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Quantization problem

Let X : (Ω,A,P) → Rd be a r .v . with distribution PX = P and
X ∈ Lr (P). Quantizing X (w.r.t the Lr norm, at level n) consists
on finding the best approximation of X (w.r.t the Lr norm) by an
Rd r .v . q(X ) of cardinal at most n, with q a Borel function on Rd .
The associated Lr -mean quantization error is given by

en,r (X ) = inf {‖X − q(X )‖r , q : Rd Borel−→ Rd , card(q(Rd)) ≤ n}.

Let q : Rd 7→ α and set

X̂α =
∑
a∈α

a1{X∈Ca(α)} (1)

with
Ca(α) ⊂ {x ∈ Rd : |x − a| = min

b∈α
|x − b|}. (2)

Then the Lr mean quantization problem reads

en,r (X ) = inf {‖X − X̂α‖r , α ⊂ Rd , card(α) ≤ n} (3)
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Zador Theorem

Definition
A sequence of quantizers (αn)n≥1 is Lr (PX )-optimal if for every
n ≥ 1, αn realize the infimum (with is in fact a minimum) in (3).

1. The Lr -mean quantization error en,r (X ) ↘ 0 as n → +∞.

2. Let P = Pa + Ps . Let X ∈ Lr+η(P) for some η > 0. Then

lim
n→+∞

n1/den,r (P) = Qr (P)1/r (4)

with Qr (P) = Jr ,d

∥∥ dPa
dλd

∥∥
d

d+r
.
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Applications to Numerical probabilities

B We estimate Ef (X ) by Ef (X̂ ) =
∑n

i=1 f (x?
i )P(X ∈ Ci (x

?
i ))

owing to the weighted empirical measure theorem:∑n
i=1 p?

i δx?
i

=⇒ P.
B In nonlinear filtering problem: if X is a signal process and Y the
observed process we estimation E(f (Xn)|(Y1, · · · ,Yn) = y) by∑Nn

i=1 Π̂i
y f (xi ).

• Bally, Pagès, Printems: A quantization tree method for pricing
and hedging multidimensional American options.
• Pagès, Pham: Optimal quantization methods for nonlinear
filtering with discrete-time observations.
• Pagès, Pham, Printems: An Optimal markovian quantization
algorithm for multidimensional stochastic control problems.
• Callegaro, Sagna: Estimation of the default probability in partial
information model by an hybrid MC-Quantization
• Pagès, Printems: Functional quantization for numerics with an
application to option pricing.
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Definition of the maximal radius
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In this talk we are interested to the asymptotics of the maximal
radius sequence of an Lr (P)-optimal sequence of quantizers (αn)
defined for every n ≥ 1 by

ρ(αn) := ρn := max{|a|, a ∈ αn}. (5)
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limit of the maximal radius

Proposition

If card(supp(P)) = +∞ then for every Lr (P)-optimal sequence of
quantizers (αn),

lim
n→+∞

ρn = sup
n≥1

ρn = sup{|x |, x ∈ supp(P)}. (6)

The norm | · | is Euclidean.

B A Idea of the proof: One shows that

•
lim inf
n→+∞

ρn ≥ sup{|x |, x ∈ supp(P)}. (7)

• For every n such that card(supp(P)) ≥ n,

α ⊂ Conv(supp(P)) and ρn ≤ sup{|x |, x ∈ supp(P)}.
(8)
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Main result

We will make the following hypothesis on P in the general settings

(H) ≡ P(dx) ≥ ε0 1{x∈B̄(x0,r0)}λd(dx), ε0, r0 > 0, x0 ∈ Rd .

Theorem
Suppose X has an unbounded support and (H) holds. Let (αn)n≥1

be Lr (P)-optimal. Then, for every r > 0, for every d ≥ 1,

lim
ε↘0

lim
n

(
n1+ r

d E
(
|X |r1{|X |> ρn

2+ε
}

))
≥ Cr ,d . (9)

Rem. If d = 1, r ≥ 1, under Assumption (Gr): P = f · λd where f
is non-increasing toward 0 on [A,+∞) for some A > 0 and

lim
y→+∞

∫ +∞

1
(u − 1)r−1 f (uy)

f (y)
du = 0

then (9) holds with ”1 + ε” instead of ”2 + ε”.
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toward the proof of the theorem

B Let M(αn) = {a ∈ αn, |a| = ρn}. Then, ∀ ε > 0, ∃ nε t.q.
∀n ≥ nε,

∀ a ∈ M(αn), ∀ ξ ∈ Ca(αn), |ξ| ≥ ρn

2 + ε
. (10)

with ”1 + ε” in place of ”2 + ε” in (10) when d = 1, r ≥ 1
and if (Gr) holds.

