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A product mix problem

Choose X 2 0, j=1,...,4, to maximize:
4
Y c,x; =12x,+25x, +21x, + 40x,
j=I

such that (constraints)
[ X+t ,x,+t  x,+t.,x, <d. (carpentry)
E X+t X, +E Xy +1,,x, <d,  (finishing)

d 5 (d f) = total time available for carpentry (finishing)



Linear Programming Sol'n

max(c,x) such that Tx<d, xER"  with

= U R R Ty 6000

e 1n B tf4__11340_ df__4000_

Optimal: ' =(1,333.33, 0, 0, 66.67) |

" S il i
but ... “reality=: ¢ =t &1, .=t +t1,

entry values
dxc 5e 5061 603 6177

d;+C; 30936 3984 4,016 4,064

10 random variables = L = 1,048,576 possible pairs (T ek )



Linear Programming Sol'n

max(c,x) such that Tx<d, xER"  with

£ - i _ >
= U R R Ty 6000

e 1n B tf4__11340_ df__4000_

Optimal: ' =(1,333.33, 0, 0, 66.67) |

" S il i
but ... “reality=: ¢ =t &1, .=t +t1,

entry values
d +& | 5,873 5,967 6,033 6127

di+Cr| 3036 3984 4,016 4,064

10 random variables = L = 1,048,576 possible pairs (T ek )



T'aking recourse into account

. 4 o
What 1t 2]_=1(th +1,)X;>d.+¢. 77 = overtime

With § = (1, ,,C,,), recourse: y=(y.(§),y,(§)) at cost (¢,,q,)

max  {c,x) _p1<q3y1> —p2<q,y2> bt pL(QayL>

SHpEE T — = )
25 -y’ < d
T x e
x=0 y' =0 y> =0 ' =0

Structured large scale 1.p. (L =10°)



Lquvalent Deterministic Program

Detine = = {§ = (n,@)}', p. =[5=¢]
Q(5,x) = maX{(—q,y>|T§x —Vad. v O}
TEb() = E10E ) = 3 p0ED

Z=

(DEQ) max{c,x)+ EQ(x)such that x ER"

non-smooth convex optimization problem




Robust Solutions !'!'!

DEQ Optimal : x" = (257, 0, 665.2, 33.8)
while x¢ =(1,333.33, 0, 0, 66.67)
Expected profit x : $18.051, x“:$17,942

x* not close to optimal (- 6.5%)

[xd 1sn't pointing in the right direction]

x robust, considered all 10° possibilities.



NewsVendor Problem

max —cx+(c+r)y, x=0, 0=y=min{x,E}
= =[0,150]
Ci=ili@r=:l5

Pick &'.....E" (scenarios), and find :

(x', ") Eargmin{—cx +(c + r)y‘ y < min [&‘l ,x]}

x=0,y=0
Wait-and-see sol'ns: x' = E'. "Reconciliation"

no help in choosing x * optimal!



£ : Estimated Density b

_(Inz-6)

|
E log-normal: h(Z)=(Z1; Zn) i

0=443, =038 H(z) =f;h(s)ds




Maximize expected return

max —cx+ E{(c+71)y.}

such that x =0, 0=y, <min[&,x]



Maximize expected return

max —cx+ E{(c+71)y.}

such that x =0, 0=y, <min[&,x]

DEQ: max -cx + EQ(x) =

- CX +((c+ r)jj&H(dEHwaH(dS))

r

sol'n: x~ =H'1( ) =H'0.6)=992; c=10,r=15

C=Rls



Maximize expected return

max —cx+ E{(c+71)y.}

such that x =0, 0=y, <min[&,x]

1

DEost

Cumulative Distribution
lognormal
0.8 Expect.=90, Std.Dev.=36
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.. but ts maxomum expected

return the “real” objective?



The “returns” densities
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Choosing: “returns” distribution

*° Distribution
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Decision criteria: from a distribution la” number
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Decision criteria: from a distribution la” number

* maximize expected return (scaled?)

* max. E{return} & minimize customers lost
+ minimize Value-at-Risk (V@A, CV@R)

“ minimize probability of any loss

* minimize a “safeguarding” measure, ...






