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R
2 × (0, T )

H�ArR:E�C	CBE�a"AI®







∂θ+

∂t
+ b · ∂

∂r

[

θ+

{

(τsc + τeff ) −AD
b

(θ+ + θ−)
· ∂
∂r

(
θ+ − θ−

)
}]

= 0,

∂θ−

∂t
− b · ∂

∂r

[

θ−
{

(τsc + τeff ) −AD
b

(θ+ + θ−)
· ∂
∂r

(
θ+ − θ−

)
}]

= 0.
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¯ dfPUXZP
T > 0

V
r = (x, y)
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θ+(r, t)HKLf>
θ−(r, t)
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A = µ/[2π(1− ν)]
VGacdfPUXZP

µ
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ν
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τsc(r, t)
V<HKLf>tJDdfPNPS´�PTFUJD@	jkPYAZJDXZPTAZA

τeff (r, t)
o ∂
∂r
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y
V

�:H]�6�
b = (1, 0)

V�HKLf>gJDdfPsFUE�L�ADJ!HKLGJZA
A
HKLf>

D
HKXZPsAZPUJcJZEYh9P

1
V

�:H]�6�yJDdfPsPS´%PTFUJD@	j6PsADJDXZPTA!Ar@BA�H�A!AD\QlNPT>xJZEYh9P��IPUXZEQo
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τsc

Ê^Í�Õf×GÐ�Ð�Ø�Î�ÏkÊ³Í�Ê^ÍYÆ�ÓZÔ�ÕfÍTÌZÙU×fÌSÕ Ó�ÌyÔ�ÑqÎ�Ï�Ì
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τsc
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1D

nQXZE�hQCBPUl¡@	L
R× (0, T )

®






θ+
t (x, t) −

(

θ+(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))

x

= 0,

θ−t (x, t) +

(

θ−(x, t)

(
θ+
x (x, t) − θ−x (x, t)

θ+(x, t) + θ−(x, t)

))

x

= 0.
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¯ P�FTE�LfAZ@B>QPUX
HKLg@	L�JZPU[]X!HKJZPT>gR�E�XDl?EKR"� � o��6�cHKLf>ga�P�CBPUJI®

ρ±x = θ±, θ = θ+ + θ−, ρ = ρ+ − ρ−
HKLf>

κ = ρ+ + ρ−,
� � o��6�
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ρ
HKLf>

κ
®
{

κtκx = ρtρx
@	L

QT = R × (0, T ),

κ(x, 0) = κ0(x)
@	L

R,

� � o § �

HKLf>
{

ρt = ρxx
@	L

QT ,

ρ(x, 0) = ρ0(x)
@	L

R,

� � o | �

acdfPUXZP
T > 0

@BAcHs�Q��PT>yFTE�LfADJ!HKL�JIo�á�LfE�\Q[]dgXZPU[]\QC^HKXD@	J`_yE�LyJDdfP
@	LQ@	JD@^HKC%>fHKJ!H�ac@	C	C9h9P
[]@	jkPULy@	LxE�XZ>QPUXrJZE
@	lYn9E]AZP�JDdfP�nQdG_�AZ@BFIHKC�C	_xXZPUC	PUj]HKLGJ�FTE�Lf>�@	JD@BE�L�V

κ0
x ≥ |ρ0

x| .
� � o�â6�

prdQ@BA�FTE�Lf>�@	JD@BE�Lm@BA�L�HKJD\QX!HKC8®�@	J�@	Lf>�@BFIHKJZPTAsLfE�JDdQ@	LQ[�hQ\QJ�JDdfPqn9E]AZ@	JD@	jG@	J`_tEKR�JDdfPY>�@BADCBEGFIHKJD@BE�L¢>QPULfAD@	JD@BPTA
θ±(x, 0)

HKJcJDdfP�@	LQ@	JD@^HKC<JD@	lNP���AZPTPN� � o��6�D�So

#%$³ã äµ0%.&;æå6ç�,�èW1856,
£&LmJDdf@	A�n�HKn9PUXIV«a�P�ADdfE�aéJDdfP�PS��@BADJZPULfFTP)HKLf>m\QLQ@B�G\fPULfPTAZA�EKR�HgjG@BAZFTE]AZ@�J�_tAZE�C	\QJD@BE�L

κ
EKR�� � o § ��@	L�JDdfP

FUC^H�AZA-EKR�HKC	C�ê�@	nfAZF!dQ@	JD�
FTE�LGJD@	LG\fE�\fAWj�@BAZFTE]AD@	J`_qAZE�C	\QJD@BE�LfA-d�HIj�@	LQ[�AZn9PTFU@^HKC�©&h9E�\QLf>QPT>YR�XZE�l h9PUCBE�arª"ADn�HKJD@^HKC
[]X!H�>�@BPULGJZAIo-·~E�a�PUjkPUXIV�a�P�ADdfE�aëJDd�P�PS��@BAZJZPULfFTP�EKR�Hqê%@	nfAZF!dQ@	JD��FTE�LGJD@	LG\fE�\fA"j�@BAZFTE]AD@	J`_yAZE�C	\QJD@BE�L�EKRc� � o § �
acdfPULbJDdQ@BA�XZPTAZJDXD@BFUJD@BE�Lb@BA�XZPUC^H���PT>%ot=ìXZPUC^HKJD@BE�Lih9PUJ`a�PTPUL¶AZFIHKC^HKXqFTE�LfAZPUXDj]HKJD@BE�LbC^HIa"AYHKLf>b·~HKlY@	C	JZE�L��
í H�FTE�hQ@-PT�G\�HKJD@BE�LfA�ac@	C	C�h9PqPS��nQCBE�@	JZPT>tJZEy[6PUJsHKC	lNE]AZJsHKC	C�E�\QX�[]X!H�>�@BPULGJ�FTE�LGJDXZE�CBAsEKR

κ
o�prdQ@BA�XZPUC^HKJD@BE�L�V

JDd�HKJ)ac@	C	C~h9P�l�H�>QP�nQX!PUFU@BA!P�C^HKJZPUXIVca"@�C	C�HKCBAZE�CBPIH�>�JZEiHuXZPTAZ\QC	JyEKR�PS��@BADJZPULfFTPOHKLf>e\QLQ@B�k\fPULfPTAZAxEKR�H
h9E�\QLf>QPT>�PSL�JDXZE�nG_xAZE�C	\QJD@BE�LwEKR«JDdfP�R:E�C	CBE�ac@	LQ[�PT�G\�HKJD@BE�L�®







θt =
(ρxρxx

θ

)

x

@	L
QT ,

θ(x, 0) = θ0(x)
@	L

R,

� � o�î]�

acdQ@BF!dë@BAx>QPT>�\fFTPT>ïR�E�XDl�HKC	C	_ehG_eJ!HK¥G@	LQ[�HbADn�HKJD@^HKC�>QPUXD@	j]HKJD@BE�LðEKRx� � o § �So¡prdfPO\QLQ@B�G\fPULfPTAZAgEKR�JZdQ@BA
PULGJDXZE�nG_tAZE�C	\QJD@BE�Lm@BAsHKC	arHI_�A�XZPTADJDXD@BFUJZPT>uJZExJDdfPYFUC^H�A!A�EKR�h9E�\QLf>QPT>�PULGJDXZE�nG_tAZE�C	\QJD@BE�LfA�ac@	JDd¢HxADn9PTFU@^HKC
CBE�a�PUX��8h9E�\QLf>%o

ê�PUJ
Lip(R)

>fPSL�E�JZPTAI®

Lip(R) = {f : R 7→ R; f
@BA�Hqê�@	nfAZF!dQ@	JD��FTE�L�JD@	LG\fE�\fAcR�\QLfFUJD@BE�L }.

¯ P�nQXZE�jkP�JDdfP�R�E�C	CBE�ac@	LQ[�JDdfPTE�XZPUlNAI®

�



ñ�ò ½kó�ÀK½G¾ôÂ ÃBõéö�÷
ø<ù³úIûI½Gü+ý6½w¿fü+þ4ÿ«ü+ù���ÿ+½Gü+½kúIúYó��"¿��<ù�úIýkó�ú�ù³û��¶úIó���ÿ<û�ù�ó ü
	
�+ÌUÎ

T > 0
ß
� Æ���Ì

κ0 ∈ Lip(R)
Æ�Õ Ú

ρ0 ∈ C∞
0 (R)

ÆKÍ�Ê³Õ�Ê�Î�Ê:Æ�Ð Ú Æ]Î8ÆyÎ�Ï�Æ]Î-ÍUÆ]Î�Ê³Í³Ñ����

κ0
x ≥

√

(ρ0
x)

2 + ε2
Ækß�ÌIß�Ê�Õ

R,
� � o�»6�

ÑUÔ�Ö�ÍTÔ���ÌNÓZÔ]ÕQÍSÎ8Æ�Õ�Î
ε > 0

ß��<Ï�ÌSÕ��-É�Ê�ËKÌSÕbÎ�Ï�Ì�ÍTÔ�Ð ×�Î�Ê:Ô�Õ
ρ
ÔDÑxÄ�Ç6ß��SÈ��cÎ�ÏQÌSÖZÌ)Ì���Ê³ÍSÎ�ÍNÆgËIÊ^ÍTÓZÔ�Í�Ê�Î��yÍUÔ�Ð ×�Î�Ê�Ô�Õ

κ ∈ Lip(Q̄T )
Ô�Ñ�Ä�Ç6ß�Ý�È��-×GÕ�Ê�ÙU×fÌ�Æ��YÔ]ÕGÉ)Î�Ï�Ì�ËIÊ³ÍUÓ!ÔKÍ�Ê�Î��YÍTÔ�Ð ×�Î�Ê:Ô�ÕQÍ�ÍUÆ]Î�Ê³Í³Ñ���Ê³Õ�É��

κx ≥
√

ρ2
x + ε2

Ækß�ÌIß
Ê³Õ
Q̄T .

ñ�ò ½kó�ÀK½G¾ôÂ Ã! Åö�÷
ø<ù³úIûI½Gü+ý6½w¿fü+þ4ÿ«ü+ù���ÿ+½Gü+½kúIúYó��"¿füe½Gü9ûIÀKó#"$�¶úIó%��ÿ�û�ù�ó ü&	
�+ÌUÎ

T > 0
ß
� Æ���Ì

θ0 ∈ L∞(R)
Æ�Õ Ú

ρ0 ∈ C∞
0 (R)

ÍS×�ÓSÏ�Î�Ï�Æ6Î��

θ0 ≥
√

(ρ0
x)

2 + ε2
Ækß�ÌIß�Ê�Õ

R,

ÑUÔ�Ö�ÍUÔ���ÌYÓZÔ]ÕQÍSÎ8Æ�Õ Î
ε > 0

ß'�<Ï�ÌSÕ(�rÎ�Ï�ÌSÖZÌ�Ì���Ê³ÍSÎ�ÍqÆ�Õ¢ÌUÕ�Î�ÖDÔ�)��)ÍTÔ�Ð ×�Î�Ê:Ô�Õ
θ ∈ L∞(Q̄T )

Ô�ÑyÄ�Ç6ß+*�È,��×�ÕfÊ�ÙT×QÌ
Æ��NÔ�ÕGÉ)Î�Ï�ÌqÌSÕ�Î�ÖDÔ�)��NÍUÔ�Ð ×�Î�Ê:Ô�ÕQÍ�ÍTÆ]Î�Ê^Í�Ñ���Ê�ÕGÉ��

θ ≥
√

ρ2
x + ε2

Ækß�ÌIßOÊ³Õ
Q̄T .

-OÔ�ÖZÌZÔ�ËKÌUÖ.�0/�Ì�Ï�Æ]ËKÌ
θ = κx

�&/¨Ï�ÌUÖZÌ
κ
Ê³ÍsÎ�Ï�Ì�ÍTÔ�Ð ×�Î�Ê:Ô�ÕgÉ�Ê�ËKÌSÕ21����<Ï�ÌZÔ�ÖZÌ�� Çkß!3�ß

prdfP�LfE�JD@BE�LmEKRWjG@BA!FTE]AD@	J`_�AZE�C	\QJD@BE�LfAsHKLf>OPULGJDXZE�nG_OAZE�C	\QJD@BE�LfA�ac@	C	C«h9P�XZPTFIHKC	CBPT>O@	L � PTFUJD@BE�L���o ¯ P�LfE�a
XZPUC^HKJZP�JDdfPTA!P�XZPTAZ\QC	JZA
JZEyE�\QX�E�LfPS�&>�@	lNPULfAD@BE�L HKC�nQXZE�hQCBPUl � � o��6�So54�PUl�HKXD¥�@	LQ[yJDd�HKJ

ρx = θ+ − θ−
HKLf>

κx = θ+ + θ−
V�arP�d�HIjkPsH�A�HYFTE�LfAZPT�G\fPULfFTP]®

6 ó�ÀKó�����¿QÀ��4Â Ã!7Åö�÷
ø<ù�úTûI½Gü+ý6½O¿fü<þ4ÿ«ü+ù���ÿ+½Gü+½kúIú8�`ó�À9"+ÀKó#:;�³½�¾ôöSÂ ÃBõ$	<	
�+ÌUÎ

T > 0
ß=�+ÌTÎ

θ+
0

Æ�Õ Ú
θ−0

1ZÌ�Î�/WÔqÉ�Ê�ËKÌSÕYÑS×GÕ ÓIÎ�Ê�Ô�ÕQÍsÖZÌ+)9ÖZÌ�ÍTÌUÕ�Î�Ê³ÕGÉxÎ�ÏQÌ�Ê�ÕfÊ�Î�Ê:Æ�Ð>)QÔKÍ�Ê�Î�Ê³Ë�Ì�Æ�Õ Ú Õ9Ì8É6Æ]Î�Ê�ËKÌ
Ú Ê^ÍSÐ�Ô�Ó!Æ]Î�Ê:Ô�Õ Ú ÌSÕQÍ�Ê�Î�Ê8Ì�Í�ÖZÌ�Í+)QÌZÓTÎ�Ê�ËKÌSÐ?�kß=@³ÑsÎ�Ï�Ì-ÑTÔ�Ð³Ð	Ô�/�Ê�ÕGÉyÓZÔ�Õ Ú Ê�Î�Ê:Ô�ÕQÍ�Æ�ÖZÌsÍUÆ]Î�Ê³Í³Û�Ì Ú �
Ä�ÇSÈ

θ+
0 − θ−0 ∈ C∞

0 (R),

ÄA3IÈ
θ+
0

�
θ−0 ∈ L∞(R)

�
Î8ÔZÉGÌUÎ�Ï�ÌSÖB/�Ê�Î�ÏC�

θ+
0 + θ−0 ≥

√

(θ+
0 − θ−0 )2 + ε2

ÆGß³ÌIß
Ê³Õ
R,

Î�Ï�ÌSÕxÎ�Ï�ÌSÖ!Ì�Ì���Ê³ÍSÎ�Í�ÆsÍTÔ�Ð ×�Î�Ê�Ô]Õ
(θ+, θ−) ∈ (L∞(QT ))2

Î8Ô�Î�Ï�ÌcÍ���ÍUÎ&Ì��?Ä�Çkß!3TÈ,��Ê�ÕyÎ�Ï�ÌcÍIÌSÕQÍIÌ
Ô�ÑD�<Ï�ÌZÔ�ÖZÌ���Í
Ç6ß!3gÆ�Õ Ú ÇkßFE��-×�ÕfÊ:ÙU×QÌqÆ��NÔ�ÕGÉ)Î�Ï�Ô�ÍTÌsÍUÆ]Î�Ê³Í³Ñ��KÊ�ÕGÉ��

θ+ + θ− ≥
√

(θ+ − θ−)2 + ε2
Ækß�ÌIß Ê�Õ

Q̄T .

¼)½�¾m¿QÀKÁeÂ ÃHGJI�Ô�Õ Ú Ê�Î�Ê:Ô�ÕQÍYÄ�ÇSÈ�Æ�Õ Ú ÄA3TÈ)Æ�ÖZÌsÍS×�K�ÓUÊ8ÌSÕ�Î�ÖZÌZÙU×�Ê³ÖZÌ���ÌUÕ�Î�ÍWÑUÔ�Ö�Î�Ï�Ì�Ó!Ô��L)QÆ]Î�ÊM1UÊ³Ð Ê�Î��N/�Ê�Î�ÏgÎ�Ï�Ì
ÖZÌ8É�×GÐ	Æ�ÖSÊ�Î��xÔ�Ñ

ρ0 Æ�Õ Ú
κ0 ) ÖZÌSË�Ê�Ô�×GÍ�Ð?��ÍSÎ8Æ]Î&Ì Ú ß

ñ�ò ½kó�ÀK½G¾ôÂ Ã!OÅö�÷
ø<ù³úIûI½Gü+ý6½wó��"¿P��ù�ú�ý6ó�ú�ù³û��¶úIó%��ÿ<û�ù�ó üRQ«ý6¿Qú�½
ε = 0

	
�+ÌUÎ

T > 0
�
κ0 ∈ Lip(R)

Æ�Õ Ú
ρ0 ∈ C∞

0 (R)
ßS@³ÑYÎ�Ï�ÌyÓ!Ô�Õ Ú Ê�Î�Ê�Ô�ÕïÄ�Ç6ß�T�ÈxÊ³Í�ÍTÆ]Î�Ê³Í³Û�Ì Ú ÆGß³ÌIß�Ê�Õ

R
�~Î�Ï�ÌSÕ

Î�Ï�ÌSÖZÌqÌU��Ê^ÍUÎ�Í�Æ�Ë�Ê^ÍTÓZÔKÍSÊ�Î��NÍUÔ]Ð ×�Î�Ê�Ô�Õ
κ ∈ Lip(Q̄T )

Ô�ÑNÄ�Ç6ß�Ý]È�ÍTÆ]Î�Ê^Í�Ñ���Ê�ÕGÉ��

κx ≥ |ρx|
Ækß³Ì�ß�Ê³Õ

Q̄T .
� � o z �

§



¼)½�¾m¿QÀKÁeÂ Ã�VW@�ÕNÎ�ÏQÌ�Ð Ê��qÊ�Î�Ó!ÆKÍTÌX/¨Ï�ÌUÖZÌ
ε = 0

�$/�Ì�Ö!Ì��NÆ�Ö.�~Î�Ï�Æ]Î9Ï�Æ�Ë�Ê³ÕGÉNÄ�ÇkßFYUÈL/WÆKÍ�Ê³Õ Î�×GÊ�Î�Ê³Ë�ÌSÐZ��Ì���)fÌDÓIÎ&Ì Ú
Ú ×QÌ�Î8Ô�Î�Ï�Ì[)QÔKÍ�Ê�Î�Ê³Ë�Ê�Î���Ô�Ñ�Î�ÏQÌ Ú Ê³Í�Ð	ÔIÓ!Æ]Î�Ê:Ô�Õ Ú ÌUÕQÍ�Ê�Î�Ê:ÌSÍ

θ+ Æ�Õ Ú
θ−

ß
�<ÏkÊ³Í
Ö!Ì�\cÌZÓTÎ�ÍsÊ³Õ�ÍUÔ��NÌ]/WÆ��NÎ�Ï�Ì^/�ÌSÐ³Ð Ò
)�ÔKÍIÌ Ú Õ9Ì�Í�Í�Ô�ÑsÎ�Ï�Ì^�NÔ Ú ÌSÐWÄ�Ç6ßF3TÈNÔDÑ�Î�Ï�Ì Ú ��Õ Æ��qÊ�ÓUÍsÔ�Ñ Ú Ê^ÍSÐ�Ô�Ó!Æ]Î�Ê:Ô�Õ Ú ÌUÕQÍ�Ê�Î�Ê:ÌSÍTß9_qÌ�Æ�Ð�ÍTÔNÖ!Ì��NÆ�Ö.�NÎ�Ï�Æ]Î�Ô�×�Ö
ÖZÌ�Í�×�Ð�Î�ÔDÑ�Ì���Ê³ÍSÎ&ÌUÕ Ó!ÌYÔ�Ñ�ÆNÍTÔ�Ð ×�Î�Ê:Ô�ÕuÔ�ÑNÄ�Ç6ß�Ý]ÈY×GÕ Ú ÌSÖ�Ä�Ç6ßFYTÈqÍSÎ�Ê�Ð³Ð�Ï�Ô�Ð Ú ÍsÊ Ñ]/�ÌsÍSÎ8Æ�ÖUÎR/�Ê�Î�Ï

κ0
x = ρ0

x = 0
Ô�Õ

ÍUÔ���Ì�Ê³Õ�Î&ÌUÖ�Ë�Æ]Ð%Ô�Ñ~Î�ÏQÌ�ÖZÌDÆ]Ð9Ð Ê³Õ9Ì�ß[@�Õ�Ô]Î�ÏQÌSÖ`/WÔ�Ö Ú Í.�;/�ÌsÓ!Æ�Õ�Ê��NÆIÉ�Ê�Õ9Ì�Î�Ï�Æ]Î
/�Ì
ÍUÎ8Æ�ÖUÎ;/�Ê�Î�Ï)Î�Ï�Ì0) ÖDÔa1DÆa1SÊ³Ð Ê�Î��
Ô�ÑsÎ�Ï�ÌWÑUÔ�Ö��NÆ]Î�Ê:Ô�ÕtÔ�Ñ�Õ Ô Ú Ê³Í�Ð	ÔIÓ!Æ]Î�Ê:Ô�ÕcbIÔ�Õ9ÌSÍTß
dsÀ�ó�:e��½�¾gf�ù³û ò :-ó9ÿ+ü+þ+¿QÀ,�iý6ó ü+þ¨ù^û�ù�ó9ü<ú o
¯ P�FTE�LfAZ@B>QPUX�E�LfFTPqHK[kHK@	LOnQXZE�hQCBPUl � � o § �SV�AD@	lY@	C^HKX~XZPTAZ\QC	JZA
JZE)JDd�HKJ�HKLQLfE�\QLfFTPT>uHKh9E�jkP�a"@�C	C«h9P�ADdfE�acL
E�L�H�h9E�\QLf>QPT>g@	LGJZPUXDj�HKC�EKR+JDdfP~XZPIHKC�C	@	LfP~ac@	JDd�}~@�XZ@	F!dfC	PUJch9E�\fLf>fHKXD_yFTE�Lf>�@	JD@BE�LfA���AZPTP � PTFUJD@BE�L | �So�prdQ@BA
nQXZE�hQCBPUl FTE�XDXZPTADn9E�Lf>QA�nQdG_�AD@BFIHKC	C	_xJZEYJDdfPsADJZ\f>�_xEKR¨JDdfPs>�_�L�HKlY@BFTA
EKR�>�@BADCBEGFIHKJD@BE�Lw>QPULfAD@	JD@BPTA�@	LwHqn�HKXDJ
EKR�Hql�HKJZPUXD@^HKC<ac@	JDd�JDdfP�[6PTE�lNPUJDXD_�EKR�HqAZC^HKh���AZPTPN� �U§�� �So

