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k�l	monqpsr`ptmvu

6xw�y�?j)$zZA|{`1})$%`{71})$%	zZy})�~ ; B=zZA(' ; y�@2z�?Z% ;V� B*�$�x)���6���~ ; z}~�B�@x� ; %(�x)��0A(% ; zZ#>)$%
uε ∈ H1

0 ((0, 1))A`)$BE�&z})�./? ; zZ%+A ; zZA`)�� ; y}{$A(' ; y
v ∈ H1

0 ((0, 1))
∫ 1

0
a
(x

ε

) duε

dx

dv

dx
=

∫ 1

0
fv.

w�y�#>!$%('g�0)	)$y�zZA('=B='*~7@2yMA�B*)K~�@2%(<�zZ�x)$yMA`~�10@ � '=A(z})$B*~��&z})�B*)�?Z% ;V� B*�$�x)�)K~(A � '*)$y�? ; ~`!x�S{G�(9Z{ ; zZ%`~N�G9

�O��)�?Z% ;V� B*�$�x)_�/'*~`{$%`)$A+~8��!K{$%('=A_�/A(% ; zZ#>)$%
uε

h ∈ Vh
A`)$BE�&z})�./? ; zZ%+A ; zZA`)�� ; y}{$A(' ; y

v ∈ Vh

∫ 1

0
a
(x

ε

) duε
h

dx

dv

dx
=

∫ 1

0
fv,

;V�
Vh = Vect(φ1, . . . , φI−1)

)K~(A�BT��)K~(?0@V{K)x����!$B*!$�x)$y&A`~|�}yZ'*~89���y�zZA('=B='*~N@2yMA	B*)_�T@2'=A	�Mz})
uε

h(x) =
∑I−1

i=1 U
ε
i φi(x)

)$A��&z�� '=B]~(z/�xA �Z)OA`)K~(A`)$% { ; yMA(%`)�B*)K~	� ; y}{$A(' ; y}~
v = φj

? ; zZ%
j = 1, . . . , I − 1

.
; y ;V� A('*)$yMA�B*)�?Z% ;V� B*�$�x)��/'*~`{$%`)$A	��A(% ; zZ#>)$%

U ε = (U ε
1 , . . . , U

ε
I−1)

A`)$B��Mz})
AεU ε = F,

@8#>)K{�? ; zZ%
i, j = 1, . . . , I − 1

Aε
i,j =

∫ 1

0
a
(x

ε

) dφi

dx

dφj

dx)$A

Fi =

∫ 1

0
fφi.

3���y�zZA('=B='*~N@2yMA�B*)|{ ; zZ%`~8. ; y�~7@2'=A��Mz})�.Z�&z0@2y}�
ε
A`)$y}��#>)$%`~

0
.
a(·/ε)

{ ; yM#>)$%(<>)|�T@2' � B*)$�x)$yMA �S�}@2y}~
L2 �]#>)$%`~�B�@ � ;8  )$yZy})��Z) a � 〈a〉 =

∫ 1
0 a
9Z¡t@2%�{ ; y}~`!K�Mz})$y&A8. ; y ;V� A('*)$y&A�'=�O�x!K�/'�@2A`)$�x)$yMA|�&z})

Aε

{ ; yM#>)$%(<>)�#>)$%`~
A0 @K#>)K{|? ; zZ% i, j = 1, . . . , I − 1

A0
i,j = 〈a〉

∫ 1

0

dφi

dx

dφj

dx
.

¢ ��)�?Z% ;V� B*�$�x)��/'*~`{$%`)$A
A0U0 = F

{ ; %(%`)K~(? ; y}�¤£�B�@��/'*~7{$%`!$A('*~7@2A(' ; y¥?0@2%d!$B*!$�Oy})$y&A`~x�}yZ'*~x�/z
?Z% ;V� B*�$�x)�{ ; y&A('=yMz

{

−〈a〉 d2

dx2u
0 = f,

u0(0) = u0(1) = 0.

¦�w�y�@�#&z�)$y�{ ; zZ%`~��&z})�B*)
uε �eB�@_~ ; B=zZA(' ; y§�/z�?Z% ;V� B*�$�x)�{ ; y&A('=yMz���6��(�]{ ; yM#>)$%(<>)�.Z�&z0@2y}� ε A`)$y}�#>)$%`~

0
./#>)$%`~

u∗
~ ; B=zZA(' ; y��/z�?Z% ;V� B*�$�x)	1 ; � ; <>!$y}!$'*~`!











−
d

dx

(

1
〈

1
a

〉

d

dx
u∗
)

= f
~(zZ%

(0, 1),

u∗(0) = u∗(1) = 0.
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a
y���)K~`A ?0@V~xzZy})�{ ; y}~`A7@2yMA`)�� 1

〈 1
a〉

6= 〈a〉
)$A8.s?0@2%x{ ; y}~7!K�Mz})$y&A8.

u0 6= u∗
9 : )K{$'

'=B=B=z}~(A(%`)�B*)x�T@2'=A_�&z})d~`' ; y y�� zZA('=B='*~`)d?0@V~_zZy �d@2'=B=B�@2<>)�@V~7~`) � �}y ? ; zZ%�{ ; %(%`)K{$A`)$�x)$yMAx�/'*~`{$%`!$A('*~7)$%
B*)K~ ; ~`{$'=B=B�@2A(' ; y}~ �Z)

a(·/ε)
./B*)�%`!K~(zZB=A7@2A � ; yZy}!�?0@2%IB�@_�x!$A(1 ; �Z)��Z)K~I!$B*!$�x)$yMA`~I�}yZ'*~ )K~`A]�d@2zZ#�@2'*~`)�9

� y})�@2zZA(%`)��d@2yZ'*�$%`)|��� '=y&A`)$%(?Z%`!$A`)$%�{K)K~I%`!K~(zZB=A7@2A`~ )K~`AI�Z)��/'=%`)|�&z})�B*)K~]B='=�O'=A`)K~
h→ 0

)$A
ε→ 0

y})
{ ; �O��zZA`)$y&A�?0@V~�9

k�l	monqpsr`ptm��

6�� BT� @2'*�Z)��/z A(1}! ; %`�$�x)��/9 �/9 ¢ �/z¤¡ ; B   { ; ?Z'*!�. ?ZzZ'*~7�Mz})
E[
∫ t
0 s

2ds] = t3/3 < ∞
.oBT� '=y&A`!$<�%7@2B*)

~(A ; {`10@V~(A('*�&z})
Xt =

∫ t
0 sdWs

)K~(A � '*)$y��Z!G�}yZ'*)	)$A�'=BE~8� @2<�'=A���� zZy})
(Ft)

4T�d@2%(A('=yZ<M@2B*)�{ ; yMA('=y&z})�9qw�y
@
E[X2

t ] = t3/3
)$A
Xt =

∫ t
0 sdWs = limn→+∞

∑2n−1
i=0

it
2n (W (i+1)t

2n
−W it

2n
)
�}@2y}~

L2 9

�	w�yO~7@2'=A �&z�� zZy})I#V@2%('�@ � B*)�@2B*!8@2A ; '=%`) �&zZ'Z)K~(A�B�@�B='=�O'=A`) )$yOB ; '/��� zZy})+~(zZ'=A`)I�Z)I#j9 @/92<M@2z}~`~('*)$yZy})K~ )K~(A
zZy})�<M@2z}~7~('*)$yZy})�9&¡ zZ'*~`�Mz})+B*) � ; zZ#>)$�x)$yMA � % ;
	 yZ'*)$y�)K~(A]zZyx?Z% ; {K)K~`~(z}~ <M@2z}~7~('*)$y�.>'=Bq@2?Z?0@2%7@��*A��&z})
Xt
�e%`)K~(?�9

