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A typical power scheduling example

e We operate a solar plant over one day
with discrete time steps t € {0,1,..., T}
0 T

e For every operating day

e In the day-ahead stage, we must supply
a power production profile p € RT

e In the intraday stage, we manage the power plant
and deliver a power profile p € RT



Engaged power vs delivered power

The delivered power p induces gains
and differences between p and p induce penalties
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Contribution of the talk

e Question

How can we optimize day-ahead and intraday decisions
for operating a solar plant with uncertain generated power
at least expected cost ?

e Our contribution

We introduce
parametric multistage stochastic optimization problems
for day-ahead power scheduling
and study differentiability properties
of parametric value functions
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Outline of the presentation

1. Parametric multistage stochastic optimization



Our standard formulation

We consider a multistage stochastic optimization problem
parametrized by p € R"*(T+1) written in standard form as

T-1
¢(P) = I ianJ ]E{ Lt(xta U, Wiiq, Pt) + K(XT> PT)
0y--,UT—1 —0
Xo = Xp

Xt+1 = ft(XhUhWH*l) ) vt € {07 ) = 1}
Uteut(xt,pt), VtG{O,,T—l}
o(Uy) Co(Wy,...,W,), Vte{0,...,T -1}

where X;:Q —-R™, U;: Q—R™, W;:Q — R™



Optimal solution via stochastic dynamic programming

Assumption (discrete white noise)
The sequence {W},.(;  ry is stagewise independent,
and each noise variable W; has a finite support

Fort € {0,..., T} and x € R™
we define the parametric value functions

Vr(x,p) = K(x, p)

Vf(X7 p) = uEZ/i{n(i o )E[Lt(x7 u7Wt+17 pt) + Vt+1(ft(Xa U7Wt+1)7 p):|

Under the discrete white noise assumption  ®(p) = Vo(xo, p)



Assumption (convex multistage problem)

1. the cost functions {L:}cqo,...,7—1} are jointly convex
and Isc w.r.t. (x¢, ut, pt), and are proper,
and the final cost K is convex, proper, Isc

2. the dynamics {fi}¢cqo,...,7—1} are affine w.r.t. (x;, ut)

3. the set-valued mappings {Ut}+c(o,..., T—1} are closed, convex,
have nonempty domains and compact ranges

4. the problem satisfies a relatively complete recourse-like
assumption



Convexity of parametric value functions

Proposition (Le Franc [2021])

Under the discrete white noise assumption

and the convex multistage problem assumption,

the parametric value functions {Vi},co 7, are convex, proper, Isc
w.r.t. (x,p)



Outline of the presentation

2. Differentiability of parametric value functions
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Outline of the section

2. Differentiability of parametric value functions

Smooth parametric value functions
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Assumption (smoothness)
1. the cost functions {L;}¢cqo....,
are differentiable w.r.t. p;

2. forallt €{0,..., T — 1}, the set-valued mapping Uy
takes the same set value for all p; € R";
in that case, we use the notation U,(x) instead of U;(x, p)
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Differentiable parametric value functions

Theorem (Le Franc [2021])

Under the discrete white noise assumption,

the convex multistage problem assumption,

and the smoothness assumption,

the value functions {Vi},c o 7 are differentiable w.r.t. p,
and their gradients may be computed by backward induction, with

Vp VT(X, p) = VPK(X, pT) 5 V(X, p) S dOm(VT)

and at stage t € {0,..., T — 1}, for (x, p) € dom(V;),
the solution set U] (x, p:) is nonempty, and for any u* € U} (x, p:),

vp Vt(Xa ,D) = ]E|:VPLI‘(X5 U*v Wt+17 pt) + Vp VH-I (ﬂ(X7 U*a Wt+1)7 p>:|
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Outline of the section

2. Differentiability of parametric value functions

Lower smooth approximations
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We consider a parameter set P C R%*(7+1)

and define P; = proj,(P) CR™ , Vt€{0,..., T}

Assumption (parameter set)

1. the parameter set P is nonempty, convex and compact

2. forallte{0,..., T —1},
the domain of the set-valued mapping Uy
is such that dom(U;) C R™ x P
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Moreau envelopes of cost functions

Given values (x, u, w) € R™ x R™ x R™
and a regularization parameter i € R’ , we introduce

LIIL.“L(X; u, w, pt) = p’ienﬂg”p (Lt(Xv u, w, P{») + 5gr(ut)(X7 u, P;) + 57)t(pé)

1
+ 3P piIB) Ve €0, T~ 1}, Vp € R

. 1
KH(x,pr) = _inf (K(x,p'r>+apr(p’r)+Q—MHpT—p’TH%), Vpr € R™

piER™
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Lower smooth parametric value functions

VE(x,p) = K*(x,pT) , VY(x,p) € R™ x R%*(THD)
y#(xvp) = c In; o )E L?(X, u7Wt+17pl‘) + f‘v/til(ff(xa UaWt+1)7p):|

V(x,p) € R™ x R®*(T+) " wre{0,..., T -1}

Proposition (Le Franc [2021])

Under the discrete white noise assumption,

the convex multistage problem assumption,

and the parameter set assumption,

the lower smooth parametric value functions {y#}te{o,..i,T}

are differentiable w.r.t. p, and their gradients may be computed
by backward induction
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Convergence result