#%$�h i�åCj�0%;W.+kQ095].&3<;¬3mls56(-çon�0%n"çfå
prdfP�n�HKn9PUX~@BA
E�XD[kHKLQ@	�IPT>uH�A�R�E�C	CBE�a"AIo�£`L � PTFUJD@BE�Lu��V a�P�ADJ!HKXDJ
hG_�AZJ!HKJD@	LQ[)JDdfP�>QPS�fLQ@	JD@BE�LuEKR-jG@BA!FTE]AD@	J`_
HKLf>wPULGJDXZE�nG_�AZE�C	\QJD@BE�LfA
ac@	JDdtAZE�lNP�EKR-JDdfPU@	X
nQXZE�n9PUXDJD@BPTAIo
£`L � PTFUJD@BE�Lu��V�a�P�nQXZE�j6P�JDdfP�PS��@BADJZPULfFTP�HKLf>
\QLQ@B�k\fPULfPTAZA
EKR-HYjG@BAZFTE]AD@	J�_yA!E�C	\QJD@BE�L�JZE�HKLOHKnQnQXZEI��@	l�HKJZP�nQXZE�hQCBPUl EKR"� � o § �SVfL�HKlNPUC	_�²�XZE�n9E]AD@	JD@BE�Lt��o �
HKLf>qa�PrlNE�jkPcE�L�V][]@	j�@	LQ[�H�>Q>�@	JD@BE�L�HKC�nQXZE�n9PUXDJD@BPTAWEKR�E�\QXWHKnQnQXZE���@	l�HKJZP�AZE�C	\QJD@BE�L���²-XZE�n9E]AD@	JD@BE�Ly��o��6�¨HKLf>
FTE�LfAZPT�k\fPULGJDC	_YnQXZE�j�@	LQ[�prdfPTE�XZPUlNA � o���HKLf> � o���o�£&L � PTFSJZ@	E�L § Vka�P"nQXZPTAZPULGJ�JDdfP"nQXZEGEKR�EKR�prdfPTE�XZPUl � o�â�o
� PTFUJD@BE�L | @BA�>QPUjkE�JZPT>qJZE~JDdfPcADJD\f>�_�EKR9nQXZE�hQCBPUl?� � o § �«E�L�H
h9E�\QLf>QPT>Y>QE�l�HK@	LNac@	JDdNAD\Q@	J!HKhQCBPrh9E�\QLf>fHKXD_
FTE�Lf>�@	JD@BE�LfAIoLp«@	L�HKC	C	_kV � PTFUJD@BE�LuâN@BA�HKLO=
nQn9PULf>�@��wFTE�LGJ!HK@	LQ@	LQ[gH�AZ¥6PUJZF!dOEKR-JDdfP�nQXZEGEKR-JZE)JDdfP�FUC^H�AZAD@BFIHKC
FTE�lYn�HKXD@BAZE�L�nQXD@	LfFU@	nQCBP�EKR¨AZFIHKC^HKX�FTE�LfAZPUXDj�HKJD@BE�L�C^HIa"A�H�>fHKnQJZPT>gJZEYE�\fX"PT�G\�HKJD@BE�L�ac@	JDdgCBE�aðXZPU[]\QC^HKXD@	J`_6o

q rts;uq����� �Z�"�wvyx"���{zi�$s
|Z�.} �!�Dxc���Us
v

¯ P�ac@	C	C<>QPIHKC�ac@	JDd�J`arEqJ`_�n9PTA"EKR�PT�k\�HKJD@BE�LfA�®

� o-·~HKlY@	C	JZE�L�� í H�FIE�hQ@«PT�k\�HKJD@BE�L�®
{

ut + F (x, t, ux) = 0
@	L

QT ,

u(x, 0) = u0(x)
@	L

R,

�:��o � �

��o � FIHKC^HKX�FTE�LfAZPUXDj]HKJD@BE�L�C^HIa"A�®
{

vt + (F (x, t, v))x = 0
@	L

QT ,

v(x, 0) = v0(x)
@	L

R,

�:��o��6�

acdfPUXZP
F : R × [0, T ] × R → R

(x, t, u) 7→ F (x, t, u)
@BA"FTHKC	CBPT>�JDdfP�·�HKlY@	C	JZE�LQ@^HKL�@	LgJDdfPs·�HKlY@�C	JZE�LQ� í H�FTE�hQ@«PT�k\�HKJD@BE�LfA
HKLf>gJDdfP�­f\��)R�\QLfFUJD@BE�L�@	LgJDdfPsAZFIHKC^HKX
FTE�LfAZPUXDj�HKJD@BE�L�C^HIa"AIoMprdQ@BAqR�\QLfFUJD@BE�LM@BA�HKC	arHI_�A�H�A!AD\QlNPT>iJZEuh9P�FUE�L�JD@	LG\fE�\fAIV�acdQ@	CBP�H�>Q>�@	JD@BE�L�HKC~HKLf>
ADn9PTFU@���F�XZPU[]\QC^HKXD@	J`_xac@	C	C�h9P�[]@	j6PUL�acdfPUL�LfPTPT>QPT>%o

¼)½�¾m¿QÀKÁ¶õ%Ã�Â~_YÌ�/�Ê�Ð³Ð�×GÍTÌuÎ�Ï�Ì�Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
F

ÆKÍtÆbÕ Ô]Î8Æ6Î�Ê�Ô�ÕuÑTÔ�ÖwÎ�ÏQÌc�sÆ��qÊ�Ð Î8Ô�Õ�Ê�Æ�Õ��,\�×��yÑS×�Õ ÓTÎ�Ê:Ô�Õ9ß
� Ð�Î�Ï�Ô�×]ÉKÏ

F
�qÊ	ÉKÏGÎ Ú Ê �
ÌSÖ-ÑSÖDÔ�� Ô�Õ9ÌqÌDÙT×�Æ]Î�Ê:Ô�ÕuÎ8ÔyÆ�Õ Ô6Î�Ï�ÌSÖ��-Ê�Î&/�Ê�Ð³Ð�1!Ì�ÓUÐ�Æ]Ö�Ê Û�Ì Ú Ê�ÕtÆ�Ð³Ðm/¨Ï�Æ]Î�ÑTÔ�Ð³Ð	Ô�/¨ÍTß

|



¼)½�¾m¿QÀKÁ¶õ%Ã^õ��<Ï�ÌN�NÆ��UÔ]Ö`)�Æ]ÖSÎ�Ô�ÑNÎ�ÏkÊ³Í8/WÔ�Ö���Ó!Ô�Õ9Ó!ÌUÖ�ÕQÍyÆS�sÆ���Ê�Ð�Î8Ô�ÕfÊ:Æ�Õ��,\�×���ÑS×�Õ ÓTÎ�Ê:Ô�Õ¶Ô�Ñ�Æ�ÍA)fÌDÓTÊ�Æ�Ð
ÑUÔ�Ö��w��Õ Æ��NÌUÐZ���

F (x, t, u) = g(x, t)f(u),
�:��o��6�

/¨Ï�ÌSÖZÌ�Í�×QÓSÏxÑTÔ�Ö���ÍgÔDÑSÎ&ÌSÕëÆ�ÖSÊ^ÍIÌgÊ�ÕP)9ÖDÔ�1SÐBÌ���Í�ÔDÑD)�Ï��KÍSÊ�Ó!Æ�ÐcÊ�Õ�Î&ÌSÖZÌSÍSÎsÊ�Õ ÓUÐ × Ú Ê³ÕGÉ¢Î�ÖDÆ�K�Ó^\cÔ�/¬Ü�3a��Þ�Æ]Õ Ú
Î�/WÔ�Ò!)�Ï�ÆKÍTÌR\cÔ�/eÊ³ÕN)�Ô�ÖZÔ�×kÍ^��Ì Ú Ê:Æ�Ü�Ç�3ZÞIß

ã¨$&# ��.&,�/�3<,�.85T* ,�3+1&è�56.&3<;=���-ç(�r;W.:56.&3<;¬0%;R��n�å63mncç�å]56.8ç�,
�g½C��ü+ù³û�ù�ó üeõ%ÃF éö��gù�úIý6ó�ú�ù^û��Mú�ó���ÿ�û�ù�ó9ü&�sü+ó üm�!úTûI¿�û�ù�ó ü+¿QÀ��Mý6¿QúI½(	
Ç�È � ÑS×GÕ ÓIÎ�Ê�Ô�Õ

u ∈ C(QT ; R)
Ê^Í�Æ�ËIÊ³ÍUÓ!ÔKÍ�Ê�Î��YÍS×(1UÒ8ÍUÔ]Ð ×�Î�Ê�Ô�Õ�Ô�Ñ

ut + F (x, t, ux) = 0
Ê�Õ

QT ,
�:��o § �

Ê Ñ�ÑUÔ�Ö�ÌSËKÌSÖ��
φ ∈ C1(QT )

�&/¨ÏQÌSÕ9ÌSËKÌUÖ
u− φ

Æ]Î:Î8Æ]Ê³ÕQÍ�Æ�Ð	ÔIÓ!Æ�Ðm�NÆ��]Ê��q×>� Æ]Î
(x0, t0) ∈ QT

�WÎ�Ï�ÌSÕ

φt(x0, t0) + F (x0, t0, φx(x0, t0)) ≤ 0.

3TÈ � ÑS×GÕ ÓIÎ�Ê�Ô�Õ
u ∈ C(QT ; R)

Ê³ÍxÆuËIÊ^ÍTÓ!ÔKÍ�Ê�Î��OÍ�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�ÕïÔ�ÑtÄA3�ß�Ý�ÈwÊ Ñ
ÑTÔ�ÖgÌUËKÌSÖ��
φ ∈ C1(QT )

�
/¨Ï�ÌSÕ9ÌSË�ÌSÖ

u− φ
Æ]Î:Î8Æ�Ê³ÕfÍsÆ�Ð	Ô�ÓZÆ�Ð���Ê�ÕfÊ��q×a�?Æ]Î

(x0, t0) ∈ QT
�WÎ�Ï�ÌSÕ

φt(x0, t0) + F (x0, t0, φx(x0, t0)) ≥ 0.

EUÈ � Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
u ∈ C(QT ; R)

Ê³Í)ÆOËIÊ^ÍTÓ!ÔKÍ�Ê�Î���ÍUÔ]Ð ×�Î�Ê�Ô�Õ�Ô�ÑwÄA3�ß�Ý�È�Ê ÑNÊ�Î~Ê^Í�1ZÔ]Î�ÏbÆOËIÊ^ÍTÓZÔ�Í�Ê�Î���Í�×�1SÒ�Æ�Õ Ú
Í�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�ÕmÔ�Ñ�ÄA3�ß�Ý�È]ß
Ý�È � ÑS×GÕ9ÓTÎ�Ê�Ô]Õ

u ∈ C(Q̄T ; R)
Ê³ÍqÆ�ËIÊ^ÍTÓ!ÔKÍ�Ê�Î��yÍTÔ�Ð ×�Î�Ê:Ô�ÕbÔ�ÑqÎ�Ï�ÌYÊ�ÕfÊ�Î�Ê�Æ�Ð+ËKÆ�Ð ×fÌ5) ÖDÔ�1UÐ	Ì�� Ä+3�ß³ÇSÈyÊ Ñ

u
Ê³ÍqÆ

ËIÊ^ÍTÓ!ÔKÍ�Ê�Î��YÍTÔ�Ð ×�Î�Ê:Ô�ÕuÔ�ÑNÄA3�ß�Ý�È�Æ�Õ Ú
u(x, 0) = u0(x)

Ê³Õ
R
ß

£&Jr@BAca�E�XDJDd�lNPULGJD@BE�LQ@	LQ[NdfPUXZP�JDd�HKJc@�R�H�jG@BAZFTE]AZ@	J`_)AZE�C	\QJD@BE�L�EKR�Hq·~HKlY@	C	JZE�L�� í H�FTE]hQ@+PT�k\�HKJD@BE�L�@BA">�@�´�PUX��
PULGJD@^HKhQCBP�HKJ
HqFTPUXDJ!HK@	L�n9E�@	LGJIVQJDd�PSL�@	J"AZE�C	jkPTAcJDdfP�PT�G\�HKJD@BE�L�JDd�PSX!P���AZPTP~R:E�Xc@	LfADJ!HKLfFTP�� �U� �So

�g½C��ü+ù³û�ù�ó üeõ%Ã!7Åö��gù�úIý6ó�ú�ù^û��Mú�ó���ÿ�û�ù�ó9ü&��úIûI¿�û�ù³ó9ü<¿QÀ,�Mý6¿Qú�½(	
�+ÌUÎ

Ω
1!Ì~Æ�ÕgÔ�)fÌSÕ)Í�×�1�ÍIÌUÎ¨Ô�Ñ

R
n Æ]Õ Ú ÐBÌUÎ

F : Ω×R×R
n 7→ R

1!Ì~Æ�ÓZÔ]Õ�Î�Ê³Õf×QÔ�×GÍ��NÆ�)�) Ê³ÕGÉGß � ÑS×�Õ ÓTÎ�Ê:Ô�Õ
u ∈ C(Ω; R)

Ê³Í�Æ�ËIÊ^ÍTÓZÔ�Í�Ê�Î��YÍ�×�1SÒ&ÍUÔ�Ð ×�Î�Ê�Ô�ÕmÔDÑ

F (x, u(x),∇u(x)) = 0
Ê�Õ

Ω,
�:��o | �

Ê ÑrÑUÔ�ÖNÆ]Õ���ÓZÔ]Õ�Î�Ê³Õ�×�Ô�×GÍ�Ð?� Ú Ê �
ÌUÖZÌSÕ�Î�Ê:Æ�1SÐBÌ�Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
φ : Ω 7→ R

Æ�Õ Ú Æ�Õ��gÐ	ÔIÓ!Æ�Ð
�NÆ��]Ê��q×>�
x0 ∈ Ω

Ô�Ñ
u− φ

��Ô�Õ9ÌsÏ�ÆKÍ
F (x0, u(x0),∇φ(x0)) ≤ 0.

� Ê��qÊ�Ð�Æ]Ö�Ð?���¨Ê ÑsÆ]Î�Æ�Õ#�NÐ�Ô�Ó!Æ�Ðm�qÊ�ÕfÊ��q×>��)�Ô]Ê³Õ�Î
x0 ∈ Ω

Ô�Ñ
u− φ

��Ô�Õ9Ì�Ï�ÆKÍ

F (x0, u(x0),∇φ(x0)) ≥ 0,

Î�Ï�ÌSÕ
u
Ê³Í~ÆYËIÊ³ÍUÓ!ÔKÍ�Ê�Î���Í�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�Õ9ß��WÊ³Õ Æ]Ð³ÐZ���«Ê Ñ

u
Ê^Í]1ZÔ]Î�ÏxÆYËIÊ^ÍTÓ!ÔKÍ�Ê�Î���Í�×(1UÒ8ÍTÔ�Ð ×�Î�Ê�Ô]ÕOÆ�Õ Ú ÆqËIÊ³ÍUÓ!ÔKÍ�Ê�Î��

Í�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�Õ(��Î�Ï�ÌSÕ
u
Ê³ÍsÆ)ËIÊ^ÍTÓZÔ�Í�Ê�Î��YÍUÔ]Ð ×�Î�Ê�Ô]Õ9ß

â



£&L)R8H�FUJIV�JDdQ@BAr>QPS�fLQ@	JD@BE�L�@BA�\fAZPT>�R:E�X�@	LGJZPUXDnQXZPUJD@	LQ[�AZE�C	\QJD@BE�LfAcEKRr� � o § �W@	LxJDdfP
j�@BAZFTE]AD@	J`_)AZPULfAZP]o
pf\QXDJDdfPUX��
lNE�XZP]V�a�P�A�HI_yJZd�HKJ

u
@BA~HYj�@BAZFTE]AD@	J`_gAZE�C	\QJD@BE�LOEKR�JDd�P�}~@	XD@BF!dQCBPUJ
nQXZE�hQCBPUl �:��o | �rac@	JDd

u = ζ ∈ C(∂Ω)@�R�®
� � �

u ∈ C(Ω̄)
V

�:�6�
u
@BA�HqjG@BAZFTE]AD@	J`_xAZE�C	\QJD@BE�L�EKR"�:��o | ��@	L

Ω
V

�:�6�
u = ζ

E�L
∂Ω

o
pfE�X"H�h9PUJDJZPUXr\QLf>QPUXZADJ!HKLf>�@	LQ[NEKR+JDdfP
j�@BAZFTE]AD@	J`_N@	LGJZPUXDnQXZPUJ!HKJD@BE�L�EKR<h9E�\QLf>fHKXD_yFTE�Lf>�@	JD@BE�LfA"EKR+·~HKlY@	C	JZE�L��
í H�FTE�hQ@+PT�k\�HKJD@BE�LfAIVfa�P�XZPSR:PUXcJDdfP�XZPIH�>QPUX�JZEg� � V � PTFUJD@BE�L § o�� � o

� E�asV�a�P�ac@	C	C�nQXZEGFTPTPT>�hG_i[]@	j�@	LQ[¢AZE�lNP�XZPTAD\QC	JZA)FTE�LfFTPUXDLQ@	LQ[bj�@BAZFTE]AD@	J`_¶AZE�C	\QJD@BE�LfA)EKR��:��o � �Soï£`L
E�XZ>QPUX~JZE�d�HIjkP�PS��@BAZJZPULfFTP�HKLf>w\QLQ@B�G\fPULfPTAZAIV JDdfP�·~HKlY@	C	JZE�LQ@^HKL

F
ac@	C	C«h9P�XZPTAZJDXD@BFUJZPT>wJZE�JDdfP�R�E�C	CBE�ac@	LQ[

FTE�Lf>�@	JD@BE�LfAI®

(F0) F ∈ C(R × [0, T ] × R) �

(F1)
R:E�X"PIH�F!d

R > 0
VQJDdfPUXZP�@BA�HYFTE�LfADJ!HKLGJ

CR
AD\fF!dgJDd HKJI®

|F (x, t, p) − F (y, t, q)| ≤ CR( |p− q| + |x− y|) ∀(x, t, p), (y, t, q) ∈ Q̄T × [−R,R];

(F2)
JDdfPUXZP�@BA�HYFTE�LfADJ!HKLGJ

CF
AD\fF!d�JDd�HKJcR�E�X
HKC	C

(t, p) ∈ [0, T ] × R
HKLf>�HKC	C

x, y ∈ R,
E�LfP�d�H�AI®

|F (x, t, p) − F (y, t, p)| ≤ CF |x− y|(1 + |p|).
¯ P�\fA!P�JDdfPTAZPsFTE�Lf>�@	JD@BE�LfA�JZEqacXD@	JZPs>QE�acLwAZE�lNP�arPUC�C�¥�LfE�acL�XZPTAD\QC	JZA�E�Lgj�@BAZFTE]AD@	J`_xAZE�C	\QJD@BE�LfAIo

ñ�ò ½kó�ÀK½G¾ õ%ÃFG��<Õ Ú ÌSÖ�ö� �¡$	<��ö� ~Â#	YÆ�Õ Ú ö� "õ%	<�-Ê Ñ
u0 ∈ UC(R)

�-Î�Ï�ÌUÕbÄA3�ß�Ç�È�Ï�ÆKÍsÆN×�ÕfÊ:ÙU×fÌsËIÊ³ÍUÓ!ÔKÍ�Ê�Î��
ÍUÔ�Ð ×�Î�Ê:Ô�Õ

u ∈ UCx(Q̄T )
Ä:ÍTÌ!Ì�Ü�*�� � ÌZÓTÎ�Ê:Ô�ÕbÇ�Þ�ÑTÔ�Ö�Î�ÏQÌ¢) ÖZÌZÓUÊ³ÍTÌ Ú Ì�Û-ÕfÊ�Î�Ê:Ô�Õ�Ô�Ñ

UC(R)
�
UCx(Q̄T )

�cÆ�Õ Ú
ÑUÔ�Ö�Î�Ï�ÌX)9ÖDÔIÔ�Ñ�Ô�ÑsÎ�ÏkÊ³ÍsÎ�Ï�ÌDÔ]ÖZÌ��~È]ß

¼)½�¾m¿QÀKÁ¶õ%ÃFO£@�ÕtÎ�Ï�Ì�Ó!ÆKÍIÌB/¨Ï�ÌSÖZÌ�Î�ÏQÌ`��Æ��qÊ³Ð�Î8Ô�ÕfÊ:Æ�Õ�Ï�ÆKÍsÎ�Ï�ÌWÑUÔ]Ö��N�

F (x, t, u) = g(x, t)f(u),

Î�Ï�Ì-ÑTÔ�Ð³Ð	Ô�/�Ê�ÕGÉyÓZÔ]Õ Ú Ê�Î�Ê:Ô�ÕQÍ��

(V0) f ∈ C1
b (R; R), (V1) g ∈ Cb(Q̄T ; R), (V2) gx ∈ L∞(Q̄T ),

Ê��L) Ð?�
(F0)

Ò
(F1)

Ò
(F2)

Î8ÔZÉGÌUÎ�Ï�ÌSÖD/�Ê�Î�ÏgÎ�Ï�Ì
1DÔ�×�Õ Ú Ì Ú Õ�Ì�Í!Í�Ô�ÑsÎ�Ï�Ì5�sÆ��qÊ�Ð Î8Ô]ÕfÊ�Æ�Õ�ß
prdfP
LfPS��J�nQXZE�n9E]AD@	JD@BE�LxXZPS­�PTFUJZA�JDdfP
h9PUd�HIjG@BE�XcEKR�j�@BAZFTE]AD@	J`_NAZE�C	\QJD@BE�LfA�\QLf>QPUX"H�>Q>�@	JD@BE�L�HKC�XZPU[]\QC^HKXD@	J`_

H�AZAD\QlYnQJD@BE�LfA�E�L
u0 HKLf>

F
o

dsÀ�ó�"-ó�ú�ù³û�ù�ó üeõ�Ã�V ö�¤qþ«þ«ù³û�ù�ó ü+¿���À�½a¥ ÿ���¿QÀ�ù³û.�¶ó��cû ò ½c�<ù�úIýkó�ú�ù³û��¶úIó���ÿ<û�ù�ó ü&	
�+ÌUÎ

F = gf
ÍUÆ]Î�Ê³Í³Ñ��

(V0)
Ò
(V1)

Ò
(V2)

ßX@³Ñ
u0 ∈ Lip(R)

Æ�Õ Ú
u ∈ UCx(Q̄T )

Ê^ÍsÎ�Ï�Ì�×GÕfÊ:ÙU×fÌ�ËIÊ³ÍUÓ!ÔKÍ�Ê�Î��
ÍUÔ�Ð ×�Î�Ê:Ô�ÕuÔ�ÑNÄ+3�ß³ÇSÈ��WÎ�Ï�ÌSÕ

u ∈ Lip(Q̄T )
Ä:ÍTÌ!Ì
Ü�Ç�T,�`�<Ï�ÌZÔ�ÖZÌ��~EDÞ`È]ß

¼)½�¾m¿QÀKÁ¶õ%ÃF¦£@SÎ%Ê³Í[/WÔ�ÖUÎ�ÏD��ÌSÕ�Î�Ê:Ô�ÕfÊ�ÕGÉsÎ�Ï�Æ]Î�Î�ÏQÌrÍA)QÆ6Ó�Ì0��Ê§)�ÍTÓSÏkÊ�ÎHb�ÓZÔ]ÕQÍSÎ8Æ�Õ Î<Ô�ÑrÎ�ÏQÌ%Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
u
Ú Ì+)fÌSÕ Ú Í

Ô�Õ
C
�0/¨Ï�ÌSÖZÌ

C
Æ�)C)fÌZÆ�Ö�Í�Ê³Õ

(F1)
ÑUÔ�Ö

p = q
�rÆ�Õ Ú Ô�ÕuÎ�Ï�Ì]��Ê§)�ÍTÓSÏkÊ�ÎHb�Ó!Ô�ÕQÍUÎ8Æ�Õ�Î

γ
Ô�Ñ�Î�ÏQÌWÑS×�Õ ÓTÎ�Ê:Ô�Õ

u0
ß

_yÏkÊ³ÐBÌ�Î�ÏQÌ�Î�Ê���ÌL��Ê§)�ÍTÓSÏkÊ�ÎHb�Ó!Ô�ÕQÍUÎ8Æ�Õ�Î Ú Ì+)fÌSÕ Ú Í�Ô�ÕtÎ�Ï�Ìw1ZÔ�×�Õ Ú Ô�ÑsÎ�Ï�Ì5�sÆ���Ê�Ð�Î8Ô�ÕfÊ:Æ�Õ9ß

î



ã¨$³ã ¨Y;<5]å63�n+*¬,K3<1`è�56.83+;=�8�Wç(��;�.:56.&3<;¬0�;0��n�å63mncçfå65].&ç�,
�g½C��ü+ù³û�ù�ó üeõ%ÃF©éö�÷�ü9ûIÀKó#"$�¶ú�ÿ�:��<ª�ú�ÿ�"-½kÀ��!úIó���ÿ�û�ù�ó ü&	
�+ÌUÎ

F (x, t, v) = g(x, t)f(v)
/�Ê�Î�Ï

g, gx ∈ L∞
loc(QT ; R)

Æ�Õ Ú
f ∈ C1(R; R)

ß � ÑS×GÕ9ÓTÎ�Ê�Ô]Õ
v ∈

L∞(QT ; R)
Ê^ÍtÆ�Õ ÌUÕ�Î�ÖDÔ�)��bÍS×(1SÒ&ÍUÔ�Ð ×�Î�Ê�Ô�ÕæÔ�ÑbÄ+3�ß!3TÈo/�Ê�Î�Ï«1ZÔ�×GÕ Ú Ì Ú Ê�ÕfÊ�Î�Ê�Æ�Ð Ú Æ]Î8Æ

v0 ∈ L∞(R)
Ê Ñ�Ê�Î

ÍUÆ]Î�Ê³Í³Û�ÌSÍ<�
∫

QT

[

ηi(v(x, t))φt(x, t) + Φ(v(x, t))g(x, t)φx(x, t)+

h(v(x, t))gx(x, t)φ(x, t)
]

dxdt+

∫

R

ηi(v
0(x))φ(x, 0)dx ≥ 0,

�:��o�â6�

∀φ ∈ C1
0 (R × [0, T ); R+)