V(@E: Value-at-Risk

F(v;x) = prob [—cx + Q(’g‘,x) < v]
Value-at-Risk(V@R) for o €(0,1) :

V@R(a;x) = F ' (a;x) (= sup{v‘F'1 (a;x)})
Objective: find x that maximizes V@R(a;x) given o

Challenge: xt— V@R((x;x)isn't concave!
Heuristic: F is N (u(x),0(x)*) and
V@R (a;x) = N (e u(x),0(x)?) |




V@E™: the NewsVendor
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CV(@R: Conditonal Value-at-Risk
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CV(@R: Conditonal Value-at-Risk

G(v;x) = E{—cx + Q(&,x)‘—cx + Q(E,x) < v}
Conditional Value-at-Risk(CV@R) for o €(0,1) :

CV@R(Oc;x) =G (%) (= SUP{V‘G_I ((x;x)})
= minrr+(l—a)_lE{[—CX+Q(§ax)—’”]+}

Objective: find x that maximizes CV@R((x;x) given o

x— CV@R(a;x)1s concave (convenient u)



Stochastic Programs with Recourse



.. with Simple Recourse

(decision: x ~» observation: & ~» recourse cost evaluation)
cost evaluation ‘simple’ = simple recourse, i.e.,

mingescre fo(z) + E{Q({,z)} @ ’simple’

Product mix problem. With £ = (T, d),
folz) = (c,z), S= Ri’ Q& z) = Zi:c,f max | 0,;((L;, z) — d;) |

NewsVendor: cost: 7, sale price 0,
&, demand distribution P, order x,

expected “loss”: vxr + E{Q(&, x)}
Q(f?x) = —0 - mm{:z:,f}

= explicit sol'n




Network capacity expansion

Deterministic Version:
min . ¥;(x;), such that 0 < x; < vy, By )
‘yj|§7j+xja J—l ) T2, Zje@(@)yjzezal—l y TI

9.
\@ yl <T7+X,

| y3| < 5+X3

| yl | <2+X2



Deterministic Version:
min 2?21 ’QDj(CEj), such that OSCIZ‘J <Uj, ]: 1,...,71

il < vtz §=1,...,0 3 icom¥iZei1=1...,m

W -
: /

| KT2
y,l < 5+X5 D
ly, 1<24x, - : =

_monitoring function
Stochastic Version: & N ey
. L Allerara l
IN1TL g, o 1 2121 [pl 27;21 0; (fz o Zje@(i) yg)}

Sisoy ol < B U el e el el
st an s gl el it




Extensive formulation

min  {—¢,z) +p1{e,y") +p2{q,v") -+ priey")
SEiE iy i =
T?x = =
EXF . . f
T —y" < "
i 0 IRl B D )

Deterministic Equivalent Problem

Q(€,7) = min {(q,y) [ Tew +y > de, y > 0}
EQ(x) = E{Q(§,2)} = > _¢ezPeQ(, 2)
the equivalent deterministic program:
S min(—c,z) + EQ(x) such that x € R

product mix problem



RHS: random right-hand sides

deterministic version: ’

mimsesr) esuchithat - Ax = b Tr =t =l
stochastic program with simple recourse RHS:

min, (c,z) + E{Q(&,z)} suchthat Az =1b, 2 >0
Deterministic Equivalent Problem: (SPWSR)

min, (c,z) + FQ(x) such that Axz =5, x >0

o fo = (c,x) is linear;
o — {x Sl ‘ Ax = b} is a polyhedral set, A is m1 X n;
o ST q(f Tx), T a non-random mgo X n matrix;

e the recourse cost function q: ]Rm2 — IR is convex;
e the expectation functional EQ(x f_ (& — Tx) P(dE).



Convex optim., linear constraints

P: fo:IR™ = IR convex, X polyhedral,

TTE re X CR"”
snehethalt A o >ohiii i lee e g
<Ai,a?>:b7;, pe—do e
r* is an optimal solution of (P) <= d, KKT-multipliers y € R™:
e P T e e e G B = b R e )

Wisten iedlus sos cp o Ul a i =10
(c) z* € argmin { fo(z) — (A'y,z) |z € X }.

~ version of (¢): 3 —v € Nx(z*) = {u| (u,z —2z*) <0,Vz € X}



Optimality: Simple Recourse

(SPwWSR)

Suppose F() finite-valued, =™ solves SP-simple recourse
<— one can find KKT-multipliers u € R"!
& summable KKT-multipliers v : =2 — IR™2:

e O ==
2. forall £ e Z:  wv(&) € 0q(& — Tx*);

3. z* € argmin {{(c— A'u —T"0,z) |z € R"}

where v = E{v(§)}.



