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Two-stage Stochastic Programming

One-Stage Problem

Assume that & has a discrete distribution !, with
P(¢ =&°) = p° >0 for s € [1,S]. Then, the one-stage problem

nl(i)n E[L(UQ,é)}
s.t. g(up, &) <0, P—as

can be written

S
H S S
min S§:1p L(uo, &%)

st g, &) <0, Vsel[lS].

1if the distribution is continuous we can sample and work on the sampled
distribution, this is called the Sample Average Approximation approach with
lots of guarantee and results
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Two-stage Stochastic Programming

Newsvendor problem (continued)

We assume that the demand can take value {d*};c[1 5 with
probabilities {p°}icq1,n)-
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Two-stage Stochastic Programming

Newsvendor problem (continued)

We assume that the demand can take value {d*};c[1 5 with

probabilities {p°}icq1,n)-
In this case the stochastic newsvendor problem reads

S
muin Z p° (cu — pmin(u, d5)>
s=1
s.t. u>0
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Two-stage Stochastic Programming

Recourse Variable

In most problem we can make a correction u; once the uncertainty

is known:
ug ~ 51 ~> uq.

As the recourse control uy is a function of £ it is a random
variable. The two-stage optimization problem then reads

Lr]gi(]n1 E {L(Uo, f, ul)}

s.t. g(up, & up) <0, P—a.s
o(uy) C o(€)
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Two-stage Stochastic Programming

Recourse Variable

In most problem we can make a correction u; once the uncertainty

is known:
ug ~ 51 ~> uq.

As the recourse control uy is a function of £ it is a random
variable. The two-stage optimization problem then reads

Lrl?,iunl E {L(Uo, E, ul)}

s.t. g(up, & up) <0, P—a.s
o(uy) C o(€)

@ up is called a first stage control
@ uq is called a second stage control. It is a random variable.
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Two-stage Stochastic Programming

Two-stage Problem

The extensive formulation of

min E {L(uo, £, ul)}

to,u1

s.t. g(up, & up) <0, P—a.s

n
min > pL(uo, €5, 1)

w {uitsems)

s.t g(u0>§sv Uf) <0, Vs € [[175ﬂ

It is a deterministic problem that can be solved with standard tools
or specific methods.
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Two-stage Stochastic Programming

Two-stage newsvendor problem

We can represent the newsvendor problem in a 2-stage framework.

@ Let up be the number of newspaper bought in the morning.

@ let 1y be the number of newspaper sold during the day.
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Two-stage Stochastic Programming

Two-stage newsvendor problem

We can represent the newsvendor problem in a 2-stage framework.

@ Let up be the number of newspaper bought in the morning.
~ first stage control

@ let 1y be the number of newspaper sold during the day.
~» second stage control

The problem reads

min [E {cuo — pul}

up,uy

s.t. uyp>0
ui < ug P— as
up <d P— as

o(uy) C o(d)

Vincent Leclere

5/10/2017

6/ 21



Two-stage Stochastic Programming

Two-stage newsvendor problem

In extensive formulation the problem reads

S
H S S
uo7{urfn}lsr;[[1,5]] szzzlp (Cuo B pUI)
s.t. u >0
u; < ug Vs e [1,5]
u; < d° Vs € [1, 5]
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Two-stage Stochastic Programming

Two-stage newsvendor problem

In extensive formulation the problem reads

S
H S S
uo7{urfn}lsr;[[1,5]] szzzlp (Cuo B pUI)
s.t. u >0
u; < ug Vs e [1,5]
u; < d° Vs € [1, 5]

Note that there are as many second-stage control uj as there are
possible realization of the demand d, but only one first-stage

control wug.
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Two-stage Stochastic Programming

Recourse assumptions

@ We say that we are in a complete recourse framework, if for all
up, and all possible outcome &, every control u; is admissible.

@ We say that we are in a relatively complete recourse
framework, if for all ug, and all possible outcome &, there
exists a control uy that is admissible.

@ For a lot of algorithm relatively complete recourse is a
condition of convergence. It means that there is no induced
constraints.
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Some information frameworks

Two-stage framework : three information models

Consider the problem

min E[L(UO, £, ul]

up,u;

@ Open-Loop approach : ug and uy are deterministic. In this
case both controls are choosen without any knowledge of the
alea €. The set of control is small, and an optimal control can
be found through specific method (e.g. Stochastic Gradient).
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Some information frameworks

Two-stage framework : three information models

Consider the problem

min E[L(UO, £, ul]

up,u;

@ Open-Loop approach : ug and uy are deterministic. In this
case both controls are choosen without any knowledge of the
alea €. The set of control is small, and an optimal control can
be found through specific method (e.g. Stochastic Gradient).

@ Two-Stage approach : uq is deterministic and uy is
measurable with respect to &. This is the problem tackled by
the Stochastic Programming approach.

@ Anticipative approach : ug and u; are measurable with
respect to £&. This approach consists in solving one
deterministic problem per possible outcome of the alea, and
taking the expectation of the value of this problems.