�fÑTÔ�Ö�Æ�Õ���Õ Ô�ÕfÒ Ú ÌZÓUÖZÌZÆKÍ�Ê�ÕGÉgÓ!Ô�ÕfËKÌ���Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
ηi ∈ C1(R; R)

�
Φ ∈ C1(R; R)Í�×QÓSÏ�Î�Ï�Æ]Î+�

Φ
′

= f
′

η
′

i,
Æ]Õ Ú

h = Φ − fη
′

i.
�:��o�î]�

� ÕmÌSÕ�Î�ÖDÔ�)%�YÍS×�)fÌSÖSÒ8ÍTÔ�Ð ×�Î�Ê:Ô�ÕmÔ�ÑNÄA3�ß!3TÈYÊ³Í Ú Ì�Û-Õ9Ì Ú 1���ÖZÌ+)9Ð�Æ6ÓTÊ³ÕGÉyÊ³ÕbÄ+3�ß�TSÈ
ηi
/�Ê�Î�Ï

ηd
Ø�ÆNÕ9Ô�ÕfÒ&Ê�Õ ÓUÖ!ÌDÆ�Í�Ê³Õ�É

ÓZÔ]ÕfËKÌ���Ñ�×�Õ ÓTÎ�Ê:Ô�Õ9ß � Õ�ÌSÕ�Î�ÖDÔ�)���ÍTÔ�Ð ×�Î�Ê:Ô�ÕtÊ³Í Ú Ì�ÛWÕ9Ì Ú ÆKÍ
1!ÌSÊ³Õ�Éc1ZÔ]Î�ÏOÌUÕ�Î�ÖDÔ�)��)Í�×�1SÒ~Æ�Õ Ú Í�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�Õ9ß
@�ÕtÔ]Î�Ï�ÌSÖB/WÔ�Ö Ú Í.�-Ê�Î-Ë�ÌSÖ�Ê Û�Ì�Í)ÄA3�ß�T�ÈcÑUÔ�Ö�Æ�Õ��)Ó!Ô�ÕfËKÌU�
ÑS×�Õ ÓTÎ�Ê:Ô�Õ

η ∈ C1(R; R)
ß

á�LGJDXZE�nG_yAZE�C	\QJD@BE�LfAra�PUXZP
�fXZADJr@	LGJDXZEG>�\fFTPT>xhG_9¬~XZ\(­T¥6E�jw� � » � H�A�JDdfP�E�LQC	_�nQdG_�AD@BFIHKC	C	_yH�>�lY@BAZAD@	hQCBP�AZE�C	\��
JD@BE�LfAsHKlNE�LQ[�HKC	C¨a�PIHK¥b��>�@BAZJDXD@	hQ\QJD@BE�L�HKC³��AZE�C	\QJD@BE�LfA�JZExAZFIHKC^HKX�FTE�LfAZPUXDj]HKJD@BE�LtC^HIa�AIosprdfPTAZP�a�PIHK¥wAZE�C	\��
JD@BE�LfA�C^H�F!¥YJDdfP�R:H�FUJ�EKR�h9PU@	LQ[�\QLQ@B�k\fP�R�E�X�@	J�@BA�PIH�AZ_YJZE�FUE�L�ADJDXD\fFUJ�l�\QC	JD@	nQCBP
a�PIHK¥�AZE�C	\QJD@BE�LfA�JZEq¤rHK\fF!dG_
nQXZE�hQCBPUlNA"�:��o��6����A!PUP�R�E�X«@	LfAZJ!HKLfFTP���� {�� �So¨prdfP�LfPS��J¨>QPS�fLQ@	JD@BE�L�FUE�L�FUPUXDL�A�FUC^H�AZAD@BFIHKCQAD\Qh���®KAD\fn9PSXD�&AZE�C	\QJD@BE�L
JZENA!FIHKC^HKX
FUE�L�AZPUXDj�HKJD@BE�LwC^HIa"AIo�prdQ@BA�¥�@	Lf>�EKR-AZE�C	\QJD@BE�LfA�HKXZP�PIH�AD@	C	_gADdfE�acL�JZENh9PsPULGJDXZE�nG_�AD\Qh���®KAZ\Qn9PUX��
AZE�C	\QJD@BE�LfAIo

�g½C��ü+ù³û�ù�ó üeõ%Ã�Â>¡Åö 6 ��¿Qú�ú�ù�ý6¿���ú�ó���ÿ�û�ù�ó üMûIó�úIýk¿��³¿QÀyý6ó9ü<ú�½kÀ,�Q¿�û�ù³ó9ü¯��¿CfNú�	
�+ÌUÎ

F (x, t, v) = g(x, t)f(v)
/�Ê�Î�Ï

g, gx ∈ L∞
loc(QT ; R)

Æ�Õ Ú
f ∈ C1(R; R)

ß � ÑS×GÕ9ÓTÎ�Ê�Ô]Õ
v ∈

W 1,∞(QT )
Ê³Í~ÍTÆ�Ê Ú Î8ÔS1!Ì�ÆyÓUÐ	ÆKÍ!ÍSÊ�Ó!Æ�Ð�Í�×(1UÒ8ÍTÔ�Ð ×�Î�Ê�Ô]ÕmÔ�ÑNÄA3�ß!3TÈ8/�Ê�Î�Ï

v0(x) = v(x, 0)
Ê Ñ�Ê�Î�ÍTÆ]Î�Ê^Í�Û�Ì�Í

vt(x, t) + (F (x, t, v(x, t)))x ≤ 0
Ækß³Ì�ß�Ê³Õ

QT .
�:��o�»6�

I«Ð�ÆKÍ�Í�Ê:Ó!Æ�Ð�ÍS×�)fÌSÖSÒ8ÍTÔ�Ð ×�Î�Ê:Ô�ÕQÍsÆ�Ö!Ì Ú Ì�ÛWÕ9Ì Ú 1��YÖZÌ+) Ð	Æ6ÓUÊ�ÕGÉc° ≤ ± /�Ê�Î�Ï²° ≥ ± Ê�Õ�ÄA3�ßF³UÈ,��Æ]Õ Ú ÓTÐ�ÆKÍ�Í�Ê:Ó!Æ�Ð9ÍUÔ�Ð ×�Î�Ê:Ô�ÕQÍ
Æ�ÖZÌ Ú Ì�Û-Õ9Ì Ú Î8ÔS1!Ì
1DÔ]Î�Ï�ÓUÐ	ÆKÍ�Í�Ê�Ó!Æ�Ð�Í�×�1SÒ�Æ�Õ Ú ÍS×�)fÌSÖSÒ8ÍTÔ�Ð ×�Î�Ê:Ô�ÕQÍTß
¯ P�lNE�jkP�LfE�aðJZEYAZE�lNPsFUC^H�AZAD@BFIHKC�XZPTAD\QC	JZA�E�L�PSL�JDXZE�nG_xAZE�C	\QJD@BE�LfA�o

ñ�ò ½kó�ÀK½G¾ õ%Ã�Â Â ö�´gÀ�ÿ�µ6Á�ó>�
¶	úY÷
ø<ù�úTûI½Gü+ý6½ ñ�ò ½Gó�ÀK½G¾·	
�+ÌUÎ

F
�
v0 1ZÌ~É]Ê³ËKÌUÕ¸1��
¹�Ì�ÛWÕfÊ�Î�Ê:Ô�Õº3�ßHY���Æ�Õ Ú Î�Ï�ÌWÑUÔ]Ð³Ð�Ô�/�Ê�ÕGÉyÓ!Ô�Õ Ú Ê�Î�Ê�Ô]ÕQÍ~Ï�Ô]Ð Ú �

(E0) f ∈ C1
b (R), (E1) g, gx ∈ Cb(Q̄T ), (E2) gxx ∈ C(Q̄T ),

Î�Ï�ÌSÕtÎ�Ï�ÌUÖZÌqÌ���Ê³ÍSÎ�Í�Æ�ÕmÌSÕ�Î�ÖDÔ�)��NÍUÔ�Ð ×�Î�Ê:Ô�Õ
v ∈ L∞(QT )

Ô�ÑNÄA3�ß!3TÈ�Ä8ÍTÌ!Ì�ÜDÇ�³��`�<Ï�ÌZÔ�ÖZÌ��ÅÝTÞ&È6ß
£&L�R:H�FUJIV�¬�XD\(­T¥kE�j�°±A«FTE�Lf>�@	JD@BE�LfA+R:E�X+PS��@BADJZPULfFTP�a�PUXZPW[]@	jkPUL�R:E�X¨H"[6PULfPUX!HKCG­f\���R�\QLfFUJD@BE�Lg��AZPTP
� � »QV � PTFUJD@BE�L
§�� R�E�X¨>QPUJ!HK@	CBAS�So«·~E�a�PUj6PUXIV�@	L � \QhfAZPTFUJD@BE�L | o § EKR�JDdfPrA!HKlNP�n�HKn9PUXIVkH�a�PIHK¥�jkPUXZAD@BE�LqEKR�JDdfPTA!P�FTE�Lf>�@	JD@BE�LfAIV
JDd�HKJ�FIHKLqh9PrPIH�AD@	C	_�F!dfPTF!¥kPT>�@	LqJDdfPrFIH�AZP

F (x, t, v) = g(x, t)f(v)
HKLf>

(E0)
�
(E1)

�
(E2)

V�@BA¨nQXZPTAZPULGJZPT>%o
pQ\QXZJDdfPUXDlNE�XZP]Vf\QLQ@B�G\fPULfPTAZAcR�E�C	CBE�a"AcR�XZE�l JDdfP�R�E�C	CBE�ac@	LQ[)FTE�lYn�HKXD@BAZE�L�nQXD@	LfFU@	nQCBP]o

»



ñ�ò ½kó�ÀK½G¾ õ%Ã�ÂQõ ö 6 ó9¾¸"«¿QÀKù�úIó9ü»dsÀ�ù�ü+ýkù�"e��½�	
�+ÌUÎ

F
1!Ì~É�Ê�ËKÌSÕ21��w¹�Ì�Û-Õ�Ê�Î�Ê:Ô�Õº3�ßHYN/�Ê�Î�Ï

f
ÍTÆ]Î�Ê³Í³Ñ���Ê�ÕGÉ)ö�÷`¡¼	<��Æ�Õ Ú

g
ÍUÆ]Î�Ê³Í³Û�Ì�Í��

(E3) g ∈W 1,∞(Q̄T ).

�+ÌUÎ
u
�
v ∈ L∞(QT )

1!Ì�Î�/WÔ�ÌUÕ�Î�ÖDÔ�)���ÍS×(1SÒF��Í�×�)fÌSÖSÒ8ÍTÔ�Ð ×�Î�Ê�Ô]ÕQÍrÔ�Ñ�ÄA3�ß!3TÈ=/�Ê�Î�Ï�Ê³ÕfÊ�Î�Ê:Æ�Ð Ú Æ]Î8Æ
u0 � v0 ∈ L∞(R)Í�×QÓSÏ�Î�Ï�Æ]Î��

u0(x) ≤ v0(x)
Ækß³Ì�ß�Ê³Õ

R
�WÎ�Ï�ÌUÕ

u(x, t) ≤ v(x, t)
Ækß�ÌIß�Ê�Õ

Q̄T .

prdfP�nQXZEGEKR�EKR�JDdQ@BA�JDdfPTE�XZPUl FIHKLeh9PwH�>fHKnQJZPT>�R�XZE�l � �]� VrprdfPTE�XZPUl � � ac@	JDd4ADC	@	[]dGJ�lNEG>�@���FIHKJD@BE�L�AIo
·
E�a�PUjkPUXIV�R�E�X
JDdfP�A!HK¥6P�EKRWFTE�lYnQCBPUJZPULfPTAZAIV9arP�ac@	C	C+nQXZPTA!PSL�J�H�AD¥kPUJZF!dOEKR-JDdfP�nQXZEGEKRW@	LwJDdfP�=�nQn9PULf>�@��%V
AZPTP � PTFUJD@BE�LOâ�o

=cJxJDdQ@BA�ADJ!HK[6P]V
a�PmHKXZPtXZPIH�>�_4JZEinQXZPTAZPULGJ�HbXZPUC^HKJD@BE�LðJDd�HKJ�AZE�lNPUJD@	lNPTA�dfE�CB>QAgh9PUJ`a�PTPUL AZFIHKC^HKX
FTE�LfAZPUXDj�HKJD@BE�L�C^HIa"A
HKLf>�·~HKlY@	C	JZE�L�� í H�FTE]hQ@«PT�k\�HKJD@BE�LfA"@	L�E�LfPS�&>�@	lNPULfAD@BE�L�HKC«ADn�H�FTP]o

ã¨$�h ¨Y;<5]å63�n+*e½���.`,�/�3<,�.:5T*ðå6ç�1&095].&3<;
pfE�XDl�HKC	C	_kV<hG_t>�@�´%PUXZPULGJD@^HKJD@	LQ[i�:��o � �~ac@	JDd�XZPTADn9PTFUJsJ!E

x
HKLf>�>QPS�fLQ@	LQ[

v = ux
V�a�PNAZPTPYJDd�HKJ)�:��o � ��@BA

PT�k\Q@	j]HKCBPULGJrJZE�JDdfP�AZFIHKC^HKXcFTE�LfAZPUXDj]HKJD@BE�LgC^HIa �:��o��6�Wac@	JDd
v0 = u0

x

HKLf>xJDdfP�A!HKlNP
F
o�prdQ@BArPT�G\Q@	j]HKCBPULfFTP

EKR�JDdfPtJ`a�EbnQXZE�hQCBPUlNA�d�H�Axh9PTPULðPS��nQCBE�@	JZPT>ï@	LëE�XZ>QPUXgJZEiJDX!HKLfADC^HKJZPuA!E�lNPOLG\QlNPUXD@BFIHKCslNPUJDdfEG>QAxR:E�X
dG_Gn9PUXDh9E�C	@BFOFTE�LfA!PUXDj�HKJD@BE�L4C^HIa"A)JZE�lNPUJDdfEG>QA)R:E�X)·�HKlY@	C	JZE�L�� í H�FTE�hf@�PT�k\�HKJD@BE�LfAIo¬ºwE�XZPTE�jkPUXIV"AZPUjkPUX!HKC
nQXZEGEKR�A¨arPUXZP�[]@	jkPULq@	LYJDdfPrE�LfPc>�@	lNPULfAD@BE�L�HKC�FIH�AZP]o¨prdfP�\fAZ\�HKC�nQXZEGEKR�EKR JDdQ@BA�XZPUC^HKJD@BE�LN>QPUn9PULf>QAWADJDXZE�LQ[]C	_
E�LeJDdfP�¥GLfE�acL4XZPTAD\QC	JZAxHKh9E�\QJyPS��@BADJZPULfFTPOHKLf>e\QLQ@B�k\fPULfPTAZAxEKR�JDd�PwAZE�C	\QJD@BE�LfAyEKRsJDdfP�J`a�E�nQXZE�hQCBPUlNA
JZE�[6PUJDdfPUX~ac@	JDdOJDdfP�FTE�LGjkPUXD[6PULfFTPqEKR-JDdfP�jG@BA!FTE]AD@	J`_glNPUJDdfEG>¶��AZPTP)��â�V �Iz V9�]� � �So
=
LfE�JDdfPUX~nQXZEGEKR�EKR-JZdQ@BA
XZPUC^HKJD@BE�L�FTE�\QCB>xh9P
R:E�\QLf>y@	Lu� §]� j�@^H�JDdfP�>QPS�fLQ@	JD@BE�L�EKR+j�@BAZFTE]AD@	J`_�®KPULGJDXZE�nG_)@	LfPT�k\�HKC	@	JD@BPTAIVQacdQ@	CBPsH�>�@	XZPTFUJ
nQXZEGEKR�FTE�\QCB>)HKCBAZEsh9PrR:E�\QLf>Y@	Lw� � î � \fAD@	LQ[�JDdfPrR�XZE�LGJWJDX!H�F!¥G@	LQ[�lNPUJDdfEG>%o-prdfP"FIH�A!P"EKR<H�·~HKlY@	C	JZE�LQ@^HKLxEKR
JDdfPrR:E�XDl �:��o��6�¨@BA�HKCBAZE�JDXZPIHKJZPT>)PUj6PUL�acdfPUL

g(x, t)
@BA�HKC	CBE�a�PT>�JZE�h9P�>�@BAZFTE�LGJD@	LG\fE�\fA�@	LNJDd�P

(x, t)
nQC^HKLfP

HKCBE�LQ[�H��fLQ@	JZP�LG\Ql�h9PUX
EKRc��n9E]AZAD@	hQC	_)@	LGJZPUXZA!PTFUJZPT>��rFU\QXDjkPTA���AZPTPY��� §]� �So�£`LgE�\QX"a�E�XD¥9VQJDdfPsHKh9E�jkP�ADJ!HKJZPT>
XZPUC^HKJD@BE�L�ac@	C	C�h9P�AD\fFTFTPTA!A�R�\QC	C	_)\fA!PT>xJZEq[6PUJ�AZE�lNP�[]X!H�>�@BPULGJ
PTADJD@	l�HKJZPTA�E�L

κ
o�p+EYh9P�lNE�XZPsADn9PTFU@���F]VQa�P

acXD@	JZP~>QE�acLyJDdfP�nQXZPTFU@BAZP~AZJ!HKJZPUlNPULGJrEKR�JDdQ@BA�XZPUC^HKJD@BE�L�®«R:E�X�PUj6PUXD_�·~HKlY@	C	JD@BE�LQ@^HKL�®�­�\���R�\QLfFUJD@BE�L
F = gfHKLf>�PUj6PUXD_

u0 ∈ Lip(R)
V�CBPUJIV

EV = {(V0), (V1), (V2), (E0), (E1), (E2), (E3)},
@	L�E�JDdfPUX"arE�XZ>QAIV

EV =

∣
∣
∣
∣
∣
∣
∣
∣
∣

prdfPsAZPUJ�EKR�HKC	C<FTE�Lf>�@	JD@BE�LfA
E�L
f
HKLf>

g
PULfAD\QXD@	LQ[NJDdfP

PS��@BADJZPULfFTP�HKLf>g\QLQ@B�k\fPULfPTA!A"EKR-Hqê�@	nfAZF!dQ@	JD��FUE�L�JD@	LG\fE�\fA"j�@BAZFTE]AD@	J`_
AZE�C	\QJD@BE�L

u ∈ Lip(Q̄T )
EKR"�:��o � �SV�HKLf>�EKR-HKL�PULGJDX!E�nG_

AZE�C	\QJD@BE�L
v ∈ L∞(QT )

EKRc�:��o��6�SVfac@	JDd
v0 = u0

x ∈ L∞(R)
o

ñ�ò ½kó�ÀK½G¾ õ%Ã�Â¾ éö�¤¿��ù�ü+Áo:-½kû.f�½k½�üÀ�<ù�úIý6ó ú�ù³û.�M¿fü<þe½�ü9ûIÀ�ó�"$�¶úIó%��ÿ<û�ù�ó ü+ú�	
�+ÌUÎ

F = gf
/�Ê�Î�Ï

g ∈ C2(Q̄T )
�
u0 ∈ Lip(R)

Æ�Õ Ú EV ÍTÆ]Î�Ê^Í�Û�Ì Ú ß
�<Ï�ÌSÕ(�

v = ux
Ækß�ÌIß�Ê�Õ

QT .

z



¼)½�¾m¿QÀKÁ¶õ%Ã�Âa7�@�Õ¢Î�ÏQÌ��q×GÐ�Î�Ê Ú Ê���ÌSÕfÍ�Ê�Ô]Õ Æ�Ð-Ó!ÆKÍTÌ)Î�ÏkÊ³ÍNÔ�Õ9ÌUÒ`Î8Ô�Ò�Ô�Õ9ÌyÓ!Ô�Ö�Ö!Ì�ÍA)QÔ�Õ Ú ÌUÕ Ó�Ì)Õ Ô�Ð	Ô�ÕGÉkÌSÖyÌU��Ê^ÍUÎ�Í.�
Ê³ÕQÍUÎ&ÌZÆ Ú Î�Ï�ÌqÉ�ÖDÆ Ú Ê8ÌSÕ�Î

v = ∇u ÍUÆ]Î�Ê³Í³Û�ÌSÍcÑTÔ�Ö��NÆ�Ð�ÐZ�OÆwÕ Ô�ÕfÒ&ÍSÎ�ÖSÊ�ÓTÎ�Ï���)QÌUÖ<1ZÔ�Ð Ê�Ó)Í��KÍSÎ&Ì��¹Ô�Ñ)Ó!Ô�ÕQÍIÌSÖ�ËKÆ]Î�Ê�Ô]Õ
Ð�Æ�/¨ÍNÄ8ÍTÌ!Ì
Ü+3�3���Ç�YDÞ`È]ß

prdQXZE�\Q[]dfE�\QJ � PTFUJD@BE�LfA��qHKLf> § V
ρ
ac@	C	C�HKC	arHI_�Arh9P~JDdfP�AZE�C	\QJD@BE�L�EKR<JDdfP�dfPIHKJcPT�G\�HKJD@BE�Lm� � o | �So-prdfP

nQXZE�n9PUXDJD@BPTAcEKR�JDdfP~AZE�C	\QJD@BE�LgEKR�JDdfP
dfPIHKJrPT�G\�HKJD@BE�Lya"@�JZdyXZPU[]\QC^HKX�@	LQ@	JD@^HKC%>fHKJ!H�ac@	C	C9h9P�R�XZPT�G\fPULGJDC	_N\fAZPT>%V
a�P�XZPSR:PUXcJZdfP�XZPIH�>QPUX�JZEg���QV �I{K� R�E�X�>QPUJ!HK@	CBAIo

Á ÂÄÃwsÅx�ÆwÆ����&Çs�.}Èxr��sÉÆ�����Ê
|Us&}

£&LOJZdQ@BA�A!PUFUJD@BE�L�V%a�PYHKnQnQXZEI��@	l�HKJZP�� � o § �~HKLf>ta�P�n9E]A!PqH)lNE�XZPqXZPTADJDXD@BFUJD@	j6PYFTE�Lf>�@	JD@BE�L���AZPTPqFTE�Lf>�@	JD@BE�L
� � o�»6�D�cE�L�JDdfPs[]X!H�>�@BPULGJ
EKR�JDdfP�@	LQ@	JD@^HKC+>fHKJ!HYJDd�HKLwEKR¨JDdfPsnQdG_�AZ@BFIH�C	_xXZPUCBPUjkPULGJ
E�LfP�� � o�â6�So�£&L�JDdQ@BA�FIH�AZP]V
a�P�nQXZE�jkPYH)XZPTAZ\QC	J�EKRrPS��@BADJZPULfFTPNHKLf>t\QLQ@B�G\fPULfPTAZA�EKR�JDdQ@BAsHKnQnQXZEI��@	l�HKJZPYnQXZE�hQCBPUl�V�L�HKlNPUC	_OprdfPTE�XZPUl
� o���V6HKLf>�JDdfP�XZPIH�>QPUX¨ac@	C	C�LfE�JD@BFTPcHKJ«JZdfP�PULf>qEKR�JDdQ@BA�AZPTFUJD@BE�LqJDd�HKJ¨JDdQ@BA«XZPTADJDXD@BFUJD@	jkPrFTE�Lf>�@	JD@BE�LY@BA¨A!HKJD@BA���PT>
R�E�XrHKC	C JD@	lNP]V�JDd�HKJ�acdQ@BF!dxFIHKLfFTPUCBA�JDdfP~HKnQnQXZEI��@	l�HKJD@BE�Lx@	L)JDdfP~ADJDXD\fFUJD\QXZP~EKR�� � o § ��HKLf>�XZPUJD\fXDLfA�@	J�JZE�@	JZA
E�XD@	[]@	L�HKC<E�LfP]oRp+@	L�HKC	_yarP�nQXZPTAZPULGJ"JDdfP�nQXZEGEKR-EKR¨prdfPTE�XZPUl � o���o

p�E�XYPUjkPUXD_
a > 0

V-a�PxhQ\Q@	CB>i\Qn�HKL�HKnQnQXZEI��@	l�HKJD@BE�LMR�\fLfFUJD@BE�L
fa ∈ C1

b (R)
EKR
JDdfPyR�\QLfFUJD@BE�L 1

x>QPS�fLfPT>ghG_�®

fa(x) =







1

x

@�R
x ≥ a,

2a− x

a2 + a2(x− a)2
E�JDdfPUXDac@BAZP]o

�:��o � �

dsÀ�ó�"-ó�ú�ù³û�ù�ó üÀ %Ã�ÂW��Ô]Ö�Æ�Õ#�
a > 0

�WÐBÌUÎ
fa
1!Ì Ú Ì�Û-Õ9Ì Ú 1��OÄ+E�ß³Ç�È)Æ�Õ Ú

H ∈ C1(R)
1ZÌYÆ�ÍUÓ!Æ�Ð	Æ�ÖSÒ&Ë�Æ]Ð ×fÌ Ú

Ñ�×�Õ ÓTÎ�Ê:Ô�Õ9ßX@³Ñ
Fa(x, t, u) = −H(ρx(x, t))ρxx(x, t)fa(u)

