: + fg e_SBJdWS>
= X, is Gaussian. Mean: E(X;) =Pz,

= Covariance matrix: C(t) = [ e *Po (e—SBa)T ds
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Transition denisty

dX; = BX;dt + odW;

C(t) is positive definite < HOrmander condition
= X has a transition density

= Gaussian fundamental solution of the Kolmogorov op.

K = div(AV) + (Bx, V) — 0,, (t,z) € RNT!

where
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Model equation

O2u + x0,u = Owu (z,y,t) € R?

N

1 0 —
B 0 O C t
0 0 1 0 —

['(x,y,t)

T2 P\ Ty e T
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Non Euclidean structure

Introduction

K =div(AV) + (Bx, V) — 04, (z,t) € RV T!

American Options

e Kolmogorov Equations Tran S | atl ons:

e Transition denisty

e Model equation

- —tB N+1
e Homogeneous norm (57 7-) © ('CC? t) T <'CC —I_ € g’ t —I_ T)7 (57 7-)7 ('CC? t) E R

e Holder spaces

e Sobolev spaces

e A priori estimates . tB

« Strong solution Invariance: Letv(z,t) :=u(x +e P& t+ 7). Then

e Obstacle-Payoff function

e The existence result

« Properties of u (KU) ((f, T) o (33, t)) — K’U(ZU, t)

e Optimal regularity

Outline of the proof
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Homogeneous norm

Dilations: Let v(wq,x9,t) = u(Az1, \>x9, A\°t). Then

Uy 2y -+ T1Ug, = Ut = Veyay -+ T1Vgy = Ut
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Homogeneous norm

Introduction Dllatlons Let ’U(:Cl, xT9, t) — u()\xlj )\BZCQ, )\21‘;) Then

American Options

Uiy T T1Uzy = Ut > Vo T L1V = U

e Kolmogorov Equations

* el et Homogeneous norm

e Non Euclidean structure

e Homogeneous norm

S (21, 22) |1 = Jaa| + |22 P (2, )i o= ol + [
e A priori estimates

: Ztk;(;::clse(?::;;ﬁ function H O | d e r CO ntl n u Ity I n L

e The existence result

© ot ety (21, 22, t) — w(€y, &2, 1) < O(Joy — & | + |72 — &[Y3)

Outline of the proof
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Holder continuity in (z,t)

|u($1,$2,t) _ U(§1,€2,7)| S C (‘331 — 51“|—

22— & — (1= )& V?) + |t — 7|2
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Holder spaces

A&

K = Z aij(xat)axixj —+ Zai(xat)axi + CL(:Ij,t) + (Ba:,V) — O

7

1,7=1 1=1

Holder spaces

lullcze gy = lullca@) + Y 10z, ull oo
1 =1

+ Z 102,z ul|co () + [|[Yull oo

1,7=1

Y
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Sobolev spaces

Introduction m m
American Options K — Z a”L] (:’U7 t)axzxj —|_ Z a”L (:’U7 t)axz —|_ a’(aj7 t) —|_ <Baj7 v> o 6t
i,j=1 i=1 v

e Kolmogorov Equations
e Transition denisty

e Model equation

e Non Euclidean structure

e Homogeneous norm SObOIeV Spaces

e Holder spaces

e Sobolev spaces

e A priori estimates

m
o cin lullsoie) = lullze@) + D 10,1l Loe)
e The existence result i—=1

e Properties of u
e Optimal regularity

m
Outline of the proof —|_ Z HaxzxjuHLp(Q) —|_ ||YU||LP(Q)

i,J=1
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A priori estimates

= Embedding theorem

|ul|cre 0y < cllullsei)

for

2
p

where O cC Q and c = ¢(K, O, Q,p)
() I1s the homogeneous dimension
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A priori estimates

Introduction [ | Embeddlng theOrem

American Options

Kolmogorov Equation HUHC’l,a(O) S C||UHSP(Q>

e Kolmogorov Equations
e Transition denisty

e Model equation for

e Non Euclidean structure Q _|_ 2
e Homogeneous norm p > Q —|— 2, o = 1 -

e Holder spaces p

e Sobolev spaces

-

e e where O CcC Q and c = ¢(K, O, 2, p)
® Obstacle-Payoffuncion () Is the homogeneous dimension

e The existence result
e Properties of u
e Optimal regularity

= Schauder and Sobolev type a-priori estimates

Outline of the proof

Bramanti, Cerutti, Manfredini (1996)
Di Francesco, P. (2006)
Di Francesco, Pascucci, P. (2007)
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Strong solution

max{Ku, p —u} =0, a.e.