Yt
�])K~(AIB�@_B='=�O'=A`)|)$y�B ; 'q�Z)K~I~(zZ'=A`)K~ �Z)�<M@2z}~`~`'*)$yZy})K~ ∑2n−1

i=0
it
2n (W (i+1)t

2n
−W it

2n
)
�e%`)K~(?�9

t2−n
∑2n−1

i=0 W it
2n

�G95�E@+#j9 @
Xt
)K~(As@2'=y}~`'&zZy}) #j9 @�<M@2z}~`~('*)$yZy})�{K)$yMA(%`!K)|�

E(Xt) = 0
{8@2%

(Xt, t ≥ 0)
�d@2%(A('=yZ<M@2B*)��s)$As�Z) #V@2%('�@2y}{K)

E[X2
t ] = t3/3

95¡t@2%tB*) A(1}! ; %`�$�x)I�Z)�
}z � '=yZ'T.
E(Yt) =

∫ t
0 E(Ws)ds =

0
)$A
E(Y 2

t ) =
∫ t
0

∫ t
0 E(WsWu)dsdu =

∫ t
0

∫ t
0 s∧udsdu =

∫ t
0 (u2/2+u(t−u))du = t3/2−t3/6 =

t3/3
9��+'=y}~('T.

Xt
)$A
Yt
~(zZ'=#>)$y&A�A ; zZA`)K~+�Z)$z��§B�@ B ; '

N (0, t3/3)
9

3�� ; '*)$yMA
0 ≤ t1 < · · · < tk

)$A
λ1, . . . λk ∈ R

9ow�y !K{$%('=AO{ ; �O�x)�£�B�@��&z})K~(A(' ; y ?Z%`!K{K!K�Z)$yMA`)
∑k

i=1 λiXti

)$A ∑k
i=1 λiYti

{ ; �O�x)IB�@�B='=�O'=A`) �Z)I~ ; �O�x)K~��/'*~`{$%`�$A`)K~89���yOzZA('=B='*~N@2yMA�zZy})�� ; '*~�)$y}{ ; %`)
�&z})�B*)�� ; zZ#>)$�x)$yMA � % ;
	 yZ'*)$y�!$A7@2yMA�zZy�?Z% ; {K)K~`~`z}~|<M@2z}~`~('*)$y�.q'=B�#�'*)$yMA|?0@2%|?0@V~`~N@2<>)x£�B�@�B='=�O'=A`)
�&z}) ∑k

i=1 λiXti

)$A ∑k
i=1 λiYti

~ ; y&A+�Z)K~ #q9 @ <M@2z}~`~('*)$yZy})K~89

¢ ¡ ; zZ%
t′ > t

. ; y¤@
Xt′ − Xt = limn→+∞

∑2n−1
i=0

i(t′−t)
2n (W (i+1)(t′−t)

2n +t
− W i(t′−t)

2n +t
)
�}@2y}~

L2 9 : 10@V�&z})�@V{K{$% ; '*~`~7)$�x)$yMA W (i+1)(t′−t)
2n +t

−W i(t′−t)
2n +t

!$A7@2yMA�'=y}�Z!$?q)$y}�}@2yMA��Z)
Ft
./'=B�#�'*)$yMA+�&z})

B�@�~ ; �O�x)d)K~(A !$<M@2B*)$�x)$yMA�'=y}�Z!$?q)$y}�}@2yMA`)§�Z)
Ft
.s)$A_)$y ?0@V~`~7@2y&A�£�B�@§B='=�O'=A`)��Mz})

Xt′ − Xt
)K~(A

'=y}�Z!$?q)$y}�}@2yMA��Z)
Ft
9 � y ?0@2%(A('*{$zZB='*)$%8.

Xt′ − Xt
)K~`A§'=y}�Z!$?j)$y}�}@2y&A��Z)

Xt
)$A�� ; y}{

E[(Xt′ −
Xt)Xt] = E[Xt′ −Xt]E[Xt] = 0

9q¡t@2%|{ ; y}~`!K�&z})$yMA8.
E[Xt′Xt] = E[X2

t ] = t3/3
9j�E)_?Z% ; {K)K~`~(z}~

(Xt, t ≥ 0)
)K~(A+� ; y}{	zZy�?Z% ; {K)K~7~(z}~�<M@2z}~`~`'*)$y�{K)$yMA(%`!��e'T9�)�9

∀t ≥ 0,E(Xt) = 0
� )$A+�Z)	{ ; #�@2%('�@2y}{K)

E[Xt′Xt] = (t ∧ t′)3/3
9o��)d?Z% ; {K)K~`~(z}~

(Wt3/3, t ≥ 0)
)K~`A_!$<M@2B*)$�x)$yMAOzZy ?Z% ; {K)K~`~(z}~_<M@2z}~`~('*)$y

{K)$yMA(%`!]�Z) { ; #�@2%('�@2y}{K)
E[W(t′)3/3Wt3/3] = (t∧t′)3/3

�KB*)K~�?Z% ; {K)K~`~`z}~
(Xt, t ≥ 0)

)$A
(Wt3/3, t ≥ 0); yMA§� ; y}{����$�x)�B ; 'T9]¡ ; zZ%

t′ > t
. ; y @�?0@2%dB*)�A(1}! ; %`�$�x)��Z)�
Zz � '=yZ'

E[Yt′Yt] =
∫ t
0

∫ t′

0 s ∧

udsdu =
∫ t
0 (u2/2+ (t′ −u)u)du = t2

2 (t′− t/3)
�
(Yt, t ≥ 0)

)K~(A zZy�?Z% ; {K)K~`~(z}~ <M@2z}~7~('*)$y�{K)$y&A(%`!
�Z)�{ ; #�@2%('�@2y}{K) min(t,t′)2

2 (max(t, t′) − min(t, t′)/3)
)$A�y�� @�?0@V~ B�@����$�x)�B ; ' �&z})dB*)�?Z% ; {K)K~`~(z}~

(Xt, t ≥ 0)
9 : )K{$'�y���)K~(A ?0@V~ { ; y&A(%7@V�/'*{$A ; '=%`)�@K#>)K{�B�@��Mz})K~`A(' ; y � �s)$y )���)$A ~('��Z)$z���?Z% ; {K)K~`~(z}~

; yMA�B�@����$�x)OB ; 'T.qB*)$zZ%`~	B ; '*~��d@2%(<�'=y0@2B*)K~ ~ ; yMA|'*�Z)$y&A('*�Mz})K~��d@2'*~|B�@�%`!K{$'=?Z% ; �Mz})x)$A��T@2z}~`~`)�9���)$z��
?Z% ; {K)K~`~(z}~�?q)$zZ#>)$yMAo@K# ; '=%EB*)K~����$�x)K~�B ; '*~��d@2%(<�'=y0@2B*)K~t)$A�?Z%`!K~`)$yMA`)$%t�Z)K~�~(A(%(z}{$A(zZ%`)K~t�Z)��Z!$?j)$y}�}@2y}{K)
'=yMA`)$%(A`)$�O? ; %`)$B=B*)_A(%`�K~��/'��q!$%`)$y&A`)K~ �S{G�(9Z���Z)$%`{$'*{K)�¦/9 3/9 ¦�? ; zZ%�zZy�@2zZA(%`)�)��Z)$�O?ZB*)��G9