�:��o��6�
Æ�Õ Ú

κ0 ∈ Lip(R)
�WÎ�Ï�ÌUÕtÎ�Ï�Ì5�sÆ��qÊ�Ð Î8Ô�Õ�Ò�ËGÆkÓZÔa1SÊ�ÌZÙU×QÆ]Î�Ê�Ô�Õ

{

κt + Fa(x, t, κx) = 0
Ê�Õ

QT ,

κ(x, 0) = κ0(x)
Ê�Õ

R,

�:��o��6�

Ï�ÆKÍ�Æ�×�ÕfÊ:ÙU×QÌ�ËIÊ³ÍUÓ!ÔKÍ�Ê�Î��YÍTÔ�Ð ×�Î�Ê:Ô�Õ
κ ∈ Lip(Q̄T )

ß
prdfPxnQXZEGEKR�EKR�JDdQ@BAYnQXZE�n9E]AD@	JD@BE�L�@BANPIH�AD@	C	_iFUE�L�FSC	\f>fPU>MR�XZE�l prdfPTE�XZPUl ��o | HKLf>¶²-XZE�n9E]AD@	JD@BE�L4��o�îwhG_
F!dfPTF!¥G@	LQ[�JDd�HKJ"JDdfP�FTE�Lf>�@	JD@BE�LfA ö��'¡$	 � ö��OÂ�	 � ö���õ%	 HKXZP�HKC	C�A�HKJD@BA���PT>%o

£`LNJDdfPcR�E�C	CBE�ac@	LQ[�nQXZE�n9E]AD@	JD@BE�L�VGa�P�ADdfE�a4H�CBE�a�PUX��8h9E�\QLf>yPTADJD@	l�HKJZP"R�E�X-JDd�Pc[]X!H�>�@BPULGJ�EKR
κ
E�hQJ!HK@	LfPT>

@	Le²�XZE�n9E]AD@	JD@BE�Lë��o � oï£&J�@BANa�E�XDJDdelNPULGJD@BE�LQ@	LQ[bJDd�HKJyHuXZPTAD\QC	J)EKR�CBE�a�PUX��8h9E�\QLf>e[]X!H�>�@BPULGJxPTADJD@	l�HKJZPTA
R�E�X~�fXZADJ��&E�XZ>QPUXs·�HKlY@	C	JZE�L�� í H�FTE]hQ@WPT�G\�HKJD@BE�LfA�FTE�\QCB>th9P�R�E�\QLf>O@	LM��� � V%prdfPTE�XZPUl § o�� � o�·
E�a�PUjkPUXIV�JZdQ@BA
XZPTAD\QC	J<dfE�CB>QA%R:E�X<·~HKlY@	C	JZE�LQ@^HKLfA

F (x, t, u)
JDd�HKJ«HKXZPWFTE�LGj6PS��@	L�JDdfP

u
�8j�HKXD@^HKhQCBP]VK\fAD@	LQ[
E�LQC	_�JDdfP�j�@BAZFTE]AD@	J`_

JDdfPTE�XD_YJZPTF!dQLQ@B�G\fPTAIo�prdQ@BA�@BAWLfE�J�JDdfP
FIH�AZP�dfPUXZP]V�HKLf>�@	LyE�XZ>QPUX�JZE�E�hQJ!HK@	LxE�\QX�CBE�a�PUX��8h9E�\QLf>xPTADJD@	l�HKJZPTAIV
a�P�LfPTPT>gJZEY\fAZP�JZdfP�j�@BAZFTE]AD@	J`_�®KPULGJDXZE�nG_yJDdfPTE�XD_xJZPTF!dQLQ@B�k\fPTA�o-£`Lgn�HKXDJD@BFU\QC^HKXIVfa�P�d�HIj6P�JDdfP�R�E�C	CBE�ac@	LQ[f®

dsÀ�ó�"-ó�ú�ù³û�ù�ó üÀ %Ã^õ£�+ÌUÎ
G ∈ C3(R; R)

ÍTÆ]Î�Ê^Í�Ñ���Ê�ÕGÉ�Î�Ï�Ì-ÑTÔ�Ð³Ð	Ô�/�Ê�ÕGÉyÓZÔ]Õ Ú Ê�Î�Ê:Ô�ÕQÍ��

(G1) G(x) ≥ G(0) > 0
Æ]Õ Ú

(G2) G
′′ ≥ 0.

� Ð ÍUÔ�ÐBÌUÎ
H = GG

′ Æ]Õ Ú
0 < a ≤ G(0).

�I{



@³Ñ
κ0 ÍTÆ]Î�Ê^Í�Û�Ì�Í<�

κ0
x(x) ≥ G(ρ0

x(x)),
Ækß�ÌIß�Ê�Õ

R,
Î�Ï�ÌSÕtÎ�Ï�ÌsÍUÔ]Ð ×�Î�Ê�Ô]Õ

κ
Ô�1UÎ8Æ]Ê³Õ9Ì Ú Ê³ÕcÌ�ÖDÔ�)QÔKÍ�Ê�Î�Ê�Ô]Õ�EGß�ÇYÍUÆ]Î�Ê³Í³Û�Ì�Í��

κx ≥ G(ρx)
Ækß�ÌIßwÊ�Õ

Q̄T .
�:��o § �

£&L�E�XZ>QPUX"J!EqnQXZE�jkP�²-XZE�n9E]AD@	JD@BE�LO��o���VQa�P��fXZADJ"ADdfE�aëJDd�HKJ
G(ρx)

@BA�HKL�PULGJDXZE�nG_xAZ\Qh��&AZE�C	\QJD@BE�L�EKR
{

ωt + (F (x, t, ω))x = 0
@	L

QT ,

ω(x, 0) = ω0(x)
@	L

R,

�:��o | �

ac@	JDd
w0 = G(ρ0

x)
HKLf>

F = Fa
o-£&Lf>QPTPT>%VQa�P�d�HIjkP�JDdfP�R�E�C	CBE�ac@	LQ[f®

Í-½G¾¢¾m¿¸ �Ã! Î�<Ï�ÌrÑS×�Õ ÓTÎ�Ê:Ô�Õ
G(ρx)

Ú Ì�Û-Õ�Ì Ú Ô�Õ
QT

Ê³ÍqÆ�ÓTÐ�ÆKÍ�Í�Ê:Ó!Æ�Ð«Í�×�1SÒ&ÍUÔ�Ð ×�Î�Ê:Ô�ÕiÔ�ÑgÄ+EGß��SÈ��rÏ�ÌSÕ9Ó!Ì)Æ�Õ
ÌSÕ�Î�ÖDÔ�)%�YÍS×(1SÒ&ÍUÔ�Ð ×�Î�Ê�Ô�Õ�ß
dsÀ�ó%ó��%ó���ÍW½G¾�¾�¿� %ÃF %Ã p«@	XZADJIV�@	J<@BA+PIH�AD@	C	_�A!PTPUL�JDd�HKJ

G(ρx) ∈W 1,∞(QT )
o+}�PS�fLfP-JDdfPWA!FIHKC^HKX��8j�HKC	\fPT>

�k\�HKLGJD@	J`_
B

E�L
QT

hG_�®

B(x, t) = ∂t(G(ρx(x, t))) + ∂x(Fa(x, t,G(ρx(x, t)))).

� @	LfFTP
0 < a ≤ G(0)

VQa�P�\fAZPN� � � ��JZEq[6PUJ
fa(G(ρx)) = 1/G(ρx)

HKLf>ga�PsE�hfAZPUXDjkP�JDd�HKJIV

B = G
′

(ρx)ρxt − ∂x

(
H(ρx)ρxx
G(ρx)

)

= G
′

(ρx)ρxxx −
(

G(ρx)[H
′

(ρx)ρ
2
xx +H(ρx)ρxxx] − (G

′

(ρx)ρ
2
xxH(ρx))

G2(ρx)

)

=
G(ρx)ρxxx(G(ρx)G

′

(ρx) −H(ρx)) − ρ2
xx(H

′

(ρx)G(ρx) −H(ρx)G
′

(ρx))

G2(ρx)
.

� @	LfFTP
H = GG

′ VQa�P�[6PUJI®
B = −ρ2

xxG
′′

(ρx),
acdfPUXZPsJDd�P�FTE�Lf>�@	JD@BE�Li� � �6�r[]@	j6PTA�@	lYlNPT>�@^HKJZPUC	_�JDd�HKJ

B ≤ 0
orprdQ@BA�nQXZE�jkPTA�JDd�HKJ

G(ρx)
@BA~HNFUC^H�AZAD@BFIHKC

AD\Qh��&AZE�C	\QJD@BE�LwEKR¨PT�G\�HKJD@BE�L¢�:��o | �cHKLf>gdfPULfFTP�HKL�PULGJDXZE�nG_gAD\Qh��&AZE�C	\QJD@BE�L�o
2

dsÀ�ó%ó���ó#�wdsÀKó#"-ó ú�ù³û�ù³ó9ü� %Ã^õ�Ã pQXZE�làJDdfP�>QPS�fLQ@	JD@BE�LbEKR
H

HKLf>mJDdfPNnQXZE�n9PUXDJD@BPTA�EKR
ρ
V<@	J�@BA�PIH�AZ_OJZE

F!dfPTF!¥iJDd�HKJ
g ∈ C2(Q̄T )

HKLf>MJDd�HKJ EV @BANR�\QC	C	_¶A!HKJD@BA���PT>%oï·~PULfFTP]V�a�PwHKXZP�@	L�JDdfPgR�X!HKlNPUa�E�XD¥MEKR
prdfPTE�XZPUl ��o � ��ac@	JDd

u0 = κ0 o�prdQ@BA�JDdfPTE�XZPUlì[]@	jkPTA�JDd�HKJ
κx

@BA�JDdfP
\QLQ@B�G\fP~PULGJDXZE�nG_)AZE�C	\QJD@BE�LgEKR��:��o | �
ac@	JDd

w0 = κ0
x

oyºwE�XZPTE�jkPUXIV+hG_tJDdfPNnQXZPUj�@BE�\fA�CBPUlYl�H�V
G(ρx)

@BA�HKL¢PULGJDXZE�nG_mAD\Qh��&AZE�C	\QJD@BE�LbEKR��:��o | �So
� @	LfFTP

κ0
x ≥ G(ρ0

x),
H�o±P]o�@	L

R,
a�P�FIHKLwHKnQnQC	_xJDdfP�¤�E�lYn�HKXD@BA!E�LwprdfPTE�XZPUl ��o � �qJZEq[6PUJ"JDdfPs>QPTAD@	XZPT>gXZPTAD\QC	JIo

2

=cJcJDdQ@BA"ADJ!HK[6P]VQCBPUJ"\fAr�Q�gAZE�lNP
ε > 0

VfHKLf>gCBPUJ

Gε(x) =
√

x2 + ε2
HKLf>

a = Gε(0) = ε.

�]�



£&J~@BA�FUCBPIHKX�JDd�HKJ
Gε(x)

A!HKJD@BA�� PUAN� � � �&��� � �6�
ac@	JDd
Hε(x) = x

osprdfPq·�HKlY@	C	JZE�LQ@^HKL
F

[]@	jkPULthG_¢�:��o��6�
J!HK¥6PTAcLfE�aëJDd�P~R:E�C	CBE�ac@	LQ[�ADd HKn9P�®

Fε(x, t, u) = −ρx(x, t)ρxx(x, t)fε(u).
�:��o�â6�

ºwE�XZPTE�jkPUXIV6a�Prd�HIjkPrJDdfP�R:E�C	CBE�ac@	LQ[�FTE�XZE�C	C^HKXD_�acdQ@BF!dN@BA�@BA-HKLN@	lYlNPT>�@^HKJZP�FTE�LfAZPT�k\fPULfFTP"EKR%²�XZE�n9E]AD@	JD@BE�LfA
��o � HKLf>���o���o

6 ó�ÀKó�����¿QÀ��Ä �Ã!7Î�<ÏQÌSÖZÌ�ÌU��Ê^ÍUÎ�Í�Æ)×GÕfÊ:ÙU×fÌ�ËIÊ³ÍUÓ!ÔKÍSÊ�Î��NÍUÔ�Ð ×�Î�Ê:Ô�Õ
κ ∈ Lip(Q̄T )

Ô�Ñ
{

κt + Fε(x, t, κx) = 0
Ê³Õ

QT ,

κ(x, 0) = κ0 ∈ Lip(R)
Ê³Õ

R,

�:��o�î]�

/�Ê�Î�Ï
κ0
x

ÍUÆ6Î�Ê^Í³ÛrÌ�Í<�
κ0
x ≥

√

(ρ0
x)

2 + ε2
Ækß³Ì�ß�Ê³Õ

R.
�:��o�»6�

-OÔ�ÖZÌZÔ�ËKÌUÖ.��Î�ÏkÊ^Í�ÍTÔ�Ð ×�Î�Ê:Ô�Õ
κ
ÍTÆ]Î�Ê^Í�Û�Ì�Í<�

κx ≥
√

ρ2
x + ε2

Ækß�ÌIß
Ê³Õ
Q̄T .

�:��o z �

prdfP�R�E�C	CBE�ac@	LQ[�C^HKlYl�Hqac@	C	C�h9P�\fAZPT>x@	L�JDdfP�nQXZEGEKR�EKR�prdfPTE�XZPUl � o���o

Í-½G¾¢¾m¿¸ �ÃFG£�+ÌUÎ
c̄
1!Ì�Æ�ÕtÆ]Ö<1SÊ�Î�ÖDÆ�Ö���ÖZÌZÆ�Ð+ÓZÔ]ÕQÍSÎ8Æ�Õ Î�Æ�Õ Ú Î8Æ���Ì

ψ ∈ Lip(R; R)
ÍUÆ6Î�Ê^Í�Ñ���Ê�ÕGÉ��

ψx ≥ c̄
Ækß�ÌIß�Ê�Õ

R.

@³Ñ
ζ ∈ C1(R; R)

Ê³Í�Í�×QÓSÏNÎ�Ï�Æ]Î
ψ−ζ Ï�ÆKÍ�Æ�Ð�Ô�Ó!Æ�Ð��NÆ���Ê���×>�ÅÔ�ÖcÐ	Ô�Ó!Æ�Ð���Ê�ÕfÊ��q×a�éÆ]Î%ÍTÔ���Ì;)QÔ�Ê³Õ�Î

x0 ∈ R
�

Î�Ï�ÌSÕ
ζx(x0) ≥ c̄.

dsÀ�ó%ó��ZÃ � \QnQn9E]AZP�JDd�HKJ
ψ − ζ

d�H�A"H�CBEGFIHKC%lY@	LQ@	l�\Ql HKJrJDdfP�n9E�@�L�J
x0 � JDdQ@BAcPULfAZ\QXZPTAcJDdfP�PS��@BADJZPULfFTPsEKRHqFTPUXDJ!HK@	L

r > 0
AD\fF!d�JDd�HKJ

(ψ − ζ)(x) ≥ (ψ − ζ)(x0) ∀x; |x− x0| < r.

¯ POHKXD[]\fPwhG_MFTE�LGJDX!H�>�@BFUJD@BE�L<o =~AZAD\QlY@	LQ[
ζx(x0) < c̄

CBPIH�>QAIVrR�XZE�l JDdfPOFTE�LGJD@	LG\Q@	J`_eEKR
ζx
VcJZE�JDdfP

PS��@BADJZPULfFTPsEKR
r
′ ∈ (0, r)

AD\fF!d�JDd�HKJ

ζx(x) < c̄ ∀x; |x− x0| < r
′

.
�:��o �I{ �

ê�PUJ
y0

h9P�H�n9E�@	LGJ�AD\�F!dgJDd�HKJ |y0 − x0| < r
′ HKLf>

y0 < x0
o
4
PTPS��nQXZPTAZAZ@	LQ[��:��o �I{ �SVQarP�[6PUJ

(ζ − c̄x)x(x) < 0 ∀x ∈ (y0, x0),

HKLf>gdfPULfFTP
∫ x0

y0

[(ψ − c̄x)x(x) − (ζ − c̄x)x(x)]dx > 0,

acdQ@BF!d�@	lYnQC	@BPTA"JDd�HKJ
(ψ − ζ)(x0) > (ψ − ζ)(y0),

� �



HKLf>wdfPULfFTPYHyFTE�LGJDX!H�>�@BFUJD@BE�L�o ¯ P�XZPUl�HKXD¥�JDd�HKJ�JDdfPqFIH�AZP�EKRrH�CBEGFIHKC¨l�H���@	l�\Ql FIHKLOh9P�JDXZPIHKJZPT>O@	LmH
AD@	lY@	C^HKX"arHI_ko

2

� E�asV�a�P�HKXZP�XZPIH�>�_yJZEYnQXZPTAZPULGJ"JDdfP�nQXZEGEKR�A�EKR«JDdfP��fXZADJ"J`a�EYJDdfPTE�XZPUlNA
HKLQLfE�\QLfFTPT>�@	L � PTFUJD@BE�L � o

dsÀ�ó%ó��)ó#� ñ�ò ½kó À�½�¾ Â�Ã^õ�Ã ê�PUJ
κ ∈ Lip(Q̄T )

h9PgJDdfP�AZE�C	\QJD@BE�LeEKRN�:��o�î]�YE�hQJ!HK@	LfPT>M@	L4¤�E�XZE�C	C^HKXD_
��o § o�ê<PSJs\fA�ADdfE�aæJDd�HKJ�@	J�@BA�JDdfP�\QLQ@B�G\fPqjG@BA!FTE]AD@	J`_wAZE�C	\QJD@BE�LmEKR�� � o § ��HKlNE�LQ[gJDdfE]AZPqj6PUXD@�R�_�@	LQ[m�:��o z �So
p+Ex>QEyJDdQ@BA�V�a�PqFTE�LfAZ@B>QPUX�H)JZPTADJ~R�\QLfFUJD@BE�L

φ ∈ C1(QT )
AD\fF!dtJDd�HKJ

κ − φ
d�H�AsH)CBEGFIHKC�lY@	LQ@	l�\QlàHKJ

AZE�lNP�n9E�@	LGJ
(x0, t0) ∈ QT

o�²-XZE�n9E]AD@	JD@BE�LO��o�î�VQJZE�[6PUJDdfPUX�ac@	JDd�@	LfPT�G\�HKC	@�J�_u�:��o z ��[]@	jkPTAcJDd�HKJ

κ(., t0) ∈ Lip(R)
HKLf>

κx(., t0) ≥ ε
H�o±P]o�@	L

R.

¯ P�l�HK¥kP�\fAZP�EKR�ê�PUlYl�H���o | ac@	JDd
ψ(.) = κ(., t0)

HKL�>
ζ(.) = φ(., t0)

JZEY[6PUJIV

φx(x0, t0) ≥ ε.
�:��o �]� �

� @	LfFTP
κ
@BA�H�j�@BAZFTE]AD@	J`_xAD\Qn9PUX��&AZE�C	\QJD@BE�LwEKR

κt − fε(κx)ρxρxx = 0
@	L

QT ,

a�P�d�HIjkP
φt(x0, t0) − fε(φx(x0, t0))ρx(x0, t0)ρxx(x0, t0) ≥ 0.

·
E�a�PUjkPUXIV�R�XZE�là�:��o �]� �SVQa�P�[6PUJ

φt(x0, t0)φx(x0, t0) − ρx(x0, t0)ρxx(x0, t0) ≥ 0,

HKLf>gdfPULfFTP
κ
@BA�H�j�@BAZFTE]AD@	J`_yAZ\Qn9PUX��&AZE�C	\QJD@BE�LwEKR

κtκx = ρxρxx
@	L

QT .

£&LYJDdfPcA!HKlNPrarHI_kV]a�PcFIHKLNADdfE�a¶JDd�HKJ
κ
@BA-H~j�@BAZFTE]AD@	J`_�AD\Qh��&AZE�C	\QJD@BE�L�EKR9JDdfP"HKh9E�jkPcPT�G\�HKJD@BE�L�HKLf>YdfPULfFTP

H�j�@BAZFTE]AD@	J`_YAZE�C	\QJD@BE�L�o�prdfP�\QLQ@B�G\fPULfPTAZA�EKR�JDdQ@BA�A!E�C	\QJD@BE�LyFTE�lNPTAWR�XZE�lÅJDdfP"\QLQ@B�G\fPULfPTAZA�EKR%JDdfP�jG@BA!FTE]AD@	J`_
AZE�C	\QJD@BE�L�EKR"�:��o�î]��hG_)XZPUjkPUXZAD@	LQ[NJDdfP�HKh9E�jkP�XZPIH�AZE�Lf@�Lf[fo

2

dsÀ�ó%ó��"ó#� ñ�ò ½Gó�ÀK½G¾ôÂ�ÃF �Ã ê�PUJ
θ = κx

o���_yprdfPTE�XZPUl ��o � ��V
θ
@BAcJDdfP�\QLQ@B�k\fPsPULGJDXZE�nG_gAZE�C	\QJD@BE�L�EKR

{

θt = (ρxρxxfε(θ))x
@	L

QT ,

θ(x, 0) = θ0(x)
@	L

R,

ac@	JDd
θ0(x) = κ0

x(x) ≥
√

(ρ0
x)

2 + ε2,
H�o±P]o�@	L

R.
ºwE�XZPTE�jkPUXIV�R�XZE�l ¤�E�XZE�C	C^HKXD_���o § VQa�P�d�HIj6P

θ ≥
√

ρ2
x + ε2

H�o±P]o�@	L
Q̄T ,

R�XZE�l acdQ@BF!d�a�Ps>QPT>�\fFTP�JDd�HKJ
fε(θ) = 1

θ

HKLf>gdfPULfFTPsE�\QX"JDdfPTE�XZPUl?dfE�CB>QAIo
2

� �



Ï zi�����¢ÐO�=ÐPÂÄÃDs��"�%s&} �=Ñ+Ò

¯ P�JD\QXDL�E�\fX�HKJDJZPULGJD@BE�L�LfE�aðJZENprdfPTE�XZPUl � o�â�o-ê�PUJ
0 < ε < 1

h9P�H��Q�QPT>gFTE�LfAZJ!HKLGJ
HKLf>gJ!HK¥kP

κ0,ε(x) = κ0(x) + εx.
� § o � �

£&Jc@BA"PIH�AD_yJZEYF!d�PUF!¥xJDd�HKJ"JDdfP�R�\QLfFUJD@BE�L
κ0,ε C	@BPTAc@	L Lip(R)

VfHKLf>ghG_xFTE�Lf>�@	JD@BE�Lb� � o�â6��a�P�[6PUJI®

κ0,ε
x (x) ≥

√

(ρ0
x(x))

2 + ε2
R:E�X�H�o±P]o

x ∈ R.

pfE�C	CBE�ac@	LQ[xprdfPTE�XZPUl � o���V�JDdfPUXZP�PS��@BADJZA~HqR:HKlY@	C	_�EKR�j�@BAZFTE]AD@	J`_gAZE�C	\QJD@BE�LfA
κε ∈ Lip(Q̄T )

JZENJDdfP�@	LQ@	JD@^HKC
j�HKC	\fP�nQXZE�hQCBPUl¹� � o § ��JDd�HKJ�A!HKJD@BA�R�_9®

κεx ≥
√

ρ2
x + ε2

H�o±P]oë@	L
Q̄T .