B Let (αn)n≥1 be Lr (P)-optimal. Suppose that (H) holds. Then
for large enough n,

er
n,r (X )− er

n+1,r (X ) ≥ Cr ,d n−
r+d
d . (11)

From now on, set for every r > 0,

F̄r (x) = E
(
|X |r1{|X |>x}

)
and f←(x) = inf{t > 0, f (t) ≥ x}.
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Asympt. from the upper bound of the asympt. inverse of −log F̄r (·)

Suppose that X has an unbounded support and that (H) is fulfilled.
h is an asymptotic inverse function of g if h(g(x)) = x + o(x)

Proposition

(a) If ψr ∈ Rδ is measurable nondecreasing, and
ψr (− log F̄r (x)) ≥ x + o(x) as x → +∞, then

lim
n

ρn

ψr (log(n))
≤ cr ,d

(
1 +

r

d

)δ
. (12)

with cr ,d = 1 if d = 1, r ≥ 1 and (Gr) holds; cr ,d = 2 otherwise.
(b) If ψr ∈ Rδ is measurable nondecreasing, and
ψr (− log F̄r (e

x)) ≥ x + o(x) when x → +∞, then

lim
n

log ρn

ψr (log(n))
≤

(
1 +

r

d

)δ
. (13)
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Choice of ψr for distributions with expon. and polyn. tails:

Criterion
(a) Let θ? = sup

{
θ > 0, lim sup

x→+∞
eθxκ

F̄r (x) < +∞
}
,

for some κ, then (ψr (x) = ( x
θ )1/κ, ∀θ ∈ (0, θ?) )

lim
n

ρn(
log(n)

)1/κ
≤

cr ,d

(θ?)1/κ

(
1 +

r

d

)1/κ
. (14)

(b) Let ζ? = sup
{
ζ > 0, lim sup

x→+∞
xζ−r F̄r (x) < +∞

}
.

Then (ψr (x) = x
ζ−r , ∀ζ ∈ (0, ζ?) )

lim
n

log ρn

log(n)
≤ 1

ζ? − r

r + d

d
. (15)
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Asymp. for a specified density

Corollary

(a) If f (x) ∼ |x |c e−ϑ|x |κ as |x | → +∞; ϑ, κ > 0; c > −d

then θ? = ϑ and

lim
n

ρn(
log(n)

)1/κ
≤

cr ,d

ϑ1/κ

(
1 +

r

d

)1/κ
. (16)

(b) If f (x) ∼ (log |x |)β

|x |c
as |x | → +∞; β ∈ R, c > r + d

then ζ? = c − d and

lim
n

log ρn

log(n)
≤ 1

c − d − r

r + d

d
. (17)
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Distribution of type (r , s)

Any Lr -optimal sequence (αn)n≥1, s ≤ r , is Ls-rate-optimal i .e.

lim
n

n1/d‖X − X̂αn‖s < +∞. (18)

If s > r (and X ∈ Ls(P)) this rate optimality usually fails. So is
always the case then s > r + d and λd(f > 0) = ∞.

Definition
Let s, r > 0, s > r . A r .v . X ∈ Ls(P) has an (r , s)-distribution if
any Lr -optimal sequence of quantizers (αn)n≥1 is Ls -rate-optimal.

Suppose that X has an (r , s)-distribution for some ν > 0 and set

ν?
X := sup{ν > 0 s.t. X has an (r , r + ν)-distribution}
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main result

Theorem
Suppose X has an (r , r + ν)-distribution for some ν > 0. Let
(αn)n≥1 be an Lr (P)-optimal sequence of quantizers. Then,

lim
n

sup
u>1

((
1− 1/u

)r+ν
n

r+ν
d F̄r+ν

(
uρn

))
< +∞. (19)
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How to choose ψr ,ν?