Vincent Leclere 0S -2 5/10/2017

9/ 21



Some information frameworks

Information models for the Newsvendor

Open-loop :

S
: s
min -
min " p (et — pun)
s=1
s.t. u=>0
up < ug

u < d° Vs € [1, 5]
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Some information frameworks

Information models for the Newsvendor

Two-stage :
S
min p*(cuo — puy
uo,{ustseq.s] szz:l ( 1)
s.t. up>0
up < up Vs € 1, 9]
u < d* vs €L, 5]
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Some information frameworks

Information models for the Newsvendor

Anticipative :
S
min p*(cuo — pui
{ug:uitsequng 52:; ( 0
st >0 Vs € [1,5]
Ui < up Vs e [[]-75]
Ui S dS VS e [[]_,SII
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Some information frameworks

Comparing the information models

The three information models can be written this way :

s
min > pL(u, €, uf)

{ugzuis}SE[[L,Sﬂ s=1

s.t. u3>0 Vs € [1, 5]
uy < up Vs € [1, 5]
u; < d° Vs e [1,5]
u = uf for 2-stage and OL
u = uf for OL
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Some information frameworks

Comparing the information models

The three information models can be written this way :

s
min > pL(u, €, uf)

{ugzuis}SE[[L,Sﬂ s=1

s.t. u3>0 Vs € [1, 5]
u; < ug Vs e [1,5]
u; < d° Vs e [1,5]
u = uf for 2-stage and OL
u = uf for OL

Hence, by simple comparison of constraints we have

Vanticipative < V2—stage < VOL
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Some information frameworks

Solving the problems

o VO can be approximated through specific methods (e.g.
Stochastic Gradient).

o \/27stae s obtained through Stochastic Programming specific
methods. There are two main approaches:

o Lagrangian decomposition methods (like Progressive-Hedging
algorithm).

o Benders decomposition methods (like L-shaped or
nested-decomposition methods).

e \/anticipative is difficult to compute exactly but can be
estimated through Monte-Carlo approach by drawing a
reasonable number of realizations of &, solving the
deterministic problem for each realization £° and taking the
means of the value of the deterministic problem.
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L-Shaped decomposition method

Linear 2-stage stochastic program

Consider the following problem
min E[cTuo + unl}
S.t. Aug=b, wug>0
Tug+ Wuy=h, u; >0, P — a.s.
up € R", a(ul) C a(q, T, W, h)
3
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L-Shaped decomposition method

Linear 2-stage stochastic program

Consider the following problem
min E[cTuo + unl}
S.t. Aug=b, wug>0
Tug+ Wuy=h, u; >0, P — a.s.
up € R", a(ul) C a(q, T, W, h)
3

With associated Extended Formulation
S
min cTuo—l—Zps q° - uj
s=1
s.t. Aug=b, wug>0

T up+ W°u; = h°, uj >0,Vs

Vincent Leclere
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L-Shaped decomposition method

Relatively complete recourse

We assume here relatively complete recourse. Without this
assumption we would need feasability cuts (see Bender's
decomposition method).

Here, relatively complete recourse means that :

Yup >0, Vsell,5]
Aup=b = FJu;>0, W] =h"—Tu.
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L-Shaped decomposition method

Decomposition of linear 2-stage stochastic program

We rewrite the extended formulation as

min cTuo +6
s.t. Aug=b, wug>0
0 > Q(uo) up € R"

where Q(ugp) = 32, p°Q%(ug) with

S H S S

up) := min u

@*(wo) RE LI
s.t. T up+ Wu; =h°, u; >0

Note that Q(up) is a polyhedral function of ug, hence 0 > Q(up)
can be rewritten 6 > a[uo + Bk, Vk.
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L-Shaped decomposition method

Obtaining (optimality) cuts

Recall that
*(up) := min SRNTH
Q*(wo) R q -
s.t. Tug+ Wu; =h°, u; >0

can also be written (through strong duality)

Q (UO) = /\r;nee]g(m A (h - T Uo)

s.t. Wwe-x<gq°
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L-Shaped decomposition method

Obtaining (optimality) cuts

(Du)  @°(wo) = max A"~ (h° = T*uo)
s.t. Wwe-\°<gq®

admits for optimal solution A7 .
Consider another control u6, we have

(D) Q)= max, A (K~ T*up)

s.t. Wwe-\° <gq°

As Ay, is admissible for (Dy,) it is also admissible for (D, ), hence

Q°(up) > A5y - (h° = Touwp).
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L-Shaped decomposition method

Obtaining (optimality) cuts 1l

Thus we have that,

Yup, S(uh) > h° - X5 —\°- T°uj.
0 Q@ (up) = o s 0
s Oék

k

Recall that,
S
Vg,  Qup) = > p°Q°(up)
s=1
thus
S
Vg,  Qup) > > p*(adup+ B7)
s=1
or s s
Vi, Qup) = (Yo poai) up+ D PP
s=1 s=1
Qi B

Vincent Leclére 5/10/2017 20 / 21



L-Shaped decomposition method

| -shaped method

@ We have a collection of K cuts, such that Q(ug) > ayug + Sk-

@ Solve the master problem, with optimal primal solution ué‘.

min clup+0
Aug=b,up>0

s.t. 0 > ayug + Bx Vk € [[1,K]]
© Solve N slave dual problems, with optimal dual solution \*

max A5 (B — Touf)

s.t. We.\°<gq°

@ construct new cut with

S S
ki1 i= =S P (TN, Bryri= 3. p° b N
i=1 i=1
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