¯ P�ac@	C	C�JDXD_�JZExPS��JDX!H�FUJ�HyAD\QhfAZPT�G\fPULfFTPqEKR
κε

JDd�HKJsFTE�LGjkPUXD[6PTAIV%@	LmHyAD\Q@	J!HKhQCBPYADn�H�FTP]V%JZEyJDdfPY>QPTAD@	XZPT>
AZE�C	\QJD@BE�L�o

Ó-$&# Ôtåk0$��.8ç�;+5�ç ,�56.`2e095]ç�,x0%;R�tÕ"3�/�0%1`Öc3<è�;R�Wç#�W;Wç�,�,O.&;
W

1,∞ $
× LQ@�R:E�XDl¡h9E�\QLf>QA�R�E�X�JDdfP~ADn�H�FTP�®�JD@	lNP�[]X!H�>�@BPULGJZAcEKR

κε
ac@	C	C�nQC^HI_)HKLxPTA!AZPULGJD@^HKC9XZE�CBP
@	LyJDdfP�>QPUJZPUXDlY@	L�H��

JD@BE�L�EKR¨E�\QX�AD\QhfA!PT�k\fPULfFTP]o

Ø�Ã
ε
��ÿ+ü«ù��&ó�À�¾ ÿ�"�"-½GÀ��.:-ó9ÿ+ü+þÄ�&ó À

κεt
Ã

� J!HKXDJD@	LQ[�ac@	JDd�JDdfP�JD@	lNP�[]X�H�>�@BPSL�JIVfa�P�d�HIjkP~R:E�X�H�o±P]o
(x, t) ∈ QT

®

κεt(x, t)κ
ε
x(x, t) = ρx(x, t)ρxx(x, t),

� § o��6�

HKLf>
κεx(x, t) ≥

√

ρ2
x(x, t) + ε2 > 0

H�o±P]o�@	L
Q̄T .

� § o��6�
£8R
ρx(x, t) = 0

R�E�X�AZE�lNP�ê<PUh9PUAZ[]\fP�n9E�@	LGJ
(x, t)

EKR
κεx

HKLf>
κεt
V�@	JYR�E�C	CBE�a"AYR�XZE�l � § o��6�NHKLf> � § o��6�

JDd�HKJ
κεt(x, t) = 0

o[Ù
JDdfPUXDac@BAZP]VfR�XZE�l¹� § o��6�cHKLf>�JDdfP�l�H���@	l�\Ql?nQXD@	LfFU@	nQCBPsR�E�X
ρxx

VQa�PsFTE�LfFUC	\f>QP�JDd�HKJ
κεx ≥ |ρx|

HKLf>
|κεt| ≤ ||ρ0

xx||L∞(R)

H�o±P]o�@	L
QT ,

� § o § �
HKLf>gdfPULfFTP�a�PsE�hQJ!HK@	LwHKL

ε
�8\QLQ@�R:E�XDl h9E�\QLf>�EKR

κεt
o

p�E�XsJDdfP�ADn�H�FTPN[]X!H�>�@BPULGJIV«a�P�HKXD[]\�PN@	L¢H�ADC	@	[]dGJDC	_u>�@�´%PUXZPULGJ�arHI_ko)prdfPN¥kPU_On9E�@	LGJsR:E�X�E�hQJ!HK@	LQ@	LQ[
JDdfPs\QLf@ R:E�XDl h9E�\QLf>OEKR

κεt
arH�A
JDdfP�lY@	LfE�X!HKJD@BE�LtEKR

κεx
hG_ |ρx|

AZEQVfXZE�\Q[]dQC	_�ADn9PIHK¥�@	LQ[fV�@�R-a�PsarHKLGJ
JZE
R�E�C	CBE�aðJDdfP�A�HKlNP�nQXZPUjG@BE�\fA�ADJZPUnfAc\fAD@	LQ[NJDdfP�AD_�lYlNPUJDXD_xEKRc� § o��6��@	L

κεt
HKLf>

κεx
VQE�LfPsADdfE�\QCB>�HKCBAZEqd�HIjkP

HKL�HKnQnQXZE�nQXD@^HKJZP�lY@	LfE�X!HKJD@BE�LwEKR |κεt|
hG_xHqa�PUC	C<FTE�LGJDXZE�C	CBPT>gR�\QLfFUJD@BE�L�acdQ@BF!d�LfEYCBE�LQ[6PUX�PS��@BADJZAIo

Ø�ØKÃ
ε
��ÿ+ü«ù��&ó�À�¾ ÿ�"�"-½GÀ��.:-ó9ÿ+ü+þÄ�`ó�À

κεx
Ã

ê�PUJ
c1 = ||ρ0

xx||2L∞(R) + ||ρ0
x||L∞(R)||ρ0

xxx||L∞(R)

HKLf>
c2 = (||κ0

x||L∞(R) + 1)2.
}~PS�fLfPsJDdfP~R�\QLfFUJD@BE�L

S
hG_9®

S(x, t) =
√

2c1t+ c2.

�U§



ê�PUJs\fAsADdfE�a JDd�HKJ
S
@BA�HKLmPULGJDXZE�nG_uAD\Qn9PUX��&AZE�C	\QJD@BE�L¢EKRs�:��o | �~ac@	JDd

F
[]@	j6PULmhG_¶�:��o�â6��HKLf>

w0(x) =
S(x, 0)

o�£`Lf>QPTPT>%VQXZPUl�HKXD¥yJDd�HKJ
S ∈W 1,∞(QT )

VfHKLf>xR:E�X"PUjkPUXD_
(x, t) ∈ QT

a�P�d�HIjkP]®

S(x, t) ≥ √
c2 = ||κ0

x||L∞(R) + 1 ≥ ε,

HKLf>�dfPULfFTP
fε(S(x, t)) = 1/S(x, t)

R:E�X¨PUjkPSXZ_
(x, t) ∈ QT .

prdfP�XZPU[]\QC^HKXD@	J`_�EKR JDdfP�R�\QLfFUJD@BE�L
S
n9PUXDlY@	JZA

JZEq@	L�¸DPTFUJ"@	J">�@	XZPTFUJDC	_x@	LGJZEYJDdfP��fXZADJ"PT�G\�HKJD@BE�L�EKR"�:��o | �SVQJDdG\fA"a�P�d�HIj6P]®

St −
(ρxρxx

S

)

x
=

c1√
2c1t+ c2

− ρ2
xx + ρxρxxx√

2c1t+ c2
=
c1 − (ρ2

xx + ρxρxxx)√
2c1t+ c2

≥ 0,

acdQ@BF!dwnQXZE�j6PTA�JDd�HKJ
S
@BA~HKLwPULGJDXZE�nG_�AD\Qn9PUX��&AZE�C	\QJD@BE�LOEKR
�:��o | �So�pfXZE�l JDdfP�>�@BAZFU\fAZAZ@BE�LwEKR�JDdfPsnQX!EkEKRWEKR

²�XZE�n9E]AD@	JD@BE�Lx��o���V6a�P"¥GLfE�aMJDd�HKJ
κεx

@BA�HKL�PULGJDXZE�nG_YAZE�C	\QJD@BE�L)EKR�JDdfP"A�HKlNP"PT�k\�HKJD@BE�L�VkdfPULfFTP
HKL�PULGJDXZE�nG_
AD\Qh��&AZE�C	\QJD@BE�L�o � @	LfFTP�R:E�X

ε < 1
HKLf>�H�o±P]o

x ∈ R
V�a�P�d�HIjkP]®

κ0,ε
x (x) = κ0

x(x) + ε ≤ ||κ0
x||L∞(R) + 1 ≤ √

c2 = S(x, 0),

JDdfPUL�a�P�FIHKL�\fA!P�JDdfP�¤�E�lYn�HKXD@BAZE�LwprdfPTE�XZPUl ��o � �YEKR¨A!FIHKCBHKX�FTE�LfA!PUXDj�HKJD@BE�L�C^HIa"AcJZENE�hQJ!HK@	L�®

κεx(x, t) ≤
√
c1t+ c2 ≤

√

c1T + c2
H�o±P]o�@	L

Q̄T ,
� § o | �

HKLf>gdfPULfFTP�HKL
ε
�8\QLQ@�R�E�XDl?h9E�\QLf>xR:E�X

κεx
o

¼)½�¾m¿QÀKÁo7<Ã�Â~_YÌ8/�ÌUÖZÌ)Æ�1SÐBÌ�Î8ÔwÔ�1UÎ8Æ�Ê�ÕbÎ�ÏkÊ³Í
ε
Ò`×GÕ�Ê ÑTÔ�Ö�� ×�)C)fÌSÖSÒ�1ZÔ�×�Õ Ú Ô�Ñ

κεx
1���×kÍSÊ³ÕGÉ�Î�ÏQÌYËIÊ³ÍUÓ!ÔKÍSÊ�Î��

Î�Ï�ÌZÔ�Ö��iÎ&ÌZÓSÏkÕ�Ê�ÙU×fÌ�ÍIßÚ@�ÕtÑUÆkÓTÎ��8/�ÌuÓUÐ�Æ]Ê�� Î�Ï�Æ]Î
ζ1,ε(x, y, t) = κε(x, t) − κε(y, t)

Æ]Õ Ú
ζ2(x, y, t) =

(x − y)S(t)
Æ�Ö!ÌqÎ�/WÔyËIÊ³ÍUÓ!ÔKÍSÊ�Î��)ÍS×(1SÒ&ÍUÔ�Ð ×�Î�Ê�Ô�ÕbÆ�Õ Ú Í�×�)QÌUÖ�Ò&ÍUÔ�Ð ×�Î�Ê:Ô�ÕbÔ�Ñ�Î�Ï�Ì�ÑTÔ�Ð³Ð�Ô�/�Ê³ÕGÉN�sÆ��qÊ�Ð Î8Ô�Õ�Ò�ËGÆkÓZÔa1SÊ

ÌDÙT×�Æ]Î�Ê:Ô�Õ%�

∂w

∂t
= F (x, t, wx) − F (y, t,−wy)

Ê³Õ D = {(x, y, t); x > y
Æ]Õ Ú

t > 0}
/�Ê�Î�Ï)Ê�ÕfÊ�Î�Ê:Æ�Ð Ú Æ]Î8Æ

ζ1,ε(x, y, 0) = κ0,ε(x)− κ0,ε(y)
Æ�Õ Ú

ζ2(x, y, 0) = (x− y)S(0)
ÖZÌSÍA)fÌDÓIÎ�Ê³ËKÌUÐZ�kß=��ÌSÖZÌ

F
Ê³ÍqÉ]Ê³ËKÌUÕ«1��¶Ä�EGß�TSÈ]ß��<Ï�Ì�ÓUÐ	Æ�Ê�� Ê³ÍgÌZÆKÍ��YÑTÔ�Ö

ζ2 ��Æ�Õ Ú /�ÌgÖZÌ�ÑIÌSÖgÎ8ÔgÜ�*:Þ�/¨Ï�ÌSÕ
κε

Ê^ÍgÆ�ÓZÔ]Õ�Î�Ê³Õ�×�Ô�×GÍ
ËIÊ^ÍTÓ!ÔKÍ�Ê�Î���ÍTÔ�Ð ×�Î�Ê:Ô�ÕMÔ�Ñ�Ä�EGß+*�È]ßW_YÌxÆ�Ð ÍUÔwÕ9Ô]Î�Ê�Ó�ÌyÎ�Ï�Æ]Î+�

ζ1,ε(x, y, 0) ≤ ζ2(x, y, 0) ∀(x, y, 0) ∈ D ��Æ�Õ Ú
ζ1,ε(x, y, t) = ζ2(x, y, t) = 0

ÑUÔ�Ö
x = y

�
t ≥ 0

ßÀ-OÔ�ÖZÌZÔ�ËKÌUÖ.��Í�Ê�Õ Ó�Ì
ζ1,ε Æ�Õ Ú

ζ2 Æ]ÖZÌ�ÓZÔ]Õ�Î�Ê³Õ�×�Ô�×GÍ
Ñ�×�Õ ÓTÎ�Ê:Ô�ÕQÍ��
/�Ìs×GÍTÌ�Î�ÏQÌ�Ó!Ô��L)QÆ�Ö�Ê³ÍUÔ]Õ�) ÖSÊ�Õ ÓUÊÛ) Ð	Ì�Ô�Ñ�ËIÊ³ÍUÓ!ÔKÍSÊ�Î��NÍUÔ�Ð ×�Î�Ê:Ô�ÕQÍNÄ8ÍTÌ!Ì
Ü�Ç�Þ`ÈYÎ8ÔyÔa1UÎ8Æ�Ê�Õ%�

κε(x, t) − κε(y, t) ≤ (x− y)S(t) ∀(x, y, t) ∈ D̄,
Ï�ÌSÕ Ó�Ì���Î�Ï�Ì�ÌSÍSÎ�Ê��YÆ6Î&Ì�Ä^Ý ß��SÈqÏ�Ô�Ð Ú ÍIß

¯ P�PULf>)JDdQ@BA�AZ\QhfAZPTFUJD@BE�LyhG_Y@	Lf>�@BFIHKJD@	LQ[qJDd�HKJ�JDdfP
ε
�8\QLQ@�R:E�XDl¡h9E�\QLf>QArEKR

κεx
HKLf>

κεt
E�jkPUX

QT
[]@	jkPTA

@	lYlNPT>�@^HKJZPUC	_xJDdfP�CBEGFIHKC�h9E�\QLf>QPT>�LfPTA!A�EKR
κε

@	L
W 1,∞(Q̄T )

o

Ó-$³ã '�å63�3mls3mls56(-çf3<å6ç�2 #%$�Ü
=rJ�JDdQ@BA�n9E�@	LGJIV�a�Psd�HIjkPsJDdfPsLfPTFTPTA!A!HKXD_xJZEGE�CBA
JZEN[]@	j6PsJDdfP�nQXZEGEKR-EKR-prdfPTE�XZPUl � o�â�or£`L�R:H�FUJIV�a�Ps¥GLfE�a
JDd�HKJ

κε
@BAxHmj�@BAZFTE]AD@	J`_MA!E�C	\QJD@BE�LïEKRsJDdfPO·�HKlY@	C	JZE�L�� í H�FTE�hf@�PT�G\�HKJD@BE�L � § o��6�NacdfE]A!Pw·�HKlY@	C	JZE�LQ@^HKLï@BA

@	Lf>QPUn9PULf>QPULGJ
EKR
ε
o�£`Lf>QPTPT>%V�R:E�X

X = (x, t)
V�JDdfPs·�HKlY@	C	JZE�LQ@^HKL�[]@	j6PUL�hG_u� § o��6�rFIHKL�h9P�acXD@	JDJ!PSLOH�A

F (X,∇u) = utux − ρx(X)ρxx(X)

�I|



oRpf\QXDJDdfPUXDlNE�XZP]V
κ0,ε → κ0 CBEGFIHKC	C	_x\QLQ@�R:E�XDlYC	_x@	L

R
oW��_x=~AZFTE�C	@8°±A�prdfPTE�XZPUl�VfJDdfPUXZPs@BA
HYAD\QhfA!PT�k\fPULfFTP

EKR
κε

JDd�HKJ"FTE�LGj6PUXD[6PTAcJZE
κ ∈ Lip(Q̄T )

CBEGFIHKC	C	_)\QLQ@�R:E�XDlYC	_6VfHKLf>ydfPULfFTP�hG_�JDdfP�ADJ!HKhf@�C	@	J`_)JDdfPTE�XZPUl ��A!PTP
� � V<prdfPTE�XZPUl ��o�� � �SV

κ
@BA�Hxj�@BAZFTE]AD@	J`_tAZE�C	\QJD@BE�L¢EKRrJDdfPY@	LQ@	JD@^HKCWj]HKC�\�PYnQXZE�hQCBPUl � � o § �So)p+E�PULf>u\Qn�V<a�P

ADJD@	C	C�d�HIjkP~JZEqADdfE�aïJDd�HKJ
κx ≥ |ρx|

H�o±P�o�@	L
Q̄T

o¨£`LyR:H�FUJIV�JDdQ@BA�R:E�C	C	E�a"ArhG_�JDdfP�n�H�AZA!HK[6P~JZEqJDdfP~C	@	lY@	J�H�A
ε→ 0

@	L�JDdfP�@	LfPT�G\�HKC	@	J`_
κε(y, t) − κε(x, t)

x− y
≥ |ρx(x, t)|.

A!HKJD@BA���PT>ghG_
κεx

R:E�X
(y, t)

V
(x, t) ∈ QT

FUCBE]AZPsPULfE�\Q[]d�o
2

Ý zi����Ê
|Us&} Þð���%Ã{Ê)�"�����wxc��ß �«�"�������9�Z�"�wv

£&L�JDdQ@BA<n�HKXDJ«EKRQJDd�P-n�HKn9PUXIVKa�P�>QPIHKCGac@	JDd�JDdfPWA!HKlNPWnQXZE�hQCBPUl AZJDXD\fFUJD\QXZPWhQ\QJ<ac@	JDd�h9E�\QLf>fHKXD_�FTE�Lf>�@	JD@BE�LfA
EKR�JDdfPq}~@	XD@BF!dQCBPUJsJ`_Gn9P]o�prdQ@BA�AZE�XDJsEKR�h9E�\QLf>fHKXD_tFTE�Lf>�@	JD@BE�LfA�HKXD@BAZPTA�L�HKJD\QX�HKC�C	_O@	LmHxADn9PTFU@^HKC¨lNEG>QPUCWEKR
>�@BADCBEGFIHKJD@BE�L)>�_GL�HKlY@BFTA�HKLf>Yac@	C	Cfh9PchQXD@BPS­f_qPS��nQC^HK@	LfPT>Y@	LNJDdfPrR�E�C	CBE�ac@	LQ[�AD\QhfAZPTFUJD@BE�L�o ¯ Prac@	C	Cf¥kPTPUnNE�\QX
LfE�J!HKJD@BE�LfA � JDdfP�JZPUXDlNA θ+ V θ− V ρ HKLf> κ ADJD@	C	C9d�HIj6P
JDdfP~A!HKlNP
nQdG_�AZ@BFTHKC9lNPIHKLQ@	LQ[fV�acdQ@	CBP
JDdfP~>QE�l�HK@	Lx@BA
F!d�HKLQ[6PT>g@	L�JZEqJDd�P�E�n9PULwHKLf>gh9E�\QLf>QPT>�@	LGJZPUXDj]HKC

I = (0, 1)
EKR«JDdfP�XZPIHKC�C	@	LfP]oW=�C	JDdfE�\Q[]d�JDdQ@BAcnQXZE�hfC	PUl A!PTPSlNA"JZEYh9PsHKL�@	Lf>QPUn9PULf>QPULGJ~E�LfP]VQa�P�ac@	C	C�JDXD_yJZEqh9PULfPS�fJ
JDdfP�XZPTAD\QC	JZAcEKR«JDdfP�nQXZPUj�@BE�\fA"AZPTFUJD@BE�LfAchG_)FTE�LfAZ@B>QPUXD@	LQ[)H�JDXD@BF!¥yEKR¨PS��JZPULfAD@BE�L�HKLf>xXZPTADJDXD@BFUJD@BE�L�VQ@	L�E�XZ>QPUX
JZENHKnQnQC	_gAZE�lNP�EKR¨JDdfP�nQXZPUjG@BE�\fA"XZPTAD\QC	JZA�EKR¨JDdfP�acdfE�CBP�ADn�H�FTP�nQXZE�hQCBPUl�o

à¨$&# áxåk.&ç�l]n�(+*-,�.&/�0%1~243%56.8790956.:3<;
p+Eu@	C	C	\fADJDX!HKJZP�AZE�lNPgnQd�_�AD@BFIHKC"lNE�JD@	j]HKJD@BE�LfA)EKR�JDdfP�h9E�\QLf>fHKXD_ij]HKC	\fPgnQXZE�hQCBPUl�Vra�P�FTE�LfAD@B>QPUXyHuFTE�L��
ADJDX!HK@	LfPT>wF!d�HKLQLfPUC«>QPSR�E�XDlY@	LQ[y@	LwAD@	lYnQCBP�AZdfPIHKX���AZPTP�� �U§�� �Soc=æF!d�HKLQLfPUC«EKR�ac@B>�JDd

1
@	L�JDdfP

x
�&>�@	XZPTFUJD@BE�L

HKLf>u@	L��fLQ@	JZPNPS��JZPULfAD@BE�Lm@	LmJDdfP
y
�&>�@	XZPTFUJD@BE�L�@BAsh9E�\QLf>QPT>mhG_warHKC	CBAsJDd�HKJ�HKXZPY@	lYn9PULfPUJDX!HKhQCBPNR:E�Xs>�@BADCBEK�

FIHKJD@BE�LfAIo�prdfP�lNE�JD@BE�LmEKR�JDdfP�n9E]AD@	JD@	jkPYHKLf>tLfPU[kHKJD@	j6PY>�@BADCBEGFIHKJD@BE�LfAsFTE�XDXZPTAZn9E�Lf>QA�JZEyJDdfP
x
�&>�@	XZPTFUJD@BE�L�o

prdQ@BA�@BAsHxAD@	lYnQC	@���PT>ujkPUXZAD@BE�LmEKRcHyAZ_�ADJZPUl AZJD\f>�@BPT>thG_wv�HKLu>QPUX � @BPTAZAZPUL�HKLf>uFTE�a�E�XD¥kPUXZAN� |�� V�acdfPUXZP
JDdfP�AZ@	lYnQC	@���FIHKJD@BE�LfA
ADJZPUlµR�XZE�l JDdfP�R:H�FUJ"JDd�HKJI®

• E�LQC	_NH�AD@	LQ[]CBP"ADC	@	n�AD_�ADJZPUl @BA�H�AZAD\QlNPT>YJZE�h9P�H�FUJD@	jkP]VkAD\fF!dNJDd�HKJWXZPIH�FUJD@BE�LfAWh9PUJ`a�PTPUL)>�@BADCBEGFIHKJD@BE�LfA
EKR�>�@�´%PSX!PSL�J"J`_�n9P�LfPTPT>gLfE�J"h9PsFTE�LfAD@B>QPUXZPT> �

• JDdfP�h9E�\QLf>fHKXD_OFTE�Lf>�@	JD@BE�LfA�XZPT>�\fFTP�J!E�âSLfE�­f\��mâ�FTE�Lf>�@	JD@BE�LfA~R�E�X~JDdfP�>�@BADCBEGFIHKJD@BE�LO­f\��QPTA�HKJ~JDdfP
h9E�\QLf>fHKXD_xacHKC	C	A�o

prdfP~l�HKJDdfPUl�HKJD@BFIHKC%R�E�XDl�\QC^HKJD@BE�L�EKR+JDdQ@BA�lNEG>QPUC8VfH�AcPS��nQXZPTA!AZPT>)@	Lu� �U§�� V�@BA�JDd�P~AZ_�ADJZPUl � � o��6�Wn9E]A!PT>yE�L
I × (0, T )

or£&LwE�XZ>QPUX�JZEYR:E�XDl�\QC^HKJZP�dfPU\QXD@BADJD@BFIHKC	C	_gJDdfPsh9E�\QLf>fHKXD_�FTE�Lf>�@	JD@BE�LfA�HKJ�JDdfPsarHKC	CBA�CBEGFIHKJZPT>OHKJ
x = 0

HKLf>
x = 1

VQa�P�LfE�JZP�JDd�HKJ"JDdfPs>�@BAZCBEGFIHKJD@BE�L�­f\���PTA
HKJ"JDdfP�arHKC	CBA"l�\fADJ"h9P��IPUXZEQVQacdQ@BF!d�XZPT�G\Q@	XZPTA
JDd�HKJ

Φ
︷ ︸︸ ︷

∂x(θ
+ − θ−) = 0,

HKJ
x = 0

HKLf>
x = 1.

� | o � �
4�PUacXD@	JD@	LQ[�AD_�ADJZPUl � � o��6��@	LwHqADn9PTFU@^HKC�@	LGJ!PS[]X�HKJZPT>gR�E�XDl @	LgJ!PSXZlNA"EKR

ρ
V
κ
HKLf>

Φ
V�arP�[6PUJ

{

κt = (ρx/κx)Φ,

ρt = Φ.