Criterion
i) Let κ > 0 and set

θ? = inf
{
θ > 0, lim inf

x→+∞
eθxκ

P(|X | > x) > 0
}
. (20)

Then

lim
n

ρn(
log(n)

)1/κ
≥ 1

(θ?)
1/κ

(
r + ν?

d

)1/κ

. (21)

ii) Let

ζ? = inf
{
ζ > 0, ∀ν ∈ (0, ν?), lim inf

x→+∞
xζ−r−ν F̄r+ν(x) > 0

}
, (22)

then

lim
n

log ρn

log(n)
≥ 1

ζ? − r − ν?

r + ν?

d
. (23)
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Corollary

If

f (x) ∼ |x |c e−ϑ|x |κ , as |x | → +∞; ϑ, κ > 0; c > −d (24)

then
ν? = d and θ? = θ? = ϑ,

and for every r > 0, for every d ≥ 1,

1

ϑ1/κ

(
1 +

r

d

)1/κ
≤ lim

n

ρn(
log(n)

)1/κ
≤ lim

n

ρn(
log(n)

)1/κ
≤ 2

ϑ1/κ

(
1 +

r

d

)1/κ
.

(25)
If d = 1, r ≥ 1 we have

lim
n→+∞

ρn(
log(n)

)1/κ
=

(
r + 1

ϑ

)1/κ

. (26)
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Corollary

(b) If

f (x) ∼ (log |x |)β

|x |c
as |x | → +∞, β ∈ R, c > r + d (27)

then

ν? = d

(
1− r + d

c

)
∈ (0, d) and ζ? = ζ? = c − d

and for every r > 0, for every d ≥ 1,

lim
n→+∞

log ρn

log(n)
=

1

c − r − d

r + d

d
. (28)
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Examples

(1) • If X ∼ N (0, Id), ∀r > 0, ∀d ≥ 1,√
2(r + d)

d
≤ lim

n

ρn√
log(n)

≤ lim
n

ρn√
log(n)

≤ 2

√
2(r + d)

d
. (29)

If d = 1 and r ≥ 1 we have

lim
n→+∞

ρn√
log(n)

=
√

2(r + 1). (30)

• If X ∼ Γ(a, λ), a > 0, λ > 0 or if X has a double gamma
distribution then for every ∀r ≥ 1,

lim
n→+∞

ρn

log(n)
=

r + 1

λ
; (31)

and ∀r ∈ (0, 1),

r + 1

λ
≤ lim

n

ρn

log(n)
≤ lim

n

ρn

log(n)
≤ 2(r + 1)

λ
. (32)
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Examples

• The logistic distribution has the same asymptotics as the
exponential distribution with parameter λ = 1 since f (x) ∼ e−x .
• For the Weibull distribution with parameter κ > 0 : ∀r ≥ 1,

lim
n→+∞

ρn(
log(n)

)1/κ
= (r + 1)1/κ.

When r ∈ (0, 1),

(r + 1)1/κ ≤ lim
n

ρn(
log(n)

)1/κ
≤ lim

n

ρn(
log(n)

)1/κ
≤ 2(r + 1)1/κ.

(2) Suppose X has a Pareto distribution with γ > r :
f (x) = γx−(γ+1)1{x>1}.

lim
n→+∞

log ρn

log(n)
=

r + 1

γ − r
. (33)
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An alternative approach

Theorem
Let X ∼ P with Pa 6= 0. Assume (αn)n≥1 is an Lr (P)-optimal
sequence of n-quantizers. Let (Xk)k≥1 be an i .i .d sequence of
Rd -valued random variables with probability distribution P. Then
for every ν ∈ (0, ν?

X ),

lim inf
n→+∞

(
ρn − E

(
max

k≤[n(r+ν)/d ]
|Xk |

))
≥ − Cν (34)

where Cν is a positive real constant.

B For the exponential distribution

lim inf
n→+∞

ρn

log(n)
≥ r + 1

λ

B For the Pareto distribution we have

lim inf
n→+∞

log ρn

log(n)
≥ r + 1

γ + 1
.
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Figure: ρn

3 log(n) , 1 ≤ n ≤ 1 000 for the exponential distribution.
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Figure: ρn

3 log(n) , 1 ≤ n ≤ 10 000 for the normal distribution.
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Figure: ρn

3 log(n) , 1 ≤ n ≤ 3 000 for the Weibull distribution.
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Spherical initialisation!

Random initialisation"
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Figure: Comparaison of the distortions for different types of
initializations after 1 Lloyd.
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Spherical initialisation!

Random initialisation"
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Figure: Comparaison of the distortions for different types of
initializations after 10 Lloyd.
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