Approximation

Let P: R — |0, 1] continuous, increasing on interval =,

Ew(x)25(€—x)+(5—w)[><P(x)—/X (PO );

Hence,

When @ has the same s-quantile, Q™! (x) = P~1(k), same optimal sol’n.
—> choose () is ‘quantile close’ to P

e
—““
: 3
B0 :
et
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R
Rd

s
\’-
e
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st
et
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Lagrangian Duality

min fy(x), £ € X C R™ polyhedral
Ao mey e, =l ey A ap =l ==l .
The Lagrangian:
Lyl = s = s 1k 10— e et DE SN —leysr IR

7 optlmal <= 1 a pair (x*,y*) that satisfies:
e oI el ) y* € argmax, oy L(Z*,1).

primal & dual problems:
linear programs: min{c,z), Az =b, x >0 & max(b,y), A'y <0
quadratic programs: min(c, z) + 3(z, Qx), Ax > b, x € R"
max a + (d,y) — 5(y, Py),y € R
= —%(c, Q 'c),d=b+AQ 'cand P= AQ A"



Monitoring Functions

penalty substitutes

A monitoring function Op o(x) = SUPyern (%, V) — = (v, Q) v e P},
convex linear-quadratic function for P polyhedral, () psd. On R
0rp = 0r1,p(x) =sup {xv — §v2 fEsEett e 12— (L] (7= co)



Monitoring Functions

penalty substitutes

A monitoring function Op o(x) = SUPyern (%, V) — = (v, Q) v e P},
convex linear-quadratic function for P polyhedral, () psd. On R
D ) — —Sup{mv—§v2|v€IC]R}, B0 =P — 0] (egesioa)

.

rp

_____ e
/ 0
0




Monitoring Functions

penalty substitutes

A monitoring function Op o(x) = SUPyern (%, V) — = (v, Q) v e P},
convex linear-quadratic function for P polyhedral, () psd. On R
D ) — —Sup{xv—§02|v€ICR}, B0 =P — 0] (egesioa)

AP

and

maxo<y<r <d7 U> = % 2111 62@22 = Z?:l (93.7'75.7' (<Tj’ U> e Cj)

are a dual pair when 0,,7;, 5;, s; strictly positive.



excellent  acceptable unacceptable

Water quality: z; =T;(&§)x —d(§),t=1,...,1IV, technical, ...: Az <b

Monitoring deviations from the desired quality: for:=1,...,,1V,
0 iEme— () (excellent)
U if 7 € [0,r;08;] (acceptable)

riT —123;/2 if T > 153 (unacceptable)
+ direct costs with building treatment plants and reed basins,
2?21 G % Z?Zl @az?, D = diag(61,...,6,): leads to

min(c, ) —|—%<£E, Dz)+ 43{ ZZIZI Or..8; Wls =Gk $>)}7 25 il = ae s
with random rhs & technology T-matrix (hydro-dynamics, atmospheric).



Exploiting duality

min (c, ZE>—|—%<£U,D:E>—|—2:121 240, 5, (wy)}, Az >b, w=d-Tz,0<z<s

for all 4, &, = (v, 3,;,d;, t;1,...,t;n), w and, later, v as very long vectors.
The dual takes on the form, with v >0, 0<wv; <7r;, Vi

n mo
max (b, u) — Z e Z E'{d;v; — %57;’0?
=1 =1
ma2
such that e <Aj, u> = Z Ez{tw’vz} T ] — 1, 5 Ee o il
o=l

Only “simple” stochastic box constraints: 0 < v, <7r;, 1=1,...,ma.
Lake Stoopt: r and § are non-random.



Lagrangian Finite

Generation -

0
Steprls Ve (v vr] ’v’;r: =; — [0, 7], Vi

Step 1. Compute & = E{V'd}, B*=E{V BV,}, T =E{T'V,}

Step 2. Solve the (deterministic) approximating dual program:
max (b, u) + (d,A) — 3(A\, B"A) — 37 05, 5, (2;)
o A e e AR N e ST s )
(u”, N, 2¥) optimal, and ¥ KKT-multipliers of equality constraints.
set T/\)V:VVAV, ’wz’-/:di—<Tz-,az’/>, izl,...,mg
Step 3 (saddle point check) Stop, if for each ¢,
U] € argmax,, cjo .| (WY, v;) — s Biv2,
otherwise, for : = 1,...,my and every ( € =;, define
vy TH(C) € argmax gy <, [W(Q)v — 38:0%] with value 8, 5 (w?(¢))

(

Augment V, 1 = [V v"T1], set v < v + 1, return to Step 1.



