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Plan of talk

1. E ective microscopic  interface mo dels
1.1. 2D Ising model ) Eective interface mo dels
1.2. r ' interface mo del

2. Scaling limits

2.1. Static theory
- Large deviation principle
- Free boundary problem (Alt-Caa relli)
- Wul shape, Winterb ottom shape

2.2. Dynamic theory | Hydro dynamic limit
- Motion by mean curvature with anisotrop y
- Evolutiona ry variational ineq. (obstacle)
- Sto chastic PDE with re ection

2.3. SOS model (motion of Young diagrams)
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1.1. 2D Ising mo del) E ective Interface  mo dels

s= fsxgyo .2 f0;1g : cong. on a large box - Z2
= (s): contours separating two regions
Energy (Hamiltonian) of s:

H(s) = | j (+ constant )
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1. Possible cong. 2. Neglected cong.
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(1) Cong.'s in Fig. 2 (with bubbles) appear with very small
probabilit y at low temp erature.

(2) One can disregard such cong.'s and assume that only
cong.'s in Fig. 1 can app ear.

(3) Such cong.'s s are represented by height variables
=f 59:[ ;]\ 2! Z
which measure distances of from one xed reference
axis (hyp erplane).

(4) For such |, the enﬁrgy H(s) has another form:
H( ) = i i ji(+ constant )
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| The model of random interfaces with the energy H
Is called SOS (Solid on Solid) mo del.

| r ' interface mo del is obtained by replacing \ ;2 Z"
with \ ;2 R", and j ; j] with V( i)
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1.2. r ' Interface mo del

surface (interface) in R9*1
separating A=B phases
(no hang-over nor bubble)

A onbeface

(maano)

ien, 5<
/

D RY: macroscopic region (reference hyp erplane)
Dy = ND A 79: discrete microscopic region
N : size of microscopic system

i. height of micro interface (of atomic level) at i 2 Dy
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Surface Energy of

H( ) =

X

h;j i

= 1 i0i2Dy

V(i

DN

Dy ! R

i)

(with  bounda ry condition)

V:R! R;
potential

Equilib rium State (Gibbs measure) :

1
d = —e
Z

H( )

Y

i2D

d

Z : normalization
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2. Scaling Lim

Its.

Micro : Large-scale system

3

y local equilib ria (lo cal ergo dicit y)
Macro : Variational principle, Nonlinea r PDE

Static theory: Scaling Ilimit in space

Hydro dynamic

limit;

Space-time scaling limit
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2.1. Static theo ry

Scaling (Micro ! Macro) :
1
N _ .
h (X) = ﬁ [N X] x2 D
micro macro
Surface Tension: = (u);u2 RY

= macro energy for a surface with slide u
(determined by averaging or ergo dicit y)
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Large deviation principle (Deuschel-Giacomin-lo e '‘00)

N h i expf N9 p(h)g;, h:D! R; given
. 7

y 4=

p(h) = (r h(x)) dx| (+const )
D

‘T otal surface tension

Add weak pinning (self potential W to (F-Sak agawa '04) :

WonN  h expf N9 Y(h)g

D(hy= p(h) Afx2D;h(x) O0g (+const )
A= WH1) W(1 )

W Gibbs measure d%(ned from

HW( )= H()+ W( )
i2D N
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(1) LLN under W: hN 1 h: minimizer of Y

(2) Such variational problems were discussed by Alt-
Caa relli ('81), A-C-F riedman ('84), Weiss ('95),
Free boundary problem (Y oung's relation)

(3) Wul Shape
(under Wall+V olume constraint)
Winterb ottom Shap e (under Wall+V olume
constraint + -pinning, Bolthausen-loe  '97)
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2.2. Dynamic theo ry.