¦���y¥@2?Z?ZB='*�Mz0@2y&AxB�@�� ; %(�_zZB*)§����� A ��£
f(t,Wt)

;V�
f(t, x) = tx

. ; y ;V� A('*)$y&Ax'=�O�x!K�/'�@2A`)$�x)$yMA
BT��!$<M@2B='=A`!x�Z)$�d@2y}�Z!K)�9!� Boy��   @d?0@V~��Z)O{ ; yMA(%7@V�/'*{$A(' ; y ��~`'

Xt
@����$�x)�B ; ' �&z})

Yt
.
Xt
y���)K~`A|?0@V~

? ; zZ%�@2zZA7@2yMA�?�9�~89Z!$<M@2Bs£
Yt
)$A
Xt − Yt = tWt 6= 0.

�



�|��y�~(zZ'=#�@2yMA BT��)��Z)$�O?ZB*)+�/zd? ; B   { ; ?Z'*!�. ; yd!K{$%('=A�)$yxzZA('=B='*~7@2y&A]�&z}) B*)K~ A(%7@��()K{$A ; '=%`)K~]�Z)
(Xt, t ≥ 0)~ ; y&A�?�9�~89Z{ ; yMA('=y&z})K~��

{τ1 ≤ t} = ∩n∈N∗ ∪s∈[0,t]∩Q {Xs > 1 − 1/n},

{K)O�&zZ' � ; yZy})
{τ1 ≤ t} ∈ Ft

9Ew�y ;V� A('*)$y&A_@2'=y}~(' �&z})
τ1
)K~`A|zZy

Ft
4TA`)$�O?}~	��� @2%(% �$A	)$A|A ; z�� ; zZ%`~

)$y�zZA('=B='*~N@2yMA�B�@�{ ; yMA('=yMzZ'=A`!��Z)K~	A(%7@��()K{$A ; '=%`)K~8. ; y @�?�9�~89=.
τ1 = inf{t ≥ 0, Xt = 1}

9!�&zZ?Z? ; ~ ; y}~
�&z�� '=B�)���'*~(A`)

T > 0
A`)$Bs�Mz})

P(τ1 ≤ T ) = 1
9Z¡t@2%�B*)�A(1}! ; %`�$�x)	��� @2%(% �$A�@2?Z?ZB='*�&z}!�£ B�@ �d@2%(A('=yZ<M@2B*)

(Xt, t ≥ 0)
. ; y�@2zZ%7@2'=A

E[Xτ1 ] = E[X0] = 0
.Z�d@2'*~�?0@2%�@2'=B=B*)$zZ%`~�.

Xτ1 = 1
?Z%`)K~`�Mz})|~��Z%`)$�x)$yMA�{K)

�&zZ'E)K~(A�{ ; yMA(%7@V�/'*{$A ; '=%`)�9

� ¡�zZ'*~7�Mz})
(Xt, t ≥ 0)

)$A
(Wt3/3, t ≥ 0)

; y&A����$�x)|B ; 'T.

τ1 = inf{t ≥ 0, Xt ≥ 1}
loi
= inf{t ≥ 0,Wt3/3 ≥ 1} = (3 inf{t ≥ 0,Wt ≥ 1})1/3.

�E@d�Z)$y}~('=A`!	�Z)
τ̃1
)K~(A+� ; yZy}!K)��}@2y}~�B*)|? ; B   { ; ?Z'*!|� ; %(�_zZB*)��"¦/9 � �G9}¡ ; zZ%

f
�q; %(y}!K)|�x)K~(zZ%7@ � B*)�. ; y

@O� ; y}{��
E[f(τ)] =

∫∞
0 f((3t)1/3) 1√

2πt3
exp(− 1

2t )dt =
∫∞
0 f(u)3

√
3 exp(−3/(2u3))√

2πu5
du
)$y�? ; ~7@2yMA

u = (3t)1/3 {K)|�MzZ'�� ; yZy})�B�@��Z)$y}~('=A`!	�Z) τ )$A E[τ ] <∞
9

� n��
	���
���m

�������������

w�y�@ {$B�@2'=%`)$�x)$yMA d
dt

(

exp
(

∫ t
0 A(s) ds

)

f(t)
)

≤ exp
(

∫ t
0 A(s) ds

)

B(t)
�S{8@2B*{$zZB��/z§���$�x)�A   ?j)

�&z})|? ; zZ% B*)|�E)$�O�x)��Z)���% ; y 	 @2B=B ��)$A+� ; y}{�.Z? ; zZ%
0 ≤ t0 ≤ t

.

f(t) ≤ exp

(

−

∫ t

0
A(s) ds

)
∫ t

0
exp

(
∫ s

0
A(r) dr

)

B(s) ds,

≤ exp

(

−

∫ t

0
A(s) ds

)(
∫ t0

0
exp

(
∫ s

0
A(r) dr

)

B(s) ds+

∫ t

t0

exp

(
∫ s

0
A(r) dr

)

B(s) ds

)

,

≤ exp

(

−

∫ t

0
A(s) ds

)
∫ t0

0
exp

(
∫ s

0
A(r) dr

)

B(s) ds+

∫ t

t0

exp

(

−

∫ t

s
A(r) dr

)

B(s)

A(s)
A(s) ds.

¡ ; zZ%
t0
@V~`~`) � <�%7@2y}��. A(t)

)K~(A�? ; ~('=A('g� ? ; zZ%�A ; zZA
t ≥ t0

)$A ; y�?q)$zZA|� ; y}{_�d@�� ; %`)$%�B*)_�Z)$%(yZ'*)$%
A`)$%(�x)	�Z)|B�@_�T@�� ; y�~(zZ'=#�@2yMA`)d�
∫ t

t0

exp

(

−

∫ t

s
A(r) dr

)

B(s)

A(s)
A(s) ds ≤ sup

(

B(t)

A(t)
, t ≥ t0

)
∫ t

t0

exp

(

−

∫ t

s
A(r) dr

)

A(s) ds,

≤ sup

(

B(t)

A(t)
, t ≥ t0

)

exp

(

−

∫ t

t0

A(r) dr

)

.

w�y ;V� A('*)$y&A�� ; y}{

f(t) ≤ exp

(

−

∫ t

0
A(s) ds

)
∫ t0

0
exp

(
∫ s

0
A(r) dr

)

B(s) ds+ sup

(

B(t)

A(t)
, t ≥ t0

)

,

?ZzZ'*~`�&z})
exp

(

−
∫ t
t0
A(r) dr

)

≤ 1
9q¡ ; zZ%

t0
@V~7~`) � <�%7@2y}��.jB*) ~`)K{ ; y}��A`)$%(�x)_)K~(A|@2z}~`~('t?q)$A('=A��&z})

