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Introduction

STOCHASTIC PROBLEM

L 1 .
minimize —(|y, — X hl?) + U(h)
heRN 2

(X,,)n>1 random matrices in RV*@,
(¥n)n>1 random vectors in R® with

(vneN*)  E(llyal®) =0
E(XnYn) =T
E(X,X))=R,

and ¥: RN — R regularization function.
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Introduction

NUMEROUS EXAMPLES:
» supervised classification

v

inverse problems

v

system identification, channel equalization

v

linear prediction/interpolation

v

echo cancellation, interference removal

How to solve the problem efficiently when the second-order
statistics of (X,,,y»)n>1 are estimated online,
in an adaptive manner ?
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NUMEROUS EXAMPLES:
» supervised classification

v

inverse problems

v

system identification, channel equalization

v

linear prediction/interpolation

v

echo cancellation, interference removal

How to solve the problem when the second-order

statistics of (X,,, y»)n>1 are estimated ,
inan manner ?
Majorize-Minimize approach.

Conclusion
[ele]
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Outline

* PROBLEM FORMULATION
» Stochastic approximation of the criterion
» Form of the regularization function
x BATCH MAJORIZE-MINIMIZE SUBSPACE ALGORITHM

» Quadratic tangent majorant
» Subspace acceleration strategy
» Convergence results

* STOCHASTIC MAJORIZE-MINIMIZE SUBSPACE ALGORITHM

» Proposed method
» Complexity study
» Convergence results

* APPLICATIONS TO FILTER IDENTIFICATION

» Online estimation of 2D blur
» Sparse adaptive filtering

Conclusion

[ele]
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Problem formulation
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Form of the objective function

Objective function at iteration » € N*:
1 1
(Vh e RY) F,(h)= P — r,Th+ 5hTR,,h + W(h)

* Batch case:

pm=o01,=rand R, = R.

* Online case:

n
Pn = %kzﬂ HYkH27r// = - ZXkym n = ZXka
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Form of the regularization function

S
1
(VRERY) W(h) = shTVoh —vlh + 3 ws(|[Vh — v,))

2
~~ -~ s=1
elastic net penalization

where vy € RY, Vi € RV*N symmetric positive semi-definite,
forevery s € {1,...,5}, vy € Rs, V, e REXN o o: R » R

ability to take into account linear operators .
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1
(vh € RY) W(h)= Sh"Voh —vgh +Zws IVah — )
s=1

~
elastic net penalization

where vy € RY, Vi € RV*N symmetric positive semi-definite,
forevery s € {1,...,5}, vy € Rs, V, e REXN o o: R » R

ability to take into account linear operators .

(i) For every s € {1,..., S}, 9, is an even lower-bounded function, which
is continuously differentiable, and lim;_,q 95 () /t € R,
t#0

where z/}s denotes the derivative of 1.

(i) For every s € {1,...,S}, ¥s(,/-) is concave on [0, +ocl.

(iii) There exists 7 € [0, +o00| such that (Vs € {1,...,5}) (V¢ € [0, +00])
0 < vs(t) < 7, where vy (t) = 14(t) /1.
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Examples of functions (v)1<s<s

A s (1) Type Name
[t| — s log(|t]/ds + 1) Ly — £y
o 12 if[t] < ds
by — 4 Huber
% {263|t| — 42 otherwise 2T
o log(cosh(t)) by — {1 Green
(1412/62)8s/2 1 Ly — L,
1 — exp(—t%/(262)) Le — Lo Welsch
12 /(262 + t2) Ly — Lo Geman
% -McClure
2 1 —£2/(6520)3 iflf| <
S| 1@/ < Ve | Tukey biweight
2 1 otherwise
[=)
z tanh(t2/(262)) Ly — £ Hyberbolic
tangent
log(1 + t2/62) Ly —log Cauchy
1 —exp(1 — (1 +t2/(262))%s/2) ly — L, — Lo | Chouzenoux

(Xs, 8s) €]0, +00[2, ks € [1,2]
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_,r_ _ .