� | o��6�

� â



× AD@	LQ[O� | o � ��HKLf>¢� | o��6�SV�a�P�FIHKL�R�E�XDl�HKC	C	_�>QPT>�\fFTP�JDd�HKJ
ρ
HKLf>

κ
HKXZP�FTE�LfADJ!HKLGJZA�HKCBE�LQ[)JDdfPsh9E�\QLf>fHKXD_

arHKC	CBAIoYprdfPUXZPSR:E�XZP]V<JDdfPqXZPUl�HK@	LQ@	LQ[wEKR�JDdf@	Asn�HKn9PUX�R�EGFU\fA!PTAsHKJDJZPUL�JD@BE�L�E�LmJDdfPYAZJD\f>�_OEKR�JDdfPqR:E�C	C	E�ac@	LQ[
FTE�\QnQCBPT>�}~@	XD@BF!dQCBPUJ�h9E�\QLf>fHKXD_xnQXZE�hQCBPUlNAI®







ρt = ρxx,
@	L

I × (0, T ),

ρ(x, 0) = ρ0(x),
@	L

I,

ρ(0, t) = ρ(1, t) = 0, ∀t ∈ [0, T ],

� | o��6�

HKLf>






κtκx = ρtρx,
@	L

I × (0, T ),

κ(x, 0) = κ0(x),
@	L

I,

κ(0, t) = κ(0, 0)
HKLf>

κ(1, t) = κ(1, 0), ∀t ∈ [0, T ].

� | o § �

}~PULfE�JZP
IT

hG_
IT = I × (0, T )

o�pcdfPUXZPYHKXZP�J`a�EyL�HKJD\QX!HKC-H�A!AD\QlYnQJD@BE�LfA�FTE�LfFTPUXDLQ@	LQ[
ρ0 HKLf>

κ0 V9JDdfP
�fXZADJrE�LfP
@BAcHK[kHK@	LyJDdfP~n9E]AD@	JD@	jG@	J`_)EKR<JDdfP~>�@BADCBEGFIHKJD@BE�L�>QPULfAD@	JD@BPTA

θ+ HKLf>
θ−

HKJ�JDdfP~@	LQ@	JD@^HKC9JD@	lNP]V�acdQ@BF!d
_G@BPUCB>QA"JZEqJDdfP�R:E�C	CBE�ac@	LQ[�FTE�Lf>�@	JD@BE�L�®

κ0
x ≥ |ρ0

x|,
� | o | �

HKLf>)JDdfP�AZPTFTE�Lf>xE�LfP
d�H�A�JZE�>QE�ac@	JDdyJDdfP~h�HKC^HKLfFTP�EKR<JDd�P
nQdG_�AD@BFIHKC9lNEG>QPUC�JDd�HKJcADJ!HKXDJZA�ac@	JDdxJDdfP~A!HKlNP
LG\Ql�h9PUX�EKR�n9E]AD@	JD@	jkPrHKLf>�LfPU[kHKJD@	j6Pr>�@BADCBEGFIHKJD@BE�LfA�o«£`LqE�JDdfPUX«arE�XZ>QAIV�@�R

n+ HKLf>
n−

HKXZP�JDdfP�JZE�J!HKC�LG\Ql�h9PUX
EKR«n9E]AD@	JD@	jkP�HKLf>gLfPU[kHKJD@	j6Ps>�@BAZCBEGFIHKJD@BE�LfA"XZPTADn9PTFUJD@	jkPUC	_gHKJ

t = 0
JDdfPUL�®

ρ0(1) − ρ0(0) =

∫ 1

0
ρ0
x(x) dx =

∫ 1

0
(θ+(x, 0) − θ−(x, 0)) dx = n+ − n− = 0,

JDdQ@BA"ADdfE�a�AcJDd�HKJ
ρ0(1) = ρ0(0)

HKLf>gJDdQ@BA"@BAcacd�HKJ
HKnQn9PIHKXZA�@	L�� | o��6�So

à¨$³ã ã+5]095]ç�24ç�;+5�3�ls5](Wçi2e0%.`;¬å6ç�,�è�1:56,x3+; 0ÀÖ"3<èW;0�-ç#� .&;+5]çfå]7�0%1
pQXZE�léLfE�a�E�L�VkJDdfPcXZPIH�>QPUX�ADdfE�\QCB>NLfE�J-h9P"FTE�L�R�\�AZPT>Yac@	JDd�JDdfPcJZPUXDl

ρ
JZd�HKJ-ac@	C	C HKC	arHI_�A-h9PcJDdfPc\QLQ@B�G\fP

AZE�C	\QJD@BE�LgEKR<JDd�P~FUC^H�AZAD@BFIHKC�dfPIHKJcPT�G\�HKJD@BE�Lm� | o��6�Wac@	JDd�o-prdfP~J`a�E�l�HK@	LxJZdfPUE�X!PSlNAcJDd�HKJra�P�HKXZP
[6E�@	LQ[qJZE
nQXZE�j6P�HKXZP]®

ñ�ò ½kó�ÀK½G¾äG%Ã�Âæö�÷
ø<ù³úIûI½Gü+ý6½w¿fü+þ4ÿ«ü+ù���ÿ+½Gü+½kúIúYó��"¿��<ù�úIýkó�ú�ù³û��¶úIó���ÿ<û�ù�ó ü
	
�+ÌUÎ

T > 0
Æ�Õ Ú

ε > 0
1ZÌ�Î�/WÔ)Ó!Ô�ÕfÍSÎ8Æ�Õ�Î�ÍIßw� Æ��]Ì

κ0 ∈ Lip(I)
Æ�Õ Ú

ρ0 ∈ C∞
0 (I)

ÍUÆ]Î�Ê³Í³Ñ���Ê³ÕGÉa�

κ0
x ≥ Gε(ρ

0
x)

Ækß�ÌIß�Ê�Õ
I,

/¨Ï�ÌSÖZÌ
Gε(x) =

√

x2 + ε2,
Î�Ï�ÌSÕtÎ�Ï�ÌUÖZÌqÌ���Ê³ÍSÎ�Í�Æ�ËIÊ³ÍUÓ!ÔKÍ�Ê�Î��NÍUÔ�Ð ×�Î�Ê:Ô�Õ

κ ∈ Lip(ĪT )
ÔDÑNÄ��kß�Ý�È��-×�ÕfÊ�ÙT×QÌ�Æ��YÔ]ÕGÉ)Î�Ï�ÔKÍIÌ�ÍTÆ]Î�Ê^Í�Ñ���Ê�ÕGÉ��

κx ≥ Gε(ρx)
Ækß�ÌIß�Ê�Õ

ĪT .
� | o�â6�

ñ�ò ½kó�ÀK½G¾äG%ÃBõéö�÷
ø<ù³úIûI½Gü+ý6½wó��"¿P��ù�ú�ý6ó�ú�ù³û��¶úIó%��ÿ<û�ù�ó ü&	
�+ÌUÎ

T > 0
Æ]Õ Ú

κ0 ∈ Lip(I)
Æ�Õ Ú

ρ0 ∈ C∞
0 (I)

ß«�+Õ Ú ÌSÖ)Î�ÏQÌyÓ!Ô�Õ Ú Ê�Î�Ê:Ô�ÕëÄ��kß��SÈgÍUÆ]Î�Ê³Í³Û�Ì Ú Ækß�ÌIßuÊ�Õ
I
�

Î�Ï�ÌSÖZÌqÌU��Ê^ÍUÎ�Í�Æ�Ë�Ê^ÍTÓZÔKÍSÊ�Î��NÍUÔ]Ð ×�Î�Ê�Ô�Õ
κ ∈ Lip(ĪT )

Ô�ÑNÄ��Gß�Ý�ÈqÍUÆ6Î�Ê^Í�Ñ���Ê³Õ�É��

κx ≥ |ρx|,
Ækß³Ì�ß�Ê�Õ

ĪT .

� î



à¨$�h '�å6ç 1&.&24.&;-0�å]*ðå6ç�,�è�1:56,
��PSR:E�XZPYnQXZEGFTPTPT>�@	LQ[wac@	JDd�JDdfPNnQXZEGEKR"EKRcE�\QX�JDdfPTE�XZPUlNAIV+a�PYd�HIjkPYJZEg@	LGJDXZEG>�\fFTP)AZE�lNPNPTA!AZPULGJD@^HKC-JZEGE�CBA
JDd�HKJ
HKXZP�JDdfP�FTE�XZPsEKR¨JDdfPNâUPS��JZPULfAZ@	E�LOHKLf>gXZPTADJDXD@BFUJD@BE�L�â�lNPUJDdfEG>�JDd�HKJ"a�PsHKXZP�[6E�@	LQ[NJZEY\fAZP]o

÷�ø%ûI½�ü<ú�ù�ó9ü�ó#�
ρ
ó>� ½GÀ

R × [0, T ]
Ã

¤�E�LfAD@B>QPUX"JDdfP�R�\QLfFUJD@BE�L
ρ̂
>QPS�fLfPT>�E�L

[0, 2] × [0, T ]
hG_

ρ̂(x, t) =

{

ρ(x, t)
@�R

(x, t) ∈ ĪT ,

− ρ(2 − x, t)
E�JDdfPUXDac@BA!P

,

� | o�î]�

JDdQ@BAq@BA�¸�\fADJNH
C1 HKLGJD@BAD_�lYlNPUJDXD_iEKR

ρ
ac@	JDd¶XZPTAZn9PTFSJNJZEOJZdfPyC	@	LfP

x = 1
obprdfPgFTE�LGJD@	LG\�HKJD@BE�LeEKR

ρ̂JZE
R × [0, T ]

@BA)l�H�>QP�hG_MADn HKJD@^HKC
n9PUXD@BEG>�@BFU@	J`_eEKR�n9PUXD@BEG>
2
oð= AZ@	lYnQCBPwFTE�lYnQ\QJ!HKJD@BE�Lï_G@BPUCB>QA�V�R�E�X

(x, t) ∈ (1, 2) × (0, T )
®

ρ̂t(x, t) = −ρt(2 − x, t)
HKLf>

ρ̂xx(x, t) = −ρxx(2 − x, t),

HKLf>qdfPULfFTPr@	J¨@BA-PIH�AD_�JZE�j6PUXD@�R�_�JDd�HKJ
ρ̂ |[1,2]×[0,T ]

A!E�C	j6PTA"� | o��6�+ac@	JDd
I
XZPUnQC^H�FTPT>Yac@	JDdYJDdfPr@	LGJZPUXDj�HKC

(1, 2)HKLf>
ρ0 XZPUnQC^H�FTPT>tac@	JDdu@	JZA�AD_�lYlNPUJDXD_�ac@	JDdtXZPTADn9PTFUJ�JZEyJDdfP�n9E�@	LGJ

x = 1 � JDdfP�h9E�\QLf>fHKXD_OFTE�Lf>�@	JD@BE�LfA
HKXZP�\QLfF!d HKLQ[6PT>OHKLf>�JDdfP�XZPU[]\QC^HKXD@	J`_�EKR¨JDdfPs@	LQ@	JD@^HKC+FTE�Lf>�@	JD@BE�Lw@BA�FTE�LfA!PUXDj6PT>%o�p+ENh9PslNE�XZPsnQXZPTFU@BAZP]Vfa�P
acXD@	JZPs>QE�acL�AZE�lNP�\fAZPSR�\QC%nQXZE�n9PUXDJD@BPTA
EKR

ρ̂
o

¼)½a¥ ÿe�³¿QÀ�ù³û.�Ä"«ÀKó#"-½kÀ�û�ù�½kúNó#�
ρ̂
Ã

ê�PUJ
r
HKLf>

s
HKXZPcJ`arE�n9E]AD@	JD@	jkPc@	LGJZPU[6PUXZA�AD\fF!dNJDd�HKJ

s ≤ 2
oepfXZE�léJDdfP"FTE�LfADJDXD\fFUJD@BE�LyEKR

ρ̂
HKLf>NJDdfP�HKh9E�jkP

>�@BAZFU\fAZAD@BE�L�VQa�P�[6PUJcJDdfP�R:E�C	CBE�ac@	LQ[f®
@
) ρ̂t

HKLf>
ρ̂x

HKXZP�@	L
C(R × [0, T ]),@	@

) ρ̂ = 0
E�L

Z × [0, T ],@	@	@
) ρ̂t = ρ̂xx

E�L
(R \ Z) × (0, T ),@	j

) ||∂rt ∂sxρ̂(., t)||L∞(R) ≤ C, ∀t ∈ [0, T ],

� | o�»6�

¯ dfPUXZP
C
@BA
HNFTPUXDJ!HK@	LwFTE�LfAZJ!HKLGJ~HKLf>�JDdfPsC	@	lY@	J!HKJD@BE�L

s ≤ 2
FTE�lNPTA"R�XZE�l JDdfP�AZn�HKJD@^HKC«HKLGJD@BAD_�lYlNPUJDXD_ko

prdfPTAZP~FTE�Lf>�@	JD@BE�LfA"HKXZP
j]HKC	@B>)JDd�HKLQ¥�A�JZE�JDdfP
arHI_�EKR+FTE�LfADJDXD\fFUJD@BE�L�EKR<JDdfP�R�\QLfFUJD@BE�L
ρ̂
HKLf>)JZE�JDdfP
l�H��G�

@	l�\Ql nQXD@	LfFU@	nQCBP�EKR¨JDdfP�A!E�C	\QJD@BE�L�EKR«JDdfP�dfPIHKJ�PT�G\�HKJD@BE�L�E�L�h9E�\QLf>QPT>�>QE�l�HK@	LfA���AZPTPN����V �I{K� �So

ê�PUJ
ĝ(x, t) = −ρ̂t(x, t)ρ̂x(x, t).

� | o z �
pQXZE�l JDdfP�HKh9E�j6P�>�@BAZFU\fAZAD@BE�L�VW@	JY@BAqa�E�XDJDdMLfE�JD@BFU@	LQ[mJDd�HKJYJDdQ@BAqR�\QLfFUJD@BE�L¶@BA�Htê%@	nfAZF!dQ@	JD��FTE�LGJD@	LG\fE�\fA
R�\QLfFUJD@BE�L�@�L�JDdfP

x
�8j]HKXD@^HKhQCBP]o

prdfP�R:E�C�CBE�a"@�Lf[NJDdQXZPTP�CBPUlYl�H�A�ac@	C	C%h9P�\fAZPT>g@	LgJDdfP�nQXZEGEKR�EKR�prdfPTE�XZPUl | o � o

Í-½G¾¢¾m¿2G%Ã! Åö�÷�ü9ûIÀ�ó�"$�¶ú�ÿ�:m�!ú�ó���ÿ�û�ù�ó9ü
	
�<Ï�Ì-ÑS×GÕ ÓIÎ�Ê�Ô�Õ

G(ρ̂x)
Ê³ÍsÆ]ÕuÌUÕ�Î�ÖDÔ�)��NÍ�×�1SÒ&ÍUÔ�Ð ×�Î�Ê:Ô�ÕmÔ�Ñ

{

wt + (ĝfε(w))x = 0,
Ê�Õ

QT ,

w(x, 0) = w0(x)
Ê�Õ

R,

� | o �I{ �

/¨Ï�ÌSÖZÌ
fε

Ê^Í�É�Ê�ËKÌSÕ21��wÄ+E�ß³Ç�È,�WÆ�Õ Ú
w0(x) = G(ρ̂x(x, 0))

ß

� »



dsÀ�ó%ó��ZÃ � @	lY@	C^HKX�JZEYê�PUlYl�H���o���o
2

Í-½G¾¢¾m¿2G%Ãå7¡ö���ù�æW½GÀ�½�ü9û�ù³¿�:«ù���ù³û.�Ä"«À�ó�"-½kÀ�û.�;	
�+ÌUÎ

u(x, t)
1!Ì�Æ Ú Ê �
ÌSÖZÌUÕ�Î�Ê�Æ�1UÐ	Ì�ÑS×GÕ9ÓTÎ�Ê�Ô�Õ�/�Ê�Î�ÏyÖZÌSÍA)fÌDÓIÎ�Î8Ô

(x, t)
Ækß³Ì�ß�Ê³Õ

QT
ßX¹�Ì�Û-Õ�Ì�Î�Ï�ÌsÍTÌTÎ

M
1����

M = {x ∈ R; u
Ê³Í Ú Ê �
ÌSÖ!ÌSÕ�Î�Ê:Æ�1SÐBÌ�ÆGß³ÌIß
Ê³Õ {x} × (0, T )} ,

Î�Ï�ÌSÕ
M

Ê^Í Ú ÌSÕQÍIÌ�Ê³Õ
R
ß

£&Lf>QPTPT>%V%a�P�d�HIj6PqPUjkPULtJDd�HKJ�JDdfPqAZPUJ
R \M @BA�EKR�ê�PUh9PTAD[]\fPqlNPIH�AD\QXZPq�IPUXZEQV<HKLf>OJDdQ@BA�FIHKLth9PqPIH�AD@	C	_

ADdfE�acL�\fAD@	LQ[�AZE�lNP�PUCBPUlNPULGJ!HKXD_g@	LGJZPU[]X!HKJD@BE�L�XZPTAD\QC	JZA�o
£`L�JZdfP�LfPS��J)CBPUlYl�H�V�a�PwAZdfE�a HmCBE�arPUX��8h9E�\QLf>ïPTADJD@	l�HKJZPwR�E�X)JDdfPw[]X!H�>�@BPULGJgEKR

κ̂
HKL�HKCBE�[]\fPOJZE

� | o�â6�So�prdQ@BAWarH�A�nQXZPUjG@BE�\fADC	_N>QE�LfP"R:E�X
κx

@	L�JDdfP
FIH�AZP"acdfPUXZP
g
@BA�HsJ`ac@BFTP
FTE�LGJD@	LG\fE�\fADC	_�>�@�´%PUXZPULGJD@^HKhQCBP

R�\QLfFUJD@BE�Lx\fAZ@	LQ[�l�HK@	LQC	_yprdfPTE�XZPUlNA"��o � �qHKLf>g��o � ��o�·~PUXZP]V�JDdfP~arHI_)EKR+PS��JZPULf>�@	LQ[qJDdfP
R�\QLfFUJD@BE�L
ρ
E�jkPUX

Q̄T
l�HK¥kPTA

ĝ
CBEGE]AZPcAZE�lNPcEKR9JDdfPrXZPU[]\QC^HKXD@	J`_qADJ!HKJZPT>q@	LNprdfPTE�XZPUlÅ��o � ��o¨·~E�a�PUjkPUXIV]JDdfP�R:E�C	CBE�ac@	LQ[�CBPUlYl�H

ADdfE�a"AcJDd�HKJ
HYAD@	lY@	C^HKX"XZPTAD\QC	J"dfE�CB>QA"@	LgJDdfPsFIH�AZP
ĝ ∈W 1,∞(Q̄T )

o

Í-½G¾¢¾m¿2G%ÃFG~�<Ï�Ì�Ñ�×�Õ ÓTÎ�Ê:Ô�Õ
κ̂x ∈ L∞(QT )

Ê^ÍwÆ]Õ ÌSÕ�Î�ÖDÔ�)���ÍTÔ�Ð ×�Î�Ê:Ô�ÕðÔ�Ñ¢Ä��kß�ÇCç�È¸/�Ê�Î�Ï¶Ê³ÕfÊ�Î�Ê�Æ]Ð Ú Æ]Î8Æ
w0 = κ̂0

x ∈ L∞(R)
ß

dsÀ�ó%ó��"ó#�¢ÍW½G¾¢¾m¿2G%ÃFG%Ã ê�PUJ
g̃
h9P�HKL�PS��JZPULfAZ@BE�L�EKR¨JDdfP�R�\fLfFUJD@BE�L

ĝ
E�L

R
2 >QPS�fLfPT>�hG_9®

g̃(x, t) =







ĝ(x, t)
@�R

(x, t) ∈ Q̄T ,

ĝ(x, T )
@�R

t > T,

ĝ(x, 0)
@ R

t < 0.

� | o �]� �

¤�E�LfAD@B>QPUXcH�A!PT�k\fPULfFTP~EKR�lNE�C	C	@���PUXZA
ξn

@	L
R

2 HKLf>)CBPUJ g̃n = g̃ ∗ ξn o;4�PUl�HKXD¥NJDd�HKJIVGR�XZE�l¡JDdfP
AZJ!HKLf>fHKXZ>
nQXZE�n9PUXDJD@BPTA�EKR¨JDdfP�lNE�C	C	@���PUX
AZPT�G\fPULfFTP]VQa�P�d�HIjkP

g̃n ∈ C∞(R2)
HKLf>�®

g̃n → ĝ
\QLQ@�R�E�XDlYC	_gE�L�FTE�lYn�H�FUJZA"@	L

Q̄T ,
� | o � �6�

HKLf>
g̃nx → ĝx

@	L
Lploc(QT ), 1 ≤ p <∞,

� | o � �6�
JZE�[6PUJDdfPUX"a"@�JZd�JDdfP~R:E�C	CBE�ac@	LQ[�PTAZJD@	l�HKJZPTAI®

||∂rt ∂sxg̃n||L∞(Q̄T ) ≤ ||∂rt ∂sxĝ||L∞(Q̄T )

R:E�X
r, s ∈ N, r + s ≤ 1.

� | o �U§ �

� E�asVQJ!HK¥6P�HK[kHK@	L�JDdfPs·�HKlY@	C�J!E�L�� í H�FTE�hQ@«PT�G\�HKJD@BE�L¢� | o��]â6��ac@	JDd
ĝ
XZPUnQC^H�FTPT>�ac@	JDd

g̃n
®

{

ut + g̃nfε(ux) = 0
@	L

R × (0, T ),

u(x, 0) = κ̂0(x)
@	L

R,

� | o �I| �

HKLf>�LfE�JD@BFTPrJDd�HKJ«JDdfPcHKh9E�jkP�nQXZE�n9PUXDJD@BPTA-EKR�JDdfP�R�\QLfFUJD@BE�L
g̃n

PUL�JZPUXZA«\fA«@	LGJZE~JDdfP�R�X!HKlNPUa�E�XD¥�EKR prdfPTE�XZPUl
��o � ��o~prdG\fAIV arP�d�HIjkP�H�\QLQ@B�k\fP�j�@BAZFTE]AD@	J`_�A!E�C	\QJD@BE�L

κ̃n ∈ Lip(Q̄T )
EKR~� | o �I| �"ac@	JDdO@	LQ@	JD@^HKC�FTE�Lf>�@	JD@BE�L

κ̂0 acdfE]AZP�ADn�HKJD@^HKC¨>QPUXD@	j�HKJD@	jkP
κ̃nx ∈ L∞(QT )

@BA�HKLtPULGJDXZE�nG_�AZE�C	\QJZ@	E�LuEKR-JDdfP�FTE�XDXZPTADn9E�Lf>�@	LQ[g>QPUXD@	jkPT>
PT�k\�HKJD@BE�L4ac@	JDd4@	LQ@	JD@^HKC�>fHKJ!H

κ̂0
x

oypfXZE�lè4�PUl�HKXD¥e��o�»bHKLf> � | o �U§ �SV"a�PO>QPT>�\fFTPwJDd�HKJyJDdfPwA!PT�k\fPULfFTP
(κ̃n)n≥1

@BA"C	EGFIHKC	C	_x\QLQ@�R:E�XDlYC	_yh9E�\QLf>QPT>�@	L
W 1,∞(Q̄T )

HKLf>gJDd�HKJI®

||κ̃nx||L∞(QT ) ≤ ||κ̂0
x||L∞(R) + T ||ĝx||L∞(QT )||fε||L∞(R).

� | o � â6�

�Iz



ºwE�XZPTE�jkPUXIV R�XZE�l � | o � �6�SV�a�P�\fAZPqHK[kHK@	LtJDdfP � J!HKhQ@	C	@	J`_OprdfPTE�XZPUl EKRWj�@BAZFTE]AD@	J`_�AZE�C	\QJD@BE�LfAY� � V�prdfPTE�XZPUl
��o�� � V�HKLf>ga�P�E�hQJ!HK@	L�®

κ̃n → κ̂
CBEGFIHKC	C	_x\QLQ@�R:E�XDlYC	_y@	L

Q̄T .
� | o � î]�

�rH�F!¥�JZE�JDdfPcPULGJDXZE�nG_YAZE�C	\QJD@BE�L�V6a�PracXD@	JZP">QE�acLNJDdfPcPULGJDXZE�nG_�@	LfPT�G\�HKC	@	J`_g��AZPTPc}�PS�fLQ@	JD@BE�L)��o z �¨A!HKJD@BA���PT>
hG_

κ̃nx
®
∫

QT

(

η(κ̃nx)φt + Φ(κ̃nx)g̃
nφx + h(κ̃nx)g̃

n
xφ
)

dxdt+

∫

R

η(κ̂0
x)φ(x, 0)dx ≥ 0,

� | o � »6�

acdfPUXZP
η
V

Φ
V
h
HKLf>

φ
HKXZPg[]@	jkPULMhG_i}�PS�fLQ@	JD@BE�L4��o z oep«HK¥G@	LQ[4� | o � â6��@	LGJZE�FTE�LfAD@B>QPUX!HKJD@BE�L�Vra�Pg\fA!P

H�nQXZE�n9PUXDJ`_4EKR�h9E�\QLf>QPT>ëAZPT�k\fPULfFTPTAx@	L
L∞(QT )

��AZPTPi� �]� V
²�XZE�n9E]AD@	JD@BE�L � � ��JDd�HKJx[]\�HKX!HKLGJZPTPTAgJDdfP
PS��@BADJZPULfFTPsEKR-HqAD\Qh�AZPT�k\fPULfFTP���FIHKC	C�@	J
HK[kHK@	L

κ̃nx
�rAZEqJDd�HKJIV�R:E�X�HKLG_)R�\QLfFUJD@BE�L

ψ ∈ C(R; R)
V

ψ(κ̃nx) → Uψ
a�PIHK¥ −? @	L

L∞(QT ).
� | o �Iz �

pQ\QXZJDdfPUXDlNE�XZP]VfJDdfPUXZPsPS��@BADJZA
µ ∈ L∞(QT × (0, 1))

AZ\fF!dgJDd�HKJI®
∫ 1

0
ψ(µ(x, t, α))dα = Uψ(x, t),

R:E�X�H�o±P]o
(x, t) ∈ QT .