(t) = T (1) di2p,: Microscopic dynamics (with equilib rium
state ) is intro duced via Langevin equation (=SDES):

d (t) = %( (t)) dt + p§dwi(t); 12 Dy ;

where
@3 X
—@_< ) = vl )
I c e e
NI

fwi(t)g: indep endent Bro wnian motions
Space-time diusive scaling :

1
hN(t; x) = N inx](N“)
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Hydro dynamic limit ;: hN(t;x) ! h(t;x) The limit h(t; x)
IS a unique weak solution of the nonlinea r PDE (Motion by
mean curvature with anisotrop y, F-Sp ohn '97):

%(t) = div fr (r h(t)) g
xd
o o(r h(t)
k=1 = K =k
() Gradient o w for p:

@ D

= = h

@ nxol"

q
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Dynamics on a wall: (t) = f j(t) 0gj2p, (with repul-
sion from a wall put at level 0):

d i(t) = %( (1)) dt+ © 2dwi(t)

+ if t=N 2; x=N; (=N dt+ d(t)
N 7
AN 1 AN
i(t) 0; i(t) %; ; i(t)dj(t) =0
i(t) increases only when (t) = 0 (d'i(t) o( (1)) dt)
f = f(t;x; h): macroscopic external eld
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The

V= HYTYH;vO=H (T, (;)=yo(;)yv or(; ) L2(Td)

Hydro dynamic limit (on D = T9, F '03):

limit h(t; x) i1s a unique solution of the Evolution-
ary Variational Inequalit y (MMC with re ection (obstacle)):

h 2 L2(O;T;V); %2 L2(O;T;V(3 8T > 0;

(f (t; h(t)) ;h(t) v); ae.t
v2vVv:v 0;
h(t;x) O a.e.,
h(0;x) = ho(x)

%(t);h(t) v+ (r (rh());rh() rv)
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Equilib rium uctuation on D = [0;1] (F-Olla '01)
uN (t; x) = Ioﬁh'\'(t; x) ( 0)) u(tx)

The limit u(t; x) is a unigue weak stationa ry solution of the
SPDE with reection (Nuala rt-P ardoux type):

%(t; X) = q@i;(t; x) + B(x) + (tx)
1 41
u(t; x) 0O; u(t; x) (dtdx) = O
0 O
u(t; 0) = u(t; 1) = O; . random measure

where B(t; X) is a space-time white noise and g> 0. (We
assume f = 0).
Dynamic large deviation and Relation to static LD
(F-Nishik awa '01)
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2.3. SOS decreasing surfaces, 2D Young diagrams

Vershik ('96) discussed scaling limits for 2D Young di-
agrams under several types of statistics and derived the
so-called Vershik curves in the limit.

Our goal is to establish corresp onding dynamical theory
by means of hydro dynamic limit.

Our model is viewed as describing a motion of (decreas-
Ing) interfaces in 2D space, called SOS dynamics.

jointly with Makik o Sasada (Univ. T okyo)
to appear in Comm. Math. Phys.
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2.3.1.

2.3.2.

2.3.3.

2.3.4.

2.3.5.

Ensembles for 2D Young diagrams

Scaling limits,

Vershik curves

Dynamics (WAZRP , WASEP with sto chastic reservoir

at bounda ry)
Hydro dynamic

Problems

limits
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2.3.1. Ensembles for 2D Young diagrams

Partitions of integers:

Pn= fp= (p1;p2;::)jp1 P2 O;n(p) = ng;
»®
n(p) := Pi
=1
Qn= fa= (g1;0;::)) 2 Pnjg > g+ if g > 0g;
P=1[nPn; Q= 1[n0Qn

For p2 P, we associate a Young diagram:

*
p(u) := ltysp,gg U 0:
i=1
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p2P:

n(p) =22

p5 p2 p
p3
1

p=(7

'6,4,4,1
1 ’O

0

)

q2 Q:

n(q) =21

g5
g4
g3
g2
ql

q=(7
,6,4,3,1
] ’O
, 0
.