®* = inf ¢

I, &)
Proposition (Le Franc [2021])
Under the same assumptions, if the sequence of regularization
parameters {i,}nen € (R%)Y is nonincreasing and such that
lim,— oo tn = 0, then for any initial state xo € R", we have that

inf V" (x0,p) <®*, VneN, and inf V{" —
,,IQPNO (x0,p) < n an pln (x0, P) P
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Outline of the section

2. Differentiability of parametric value functions

Lower polyhedral approximations
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State extension

XE: ( Xt > GRnxanpx(T+1)’ th{OP'WT}

d)(p) = inf E[ Lg(xﬁt» Ut7Wt+1) + Kﬁ(XﬁT)}

Xig=|
p
Xfr = (X4, U, We i), VEe{0,...T -1}

Ue e Ub(Xt), Ve {0,...,T—1}
o(U;) Co(Wy,...,W,), Vte{0,..., T -1}
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Lower polyhedral value functions

e We introduce the state value functions

VE(x¥) = KE(xH), vxt € (R™ x R%*(T+D)

VE(xt) = inf m)1[-3“1—1@&1,u,wm) + Vtﬁl(f;ﬁ(xﬁ,u.,wm))}

vxt € (R™ x R™»*(THD) " vt e {0,..., T — 1}

e We compute polyhedral lower approximations {M?}te{o,“.j}
of {th}te{ow,j} by running k € N forward-backward passes
of the SDDP algorithm

e Since Mé is polyhedral, linear programming
gives us a subgradient (y,q) € 016( ((xo, p))
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Convergence result

Proposition (Le Franc [2021])

Let (xo, p) € R™ x R"™*(T+1) jf after k € N* forward-backward passes
of the SDDP algorithm the approximation error of the value function
Voﬁ by the lower polyhedral approximation Mé is bounded by

Vé((x0,p)) — VE((x0,p)) <&

for some € € R, then if we compute

{¢ = vk ((Xo,_P)>
(v,q) € aVE((x0, p))

[®(p) — ¢l < e

we have that {
q € 0-9(p)
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Outline of the presentation

3. Numerical example
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Schematic organization of the solar plant
v ~
g p
D R @&

vP

S i

g €[0,p]" generated power (uncertainty)

ve € [0,g]T curtailed power (control)

s € [0,35]7 "1 state of charge (state)

vP € [v,V]T battery power (control)

e p =g — v, — v, delivered power
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Schematic organization of the solar plant
v ~
g p
D R @&

vb

S i

g €[0,p]" generated power (uncertainty) — AR(1) process

ve € [0,g]T curtailed power (control)

s € [0,35]7 "1 state of charge (state)

vP € [v,V]T battery power (control)

e p =g — v, — v, delivered power
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Stochastic optimal control framework

e We introduce the the state, control and noise variables

e The state process X is ruled by the dynamics

va+ _ lyb~
Xes1 = fi(Xe, Up, Wes) = St + pcV; s G _ Sii1
Gy + B + €141

e The stage costs formulate as

Lt(Xh Ut’Wt+1-,Pt) = _Ctﬁt+1 +)\Ct“5t+1 - Pt‘
—_——— —/ —

delivery gain penalty
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Scenarios
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We use one year of power data from Ausgrid
to calibrate the weights (a4, 8;) and the law of €41
for the generated power G;
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Methods to compute an optimal profile

We want to compute p* € arg min ®(p)
peEP

Generic method
input: p° € P
for k=1...K do
» call a a first order oracle to estimate
— &(ph)
— ¥ as a (sub)gradient of ® at p*
» use an iterative update rule to compute

p+1 from (p*, g%, P) and a step size a) € R,
end
output: p*

We define a method as a first order oracle + an iterative algorithm
27



Instances of methods

We have three methods

the discretization
Lower smooth oracle
e SDP+IPM: — of R™, RM

Interior Points Method i critical

the value
Lower polyhedral oracle
e kKSDDP+PSM: — of keN

Projected Subgradient Method i< critical

Lower smooth oracle same as

e SDP+PGD: —
! {Projected Gradient Descent puSDP+1PM

for each method, we try several instances
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Evaluate a profile

Given a profile p* € RT, we run the SDDP algorithm to compute
Vi(x)=K(x), Vx € R?
V()= inf B[ Lo u, Wear, pE) + Ve (fix, u, Wes)) |
Vx €eR?*, vte{0,...,T -1}

Then, we obtain a policy {7, }¢cqo,....,7—1} from {V, }ieqo,....7-13
and estimate the expected cost by sampling 25.000 scenarios

Vo(xo) = E[i Le(Xe,m(Xe), Wera, p7) + K(X7)]

We deduce
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Results: cost vs overall computing time
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Results: cost vs time per oracle call
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Outline of the presentation

4. Conclusion and Perspectives
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Conclusion and perspectives

e We have introduced a class of parametric multistage
stochastic optimization problems
to model day-ahead power scheduling

e We have presented the differentiability properties
of parametric value functions

e We have presented efficient numerical methods
to solve such problems

e Our main perspective lies in the application of our methods
to several concrete use cases in energy markets
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