� | o�� { �

=�nQnQC	_�@	LQ[w� | o �Iz ��ac@	JDd
ψ
XZPUnQC^H�FTPT>�ac@	JDd

η
V
Φ
HKLf>

h
XZPTADn9PTFUJD@	jkPUC	_kV�HKLf>g\fAD@	LQ[�� | o�� { �SVfa�P�[6PUJI®







η(κ̃nx(.)) →
∫ 1

0
η(µ(., α))dα

a�PIHK¥ −? @	L
L∞(QT ),

Φ(κ̃nx(.)) →
∫ 1

0
Φ(µ(., α))dα

a�PIHK¥ −? @	L
L∞(QT ),

h(κ̃nx(.)) →
∫ 1

0
h(µ(., α))dα

a�PIHK¥ −? @	L
L∞(QT ).

� | o�� � �

prdQ@BAIV+JZE�[6PUJDdfPUX�ac@	JDd4� | o � �6�SVc� | o � �6��n9PUXDlY@	JZA�JZE�n�H�A!AsJZE�JDdfP�C	@	lY@	J�@	L4� | o � »6��@	L�JDdfP�>�@BAZJDXD@	hQ\QJD@BE�L�HKC
AZPULfAZP]V�dfPULfFTPsa�P�[6PUJI®

∫

QT

∫ 1

0

(

η(µ(., α))φt + Φ(µ(., α))ĝφx + h(µ(., α))ĝxφ
)

dxdtdα+

∫

R

η(κ̂0
x)φ(x, 0)dx ≥ 0.

� | o��]�6�

£&Le� �]� V«prdfPTE�XZPUl � � V+JDdfPYR�\QLfFUJD@BE�L
µ
A!HKJD@BA�R�_�@	LQ[¢� | o��]�6��@BA�FIHKC	CBPT>bHKL¢PULGJDXZE�nG_unQXZEGFTPTAZA�AZE�C	\QJD@BE�L�og£&J

d�H�A�h9PTPULinQXZE�jkPT>¢JZEwh9P)\QLQ@B�k\�PxHKLf>¢@	Lf>QPUn9PULf>QPULGJNEKR
α
ot=�C	JDdfE�\Q[]diJDdQ@BA�XZPTAD\QC	J�@	Lï� �]�U� arH�A�R:E�XYH

>�@	j6PUXD[6PULfFTPS�:R�XZPTPxR�\QLfFUJD@BE�L
ĝ ∈ C1(Q̄T )

V-a�PxXZPUl�HKXD¥bJDd�HKJY@	JNFIHKL¶h9P�H�>fHKnQJZPT>¶JZEtJDdfPgFTH�A!PxEKR�HKLG_
R�\QLfFUJD@BE�L

ĝ ∈W 1,∞(Q̄T )
��AZPTP�R:E�X�@	LfADJ!HKLfFTP54�PUl�HKXD¥yâ�o��qHKLf>)JZdfP
nQXZEGEKR«EKR�� �]� V�prdfPTE�XZPUl?� � �So × AD@	LQ[

JDdQ@BAIV�a�P�@	L�R:PUXcJDdfPsPS��@BADJZPULfFTPsEKR�H�R�\QLfFUJD@BE�L
z ∈ L∞(QT )

AD\fF!dgJDd�HKJI®

z(x, t) = µ(x, t, α),
R�E�X�H�o±P]o

(x, t, α) ∈ QT × (0, 1),
� | o��]�6�

dfPULfFTP]V
z
@BA�HKL�PULGJDXZE�nG_mAZE�C	\QJD@BE�L¢EKRs� | o �I{ �So ¯ PYLfE�a l�HK¥kPY\fA!PYEKR�� | o��]�6�sHKLf>ma�P�HKnQnQC	_uPT�G\�HKC	@	J`_

� | o�� { ��R:E�X
ψ(x) = x

JZENE�hQJ!HK@	L�V

z =
a�PIHK¥ −? lim

n→∞
κ̃nx

@	L
L∞(QT ).

� | o�� § �
pQXZE�là� | o�� § �"HKLf>�� | o � î]��a�Ps>QPT>�\fFTP�JDd�HKJIV

z(x, t) = κ̂x(x, t)
H�o±P]o�@	L

QT ,acdQ@BF!d�FTE�lYnQCBPUJZPTA�JDdfP�nQXZEGEKR�EKR¨ê<PUlYl�H | o | o
2

� {



à¨$FÓ '�å63�3mlD,g3mlDéy(-çf3�åkç�2ï,²à¨$&#mê�à¨$³ã
dsÀ�ó%ó��"ó#� ñ�ò ½Gó�ÀK½G¾äG�Ã�Â Ã�¯ P�PS��JZPULf>xJZdfP~R�\QLfFUJD@BE�L

κ0 JZE
κ̂0 ∈ Lip(R)

@	LgJDdfP�R:E�C	CBE�ac@	LQ[NarHI_�®

κ̂0(x) =







κ0(x)
@�R

x ∈ [0, 1],

(||ρ0
x||L∞(I) + ε)(x− 1) + κ0(1)

@�R
x ≥ 1,

(||ρ0
x||L∞(I) + ε)x+ κ0(0)

@�R
x ≤ 0.

� | o�� | �

¤�E�LfAD@B>QPUX"JDdfP�@	LQ@	JD@^HKC�j]HKC	\fP�nQXZE�hQCBPUl >QPS�fLfPT>ghG_�®
{

ut + ĝfε(ux) = 0
@	L

R × (0, T ),

u(x, 0) = κ̂0(x)
@	L

R.

� | o��]â6�

prdQ@BAc@BA�HY·~HKlY@	C	JZE�L�� í H�FTE�hQ@«PT�k\�HKJD@BE�L�ac@	JDdwHq·�HKlY@	C	JZE�LQ@^HKL
F ∈ C(Q̄T × R)

>QPS�fLfPT>ghG_�®

F (x, t, u) = ĝ(x, t)fε(u).

pQXZE�l JDdfPxXZPU[]\QC^HKXD@	J`_bnQXZE�n9PUXDJD@BPTA)EKR
ρ̂
V-a�PgFIHKLM>�@	XZPTFUJDC	_iA!PTPyJDd�HKJ

(V0)
�
(V1)

�
(V2)

HKXZPgA!HKJD@BA�� PU> �JDdQ@BAs@	A��G\Q@	JZPNAD@	lY@	C^HKXsJZEgacd�HKJ�arH�As>fE�LfPY@	L�²�XZE�n9E]AD@	JD@BE�Li��o � o � @	LfFTP
κ̂0 @BA�Hgê%@	nfAZF!dQ@	JD�)FTE�LGJD@	LG\fE�\fA

R�\QLfFUJD@BE�L�V�a�P�>QPT>�\fFTP�R�XZE�l prdfPTE�XZPUl ��o | HKL�>O²�XZE�n9E]AD@	JD@BE�Lm��o�îNJDdfP�PS��@BADJZPULfFTPqHKLf>w\QLQ@B�G\fPULfPTAZA�EKR�H
jG@BAZFTE]AZ@	J`_�AZE�C	\QJD@BE�L

κ̂ ∈ Lip(Q̄T )
EKR�� | o��]â6�So¨ºOE�XZPTE�jkPUXIV]@	LYE�X!>QPUX�JZE~XZPTFTE�jkPUX�JDdfPrh9E�\QLf>fHKXD_qFTE�Lf>�@	JD@BE�LfA

[]@	j6PULOhG_¢� | o § ��E�L
∂I × [0, T ]

V a�P�nQXZEGFTPUPT>uH�A
R�E�C	CBE�a"AIo~ê�PUJ
M

h9P�JDdfP�AZPUJ~>QPS�fLfPT>OhG_�ê�PUlYl�H | o §
HKLf>gCBPUJ

x ∈M
o&p�E�X"PUjkPUXD_

t ∈ [0, T ]
V�a�P�acXD@	JZP]®

|κ̂(x, t)−κ̂(x, 0)| ≤
∫ t

0
|κ̂s(x, s)|ds ≤

∫ t

0
|F (x, s, κ̂x(x, s))|ds ≤

∫ t

0
(|F (0, s, κ̂x(x, s))| + C|x|) ds.

£&LtJDdfPTAZP�@	LfPT�G\�HKC	@	JD@BPTA�a�P�d�HIjkP�\fAZPT>OJDdfP�R:H�FUJ�JDd HKJ
κ̂
@	AsHyê%@	nfA!F!dQ@	JD�NFTE�LGJD@	LG\fE�\fAsjG@BAZFTE]AZ@	J`_�A!E�C	\QJD@BE�L

EKR�� | o��]â6��HKLf>tdfPULfFTPY@	J�j6PUXD@���PTA�JDdfPYPT�G\�HKJD@BE�Lm@	L
QT

HKJ�JDdfPqn9E�@	LGJZA�acdfPUXZPY@	J�@BA�>�@�´%PUXZPULGJD@^HKhQCBP���A!PTP
R�E�X~@	LfAZJ!HKLfFTPx� �S� �Sos=
CBAZEQV9a�P�d�HIj6P�\fAZPT>wJDdfPqFTE�Lf>�@	JD@BE�L

(F1)
ac@	JDd

p = q
HKLf>

CR = C � H)FTE�LfAZJ!HKLGJ@	Lf>QPUn9PULf>fHKLGJ
EKR
R
o � E�aïR�XZE�l � | o�»6�&����@	@³�SVfa�Ps>QPT>�\fFTPsJDd�HKJI®

|F (0, s, κ̂x(x, s))| = |ρ̂x(0, s)ρ̂t(0, s)fε(κ̂x(x, s))| = 0,
R:E�X�H�o±P]o

s ∈ (0, t),

HKLf>gdfPULfFTP�a�P�[6PUJ
|κ̂(x, t) − κ̂(x, 0)| ≤ C|x|t. � | o��6î]�

� @	LfFTP
M

@BA�Hq>QPULfAZPsAD\QhfA!PUJ"EKR
R
V�arP�n�H�AZAcJZEYJDdfP�C	@	lY@	J"@	L¢� | o��6î]�cH�A

x→ 0
HKLf>gJDdfP�PT�G\�HKC	@	J`_

κ̂(0, t) = κ̂(0, 0) = κ0(0) ∀t ∈ [0, T ]

dfE�CB>QAIo � @	lY@	C^HKXDC	_6Vfa�PsFIHKLgjkPUXD@�R�_)JDd�HKJ
κ̂(1, t) = κ̂(1, 0) = κ0(1)

R�E�X�HKC	C
t ∈ [0, T ]

o

÷�ø<ù�úTûI½�ü<ý6½�Ã prdfP-PS��JZPULfAD@BE�L
κ̂0 EKR κ0 E�\QJZAD@B>QP�JDdfP�@	LGJZPUXDj]HKC I @BA<HrC	@	LfPIHKX<PS��JZPULfAD@BE�L�EKR�AZCBE�n9P ||ρ0

x||L∞(I)+ ε
V

JDdfPUXZPSR�E�XZPsa�P�d�HIjkP]V
κ̂0
x ≥

√

(ρ̂0
x)

2 + ε2 = G(ρ̂0
x),

H�o±P]o�@	L
R.

� | o��]»6�
pQXZE�l?ê�PUlYl�H | o | V�a�P�¥GLfE�aëJZd�HKJ

κ̂x
@BA�HKL�PULGJDX!E�nG_xAZE�C	\QJD@BE�L�EKR¨PT�G\�HKJD@BE�L¢� | o �I{ �cHKLf>yR�XZE�l ê�PUlYl�H

| o���V�a�PY¥GL�E�a JDd�HKJ
G(ρ̂x)

@BA�HKL�PULGJDXZE�nG_uAD\Qh��&AZE�C	\QJD@BE�L¢EKRs� | o �I{ �So � @	LfFTPw� | o��]»6�~dfE�CB>QAIV<a�PY\fAZPqJDdfP
¤�E�lYn�HKXD@BAZE�LwprdfPTE�XZPUl ��o � �qJZEq[6PUJIV

κ̂x(x, t) ≥
√

ρ̂2
x(x, t) + ε2 ≥ ε > 0,

R:E�X�H�o±P]o
(x, t) ∈ Q̄T .

� | o�� z �

� �



p«HK¥6P
κ
JZE�h9P�JDdfP�X!PUAZJDXD@BFUJD@BE�LtEKR

κ̂
E�L

ĪT
acdfPUXZP

κ̂0 HKLf>
ρ̂
d�HIj6P�JZdfPU@�X�HK\QJZE�l�HKJD@BF�XZPUnQC^H�FTPUlNPULGJ!A

κ0
HKLf>

ρ
XZPTADn9PTFUJD@	jkPUC	_xE�L�JDdQ@BA�AD\Qh9>QE�l�HK@	L�oW£&Jc@BA"FUCBPIHKX�JDd�HKJ

κ ∈ Lip(ĪT )
@BA
H�j�@BAZFTE]AD@	J`_yAZE�C	\QJD@BE�LwEKR�®







κt + gfε(κx) = 0
@	L

IT ,

κ(x, 0) = κ0(x)
@	L

I,

κ(0, t) = κ0(0)
HKLf>

κ(1, t) = κ0(1) ∀ 0 ≤ t ≤ T,

� | o�� { �

acdfPUXZP
g(x, t) = −ρt(x, t)ρx(x, t)

HKLf>
κx(x, t) ≥ G(ρx(x, t))

R:E�X
H�o±P]o
(x, t) ∈ ĪT

o ¯ P�HKCBA!ENLfE�JD@BFTP
JDd�HKJ

κ
@BA�H�j�@BAZFTE]AD@	J`_YAZE�C	\QJZ@	E�LxEKRW� | o § �SVkR:E�XW@	J�AD\¾ë�FTPTA�JZE�R:E�C	CBE�a�JDd�P�A�HKlNP�ADJZPUnfA�EKR%JDdfP�n�H�AZA!HK[6P"R�XZE�l

JDdfPqjG@BA!FTE]AD@	J`_wA!E�C	\QJD@BE�LmEKR��:��o�î]�~JZExJDdfPqj�@BAZFTE]AD@	J`_OAZE�C	\QJD@BE�LmEKR�� � o § �Y��AZPTPqJDdfPqnQXZEGEKRcEKRrprdfPTE�XZPUl � o��
R�E�X">QPUJ!HK@	CBAS�So

ì�ü+ù���ÿ+½Gü+½kúIú]Ã � @	LfFTP�JDdfP�R�\QLfFUJD@BE�L

H̄(x, t, u) = g(x, t)fε(u) ∈ C(ĪT × R)
A!HKJD@BA���PTArR:E�X�H��Q�QPT>

t
®

|H̄(x, t, u) − H̄(y, t, u)| ≤ C(|x− y|(1 + |u|)),
R�E�X-PUjkPUXD_

x, y ∈ (0, 1)
HKLf>

u ∈ R
V6a�Pc\fAZP�� � V6prdfPTE�XZPUl¡��o�» � JZEsADdfE�aMJDd�HKJ

κ
@BA�JZdfPr\QLQ@B�G\fPcj�@BAZFTE]AD@	J`_

AZE�C	\QJD@BE�L¢EKRs� | o�� { �So ¯ PYFUC^HK@	l JDd HKJ
κ
@BAsJDdfPY\QLQ@B�G\fPNjG@BAZFTE]AZ@	J`_OA!E�C	\QJD@BE�L¢EKRs� | o § �Soy£&Lf>QPTPT>%V+a�PNFIHKL

HKCBAZE�R:E�C	CBE�aðJDdfP�A�HKlNP�lNPTF!d�HKLQ@BADl H�Ac@	L�JDdfP�nQXZEGEKR�EKR�prdfPTE�XZPUl � o���o
2

¯ P�LfE�aïlNE�j6P~JZE�arHKXZ>QArJDdfP
nQXZEGEKR«EKR+prdfPTE�XZPUl | o���JDd�HKJ�d�H�A�JDdfP�A!HKlNP�­ HIjkE�XrEKR<acd�HKJrarH�Ar>QE�LfP
@	L � PTFUJD@BE�L § o ¯ P�¸�\fADJ~LfPTPT>OJZEyFIHKXZPYHKh9E�\QJ�JDdfPqF!d�HKLQ[6P�@	LOJDdfPqADJDXD\fFUJD\QXZPqEKR�E�\QX�nQXZE�hQCBPUl HKLf>wJDdfP
h9E�\QLf>fHKXD_gFTE�Lf>�@	JD@BE�LfAIo[Ù
\QXc�fXZADJ"AZJZPUngac@	C	C�h9P�JDdfP~R:E�C	CBE�ac@	LQ[�CBPUlYl�H�o

Í-½G¾¢¾m¿2G%Ã!O��+ÌUÎ
c1

Æ�Õ Ú
c2
1ZÌ�Î�/WÔ])QÔKÍSÊ�Î�Ê�ËKÌ�Ó!Ô�ÕfÍSÎ8Æ�Õ�Î�Í Ú Ì�Û-Õ9Ì Ú ÖZÌSÍA)fÌDÓIÎ�Ê³ËKÌUÐZ�c1��

c1 = ||ρ̂xx||2L∞(QT ) + ||ρ̂x||L∞(QT )||ρ̂tx||L∞(QT )
Æ�Õ Ú

c2 = (||κ0
x||L∞(I) + 1)2.

�<Ï�ÌSÕtÎ�Ï�ÌWÑ�×�Õ ÓTÎ�Ê:Ô�Õ
S̄
Ú Ì�Û-Õ9Ì Ú Ô]Õ

QT
1����

S̄(x, t) =
√

2c1t+ c2
Ê^Í�Æ�ÕmÌSÕ�Î�ÖDÔ�)%�YÍS×�)fÌSÖSÒ8ÍTÔ�Ð ×�Î�Ê:Ô�ÕmÔ�ÑNÄ��kß³Ç�ç�È8/�Ê�Î�Ï

w0(x) = S̄(x, 0) = ||κ0
x||L∞(I) + 1.

dsÀ�ó%ó��ZÃ � PTP � \QhfAZPTFUJD@BE�L § o � �&£D£So
2

dsÀ�ó%ó��"ó#� ñ�ò ½Gó�ÀK½G¾äG�Ã^õ%Ã ê�PUJ
ε > 0

h9PsH��Q��PT>�FTE�LfADJ!HKLGJIoW}~PS�fLfP
κ̂0,ε ∈ Lip(R)

hG_�®

κ̂0,ε(x) =







κ0(x) + εx
@�R

x ∈ [0, 1],

(||κ0
x||L∞(I) + ε)(x− 1) + (κ0(1) + ε)

@�R
x ≥ 1,

(||κ0
x||L∞(I) + ε)x+ κ0(0)

@ R
x ≤ 0.

� | o�� � �

� @	LfFTP
κ0
x ≥ |ρ0

x|
H�o±P]o-@	L

I
V�@	J"@BA"FUCBPIHKX�JDd�HKJcR:E�X�H�o±P]o

x ∈ R
a�P�d�HIjkP]®

κ̂0,ε
x ≥ G(ρ̂0

x)
V�HKLf>gdfPULfFTP�R�XZE�l

JDdfP�>�@BA!FU\fAZAD@BE�L�EKR«JDdfP�nQXZEGEKR�EKR�prdfPTE�XZPUl | o � VQJDdfPUXZPsPS��@BAZJZA"HqjG@BA!FTE]AD@	J`_yAZE�C	\QJD@BE�L
κ̂ε ∈ Lip(Q̄T )

EKR
{

κ̂εtκ̂
ε
x = ρ̂tρ̂x

@	L
QT ,

κ̂ε(x, 0) = κ̂0,ε(x) ∈ Lip(R)
@	L

R,

� | o��]�6�

�]�



\QLQ@B�k\fP�HKlNE�LQ[�JDdfE]AZPsA!HKJD@BA�R�_G@	LQ[f®

κ̂εx ≥ G(ρ̂x)
H�o±P]o�@	L

Q̄T .
� | o��]�6�

=
AZAZ\QlNP�ac@	JDdfE�\QJ
CBE]AZA�EKR�[6PULfPUX!HKC	@	J`_gJDd�HKJ
ε < 1

o�prdfP
ε
�8\QLQ@�R�E�XDl?h9E�\fLf>gR�E�X

κ̂εt
@BA"JDXD@	j�@^HKC8Vf@	J�AD\¾ë�FTPTA

JZEY\fAZP�>�@	XZPTFUJDC	_xJZdfPsPT�k\�HKJD@BE�LwA!HKJD@BA���PT>gh�_
κ̂ε

JZE�[6PUJDdfPUX�ac@	JDdb� | o��]�6�SoW=
Lf>gJDdfP
ε
�8\QLQ@�R:E�XDl h9E�\QLf>gR:E�X

κ̂εx
R:E�C	CBE�a"ArR�XZE�l?ê�PUlYl�H | o�âNHKLf>gprd�PUE�X!PSl ��o � �YAZ@	LfFTP

κ̂εx(x, 0) ≤ ||κ0
x||L∞(I) + ε ≤ ||κ0

x||L∞(I) + 1 =
√
c2 = S̄(x, 0).

pfE�C	CBE�ac@	LQ[�PS�QH�FUJDC	_)JDdfP�A�HKlNP~JZPTF!dQLQ@BF�EKR � PTFUJD@BE�L § V�L�HKlNPUC	_)JDdfP~nQXZEGEKR¨EKR«prdfPTE�XZPUl � o�â�V�a�P�[6PUJrJDd�HKJ
JDdfP�A!PT�k\fPULfFTP

κ̂ε
FTE�LGjkPUXD[6PTA"CBEGFIHKC	C	_x\QLQ@�R�E�XDlYC	_xJZE

κ̂
@	L
Q̄T

ac@	JDd
κ̂ ∈ Lip(Q̄T )

A!HKJD@BA���PTAIV

κ̂x ≥ |ρ̂x|
H�o±P]oQ@	L

Q̄T
� | o�� § �

HKLf>
κ̂(x, 0) = κ̂0(x)

@	L
R,

� | o�� | �
acdfPUXZP

κ̂0
@BAcJDdfP�\QLQ@�R:E�XDl C	@	lY@	J�EKR¨JDdfPsAZPT�k\fPULfFTP

κ̂0,ε @	L
R
o�prdfPTE�XZPUl | o � []\�HKX!HKLGJZPTPTA�JDd�HKJI®

κ̂ε(0, t) = κ̂0,ε(0) = κ0(0),
� | o��]â6�

HKLf>
κ̂ε(1, t) = κ̂0,ε(1) = κ0(1) + ε,

� | o��6î]�
R�E�XrHKC	C

t ∈ [0, T ]
o;pfXZE�l � | o��]â6�SV%� | o��6î]��HKLf>�JDdfP
n9E�@	LGJ`ac@BAZP~FTE�LGjkPUXD[6PULfFTP]V�\Qn)JZEqH�AD\QhfAZPT�G\fPULfFTP]V�EKR

κ̂εJZE
κ̂
V�a�Ps>QPT>�\fFTPsJDd�HKJ

κ̂(0, t) = lim
ε→0

κ̂ε(0, t) = κ0(0), ∀t ∈ [0, T ],
� | o��]»6�

HKLf>
κ̂(1, t) = lim

ε→0
κ̂ε(1, t) = lim

ε→0
(κ0(1) + ε) = κ0(1) ∀t ∈ [0, T ].