BT� ; y�#>)$zZA8.Z)$A ; y��T@2'=AIA`)$y}�/%`)�)$y}~`zZ'=A`)�B*)+?Z%`)$�O'*)$% A`)$%(�x)�#>)$%`~�, �Mz0@2y}�
t→ ∞

9 : )K{$'q� ; y&A(%`)	�Mz})
limt→∞ f(t) = 0

9
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� P�\>[VP}PqD_Y&P�Hbh`DGY��2Dx\�Y�h`cNFNY�UWRTJ>R�JVPbJVU=[`LVY}DO\VQ F$^$h`D$R i � P�FGY8HMH/[2FKDx\>JVPZF�Y�P�Hbh`DGa�Q"D$h_R DGa�H0F XKYZD
H/[VY�h§RT[VY/R

n � An ∈]0, 1]
i � P�H/[VFKD

f ′n = fn − Bn/An
i � P J

f ′n+1 ≤ (1 − An)f ′n + B′
n

[��
B′

n = Bn/An − Bn+1/An+1
i�� JVh_h(c`^$Y&hGh`DGPb^7D � QeUoDGFGR JVU=[Vh7F	�KJ>^$QeU*DO\MD
�5[VQeh XKYZD+HZ[VY&h n, p ∈ N

∗ �[VP�J��

f ′n+p ≤ f ′n

n+p−1
∏

i=n

(1 −Ai) + max
1≤l≤k≤p

∣

∣

∣

∣

∣

n+k−1
∑

i=n+l−1

B′
i

∣

∣

∣

∣

∣

.


 [VQSR
ε > 0

i���Y�Q�FKX$YZD ∑n
i=1B

′
i = B1/A1 − Bn+1/An+1

J�Y�PjD�UWQ a�QSR D�X$YZJVPb\
n → +∞ � DGPY/RSQ UWQ�FKJVP0RsU=D�^KhNQSR��Gh`D|\MD���JVYZ^���� � QeUjD��VQ FGR D n > 0

R DGUjXKYZD
∀p ∈ N

∗,max1≤l≤k≤p |
∑n+k−1

i=n+l−1B
′
i| ≤

ε
i���P�H/J2F7FKJVP0R�J�Y U=[`L>J�hNQSR��MadD � [VP¥ax[VPbRSh(D�JVQ�F8cGadDGP0R+L�h��>^ND�J�Y������NH/[�R����GFKDNF�FNY�h

(An)
X$Y}D�U=D

Hbh([8\VY�QeR_R DGPb\��2DGhNF
0
U=[VhNF$X$Y}D

p → +∞
D$R�JVQePZFGQ

lim supn f
′
n ≤ ε

D$R�^7D�X$Y}DGUgXKYZD�FK[VQeR
ε
i�� J�h

^`[VP}FKc(X$Y}DGP0R
lim supn fn = lim supn f

′
n ≤ 0 � D$RqHbY�Q F$X$Y}D fn ≥ 0 � QeU �8QTDGP0RIX$Y}D limn fn = 0

i

� POFNY�H>H/[VFKD�\McNF$[�hNaxJVQ F F8DGY&U*DGadDGP0RsX$YZD
(An)

DNF$RqY&PjDIFNY�QeR D"!([VhGPjc`D8i$#_JVPZF ^7D�^7J2F
Bn

R DGPb\%�VDGh7F
0 �D$RI[VP�J

fn+1 ≤ Bn
Ug[�h7FKX$YZD

An > 1
i 
 Q

∃N,∀n ≥ N,An ∈]0, 1]
[VP�DNF$R�\>J�PZF|U=D ^`J2FIHjh(c(^Nc(\MDGP0R

D$R FNQePb[VP�QeU�D&�VQ�F$R D|Y�PjD	Q P('KD(^8RSQS[VP�^$h([VQ�FNF$JVPbR D
i : N → N

R DGU U*D_X$YZD
{n,An > 1} = {i(n), n ∈ N}

i
� P�J

fi(n)+1 → 0 � D$R]DGP�Y�RSQeU Q F$J�P0RoY&PqD|axJ�'K[Vh(J�RSQS[�P§FNQea�Q U=JVQeh(D�f�UgJ�Hbh`c(^7c(\MD$P0R DxDGP0RSh`D	U=DNF�QePb\VQ"^7DNF
i(n) + 1

D$R
i(n+ 1) � [VP�[�!$RSQTDGP0R�X$Y}D limn fn = 0

i

��P h`D��5JVPj^��/D � U=D�h`cNFGY&UgRTJ�Rx\MD���Q"DGPbR��KJVY)� FNQ (An)
P+* DNF$R HbUWY&F�FNY�H>H/[2F8c`D�!([�hNPjc7D8i � P Hbh`DGPb\�HZJVh

D��MD$a+HjU=D
Bn = 1/(n + 1) � An = 1

D$R
fn = 1/4

FNQ
n
DGFGR�Q a�H/J�Q h�DKR

Bn = 1 � An = n/2
D$R

fn = 1/n
FNQ
n
DNF$R�HZJVQ h8i

���������������

� �G9=6�¡t@2%xB*)�A(1}! ; %`�$�x)��Z) : @2z}{`1   4 ��'=?}~7{`1Z'=A � .�B�@�~ ; B=zZA(' ; y¤)K~(A � '*)$y¥�Z!G�}yZ'*)�? ; zZ%OA ; zZAxA`)$�O?}~�.
?ZzZ'*~`�&z})

X(t)
#�'=A+�}@2y}~�B*)	{ ; �O?0@V{$A

T
9 � y&A(zZ'=A('=#>)$�x)$yMA8. ; y�# ; '=A��Mz})

X(t) , �Z)K~`{K)$y}��B*)|<�%7@V�/'*)$yMA�Z)
H - )$At#�@+� ; y}{I{ ; yM#>)$%(<>)$%�#>)$%`~ozZy �O'=yZ'=��zZ� B ; {8@2B/�Z) H �S~7@2z/�b~('

X(0)
)K~(AozZy_? ; '=yMAo%`!8@2B='*~7@2y&A

zZy��d@��/'=��zZ� B ; {8@2B��Z)
H
@2z}�Mz})$Bs{8@V~

X(t)
)K~(A�{ ; y}~(A7@2yMAN�G9

��h([VY��5[VPZF�. U*D8i��IU Y&F�Hbh`c(^$Q FKcGadDGP0R � ax[VP0RSh([VPZF�X$Y}DdFNQ H H/[VF7F/�`\MD�Y&P Pb[�a0!$h(D"1 P0Q \&D	H/[VQeP0ReFd^$hNQ�.
RSQ"X$YZDGF � JVU=[VhNF X(t)

^`[VP2�2DGh"LMD��2DGhNF	Y�PdHZ[VQ PbR]^$hGQeRSQ"X$Y}D�\MD
H
i

� P3�2cGhGQ 1�D4�KJ>^$QeU=D$axD$P0RxX$Y}D d
dt (H(X(t)) = − 1

2

(

dH
dx

)2
(X(t)) ≤ 0

i65�Y�RSh`DGadDGP0R�\VQeR � U=D�Ug[VP�L\7* Y&PqD�RSh(J�'8D(^KRT[VQeh`D � H(X(t))
\Mc(^$h([�8SR i9��[Va�adD ^7D$R"R D:�K[VPb^KRSQ"[VP DNFGRda QePb[Vh`c`D � DGU U*D J>\VadD$R�Y&PqDUWQ a�QSR D;�

limt→∞H(X(t)) = H∗
i	CED:�KJVQSR�XKYZD

H(X(t))
\Mc`^$h�[)8eR§ax[VPbRSh(D�H/J�h JVQeU U*DGY�h7F X$YZD

H∗ = inft≥0H(X(t))
i

��[Va�adD
X(t)