Examples of functions (¢s)1<s<s

-1 -0.5 0 0.5 1

Gs(t) = (14 52 = 1, () = log (1+ ), (1) = 1 — exp(— 7).
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Batch majorize-minimize subspace
algorithm
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Majorize-Minimize principle
1. Find a tractable surrogate for /' ~~ Majorization step
~~ Quadratic tangent majorant
(Vh e RY) O(h. h,)=F(h,) +VF(h,) " (h—h,)
1 A
+ 5 (h = hn) " AR ) (B = hn),
> F(h),

where A(h) = R+ Vy+ V' Diag (b(h))V € RV*N
with V =[V{" ... VJ]T e RPN pP=P +... 4+ Ps
and b(h) = (b;(h)) € R” such that

1<i<P

(Vse{1,....SH(¥pe{l,....P})
bpy+t Py 4p(R) = vs([[Vih — vs])).
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Majorize-Minimize principle

1. Find a tractable surrogate for F' ~~ Majorization step

O, hn) F()

hn hn+1
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Subspace acceleration
2. Minimize in a subspace ~» Minimization step

(Vn € N¥) h,t1 € Argmin O(h, h,),
hespan D,

with 1, € RNV*Mn,
» rank(D,) = N = half-quadratic algorithm
» M, small = low-complexity per iteration.

Typical choice:

) [=VF(hy),hp,hy — hyq] i >1
"\ [FVF (), b ifn =1

~» 3MG algorithm

(similar ideas in TWIST, FISTA, NLCG, L-BFGS, ..))

Conclusion
[ele]
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Batch MM subspace algorithm

Initialize Dy, uo, h1 Dyug
DE = RDy,D,° = VyDy, DY = VD,

Forn=1,2,...

c(h,) =7+ v+ V' Diag (b(h))v

DA, =DE  + DY + VT Diag (b(h,)) DY,
VF(h,) = D;;‘_lun,l —c(hy)

Set D,, using VF(h,,)

DE=RD,, DY =V,D,,DY =V D,

u, = 13,D,) c(h,)
| thrl = Dyu,

= D] (DY + DE) + (DY) Diag (b(h,)) DY

Conclusion

[ele]

13/34
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Convergence theorem

Let assume that:
1. Forevery n € N*, {VF(hy,), h,} C span D,,
2. R+ Vjis a positive definite matrix.

Then, the following hold:

e |VF(h,)| — 0and F(h,) \, F(}Az) where h is a critical

point of F.

e If the functions (¢s)1<s<s are convex, then (h;, ),>1
converges to the unique (global) minimizer h of F

Conclusion
[ele]

14/34

e If F" satisfies the Kurdyka-tojasiewicz inequality, then the

sequence (h,),-, converges to a critical point of F.
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Stochastic majorize-minimize
subspace algorithm
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Stochastic approximation of the criterion

Conclusion
[ele]

16/34

[ Estimate of the objective function at iteration 1 € N*:

1 n
(vheRY) F,(h)= o D llye = X h|? + ¥(h)
k=1

1
—r, h+ 5h,T h+ ¥(h)

\.

1
2
with p, = 5300 lyel? en =5

ZZ:l Xkyka and

=150 XX/

n
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Stochastic approximation of the criterion

Conclusion
[ele]

16/34

[ Estimate of the objective function at iteration 1 € N*:

1 n
(vheRY) F,(h)= o D llye = X h|? + ¥(h)

k=1
1 11
= _p, — h+ =h h+¥(h)
\ 2 2
with o, = 250 sl v = L Y30, Xuy, and
:%Zzzlxkxz-

e How to make the method adaptive to changes in the input

statistics?
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Stochastic approximation of the criterion

[ Estimate of the objective function at iteration 1 € N*:

1 n
(VR €RYN) F,.(h) = = 0" F|yr = X[h|*+ ¥(h)
20y
1 T, 1.7
=— h+ -h h+ V(h)
L 2 2 )
with = L S0 0y 2, v = 2 S0R 0" Xy, and
SR S 6 o
~ Forgetting factor:
n-1 n ifv=1

=) 9F={1_yn , and 9 €0,1].
’ Z 1=9 if ¥ €]0,1], 10,1]
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Stochastic MM subspace algorithm

Estimate of the objective function at iteration » € N*:
1 n
(vh eRY) F,(h) = — Y 0" Fys — X[ hl* + U(h).
20,