20( )



canonical ensembles :
Unifo rm statistics (U-statistics)

[‘J:: unifo rm prob. meas. on Pp
Restricted unifo rm statistics (RU-statistics)
B := unifo rm prob. meas. on Qp

grandcanonical ensembles: O<"<1
U-statistics 'L'J(p) = ( "n(P): p2 P

)
1 )"n(Q), q2 Q

RU-statistics R S(q) = 7"
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2.3.2. Scaling limits

For N > 0, dene " "(N) = U(N) R(N) by
E un(p)] = E R[N(q)] =

(i.e., the averaged areas of YD = N?2). Then,
WN)= 1+ = p
u(N) N 19—6

"R(N)=1 —+ ; = p—=

R(N) N B

P —

cf. Hardy-Ramanujan's formula: ]Pn Zpl§_nez

Scaling for Young diagrams: For p2 P,

1
'”B'(u) = N p(Nu); u> 0:

1).

(i.,e., the averaged areas of scaled YD
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Prop osition 1. (V ershik, '96, LLN under [J(N); gN))

~N : "(N).
o (U) Nll u(u) In prob. under | 7;
~N(u) r(U) In prob. under “(N).
N1 | R
where
1 u
u(uy= —log 1 e ,
1 u
r(U) = —log 1+ e , u O:

The Ilimit shapes are called the Vershik curves.

Rema rk 1.
(1) Simila r results hold under canonical ensembles.
(2) y= y, e +e¥=1 y= gu, e¥ e Y=1.



Vershik curves
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2.3.3. Dynamics inva riant under grandcanonical en-
sembles
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(x) = Ifi;pi = xg p(x 1)

p(X): gradient of
(x) :

P
Ifi;q=xg, x22Z, = 10;1;2;:::0:

U- case: RU- case:




U-statistics: (Xx)2Z,;x2N=11;2;:::9;, (0) = 1
W eakly asymmetric zero-range process with weakly asym-
metric sto chastic reservoir at x = 0, I.e.,

\one-pa rticle jump rate x 7! x+ 1" = "( "(N)): x2 Z,
(.,e. a square is created on the surface of YD at interval [x;x+ 1])
\one-pa rticle jump rate x 7' x 1" = 1; x2 N

(i.,e. a square on the surface at [x 1;x] is eliminated)

RU-statistics: (x) 2 f0;1g; x 2 N; 0 =1

W eakly asymmetric simple exclusion process with weakly
asymmetric sto chastic reservoir at x = 0, i.e., same jump
rates as above under exclusion rule.
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2.3.4. Hydro dynamic limit

Diusive scaling in space and time:

U-case
WAZRP  t= T t(X)Ox2z, ! pt2P ! p(u)
I D (t;u) dened by
1
"pN(t; u) = ~pNN2t(u) N py2,(Nu); u>0:

RU-case
WASEP ¢ ! 2Q ! ~3(tu) dened similarly.
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Theo rem 2. (U-case) If =)' (0;u) ! o(u), then

NI1

~S|(t; u) N'!1 u(t; u) in prob:

The limit  y(t; u) Is a solution of nonlinea r PDE:
@ =f =0 9+ =@ 93 u>o0;
0;)= o();
(;0+) =1; (t1)= 0;
where @ = @ =@ %= @ =@ (< 0).

Rema rk 2. Vershik curve | is a stationa ry sol of this PDE.
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Theo rem 3. (RU-case) If ~3' (O;u) I\“!1 o(u), then

~qN(t; u) I\”!1 r(t; u) in prob:
The limit R(t;u) is a solution of nonlinea r PDE:
@ = % T+ 9 u>o
0;)= o();

At 0+) =

(t;1 ) = O:

N|

Rema rk 3. Vershik curve g is a stationa ry sol of this PDE.
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2.3.5. Problems

Surface diusion: conservative dynamics (asso ciated with
the canonical ensembles)

3D case: Limit shapes of scaled surfaces under static en-
sembles are studied by Cerf, Keny on, Ok ounk ov. Dynamics
associated with the grandcanonical ensemble can be con-
structed: Weakly asymmetric simple dimer process on a
honeycomb lattice .
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End of slides. Click [END] to nish the presentation.
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