DNFGREY&PjD7�K[VPb^KRSQ"[VP�f<�5J�U=DGY�hNF�\>JVPZF U*D+^`[�a+HZJ>^KR
T � Q UbD���Q�F$R D�Y�PjD FNY�QeR D�\MD+R DGa�H0F (tn)R DGU0X$Y}D

X(tn)
JM\VadD$R"R D Y�PjD�U Qea�QeR D

X∗ �
D$R/H/J�h+^`[VP0RSQeP}Y�QeR c+\MD U=J=�$[VPj^KRSQS[�P

H � [VP�J H(X∗) = H∗
i

>�c`^7DNF7FKJVQeh(DGadDGPbR � X∗
DNF$R�Y�P H/[VQeP0R�^$hNQSRSQ"X$YZD�\&D

H
i@? J�Q�FK[VP}Pb[VP}F_HZJVh�U&* JA!NFNY�h�\&D�D$R_FNY�H>H/[2FK[VPZF

X$Y}D dH
dx (X∗) 6= 0

i � P Q PbRSh�[8\�Y&QSR	JVU=[Vh7F
φ(x, t)

U*D6BI[>R	J2F7FK[8^$QTc�f�U&* �	# �DCFE/G � ^2* DNF$RH. f�.�\VQ h`D�XKYZD
t 7→ φ(x, t)

DGFGR�FK[VUWY�RSQ"[VP�\&D C�E/G � J��2D`^O^`[Va�adD�^`[�Pb\VQSRSQS[VP�Q P0QeRSQ"JVU*D x i+5�QePZFNQ � X(t) = φ(X(0), t)
i

��[Va�adD dH
dx (X∗) 6= 0 � [VP J�Pjc`^7DNF7FKJVQeh(DGadDGPbR H(φ(X∗, 1)) < H(X∗)

i � h � H/J�hOUgJ�h`DGUgJ>RSQS[VP \MDB [�R � [�P�J φ(X(tn), 1) = X1+tn �
D$R ^7D$R"R D�FNY�QeR D|^7[VPI�2DGh"LMD<�2DGhNF

φ(X∗, 1)
i=� D`^$Qsax[VPbRSh(D|XKYZD�H/[VY�h

n
J2FNFKD&J�L�h�JVPj\ � H(X1+tn) < H(X∗)

^7D X$Y&QIDNFGR]Q a�H/[VF7FNQF!GU*D8i

� P J�\>[VPb^dax[VP0RSh`cdf�^7DxFGRTJM\MDdXKYZD�RT[VY/R D�FGY&QSR D�^`[VPI�2D$hSLMD$P0R D
X(tn)

^`[VPI�VDGhSL&D�Pjc(^7DNFNF$JVQeh`DGadDGP0R

¢



�2DGhNF�Y�P�H/[VQeP0R�^KhNQSRSQSXKYZDO\&D
H
i � D(^$Q aO[�P0RSh(D�XKYZD_Pjc`^7DNF7FKJVQeh(DGadDGPbR

X(t)
^`[�PI�2DGh"LMD4�VDGh7F_Y&P�H/[VQeP0R

^$hGQeRSQ"X$Y}D8iI��P§D � D$R � ^7[VPZFNQ"\McGh([VPZF X∗
UgJ	U Qea�QeR D+[�!$R DGP}Y}D H/[VY�h Y�PjDIFGY&QSR D

X(tn) � D$REFNY�H>H/[2FK[VPZF+X$Y}D �H/[VY�h�Y&PqD�JVY�RSh`D FGY&QSR D � X(t′n)
^`[VPI�VDGhSL&D0�VDGh7F

X ′
∗ 6= X∗

i � P�F$JVQSRIX$YZD dH
dX (X∗) = dH

dX (X ′
∗) = 0

i

 [VQSR

ε > 0
U=J�HbUWY&F�H}D$RSQeR D�\VQ FGRTJ�Pb^7D�DGP0RSh`D�\&DGY��xH/[�Q P0ReFx^$hGQeRSQ"X$Y}DNF�\MD

H
i6��[Va�adD

X ′
∗ 6= X∗ �

U=J
�K[VPb^KRSQ"[VP

X(t)
��Q�FGQeR D|Y&PjD|Q P(1 P}QSR c|\MD	�$[VQ F�U*D�!([Vh(\�\MD	U=J:!([VY�U*D_^NDGP0RSh`c`DODGP

X∗
D$R \&D|h(J��>[VP

ε/2
�

^7DGU=J�HZDGhGadD$Rs\MD+^`[VPZF$RShNY�Qeh(D+Y�PjD�FGY&QSR D+\&D R DGa�H0F
t′′n
R DGU F XKYZD

‖Xt′′n −X∗‖ = ε/2
i��IY�QeR"R D�f_D��>RSh�JVQeh`D

Y�PjDdF$[VY&F . FNY�QeR D � [VP�HZDGY/R�FNY�H>H/[2F8DGh§X$YZD (Xt′′n)
DNFGR�^`[VPI�VDGhSL&DGP0R D � D$R|\>[VPj^dPqc(^7DNFNF$JVQeh(D$axD$P0R �2DGhNFY�PdHZ[VQ PbR]^$hGQeRSQ"X$Y}D \MD

H � \7* [���Y�PjD ^`[VP0RSh(J>\VQ"^KRSQ"[VP�J��2D(^ U=J�\Mc�1 P}QSRSQ"[VP�\&D ε i

� �G9 � : ��)K~(A '=�O�x!K�/'�@2A�)$y§%`)$�d@2%`�&z0@2yMA��&z})

qβ(t)(x)
∂

∂x

(

p(t, x)

qβ(t)(x)

)

=
∂p

∂x
(t, x) −

∂qβ(t)

∂x
(x)

p(t, x)

qβ(t)(x)
,

=
∂p

∂x
(t, x) −

dqβ(t)

dx
(x)

p(t, x)

qβ(t)(x)
,

=
∂p

∂x
(t, x) + β

dH

dx
(x)p(t, x).