Introduction

American Options Wh ere

e Kolmogorov Equations

e Transition denisty K — Z a”l,] (ZC, t)@wza:j —I— Z a”i (:C’ t)@wz —I— CL(.CE, t) + <B.CU, V> - 8t

e Model equation < =,

e Non Euclidean structure ’L,j =1 =1 v
e Homogeneous norm Y
e Holder spaces
e Sobolev spaces
e A priori estimates
uwe S thatis
e Obstacle-Payoff function loc
e The existence result
e Properties of u

e Optimal regularity ’U/, 8337, /U/, awz T ’U,7 Yu - L&)C

Outline of the proof

fori,7=1,....m
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Obstacle-Payoff function

Introduction

American Options 90 6 Llploc(RN X]O, T[).
aiTgaeyE s For every compact set H C RY x]0, T'[ there exists a constant

e Kolmogorov Equations

e Transition denisty CH 6 R (pOSSlbly CH < O), SUCh that

e Model equation
e Non Euclidean structure

e Homogeneous norm m 5
e Holder spaces . . 1 m
e Sobolev spaces : : gzgjaxzxggp Z CHlf‘ N H7 f E R

e A priori estimates ’L,j =1
e Strong solution

* The existence resut In the distributional sense.

e Properties of u
e Optimal regularity

Outline of the proof
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Obstacle-Payoff function

VZIS Liploc(RN X]Oa TD
For every compact set H C RY x]0, T'[ there exists a constant
cg € R (possibly cy < 0), such that

N €ii0umy 0 > cnlé? InH, £ R™

i,j=1

In the distributional sense.

Examples:

= (C? functions
= Lipschitz continuous functions, convex w.r.t. 1, ..., T,
= call and put options

plz)=(E-z)" = ¢"=6p>0
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The existence result

max{Lu — f,o —u} =0, in RY x 0,77,
U(,O) =9 in RN;

Let ¢ : RV x ]0, T[— R locally Lipschitz and such that

Y aij (@, 4)6800.0,0 > clé]” (locally)

1,7=1

Theorem [Di Francesco, Pascucci, P.] (2008) If there exists a
super-solution @ of the obstacle problem, then there exists a

unique strong solution .
Regularity: u« € St_for every p € [1, o0,

loc

u e Cu® for every a €0, 1].
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Properties of u

max{Lu — f,o —u} =0, in RY x 0, 77,
U(,O) =9 in RN;

Let ¢ : RV x ]0, T[— R locally Lipschitz and such that

Y aij (@, 4)6800.0,0 > clé]” (locally)

1,7=1

Theorem [Di Francesco, Pascucci, P.] (2008) w is a viscosity
solution.

Theorem [Pascucci] (2008) u(t,z) = sup E [p(7, XL")].

TET:, T

7, 7 = set of all stopping times with values in [t, T7.
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Optimal reqgularity

Introduction

max{Lu — f, —u} =0, in Q c RYx0,T7.

American Options

Theorem [Frentz, Nystrom, Pascucci, P.] (2008) Assume that
* Tnion ey the coefficients a;; of K are Holder continuous. Then:

e Model equation

T = If p € Spge, then u € Sl <p < oo

e s lfpeCe, thenueCo0<a<1

e A priori estimates

e Strong solution | If SO E CI]_—}-O(, then U E C|1+a, O < S ].

e Obstacle-Payoff function oc oc
e The existence result
e Properties of u

Proof: Blow up argument (see [Petrosyan, Shahgholian]
Outline of the proof (2007)) .
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Penalization technique

introducion Let H be a cylinder
American Options K’U, — Bg (u o @)j |n H
Kolmogorov Equation

UlopH = 9

Outline of the proof
e Penalization technique

Creranemenae  Where (B:)es0 are in C*°(R), increasing, 5.(0) = 0 and

e Finite difference

s ifu>pthen G.(u—yp) <e

= ifu<ypthen f.(u—p) — —c0ase — 0
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Limit: ¢ — 0

rrtr::ri::O:ptions Ku€ — /85 (u5 o 90>7 In H(T>
ulopH(T) = 9

Kolmogorov Equation

Outline of the proof

e Penalization technique

' : _
° roof of the keestimate Key eStI mate |/8€ (ue SO) ‘ S ¢
e Finite difference
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Limit: ¢ — 0

r:r::riz::O:)ptions Ku€ — /85 (u5 o 90>7 In H(T>
U lgp H(T) = 9

Kolmogorov Equation

Outline of the proof

e Penalization technique

Key estimate: |3.(u® — ¢)| < ¢

e Proof of the key estimate

e Finite difference
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Limit: ¢ — 0

rrtr::ri::O:ptions Ku€ — /85 (u5 o 90>7 In H(T>
ulopH(T) = 9

Kolmogorov Equation

Outline of the proof

e Penalization technique

Key estimate: |3.(u® — ¢)| < ¢

e Proof of the key estimate

e Finite difference

L

Key estimate + barriers + interior estimates in SP

[ lsec0y < € (Il og) + 1 KU Lo (o)
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Proof of the key estimate

Introduction

1B (u® — )| < c

American Options

Kolmogorov Equation

Outline of the proof

e Penalization technique P ro Of

elimtte — O

e Proof of the key estimate

e Finite difference

¢ interior minimum — K (u® — ¢)({) >0

~

Be(u” —)(¢) = Ku™(¢) = Kp(¢) = C

-p. 27128




Finite difference

Introduction

O2u + x0,u = Owu (z,y,t) € R?

American Options

Kolmogorov Equation

Outline of the proof u(aj _|_ ACE) y, ‘[;) —_ 2U(Qj‘7 y’ t) + /U/(.CU - Aa;, y, t)

e Penalization technique
A2
X

2 ~
e Limt € — O aw’U/(.fC, y7t) ~
e Proof of the key estimate

e Finite difference

u(z,y +xA,t — Ay) —u(z,y,t)

:cé?yu(a:, Y, t) o 8tu(:c, Y, t) ~ A
t

Grid: {(ij, KAy, nA) | § kon € N} A, = ALA,

Stability condition (only for the explicit method): A; < %Ai
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