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Basket optionsand control variates

We consider al-dimensional basket model.
In order to correlate the assets we assume (gt ..., W2, ¢ > 0) is a vector of indepen-
dent Brownian motions, that is ad x d matrix, and we define; by
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(W/,t > 0) is then a Brownian motion and we assume that each of #sets has a pric
given by a Black-Scholes model driven by the Brownian mofiioh

andWW* by
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In the numerical examples we will sét= 10 andx; = 100.
Note thatE (v‘vgv‘vg) = p;;t, where
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Ir(1] thelnumerlcal examples, we will assume thag given byy” wherep;; = 0.5 for i # j and
Pii = L.

1. Propose a simulation methods for the ve¢tor', . .., W) and(S%, ..., S$).
Solution
2. We consider a basket call option on an indggiven by
I =ai1Sf + -+ agSy.
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wherea; > 0 and>?_, a; = 1 (in numerical applications we will take, = - - - = a4 =

1/d).
Compute, using a Monte-Carlo method, the price of a call whazsyoff is given at time
T by

(Ir — K)

and give an estimate of the error for various value&dfK = 0.81y, K = Iy, K = 1.21,

Do the same computation for an index put whose payoff is gyef¥ — Sr) .

+

Solution

. Prove thaE(Ir) = Iyexp(rT). How to usel; as a control variate ? Relate this method
to the call-put arbitrage relation. Test the efficiency & thethod for various values of
K.

Solution

. Whenr ando are small, justify the approximation afg(1;/1,) by

1
Zr = “}S‘) log(S}/S5) + -+ +
0

aq Sy
T loa(S1/50).

Prove thatZ; is Gaussian with mean

J a'Si 1 d d
TZZI_OO (r _ 0—3/2) and variancgﬁzzjipijjj
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whereJ; = a;S}o;.
We recall the following formula (Black-Scholes formulagegise)

E ((ez _ K)+) _ BVar) iy (d + \/Var(Z)) _ KN(d)

whered = E4)_log(K)

VVarz) -

Use this formula to give an explicit expressiori (eZT — K)+> and propose a control
variate technique for the computation of the call option.

Compare this method to the standard one for different vabfiés.

Solution
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Black-Scoles model and importance sampling

We consider now the one-dimensional Black-Scholes model

2
Sy = Sy exp ((r— %)t—l—aWt).

Let Sy = 100, ¢ = 0.3 (annual volatility) and- = 0.05 (annual exponential interest rate).

1. We are interested in the computation of the price of a gatiioo whenkK is large with
respect toSp.

Prove, using simulation, that the relative precision of tbeputation decrease when
increase. Také, = 100 and K = 100, 150, 200, 250. What happen whek™ = 400 ?

Solution

2. Prove that: ,
E(f(Wr) = E (e—AWT—%T FWr+ )\T)) .

AssumeS; = 100 and K = 150, propose a value fok allowing to reduce variance.
Check it simulation.

Solution
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