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Sampling the short rate The Vasicek model is presented in Cha@@r The short
rater; follows the stochastic differential equation

dr(t) =a(b—r(t))dt + ocdWy, 1)

wherea, b, o are positive constants anidl’ is a standard Brownian motion under.
In computer experiments, one can choaese- 10/year,ry = b = 0.05/year,0c =
0.1/ /year.

1. Show thatr;, follows a Gaussian distribution with meant e=%"(rq — b) and
variancep?1=¢ ="

a

2. What is the conditional distribution ef,;, givenr, = r?
3. Explain how to sample exactly the vectef,,0 < k < N).

4. Implement the suggested algorithm and plot the trajgctay,, 0 < £ < N) for
h = 1 hour,h = 1 day,h = 1 week andN = 100.

Sampling the zero-coupon bond dynamics We denote byP (¢, T') the price at time
t of a zero-coupon with maturity datE. We assume thdP is a probability under
which all the discounted bond price

t
P(t,T) =~ o™ P(t,T),
are martingales.

1. We know (see chaptér?) that the zero coupon bonds can be written as
P(t,T) = exp [—(T' = t)R(T — t,r(t))]

with :
2

R(6,7) = Roo — a—le <(Roo —r)(1—e) - Z? (1- e_a0)2> .

andR = limp_,oo R(0,7) = b — o

W.
Sample the discretised trajectory price of a bond with nigtul® = 1
(P(kh,T),0 < k < N whereh = 1 day and is such tha¥V/ = 1 year.



Pricing a zero-coupon bond option Here, we consider a call option in the Vasicek
model, with maturityd on a zero-coupon bond with maturify, 7" > 6. We want to
implement a hedging strategy for this option.

1. Show, using the results of Chap®; that

P, T
d~ ( ) ) — O-Zth
P(t,T)
where (T—s)
1 —a(l'—s
UST = —0 €
a

2. Show using Propositio®? that the priceC; of the call option at time, is given

by
0= reon (1 2D)),

with
B(t,z) = xN(di(t,z)) — KN(da(t,x)).
whereNN is the cumulative normal distribution function,

og(x 2
dy(t,) = 08 /th% (t,6)/2)

and do(t,z) =di(t,z) — X(t,0).
and
0 2
¥2(t,0) :/ (O‘Z —O'g) ds.
t

Implement this formula and plot the option price at tithas a function of the
strike K.

3. Using Exercis@? of this chapter, show that
Cy = P(t,T)H] + P(t,0)H/,

HE = N (dy (t,550))) andHY = KN (d (t, 5001

Implement these formulae and plot the valued&ff and H§ as a function of
the strikeK.

Give a perfect hedging portfolio for the call option usindyorero coupon bonds
with maturity’T" and zero coupon bonds with maturity

4. We are interested in studying discrete approximationh perfect hedging
portfolio in which the quantity7!" of zero coupon bonds with maturi re-
mains constant on the interiah, (k+ 1)h] and equal tdi}, . H?, the quantity
of zero coupon bonds with maturi@y, is determined using the discrete self-
financing condition at timekh.

For a givenh (successively chosen to le = 1 day,h = 1 week,h = 1
month) sample the residual risk of this approximated heglgiortfolio. Plot a
histogram of the residual risk and study the values of itsmeed its variance
whenh decreases t0.