1. Find a tractable surrogate for F,
~» Quadratic tangent majorant

(Vh € RY) =F,(h,) + VF,(h,) " (h —h,)
5= ) AL (= ),
Fr(h),

where =R, 4+ Vo + V' Diag (b(h))V € RV,
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Stochastic MM subspace algorithm

Estimate of the objective function at iteration » € N*:
1 n
(vh eRY) F,(h) = — Y 0" Fys — X[ hl* + U(h).
20,

1. Find a tractable surrogate for F,
2. Minimize in a subspace

(Vn € N¥) h,,1; € Argmin O,(h,h,),
hespan D,

with D,, € RN*Mn

~~ Stochastic 3MG algorithm :

b _ JFVFa () by by~ D] i > 1
" [~ VFa(hy), hy] ifn=1
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Stochastic MM subspace algorithm

Estimate of the objective function at iteration » € N*:
1 n
(vh eRY) F,(h) = — Y 0" Fys — X[ hl* + U(h).
20,

1. Find a tractable surrogate for F,
2. Minimize in a subspace

3. Perform recursive updates of the second-order statistics

1
(Vn € N¥) rp, =Trp_1+ E—(Xnyn —Tp_1)

n

1
R,=R, |+ E_(X”XZ ~R,_1).

n
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Stochastic MM subspace algorithm

rog — 0, RO =0
Initialize Dy, ug
h; = Doug, D} = 0,Dy° = VD, DY = VD,
Foralln=1,.
rp =rIp—1 + (Xnyn rp— 1)
Cn(hn) =Tn + vy + v’ Dlag ( ( n))v
D}, =(1 _;)DR 1T 3 L X, (X Do)

+DV° VT Dlag (b(h,))DY_,
VF, ( ) = DQ 1Un—1 _Cn(hn)
R, =R, 1+ (XX} - R, 1)
Set D,, using VF (hy,)

=R,D,, DY = VbDn,DV VD,

Bu =D/ (DR + DY) + (DY) ' Diag (b(h,))DY
u, = B D/c,(h,)
L hn+1 - Dnun

Conclusion

[ele]
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Computational complexity

» If V. = Iy, number of multiplications per iteration:

where N length of A, @ column dimension of X,,, M,
subspace dimension, and N > max{M,,, M,,_1,Q}.
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Applications
00000000

Computational complexity

» If V. = Iy, number of multiplications per iteration:
N*(4M; + Q)/2,

where N length of A, @ column dimension of X,,, M,
subspace dimension, and N > max{M,,, M,,_1,Q}.

» If V £ Iy, number of multiplications per iteration:

N( P(M,+M,_1+1) +N@AM,+Q)/2),

upper bound on the complexity
induced by linear operators

where P row dimension of V.

Conclusion
[ele]

20/34
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Computational complexity

» If V = I, number of multiplications per iteration:
N*(4M, + Q) /2,

where N length of A, @ column dimension of X,,, M,
subspace dimension, and N > max{M,, M,,—1,Q}.
» If V' #£ Iy, number of multiplications per iteration:

N( P(Mp+M,_1+1) +N(4M,+Q)/2),

upper bound on the complexity
induced by linear operators

where P row dimension of V.

» Further complexity reduction possible by taking into
account the structure of D,,,
e.g. 3MG, V = Iy, Q = 1 = complexity of RLS.

Conclusion
[ele]

20/34
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Let (2, F, P) be the underlying probability space. For every
n € N*, let X;, = o((Xk, yr)1<k<n) be the sub-sigma algebra
of F generated by (X, yi)1<k<n-

1. R+ YV, is a positive definite matrix.

2. ((Xn, yn))n>1 is a stationary ergodic sequence and, for
every n € N*, the elements of X,, and the components of
y» have finite fourth-order moments.

3. (Yn € N*) E([lyn+1[I*[X5) = 0, E(Xnt1¥n+1|X5) =  and
E(X, 11X/, X,) = R.

4. For every n € N*, {VF,,(h,),h,} C spanD,,.

5. h; is X;-measurable and, for every n € N*, D,, is
X,,-measurable.