� | o�� z �

p«HK¥6P
κ
JZE�h9P
JDdfP
XZPTADJDXD@BFUJD@BE�LgEKR

κ̂
E�j6PUX

ĪT � ρ̂ HKLf> κ̂0
d�HIjkP�JDdfPU@	X"HK\QJZE�l�HKJD@BF~XZPUnQC^H�FTPUlNPULGJZA

ρ
HKLf>

κ0
XZPTADn9PTFUJD@	j6PUC	_�E�LOJDdQ@BA
XZPTADJDXD@BFUJZPT>O>QE�l�HK@	L�oLpfXZE�l � | o�� § �SV�� | o�� | �SV�� | o��]»6�
HKLf>b� | o�� z �SV9a�P�>QPT>�\fFTP�JDd�HKJ
κ
@BAcJDdfP�XZPT�k\Q@	XZPT>�A!E�C	\QJD@BE�L�o

2

Ò í�ÆwÆ9s�������ÇNîðï5ñ=s«� �$Ã �=Ð��%ÃDsÉÆ������=ÐO�¢Ð�ÂÄÃws��c�$s&} q5Ñ!�[q

¯ P"ac@	C	C�arE�XD¥YE�LyH�j]HKXD@^HKLGJ�EKR%JDdfP�PULGJDXZE�nG_N@	LfPT�k\�HKC	@	J`_���A!PTPcR�E�XW@	LfADJ!HKLfFTP�� � »QV �]�U� ��A!HKJD@BA���PT>�hG_
u
HKLf>

@	JZA�HKL�HKCBE�[]\fP�A!HKJD@BA���PT>ghG_
v
o ¯ P�acXD@	JZPs>QE�acL�JDdfPTAZP�@	LfPT�G\�HKC	@�JZ@	PTA"R:E�X"FUC^HKXD@	J`_9®

� o
u(x, t)

A!HKJD@BA���PTA�®
∫

QT

[

(u(x, t) − k)+φt(x, t) +
AD[]L +(u(x, t) − k)(f(v(x, t)) − f(k))g(x, t)φx(x, t)−

AD[]L +(u(x, t) − k)f(k)gx(x, t)φ(x, t)
]

dxdt+

∫

R

(u0(x) − k)+φ(x, 0)dx ≥ 0,
�:â�o � �

�]�



��o
v(y, s)

A!HKJD@BAD��PTAI®
∫

QT

[

(v(y, s) − k)−φs(y, s) +
AD[]L −(v(y, s) − k)(f(v(y, s)) − f(k))g(y, s)φy(y, s)−

AD[]L −(v(y, s) − k)f(k)gy(y, s)φ(y, s)
]

dyds+

∫

R

(v0(y) − k)−φ(y, 0)dy ≥ 0,
�:â�o��6�

acdfPUXZP
a± = 1

2(|a|±a) HKLf>�AZ[]L ±(x) = 1
2(
AD[]L

(x)±1)
o ¯ PW\fAZP-JDdfP�>QPT>QE�\QhQC	@	LQ[�j�HKXD@^HKhQCBP�JZPTF!dQLQ@B�k\fP�EKR

¬�XD\(­T¥6E�j)��AZPTP
� � » � �<HKLf>sR:E�C	CBE�ac@	LQ[~JDdfP�A!HKlNP�ADJZPUnfA«EKR<� �]� V�prdfPTE�XZPUl � � VKJ!HK¥�@	LQ[
@	LGJZE
FTE�LfAD@B>QPUX!HKJZ@	E�LqJDdfP
LfPUa lNEG>�@���FIHKJD@BE�LfA�HKXD@BAD@	LQ[NR�XZE�l JDdfP�R8H�FUJ"JDd�HKJ�a�P�HKXZP�>QPIHKC	@	LQ[�ac@	JDdwAZ\Qh���®KAD\Qn9PUX��&PULGJDXZE�nG_�AZE�C	\QJD@BE�LfA
HKLf>¢JDdfP)R:H�FUJqJDd�HKJ

g ∈ W 1,∞(Q̄T )
@BA�LfE�JNH�[]X!H�>�@BPULGJ��:R�XZPTPyR�\QLfFUJD@BE�L�omprdfP)nQXZEGEKR~FIHKLih9Py>�@	j�@B>QPT>

@	LGJZEyJDdQXZPTPqAZJZPUnfAIos}~PULfE�JZP
Br

hG_
Br = {x ∈ R; |x| ≤ r} R:E�X�HKLG_

r > 0
V
F±(u, v) = sgn±(u −

v)(f(u) − f(v))
V

y∞ = ||y||L∞(QT )

R�E�X"PUjkPUXD_
y ∈ L∞(QT )

�:â�o��6�
HKLf>

Mf = max
|x|≤max(u∞,v∞)

|f ′

(x)|. �:â�o § �

£&L�ADJZPUn � V�a�P�nQXZE�jkP�JDd�HKJ"JDdfP�@	LQ@	JD@^HKC+FTE�Lf>�@	JD@BE�LfA
u0 V v0 A!HKJD@BA�R�_�R�E�X�HKL�_

a > 0
®

lim
τ→0

1

τ

∫ τ

0

∫

Ba

(u(x, t) − u0(x))+dxdt = 0,
�:â�o | �

lim
τ→0

1

τ

∫ τ

0

∫

Ba

(v(x, t) − v0(x))−dxdt = 0,
�:â�o�â6�

XZPTADn9PTFUJD@	j6PUC	_ko

£&L�ADJZPUnw��VQprdfP�R:E�C	CBE�ac@	LQ[NXZPUC^HKJD@BE�L�h9PUJ`a�PTPUL
u
HKLf>

v
@BA�ADdfE�acL�®

∫

QT

[
(u(x, t) − v(x, t))+ψt + F+(u(x, t), v(x, t))g(x, t)ψx

]
dxdt ≥ 0,

�:â�o�î]�

R�E�X"PUjkPUXD_
ψ ∈ C1

0 (R × (0, T ); R+)
o

="R�JZPUXcJDd�HKJIVQa�Ps>QPS�fLfP
A(t)

R:E�X
0 < t < min(T, a

ω
)
HKLf>

ω = g∞Mf

V�hG_�®

A(t) =

∫

Ba−ωt

(u(x, t) − v(x, t))+ dx.
�:â�o�»6�

£&L�ADJZPUnw��V�a�PsADdfE�aðJDd�HKJ
A
@BAcLfE�L��8@	LfFUXZPIH�AD@	LQ[xH�o±P]o�@	L

(0,min(T, a
ω
))
HKLf>ga�P�>QPT>�\fFTPsJDd�HKJ

u(x, t) ≤ v(x, t)
H�o±P]o�@	L

QT .

ò ûI½a" Â#�^d�À�ó%ó#�"ó���ö�O�ÃFG$	�Q"ö�O%ÃFO$	IÃ

prdQ@BAr@BA"AD@	lY@	C^HKXcJZE � JZPUn � @	Lm� �]� VQprdfPTE�XZPUl � � o�£`LyR8H�FUJIV�CBPUJ
a > 0

HKLf>
τ ∈ R

AD\fF!dgJDd�HKJ
0 < τ < T

o
¤�E�LfAD@B>QPUX"JDdfP�JZPTADJcR�\QLfFUJD@BE�L

φ(x, t) = ψ(x)ξn(x− y)γ(t)
acdfPUXZP

γ(t) =







τ − t

τ

@�R
0 ≤ t ≤ τ

0
@�R

t > τ,

�:â�o z �

� §



HKLf>
ψ ∈ C∞

0 (R)
AD\fF!d�JDd�HKJ

ψ(x) = 1
V ∀x ∈ Ba

o¨ê<PUJ
y
h9P
H�ê�PUh9PTAD[]\fP
n9E�@	LGJ�EKR

u0 o × n9E�L�nQC	\Q[][]@	LQ[
JDdfPcJZPTADJ�R�\QLfFUJD@BE�L

φ
HKLf>YJDdfP"FTE�LfAZJ!HKLGJ

k = u0(y)
@	LGJZE)�:â�o � � � @	LGJZPU[]X!HKJD@	LQ[�JDdfPcXZPTAD\QC	JD@	LQ[�XZPUC^HKJD@BE�L)E�jkPSX

R
ac@	JDdyXZPTADn9PTFUJrJZE

y
VGa�P
[6PUJrAD@	lY@	C^HKXrJZPUXDlNA�JZE�JDd�HKJ�@	Lt� �]�S� ac@	JDd | · | V sgn(·) HKLf> µ(x, t, α)

XZPUnQC^H�FTPT>
hG_

(·)+ V sgn+(·) HKLf> u(x, t) XZPTADn9PTFUJD@	jkPUC�_ko�·
E�a�PUjkPUXIVfJDdfP�R8H�FUJ"JDd�HKJ
E�\QX g @BA"LfE�J~HY>�@	jkPUXD[6PULfFTPS�:R�XZPTPR�\QLfFUJD@BE�LOH�>Q>QA�HqLfPUaðJZPUXDl acdQ@BF!d�@BAI®

T3nτ = −
∫ τ

0

∫

R2

sgn+(u(x, t) − u0(y))f(u0(y))

gx(x, t)γ(t)ψ(x)ξn(x− y)dxdydt,
�:â�o �I{ �

HKLf>YFIHKLYh9PrJDXZPIHKJZPT>Y@	LNPS�QH�FUJDC	_�JDdfPcA!HKlNPrarHI_qH�A
T2nτ

��AZPTP � JZPUn � � �]� V6prdfPTE�XZPUl¡� � R:E�X¨JZdfPc>QPUJ!HK@	CBA��So

ò ûI½a"ïõ$�^d�À�ó%ó#�"ó���ö�O�Ã�V�	IÃ

¯ PyR:E�C	CBE�a � JZPUne�uEKRq� �]� V�prdfPTE�XZPUl � � o¶p«HK¥�@	LQ[mXZPU[]\QC^HKXD@	��HKJD@BE�LfAyEKR
ψ
VW@	JNAD\¾ë�FTPTANJZEuADdfE�a �:â�o�î]�

R�E�X
ψ ∈ C∞

0 (QT ; R+)
o ¯ P~l�HI_xH�AZAD\QlNP~ac@	JDdfE�\QJ"CBE]AZAcEKR+[6PULfPUX!HKC	@	J`_xJDd�HKJrJDdfPUXZP�@BAcA!E�lNP

c > 0
AD\fF!d

JDd�HKJ
ψ(x, t) = 0

R�E�X
t ∈ (0, c) ∪ (T − c, T )

oRp�E�X
n > 1

c

VQCBPUJ
ξn

h9P�JDdfP�\fAZ\�HKC�lNE�C	C	@���PUX
AZPT�G\fPULfFTP�@	L
R
HKLf>�FTE�LfAZ@B>QPUX"JDdfP�JZPTADJrR�\QLfFUJD@BE�L

φ(x, t, y, s)
>QPS�fLfPT>xR:E�X

(x, t), (y, s) ∈ QT

hG_9®

φ(x, t, y, s) = ψ

(
x+ y

2
,
t+ s

2

)

ξn(x− y)ξn(t− s).

p+@��
(y, s) ∈ QT

Hgê<PUh9PTAD[]\fPNn9E�@	LGJ�EKR
v
V«HKLf>

(x, t) ∈ QT
H�ê�PUh9PTAD[]\fPNn9E�@	LGJ�EKR

u
o ¯ PYnQC	\Q[fV+E�L

E�LfP�d�HKLf>%V¨JDdfP)JZPTADJ�R�\QLfFUJD@BE�L
φ(., ., y, s)

HKLf>�JDdfPyFTE�LfADJ!HKLGJ
k = v(y, s)

@	LGJZEb�8â�o � � � @	LGJZPU[]X!HKJZPyJDdfPXZPTAD\QC	JD@	LQ[uXZPUC^HKJD@BE�L�E�jkPUX
QT

ac@	JDdMXZPTADn9PTFUJYJZE
(y, s)

ob=
Lf>¶E�LiJDdfPgE�JDdfPUXNd�HKLf>%VWa�PxnQC	\Q[uJDdfPxJZPTADJ
R�\QLfFUJD@BE�L

φ(x, t, ., .)
HKLf>yJDdfP�FTE�LfAZJ!HKLGJ

k = u(x, t)
@	LGJZEg�:â�o��6� � @	LGJZPU[]X!HKJZP�JDdfP
X!PUAZ\QC	JD@	LQ[qXZPUC^HKJD@BE�L�E�jkPUX

QT
ac@	JDdqXZPTADn9PTFUJ�JZE

(x, t)
o × n9E�Lqn9PUX�R�E�XDlY@	LQ[sJDdfP�LfPTFTPTAZA�HKXD_�F!d�HKLQ[6PcEKR j]HKXD@^HKhQCBPTAIVkHKLf>ql�HK¥G@	LQ[sAZE�lNP

PUCBPUlNPULGJ!HKXD_Y@B>QPULGJD@	J�_YJDX!HKLfA�R�E�XDl�HKJD@BE�LfA�@	L�JDd�P"@	LGJZPU[]X!HKLf>QA���acdQ@BF!dyFTE�LfAD@BADJ�EKR<H�>Q>�@	LQ[qHKLf>�AD\QhQJDX!H�FUJD@	LQ[
@B>QPULGJD@BFIHKC�R�\QLfFUJD@BE�LfA
HKLf>�HKXDX!HKLQ[]@	LQ[)AZ@	lY@�C^HKX�JZPUXDlNA��SVQa�P�[6PSJ�®

X n
1 + X n

2 + X n
3 + X n

4 ≥ 0,
�:â�o �]� �

acdfPUXZP X n
1

HKLf> X n
2

HKXZP~A!HKlNP~H�A
X1n

HKLf>
X2n

R�XZE�l � �]�U� ac@	JDd
ν(x, t, α)

V
µ(x, t, α)

HKLf>
F
XZPUnQC^H�FTPT>

hG_
u
V
v
HKLf>

F+ XZPTADn9PTFUJD@	jkPUC	_ko-prdG\fAIVQ@	Jc@BA"PIH�AD_yJZEYA!PTP�JDd�HKJI®

X n
1 →

∫

QT

(u(x, t) − v(x, t))+ψt(x, t)dxdt
H�A

n→ ∞,
�:â�o � �6�

HKLf>

X n
2 →

∫

QT

F+(u(x, t), v(x, t))g(x, t)ψx(x, t)dxdt
H�A

n→ ∞.
�:â�o � �6�

prdfP�XZPUl�HK@	LQ@	LQ[�JZPUXDlNA X n
3

HKLf> X n
4

FIHKL�h9P�acXD@	JDJZPULOH�ArR�E�C	CBE�a"AI®

X n
3 =

∫

Q4

F+(u(x+, t+), v(x−, t−))(g(x+, t+) − g(x−, t−))×

ψ(x, t)nξ
′

(y)ξ(s)dx dt dy ds,

�:â�o �U§ �

X n
4 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))
[
f(u(x+, t+))gx(x

−, t−)−

f(v(x−, t−))gx(x
+, t+)

]
ψ(x, t)ξ(y)ξ(s)dx dt dy ds,

�:â�o �I| �

� |



acdfPUXZP
x+ = x + y

2n

V
x− = x − y

2n

V
t+ = t + s

2n

HKLf>
t− = t − s

2n

V%J!HK¥6PULtR:E�X�AD@	lYnQC	@BFU@	J`_koqprdfPTAZP
J`a�EwJZPUXDlNA�ac@	C	C�h9P)JDXZPIHKJZPT>b@	Lf>QPUn9PULf>QPULGJDC	_kot=cJ�JDdQ@BA�n9E�@	LGJIV�@	J�@BA�a�E�XDJDdblNPULGJD@BE�LQ@	LQ[uJDd�HKJ�a�P)ac@	C	C
R�XZPT�G\fPULGJDC	_y\fAZP�JDdfP�R:E�C	CBE�ac@	LQ[NCBPUlYl�HqR�XZE�l � �Iz�� ®

Í-½G¾¢¾m¿¸O�Ã�ÂW@³Ñ
Γ ∈ Lip(R)

ÍUÆ]Î�Ê³Í³ÛrÌ�Í |Γ(u) − Γ(v)| ≤ C0|u− v| �WÎ�Ï�ÌSÕuÎ�Ï�Ì-ÑS×�Õ ÓTÎ�Ê:Ô�Õ

H(u, v) = sgn+(u− v)(Γ(u) − Γ(v))

ÍUÆ]Î�Ê³Í³Û�ÌSÍ |H(u, v) −H(u
′

, v
′

)| ≤ C0(|u− u
′ | + |v − v

′ | Ä8ÍTÌ!Ì
Ü�Ç�³����+Ì��w�NÆ9EDÞ&È6ß
¯ P�LfE�a¬ADJD\f>�_xJDdfP�J`a�ENJZPUXDlNA X n

3

HKLf> X n
4

o0pfXZE�l JDdfP�R:H�FUJ�JDd�HKJ
g ∈ W 1,∞(Q̄T )

VQa�PsXZPUl�HKXD¥xJDd�HKJ
R�E�X�H�o±P]o

(x, t, y, s) ∈ QT ×QT
V�arP�d�HIjkP]®

g(x−, t−) − g(x+, t+) = gx(x
−, t−)(−y/n) + gt(x

−, t−)(−s/n) + o

(
1

n

)

.

¯ P�HKCBAZEtXZPUl�HKXD¥¢JDd HKJYJDdfPxJZPUXDl
gx(x

+, t+)
@	L X n

4

FTE�\QCB>ih9PxXZPUnQC^H�FTPT>MhG_
gx(x

−, t−)
VWAZ@�L�FUPxJDdQ@BA

H�>Q>QA�HsJZPUXDlÅJDd�HKJrHKnQnQXZE6H�F!dfPTA
0
H�A
n
h9PTFTE�lNPTA�C^HKXD[6P]o�prdQ@BA�JZPUXDlÅac@	C	C h9P
E�lY@	JDJZPT>�JDdQXZE�\Q[]dfE�\QJracd�HKJ

R�E�C	CBE�a"A�HKLf>ga�P�>QPULfE�JZP�JDdfP�LfPUa X n
4

hG_ X̃ n
4

o
pfXZE�lµJDdfPTA!P�J`a�EqXZPUl�HKXD¥�AIVQa�P�XZPUacXD@	JZP X n
3

HKLf> X̃ n
4

JZE
[6PUJI®

X n
3 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))(f(u(x+, t+)) − f(v(x−, t−)))

(ygx(x
−, t−) + sgt(x

−, t−))ψ(x, t)ξ
′

(y)ξ(s)dx dt dy ds+ L(n),

�:â�o � â6�

acdfPUXZP L(n) → 0
H�A
n→ ∞ VfHKLf>

X̃ n
4 =

∫

Q4

sgn+(u(x+, t+) − v(x−, t−))(f(u(x+, t+)) − f(v(x−, t−)))

gx(x
−, t−)ψ(x, t)ξ(y)ξ(s)dx dt dy ds.

�:â�o � î]�

prdfP�JZPUXDl L(n)
ac@	C	C�HKCBAZE)h9P�E�lY@	JDJZPT>wR:E�X~AD@	lYnQC	@���FIHKJD@BE�LmHKLf>wa�P�>QPULfE�JZP�JDdfP�LfPUa X n

3

hG_ X̃ n
3

o~ê�PUJ
X n

34 = X̃ n
3 + X̃ n

4

VQdfPULfFTP�®

X n
34 =

X 1n
34

︷ ︸︸ ︷∫

Q4

F+(u(x+, t+), v(x−, t−))gx(x
−, t−)ψ(x, t)(yξ(y)ξ(s))ydx dt dy ds

+

X 2n
34

︷ ︸︸ ︷∫

Q4

F+(u(x+, t+), v(x−, t−)))gt(x
−, t−)ψ(x, t)(sξ(y)ξ(s))ydx dt dy ds .

�:â�o � »6�

£&L X 1n
34

HKLf> X 2n
34

V+JDdfP�JZPUXDl
ψ(x, t)

FTE�\QCB>�h9P�XZPUnQC^H�FTPT>¢hG_
ψ(x−, t−)

V<R:E�X�JDdQ@BAqHKCBAZEOH�>Q>QA�H�JZPUXDl
[6PUJDJD@	LQ[)AZl�HKC	C<acdfPUL

n → ∞ o ¯ P�¥kPTPUn�JDdfP�A�HKlNP�LfE�J!HKJD@BE�LfA�R:E�X X 1n
34

HKLf> X 2n
34

o � @	LfFTP
yξ(y)ξ(s)

@BA
HqFTE�lYn�H�FUJDC	_gAD\Qnfn9E�XDJZPT>�ADlNEGE�JDdgR�\QLfFUJD@BE�L�@	L Q4

VQa�P�d�HIjkP]®
∫

Q4

F+(u(x−, t−), v(x−, t−))gx(x
−, t−)ψ(x−, t−)(yξ(y)ξ(s))ydx dt dy ds = 0.

�:â�o �Iz �

�]â



ºwE�XZPTE�jkPUXIVfAD@	LfFTP
F+(u, v)

@BA"ê�@	nfAZF!dQ@	JD�6Vfa�P�E�hQJ!HK@	L�®
∣
∣
∣
∣
X 1n

34 −
∫

Q4

F+(u(x−, t−), v(x−, t−))gx(x
−, t−)ψ(x−, t−)(yξ(y)ξ(s))ydx dt dy ds

∣
∣
∣
∣

≤Mf (gx)
∞ψ∞

∫

Kψ

∫

B2

1

|u(x+, t+) − u(x−, t−)|dx dt dy ds,

�:â�o�� { �

acdfPUXZP
Kψ

@BA�JDdfPYAZ\QnQn9E�XDJsEKR
ψ
oYprdfPUXZPSR�E�XZP]V<hG_wJDdfPNê�PUh9PTAD[]\fPN}~@�´%PUXZPULGJD@^HKJD@BE�L�®K}�E�lY@	L HKJZPT>¢prdfPTEK�

XZPUlNAIVQa�P�>QPT>�\fFTPsJDd�HKJ"JDdfP�XD@	[]dGJ"d�HKLf>�AD@B>QPsEKRc�:â�o�� { �rJZPULf>QA"JZE
0
H�A
n→ ∞ V�dfPULfFTPsa�P�d�HIjkP]®

X 1n
34 → 0

H�A
n→ ∞.

�:â�o�� � �
£&LbHgAZ@	lY@	C^HKX�arHI_tarP�FIHKL¢ADdfE�aéJDd�HKJ X 2n

34 → 0
H�A
n → ∞ ox²¨H�AZAD@	LQ[wJZE�JDdfPNC	@	lY@	JqH�A

n → ∞ @	L
�:â�o �]� ��_�@BPUCB>QA��:â�o�î]�SVQacdQ@BF!dwFTE�LfFUC	\f>QPTA"JZdfP�nQXZEGEKR-EKR¨ADJZPUnw��o

ò ûI½a"ð ¼�
u(x, t) ≤ v(x, t)

¿�Ã	½fÃ�ù�ü
QT

Ã
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0 < t1 < t2 < min(T, a
ω
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A(t1) ≥ A(t2).
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(x, t) ∈ QT

®

(u(x, t) − v(x, t))+ ≤ (u(x, t) − u0(x))+ + (v(x, t) − v0(x))− + (u0(x) − v0(x))+.
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u0(x) ≤ v0(x)
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(x, t) ∈ QT
®

(u(x, t) − v(x, t))+ ≤ (u(x, t) − u0(x))+ + (v(x, t) − v0(x))−.
�:â�o��]�6�

× AD@	LQ[w�:â�o��]�6��R�E�X
τ ∈ (0, T )

VQa�P�[6PSJ�®

1

τ

∫ τ

0
A(t)dt ≤ 1

τ

∫ τ

0

∫

Ba

(u(x, t) − v(x, t))+dx dt ≤

1

τ

∫ τ

0

∫

Ba

(u(x, t) − u0(x))+dx dt+
1

τ

∫ τ

0

∫

Ba

(v(x, t) − v0(x))−dx dt.

�:â�o��]�6�

pQXZE�là�:â�o | �SV+�:â�o�â6�cHKLf>gJDdfP�n�H�AZA!HK[6P�J!EqJDdfP�C	@	lY@	J
H�A
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τ

∫ τ

0
A(t)dt→ 0

H�A
τ → 0.
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(0, τ)
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A(t) ≥ 0

R:E�X�H�o±P�o
t ∈ (0,min(T, a

ω
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A(t) = 0
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a

ω
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u(x, t) ≤ v(x, t)
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µ(x, t, α)
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g ∈ C1(Q̄T )
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g ∈ W 1,∞(Q̄T )
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