� �G9 3/9 @ w�y { ; �O�x)$y}{K)�?0@2%�{ ; y}~('*�Z!$%`)$%§�Z)K~d� ; y}{$A(' ; y}~
φ
%`!$<�zZB='*�$%`)K~�9]��)��T@2'=A��&z}) ∫

T
φ qβ = 0� ; yMA(%`)��&z})

∃x0, φ(x0) = 0
9�w�yx? ; ~`)

ψ(x) = φ(x0 +x)
9&¡t@2% : @2z}{`1   4 ��{71 	 @2% � . ; y�@ ψ(x)2 =

(∫ x
0 ψ

′(y) dy
)2

≤ x
∫ x
0 ψ

′(y)2 dy
9}¡t@2%�{ ; y}~`!K�Mz})$y&A8.
∫

T

ψ2 =

∫ 1

0
ψ2(x) dx

≤

∫ 1

0
x

∫ x

0
ψ′(y)2 dy dx,

≤

∫ 1

0
x

∫ 1

0
ψ′(y)2 dy dx,

=
1

2

∫

T

ψ′2.

w�y�)$y��Z!K�/zZ'=A��Mz}) ∫
T
φ2 =

∫

T
ψ2 ≤ 1

2

∫

T
ψ′2 = 1

2

∫

T
φ′2
90�E)�%`!K~(zZB=A7@2A�)K~(A+)$y��T@2'=A+#�@2B�@ � B*)	? ; zZ%

A ; zZA`)�� ; y}{$A(' ; y
φ
A`)$B=B*)|�&z}) ∫

T
(φ2 + φ′2) <∞

)$A ∫
T
φ qβ = 0

?0@2%��Z)$y}~('=A`!�9 � y})�'=y}!$<M@2B='=A`!|�Z)�{K)
A   ?q)	)K~(A+@2?Z?q)$B*!K)|'=y}!$<M@2B='=A`!	�Z)	¡ ; '=y}{8@2%`!�9

� �G9 3/9 � ¡ ; zZ%�A ; zZA`)�� ; y}{$A(' ; y
φ
%`!$<�zZB='*�$%`)_)$A A`)$B=B*)	�&z}) ∫

T
φ qβ = 0

. ; y�@§�
∫

T

φ′2qβ ≥ Z−1
β exp(−βmaxH)

∫

T

φ′2,

≥ 2Z−1
β exp(−βmaxH)

∫

T

φ2,

≥ 2Z−1
β exp(−βmaxH)Zβ exp(βminH)

∫

T

φ2qβ,

≥ 2 exp(−β osc(H))

∫

T

φ2qβ.

: )$A(A`)�'=y}!$<M@2B='=A`!O)K~(A�)$y��"@2'=A�#�@2B�@ � B*)_? ; zZ%�A ; zZA`)_� ; y}{$A(' ; y
φ
A`)$B=B*) �&z}) ∫

T
(φ2 + φ′2) qβ < ∞

)$A
∫

T
φ qβ = 0

?0@2%��Z)$y}~('=A`!�9bw�y�)$y��Z!K�/zZ'=A+�&z})
λ1(β) ≥ β−1 exp(−β osc(H))

9

¦



� �G9 ¢ w�y�@

df

dt
=

∫

T

∂tp (p/qβ0 − 1) ,

=

∫

T

(β−1
0 /2)∂x(qβ0∂x(p/qβ0)) (p/qβ0 − 1) ,

= −(β−1
0 /2)

∫

T

(∂x(p/qβ0))
2qβ0 .

w�%8.Z?0@2%+�Z!G�}yZ'=A(' ; y��/z§A(% ; z�~(?q)K{$A(%7@2BT.Z?ZzZ'*~`�&z}) ∫
(p/qβ0 − 1) qβ0 = 0

. ; y�@

(β−1
0 /2)

∫

T

(∂x(p/qβ0))
2qβ0 ≥ λ1(β0)

∫

T

(p/qβ0 − 1)2 qβ0 .

w�y�)$y��Z!K�/zZ'=A��Mz})
df

dt
≤ −2λ1(β0)f

)$A+� ; y}{
f(t) ≤ f(0) exp(−2λ1(β0)t)

90w�y�%`)$�d@2%`�Mz})	�&z})�?0@2% : @2z}{71   4 ��{`1 	 @2% �
∫

T

|p− qβ0 | =

∫

T

|p/qβ0 − 1|qβ0 ,

≤

(
∫

T

|p/qβ0 − 1|2qβ0

)1/2

,

≤ (2f(t))1/2,

≤ (2f(0))1/2 exp(−λ1(β0)t).

� �G9 ¦���y��Z!$#>)$B ; ?Z?0@2yMA�B*)	{8@2%(%`!�. ; y�@

e(t) =
1

2

∫

T

(

(

p(t, ·)

qβ(t)

)2

− 2
p(t, ·)

qβ(t)
+ 1

)

qβ(t),

=
1

2

(
∫

T

p(t, ·)2

qβ(t)
− 2

∫

T

p(t, ·) +

∫

T

qβ(t)

)

,

=
1

2

(
∫

T

p(t, ·)2

qβ(t)
− 1

)

.

w�y�@�� ; y}{
de

dt
=

∫

T

∂tp
p

qβ
−

1

2

∫

T

∂tqβ

(

p

qβ

)2

.

¡ ; zZ%+B*)�?Z%`)$�O'*)$%+A`)$%(�x)�. ; y�@
∫

T

∂tp
p

qβ
=

∫

T

(β−1/2)∂x(qβ∂x(p/qβ))
p

qβ
,

= −(β−1/2)

∫

T

(∂x(p/qβ))2qβ,

≤ −λ1(β)

∫

T

(p/qβ − 1)2qβ,

≤ −2λ1(β)e(t).

�



¡ ; zZ%+B*)|~`)K{ ; y}�§A`)$%(�x)�. ; y�@

∂tqβ = ∂t(Z
−1
β exp(−βH),

= −∂t(Zβ)Z−2
β exp(−βH) − Z−1

β H∂tβ exp(−βH),

=

(
∫

T

H∂tβ exp(−βH)

)

Z−1
β qβ −H∂tβqβ,

= ∂tβqβ

(
∫

T

Hqβ −H

)

.

w�y�)$y��Z!K�/zZ'=A��Mz})

−
1

2

∫

T

∂tqβ

(

p

qβ

)2

= −
1

2

∫

T

∂tβ

(
∫

T

Hqβ −H

)(

p2

qβ

)

,

= −
1

2a(t+ 2)

∫

T

(
∫

T

Hqβ −H

)(

p2

qβ

)

,

≤ −
1

2a(t+ 2)

∫

T

(minH − maxH)

(

p2

qβ

)

,

≤
oscH

2a(t+ 2)
(2e(t) + 1).

w�y ;V� A('*)$y&A�)$y}~(zZ'=A`)��T@V{$'=B*)$�x)$yMA�B*)�%`!K~(zZB=A7@2A�@2yZy ; y}{K!�9

� �G9 ����y§zZA('=B='*~7@2y&A+B�@��&z})K~(A(' ; y � �G9 3/9 � . ; y�@

A(t) ≥ 2β−1 exp(−βoscH) −
osc(H)

a(t+ 2)

≥
2a

ln(t+ 2)
(t+ 2)−osc(H)/a −

osc(H)

a(t+ 2)
.

w�y�# ; '=A�� ; y}{ �Mz})_�}@2y}~+B�@xB='=�O'=A`)
t → ∞

.
A(t) ≥ C

toscH/a ln t

.0? ; zZ%�zZy})�{ ; y}~(A7@2y&A`)
C > 0

9jw�y
)$y��Z!K�/zZ'=A+�&z}) ∫∞

0 A(t) dt = ∞
.Z)$A+�&z})

limt→∞
B(t)
A(t) = 0

9

� �G9 � ¡t@2% : @2z}{`1   4 ��{`1 	 @2% � . ; y ;V� A('*)$y&A��T@V{$'=B*)$�x)$yMA

e(t) ≥
1

2

∫

Mδ

(

p(t, ·)

qβ(t)
− 1

)2

qβ(t),

≥
1

2

(
∫

Mδ

|p(t, ·) − qβ(t)|

)2

,

≥
1

2

∣

∣

∣

∣

P(Xt ∈ Mδ) −

∫

Mδ

qβ(t)

∣

∣

∣

∣

2

.