Introduction Problem formulation Batch case Online case Applications Conclusion
[ee]e} 00000 00000 0000000e00 00000000 [ele]

SESO 2016 - Smart Energy and Stochastic Optimization 22/34

Convergence results: Theorem

(pr)n=1, (Ry)n>1, and (r,)n>1 converge almost surely to |
0, R and r, respectively.

e The set of cluster points of (h,,),., is almost surely a
nonempty compact connected set.

e Any element of this set is almost surely a critical point
of F.

o If the functions (¢5)1<s<s are convex, then the sequence
(hy),~, converges almost surely. to the unique (global)
minimizer of F.
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Convergence results : Rate analysis

" Assume that ¥ is convex and twice differentiable.
Let € €]0, +oo[ be such that eIny < R+ Vb.
e There exists P-as. n. € N* such that, for every n > n.,

Frn(hnt1) — inf Fp < 0, (Fn(hys) — inf F,)

where 6,, =1 — (1 + €)~'6,,, with

5 _ (VEn(hy)) Do (D] A, (h,)D,) D] VF,(h,)
" (VFu(hn) (V2F.(h)) 'VFa(h,)
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Convergence results : Rate analysis

[ Assume that ¥ is convex and twice differentiable.

Let € €]0, +oo[ be such that eIny < R+ Vb.
e There exists P-as. n. € N* such that, for every n > n.,

Frn(hns1) — inf Fyy < 0, (Fr(hy) — inf Fy,)
00, €[0,,0,) with
0,=1—(1+¢ 'x,' >0,
O =1—(1+¢ ‘7" (1— (?ﬂ—;ﬁ:f) <1
where k,, (resp. %) is the minimum (resp. maximum) eigenvalue of

(An(hn))%(V2Fn(hn))_1(An(hn))% and o, (resp. @,) denotes the
minimum (resp. maximum) eigenvalue of the Hessian of F, at h,,.

23/34
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Convergence results : Rate analysis

" Assume that ¥ is convex and twice differentiable.
Let € €]0, +oo[ be such that eIny < R+ Vb.
e There exists P-as. n. € N* such that, for every n > n.,

Frn(hnt1) — inf Fp < 0, (Fn(hys) — inf F,)
e 0, €10,,0,] with
0, =1—(1+¢ "' >0,

1

On=1—(1+¢ %y (1_ (?ﬂ—;ﬁ:f) <1

> slowest rate 6,, for gradient subspace
> fastest rate ¢, for full subspace.
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Convergence results : Rate analysis in the batch case

Assume that ¥ is convex and twice differentiable.
Let € €]0, +oo[ be such that eIn < R+ Vb.
o There exists n. € N*, u € R™ and 9 €]0, 1] such that, for every n > n.,

F(h,) —inf F < pd™.
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Convergence results : Rate analysis in the batch case

7

\.

Assume that ¥ is convex and twice differentiable.
Let € €]0, +oo[ be such that eIny < R+ Vb.
e There exists n. € N*, u € Rt and 9 €]0, 1] such that, for every n > n.,

F(h,) —inf F < pd™.

e The worst-case geometrical decay rate is

1 n—n+2e\2
t=1-——1—-(—— .
(1 + €)Rmax ( ( n+n ) )

where 7 (resp. 7,) denotes the minimum (resp. maximum) eigenvalue of
R+ Vo (resp. R+ Vo, + 5V V).

~
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Convergence results : Rate analysis in the batch case

~

" Assume that ¥ is convex and twice differentiable.
Let € €]0, +oo[ be such that eIny < R+ Vb.
e There exists n. € N*, u € Rt and 9 €]0, 1] such that, for every n > n.,

F(h,) —inf F < pd™.

e The worst-case geometrical decay rate is

1 n—n+2e\2
t=1-——1—-(—— .
(1 + €)Rmax ( ( n+n ) )

where 7 (resp. 7,) denotes the minimum (resp. maximum) eigenvalue of
R+ Vo (resp. R+ Vo, + 5V V).

\. J

Linear convergence of (h,)nen in the batch case.
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Application to filter identification
problems
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Application to 2D filter identification

OBSERVATION MODEL
( y=Sh)r+w

v

x € R” large size original image (L = 40962),

v

h € RY unknown two-dimensional blur kernel (N = 212),

S(h) Hankel-block Hankel matrix such that
S(h)x = Xh,

> w c R” realization of white A/(0,0.032) noise
(BSNR = 25.7 dB)

> y ¢ R” blurred and noisy image.

v
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Application to 2D filter identification

OBSERVATION MODEL
( y=Sh)x+w

v

x € R” large size original image (L = 40962),

v

h € RY unknown two-dimensional blur kernel (N = 212),

S(h) Hankel-block Hankel matrix such that
S(h)x = Xh,

> w c R” realization of white A/(0,0.032) noise
(BSNR = 25.7 dB)

> y ¢ R” blurred and noisy image.

v

= Minimization of a penalized MSE criterion: y,, € R® and X} € R®*Y: Q
lines of y and X, ¢ = 1, and ¥ isotropic penalization on the gradient of h, i.e.

S=N,(Vsec{l,...,8}) Ps =2, %s: urs \\J/1+u2/52, (\,0) €]0, +oo[>
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Original blur kernel. Estimated blur kernel, relative error 0.064.

» The regularization parameters are optimized manually.
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Application to 2D filter identification

S3MG

----- SGD [Robbins et al., 1951]
- = = RDA [Xiao, 2010]

Finito [Defazio et al., 2014]

Relative error

0 500 1000 1500 2000 2500 3000 3500
Time (s.)

Comparison of stochastic 3MG algorithm, SGD algorithm with decreasing

stepsize x n~1/2, and SAGA/RDA algorithms with constant stepsizes.

» The stepsize values in SGD/SAGA/RDA methods are optimized manually .
» The S3MG algorithm leads to a faster convergence .
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Application to 2D filter identification

——Q-=8x8
——Q=16x16 I
———Q=32x32

—— Q= 64x64

———Q=128x128
——— Q= 256x256
——Q=512x512
——Q = 1024x1024
——Q = 2048x2048

10°

[N
o
N

Relative error

0 500 1000 1500 2000 2500 3000 3500
Time (s.)

Effect of the block size @ on the convergence speed of S3MG.

» The best trade-off is obtained for Q = 256 x 256.
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Application to sparse adaptive filtering

RANDOM INPUT SIGNAL

(x(n))nGZ | Unknown FLTER (yn)n21

h’IL

(wn)n>1

(Vn € Z) h, € RN sparse filter, y, € R, w, € R.
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Application to sparse adaptive filtering

RANDOM INPUT SIGNAL

(a:(n))nez— UNKI\%WN FILTER H_f_ (yn)nZI
n

(wn)n>1

(Vn € Z) h, € RN sparse filter, y, € R, w, € R.

= Minimization of a penalized MSE criterion:

Xy =[x(n—N+1),...,2(n)]" € RY;

~» Smoothed ¢, regularization with S = N, vg = 0, V5 = Oy, and
(Vs € {l,...,N}) P, =1, v, =0, V;, € R the s-th vector of
the canonical basis of RY and 1, : u + (1 — exp(—u?/(26%))).
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Simulation results

(h,) : Time-variant linear system with 200 sparse coefficients,

(z(n)), : Input sequence of 5000 random independent variables
uniformly distributed on {—1, +1},

(w,)n : White Gaussian noise with zero mean and variance 0.05.
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Values of the coefficients of the true sparse filter k,, for 1 < n < 2500

Conclusion
[ele]

31/34



Online case
0000000000

Applications
00000080

Introduction Problem formulation Batch case
[ee]e} 00000 00000

SESO 2016 - Smart Energy and Stochastic Optimization

Simulation results

(h,) : Time-variant linear system with 200 sparse coefficients,

(z(n)), : Input sequence of 5000 random independent variables
uniformly distributed on {—1, +1},

(w,)n : White Gaussian noise with zero mean and variance 0.05.
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Estimation error along time, for various sparse adaptive filtering strategies

> For each tested methods, tuning parameters optimized manually.

» S3MG leads to the minimal estimation error , and benefits from
good tracking properties .
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Conclusion

Solution to online penalized MSE problems
= Proposition of a novel stochastic MM subspace algorithm.

v" No need for tuning up a stepsize (in particular, no decreasing
condition on a stepsize)

v Can be used in an adaptive context thanks to a forgetting factor

v~ Proven convergence guarantees

v Analysis of the convergence rate and of the complexity

v" Good numerical performance w.r.t. state-of-the art methods.
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