:�; �O�x)
β(t)

A`)$y}� #>)$%`~
∞
�Mz0@2y}�

t → ∞
. ; y @ {$B�@2'=%`)$�x)$y&A

limt→∞
∫

Mδ qβ(t) = 1
9 ¡t@2%

{ ; y}~`!K�&z})$yMA8.
limt→∞ P(Xt ∈ Mδ) = 1

9 �+zZA(%`)$�x)$y&A|�/'=A8.
limt→∞ P(dist(Xt,M) ≥ δ) = 0

.b{K)
�&zZ'�A`)$%(�O'=y})|B�@ ?Z%`)$zZ#>)�9

�����������������

�



6 ��� @2?Z%`�K~�B*)_A(1}! ; %`�$�x)O�Z)���)$'=y})�.
H
)K~(A�zZyZ'g� ; %(�x!$�x)$y&A	{ ; yMA('=yMz})d~(zZ%

[0, 1]
)$A�? ; zZ%

ε > 0
.j'=B

)��/'*~(A`)
η > 0

A`)$Bt�&z})
|x − y| ≤ η =⇒ |H(x) −H(y)| ≤ ε

9b¡o@2%|{ ; y}~`!K�&z})$yMA�? ; zZ%
N > 1/η

.
0 ≤ minx∈EN

H(x) − minx∈[0,1]H(x) ≤ ε
9

�/9 @/9�¡�zZ'*~`�&z})
π
)K~`A�zZy})�?Z% ;V� @ � '=B='=A`!�.

∃y ∈ EN , π(y) > 0
)$A	@2B ; %`~

∀x ∈ EN , P
l(x, y) > 0

9 �&'
P
)K~`A�?j!$%(' ; �/'*�&z})	�Z)	?q!$%(' ; �Z)

d > 1
. ; y�{ ; y}~('*�Z�$%`)

C1, . . . , Cd
zZy})	?0@2%(A('=A(' ; y�@V~`~ ; {$'*!K)�9���zZ'=A(A`)

£�%`)$yMzZ�x!$% ; A`)$%dB�@�?0@2%(A('=A(' ; y�. ; y ?q)$zZAx~(zZ?Z? ; ~`)$%O�Mz})
y ∈ C1

9��+B ; %`~ ; y # ; '=A��T@V{$'=B*)$�x)$yMAd�&z})
P l(x, y) > 0

~`~('
x ∈ Ck

. ;V�
k
)K~`A�BT� zZyZ'*�&z})�)$yMA('*)$%	�Z)

{1, . . . , d}
A`)$Bt�&z})

k + l ≡ 1 (mod d)
9

¡o@2%�{ ; y}~`!K�&z})$yMA
Ck = EN

{K)|�&zZ'�)K~(A+{ ; y&A(%7@V�/'*{$A ; '=%`)�9

�/9 � ��� @2?Z%`�K~�B�@x?Z%`)$�x�$%`)�?0@2%(A('*)��/z�?Z% ;V� B*�$�x)�%`!K~ ; B=z ¢ 9 �/9 ¢ .bB�@d�d@2A(%('*{K)O�Z)_A(%7@2y}~('=A(' ; y
Qβ(x, y)�Z!G�}yZ'*) ? ; zZ%

y 6= x
?0@2%

Qβ(x, y) = P (x, y)e−β(H(y)−H(x))+ = min(1,
µβ(y)
µβ(x))P (x, y)

)K~(A�'=%(%`!G4
�/z}{$A(' � B*)+@2?q!$%(' ; �/'*�&z})�9���B=B*)�@V�/�x)$A

µβ
? ; zZ%��x)K~(zZ%`)I'=y&#V@2%('�@2y&A`)�)$A )K~(A�� ; y}{ %`!K{$zZ%(%`)$y&A`) ? ; ~`'=A('=#>)�9

¡o@2%�B*)��I1}! ; %`�$�x) ¢ 9 �/9 ¢ .
(Xn)

{ ; yM#>)$%(<>) � ; y}{I)$y B ; '/#>)$%`~szZy})�#q9 @/95�Z)�B ; '
µβ
9 ��� @2?Z%`�K~oB�@+�Z)$%(yZ'*�$%`)

?0@2%(A('*)��/z�?Z% ;V� B*�$�x)�%`!K~ ; B=z ¢ 9 �/9 ¢ .
µβ(x) →

β→+∞
0
~('
x 6∈ MN .E)$A µβ(x) →

β→+∞
1/#MN ~('

x ∈ MN 9

�/9�{�w�y¥~`)§� ; yZy})�zZy})��"@2�O'=B=B*)§�Z)�#j9 @/9
(Yn,x, n ∈ N, x ∈ E)

£�#�@2B*)$zZ%`~x�}@2y}~
EN
.o'=y}�Z!$?q)$y/4

�}@2yMA`)K~O)$AO�Z)�B ; '
P(Yn,x = y) = P (x, y)

.o)$A zZy})�~`zZ'=A`)��Z)�#j9 @/9s'=y}�Z!$?q)$y}�}@5y&A`)K~
(Un, n ∈ N)�Z)�B ; ']zZyZ'g� ; %(�x)�~`zZ%

[0, 1]
9 ��� @2?Z%`�K~_B�@��Z)$z��/'*�$�x)�?0@2%(A('*)��/z ?Z% ;V� B*�$�x)�%`!K~ ; B=z ¢ 9 �/9 ¢ .

Xn+1 =
Yn,Xn1{Un≤e

−β(H(Yn,Xn
)−H(Xn))+} + Xn1{Un>e

−β(H(Yn,Xn
)−H(Xn))+}

~`zZ'=A � '*)$y zZy})�{`10@��*y})��Z)
� @2%�� ; #¤�Z)�B ; '

Qβ
9�� ; %`~`�&z})

β
)K~(Ad<�%7@2y}� )$A��Mz})�BT� ; y ~7)�~('=A(z})�~(zZ%dzZy �O'=yZ'=��zZ� B ; {8@2BT. B*)

A7@2z����Z)_A(%7@2y}~`'=A(' ; y�#>)$%`~|�Z)K~|!$A7@2A`~|����!$y})$%(<�'*)
H
~(zZ?q!$%('*)$zZ%`)�)K~(A|)��q)K{$A('=#>)$�x)$y&A	�T@2' � B*)�.b�d@2'*~|)$y

%`)$#�@2y}{`1})�.&B�@|?Z% ;V� @ � '=B='=A`!��Z)�%`)K~(A`)$%�~(zZ%]{K) ���$�x)�!$A7@2A])K~`A !$B*)$#>!K)�.&)$A B�@	{`10@��*y})�?q)$zZA %`)K~(A`)$%]B ; yZ<V4
A`)$�O?}~|~(zZ%��Z)K~�!$A7@2A`~��&zZ'�~ ; yMA�?Z% ; {`1})K~|�Z) BT� ; ?ZA('=��zZ� �d@2'*~��&zZ'sy}) %`!8@2B='*~`)$y&A�?0@V~�B*) �O'=yZ'=��zZ�
�Z)

H
9

�/9��¤�s@�{`10@2'=y})��Z!G�}yZ'*)�?0@2%
P (x, y) = 1/(N + 1)

? ; zZ%
x, y ∈ EN

~N@2A('*~��"@2'=A�{$B�@2'=%`)$�x)$yMA�B*)K~
{ ; y}�/'=A(' ; y}~�%`)K�MzZ'*~`)K~�9

3/9 @ w�y @
νn+1(y) = P(Xn+1 = y) =

∑

x∈EN
P(Xn+1 = y|Xn = x)P(Xn = x) =

∑

x∈EN
νn(x)Qn(x, y)

)$A8.Z?0@2%+{ ; y}~(A(%(z}{$A(' ; y�.
µβn

)K~`A B�@ �x)K~(zZ%`)|'=yM#�@2%('�@2yMA`)_�Z)
Qn
9

3/9 � ¡ ; zZ%
x, y ∈ EN

.
(H(y) − H(x))+ ≤ oscN (H)

)$A � ; y}{
Qn(x, y) ≥ ce−βnoscN (H)π(y)

9
νn+1(y)−µβn(y) =

∑

x∈EN
(νn(x)−µβn(x))Qn(x, y) =

∑

x∈EN
(νn(x)−µβn(x))(Qn(x, y)−

ce−βnoscN (H)π(y))
)$A+� ; y}{

|νn+1(y) − µβn(y)| ≤
∑

x∈EN

|νn(x) − µβn(x)|(Qn(x, y) − ce−βnoscN (H)π(y)).

��y�~ ; �O�d@2yMA�{K)$A(A`)O'=y}!$<M@2B='=A`!d~(zZ%
y
)$A�)$y�'=y&A`)$%(#>)$%(A('*~`~7@2yMA_B*)K~	~ ; �O�x)K~8. ; y ;V� A('*)$y&A

V(νn+1 −
µβn) ≤ (1 − ce−βnoscN (H))V(νn − µβn).

3/9�{x�E@�?Z%`)$�O'*�$%`)�!$<M@2B='=A`!x)K~(A�'=�O�x!K�/'�@2A`)�.E)$A|? ; zZ%
β′ > β > 0

. ; y�@�)$y�zZA('=B='*~7@2yMA_�Mz})
H̃ ≥ 0)$A

1 − ex
)K~(A

1
4TB='=?}~`{`1Z'=A � '*)$y�~`zZ%

R−
�
0 ≤ e−βH̃(x) − e−β′H̃(x) = e−βH̃(x)(1 − e(β−β′)H̃(x)) ≤

e−βH̃(x)(β′ − β)H̃(x) ≤ e−βH̃(x)(β′ − β)oscN (H).
w�y�!K{$%('=A

e−βH̃(x)
P

y∈EN
e−βH̃(y)

− e−β′H̃(x)
P

y∈EN
e−β′H̃(y)

= e−βH̃(x)−e−β′H̃(x)
P

y∈EN
e−βH̃(y)

+ e−β′H̃(x)
P

y∈EN
e−β′H̃(y)−

P

y∈EN
e−βH̃(y)

P

y∈EN
e−βH̃(y)

P

y∈EN
e−β′H̃(y)

.

-



)$A BT� '=y}!$<M@2B='=A`!�?Z%`!K{K!K�Z)$yMA`)�y ; z}~ � ; yZy}) ∑
y∈EN

e−βH̃(y)(β − β′)oscN (H) ≤
∑

y∈EN
e−β′H̃(y) −

∑

y∈EN
e−βH̃(y) ≤ 0

)$A+@2'=y}~('T. ; y ;V� A('*)$y&A_�

∣

∣

∣

∣

∣

e−βH̃(x)

∑

y∈EN
e−βH̃(y)

−
e−β′H̃(x)

∑

y∈EN
e−β′H̃(y)

∣

∣

∣

∣

∣

≤ |β′ − β|

(

e−βH̃(x)

∑

y∈EN
e−βH̃(y)

+
e−β′H̃(x)

∑

y∈EN
e−β′H̃(y)

)

,

{K)��&zZ'0� ; yZy})
V(µβ −µβ′) ≤ 2oscN (H)|β−β′|

)$y�~ ; �O�d@2yMA�~(zZ%
x
9 : )$A(A`)�'=y}!$<M@2B='=A`!�#�@2zZA]@2z}~`~`'

? ; zZ%
β′ ≤ β

?ZzZ'*~`�&z})
V(µβ − µβ′) = V(µβ′ − µβ)

9

3/9�� w�y @
V(νn+1 − µβn+1) ≤ V(νn+1 − µβn) + V(µβn − µβn+1)

.E)$A )$y�zZA('=B='*~7@2y&A B*)K~_�Z)$z��
�&z})K~(A(' ; y}~I?Z%`!K{K!K�Z)$yMA`)K~8. ; y ;V� A('*)$y&A�'=�O�x!K�/'�@2A`)$�x)$yMA�B*)�%`!K~(zZB=A7@2A ~ ; zZ10@2'=A`!�90w�y�zZA('=B='*~`)�B*)�B*)$�O�x)
�Z)xB�@�?0@2%(A('*) �|@K#>)K{�B*)K~�~`zZ'=A`)K~

An = c(n + 1)−
oscN (H)

a
)$A
Bn = 2oscN (H)

a log
(

1 + 1
n+1

) �&zZ'
~7@2A('*~�� ; yMA]B*)K~ ?Z% ; ?Z%('*!$A`!K~�%`)K�&zZ'*~`)K~ �Z�K~]�Mz})

a > oscN (H)
�eB�@|~`!$%('*) ∑

nAn
)K~(A�@2B ; %`~]�/'=#>)$%(<>)$yMA`)��G.

)$A ; y�)$y��Z!K�/zZ'=A��Mz})
V(νn − µβn) →

n→+∞
0
9

3/9�)�w�y�@|? ; zZ%
y ∈ EN

.
|P(Xn = y)−µβn(y)| ≤ V(νn −µβn) →

n→+∞
0
9�w�%8.&{ ; �O�x)

βn →
n→+∞

+∞
.
µβn(y) →

n→+∞
1{y∈MN}/(#MN )

)$A�� ; y}{
P(Xn = y) →

n→+∞
1{y∈MN }/(#MN )

9s��y
?0@2%(A('*{$zZB='*)$%

P(Xn ∈ MN ) →
n→+∞

1.
��)K~�%`!K~(zZB=A7@2A`~ ;V� A`)$yMz}~��}@2y}~+B*)�{8@V~+�/'*~7{$%`)$A�~ ; y&A��Z)	���$�x)

y0@2A(zZ%`)��&z})��}@2y}~§B*)�{8@V~�{ ; yMA('=yMz�9��E@ {$% ; '*~`~N@2y}{K)�)$y � ; y}{$A(' ; y �/z A`)$�O?}~��Z)
β
�&zZ'|?j)$%(�x)$A

��� @K# ; '=%�{ ; yM#>)$%(<>)$y}{K)�)$y�B ; ' #>)$%`~�zZy})xB ; ' {710@2%(<>)8@2yMA B*)K~	�O'=yZ'=�d@��Z)
H
)K~`A��}@2y}~	B*)K~_�Z)$z���{8@V~

B ; <M@2%('=A(1Z�O'*�&z})�9

�


