Performance bounds for Approximate
Dynamic Programming in Large Scale
Infinite-Horizon Optimal Control Problems

Bruno Scherrer, Victor Gabillon, Mohammad Ghavamzadeh,
Matthieu Geist

INRIA Lorraine, LORIA, MAIA Team

~

: informatics 47 mathematics

Stochastic Optimization Workshop, Cadarache, June 28, 2012.

/41



Markov Decision Process

A MDP M is a tuple (X, A, r,p,7), where

X is a (finite) state space X,

A is a finite action space,

for all x € X, p(-|x, a) is a distribution over X,

r: X x A— Ris a (deterministic) reward function

~ € (0,1) is a discount factor.

Goal : Find a policy 7 : X — A maximizing the value function v,
for all x :

Ve(x) = [Z’y (xt, ar)

t=0

Xo = X, {Vt > 0 ay = F(Xt)}

)
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An illustrative example : Tetris

% State
Possible

actions
Chosen
action
Q Rewa rd

/

Possible Next
next states state

\

41



Bellman Equations, Notations |

e For any policy 7, v, is the unique solution of the Bellman
equation :

Vx,  va(x) = r(x,7(x)) +7 Z p(y|x, 7(x))va(y)

S Va=Tvy & Va=ta+7Pve & vp=(l —WPW)_lr,r

o The optimal value v, is the unique solution of the Bellman
optimality equation :
V. ) * = ( s 5 * )
X, va(x) = max (r(x,2) +7 ;{p(ylx a)va(y)
y

S vie=Tv, & v, =max [ v,.
s

e 71 is a greedy policy w.r.t. v, written m = Gv, iff
Vx, w(x)e argmax( r(x,a +fyz ylx, a)v( )
yeX

& T,v=Tv.
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Bellman Equations, Notations Il

e The action value function g, :

oo

G=(x,a) = E [thr(xt, ar)

t=0

Xo = X,30 = a,{Vt > 1, a; = 7(x)}

® g, and g, satisfy the following Bellman equations

Vx, r(x,8)+7 Y plyIxa)ax(y, 7(y)) & Gr = TrGs
yeX

Vx, r(x,a)+7y Z p(y|x, a) max q.(y,d) & q.=Tq.
yeX

e And the following relations hold :

T=0qg <& Vx, m(x) € argmaxq(x,a)
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Bellman Optimality Equation

We just need to solve the following system

Xl = ma r\xiy,a
ae

via) = max

 (r
vi(x2) = (f X2,

(+

(+

X4)—max r(xs, a —1—72 (v|xa, @)vs(y

+’YZ y|X17

yeX

+’YZ y|X27

yeX

r(xs,a)+7 ) plylxs, a)va(y

yex

yeX

V*

)
)
)
)

veGar) = max (r(xu, @) +9 Y p(y b, 8)w(y))

ac

yeX



Value lteration

Vik+1 < Tvk

Algorithms

Policy Iteration

i1 < Gvk
Vk+1l € Vg



Value lteration

The1 < Gk
Vir1 < Tvie = Tr, vk

Algorithms

Policy Iteration

i1 < Gvk
Viert 4 Vg = (Trpn) % vk
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Algorithms

Value lteration Policy Iteration
The1 < Gk Tyt Gk
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Algorithms

Value lteration Policy Iteration
The1 < Gk Tyt Gk
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Tk+1 < Gvk
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A Policy lteration (Bertsekas & loffe, 1996; Scherrer, 2007)
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Optimism in the greedy partition (Bertsekas
& Tisitsiklis, 1996)

Y
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Optimism in the greedy partition (Bertsekas
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Optimism in the greedy partition (Bertsekas
& Tisitsiklis, 1996)

____ Policy Iteration
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Optimism in the greedy partition (Bertsekas
& Tisitsiklis, 1996)

____ Policy Iteration

.......... Value Iteration
_____ Opt. PI
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Bellman Optimality Equation

We simply need to solve the following system

Vi(x1) = max (r x1,a) + 7 Z (ylx1, a)vi(y )
yeX

vi(x2) = x (r Xo,a) + 7 Z (y|x2, @) va(y )
yeX

ve(a) = max (r(.2) + 9 Y plybo, a)va(y))
yexX

Vi(xs) = max { r (xa,a) + Z (v|xa, a)vi(y )

yeX

v o) = max (G @) 9 Y Py 2)ua(y))

yeX

Tetris : N ~ 210%x20 ~ 1060 gtates !
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Bellman Optimality Equation

We simply need to solve the following system

r(xi,a +VZ (ylxi, a)va(y
yeX

r(X2a +»YZ y|X27 VH )
yeX
vo(x3) =~ rixs,a +VZ ylxs, a) )

yeX

(
max (
may
(

volxa) = max (r(a,3) +7 Y plyla, a)voly
yeX

voCoaw) ~max (r(xs @) +9 Y Pyl a)vi(y))

yeXx

Tetris : N o~ 210%20 ~ 1000 states! § € RP, p < N



Bellman Optimality Equation

We simply need to solve the following system

vile) = max (r(,2) +7 Y plybe. a)u(y)

yex

vo(e) ~ max (r(xa,2) +7 Y plylee. a)uo(y)

yeX

Tetris : N ~ 210%20 ~ 1000 states! § € RP, p < N, k < N samples
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lllustration of approximation on Tetris

@ Approximation architecture for v, :

“An expert says that” for all state x,

Vi () = vp(x)

=0 Constant
+91h1(X)+92h2(X)+ ---+910h10(X) column height
+ 911Ah1(X) + 912Ah2(X) + 4 019Ahg(X) height variation
+ B max hi(x) max height
+ 01 L(x) # holes

® Sampling Scheme : play!
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@ Introduction

@ Approximate Implementations of MPI
AMPI-V
AMPI-Q
CBMPI

© Analysis
Error propagation

Detailed finite-sample analysis of CBMPI

O Preliminary empirical illustration
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Approximate MPI

BT — Gk policy (actor) update

m vy < (Tx,,,)"vk value function (critic) update

Actual implementations depend on the way the policy and the
value function are represented

13 /41



Approximate MPI-V

[(vk) are represented in F C RX] By — G
B Vi < (Tﬂkﬂ)mvk
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Approximate MPI-V

[(vk) are represented in F C RX] By — G
B Vi < (Tﬂkﬂ)mvk

m Value function update =

@ Point-wise estimation through rollouts of length m :
For N states x(/ ~ p, compute an unbiased estimate of
[(Trn)™ v (x")) " (using mx 1 m times)

m—1
Vkﬂ(x(')) = Z ’ytrt(') + ’Yka(X,(,.I,))
t=0

@ Generalisation through regression :
Vk+1 is computed as the best fit of these estimates in F

N
1 Dy~ NS
Ve = arg min - -E_l (v(x( )Y = Vera (x4 ))) .

14 /41



Approximate MPI-V
State Space

m Policy update =
In state x, the greedy action is estimated by :
1 M g .
miy1(x) = argmax - ( S+ Wk(x,?)))

j=t
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Approximate MPI-V
State Space

M M
a a,
x(1)
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Approximate MPI-V
State Space

M M
a, a,
a
x®

m Policy update =
In state x, the greedy action is estimated by :
1 M g .
miy1(x) = argmax - ( S+ Wk(x,?)))

j=t
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Approximate MPI-V

Related algorithms : Fitted VI (Munos & Szepesvari, 2008) is a
special case of AMPI-V when m = 1.

Sample complexity : Nm(M|A| + 1) transition samples.
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Approximate MPI-Q

[(qk) are represented in F C RXXA) BT — Gk
® g1 (o) 0k
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Approximate MPI-Q

[(qk) are represented in F C RXXA) BT — Gk
® g1 (o) 0k

m Policy update =
In state x, the greedy action is estimated by :

1 (x) = arg max qi(x; a)

m Value function update =

@ Point-wise estimation through rollouts of length m :
For N state-action pairs (x7, (’)) ~ (, compute an unbiased estimate of

[(Tre)™ qi] (x9,2) (usmg a), then 7,1 m times)

Gir1(x?, a0y = ST D 4y (x5, e (xD))

@ Generalisation through regression :
gk+1 is computed as the best fit of these estimates in F

. . . . 2
(q(Xm’ a") = Guar (x, a(:)))

M=

.1

gk+1 = arg min —
geF N <4

i=1 17 /41



Approximate MPI-Q

Related algorithms : Fitted Q (Ernst et al. , 2005; Antos et al. ,
2007) is a special case of AMPI-Q when m = 1.

Sample complexity : Nm transition samples.

18/41



Classification-based MPI

(vk) represented in F C RX m Vi “ (Tr)"vk—1
(mk) represented in 1 C AX w1 — G[(Tr)"vio1]
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Classification-based MPI

(vk) represented in F C RX m Vi “ (Tr)"vk—1
(mk) represented in 1 C AX w1 — G[(Tr)"vio1]

m Value function update =
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Classification-based MPI

(vk) represented in F C RX m Vi — (Tr )" Vi1
(mk) represented in 1 C AX w1 — G[(Tr)"vio1]

m Value function update =

Same as in AMPI-V!

@ Point-wise estimation through rollouts of length m :
Draw N states x) ~

Vit (x0) = A e Dy (<)

@ Generalisation through regression
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Classification-based MPI

m Policy update =

When 7 = G[(Tx,)"vk—1], for each x € X, we have
[T (T "] (0 = max [To( ) "vics] ()

Qi (X,TI'(X)) Qi (x,a)

@ For N states x1 K for all actions a, compute an unbiased estimate of
[ T2 (Tx,)™ vi_1] (x') from M rollouts (using a, then 7xy1 m times) :

m

M

A i 1 i m i

Q™ a) = 2373 A R + 4" v ()

j=1 t=0
@ 711 is the result of the (cost-sensitive) classifier :
1
_ : (i)
RS YRR

acA

i=

20 /41



Classification-based MPI

Related algorithms : DPI (Lazaric et al. , 2010) is a special case of
CBMPI when m = 400 (see also (Fern et al. , 2006;
Lagoudakis & Parr, 2003; Gabillon et al. , 2011)).

Sample complexity : nm+ NM|A|(m + 1) or NM|A|(m + 1)
transition samples in case of reuse of the rollouts.
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@ Introduction

@ Approximate Implementations of MPI
AMPI-V
AMPI-Q
CBMPI

© Analysis
Error propagation

Detailed finite-sample analysis of CBMPI

O Preliminary empirical illustration
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© Analysis
Error propagation
Detailed finite-sample analysis of CBMPI
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The need for a new analysis

e VI analysis is based on the fact that the Bellman optimality
operator is a y-contraction in max-norm.

e Pl analysis relies on the fact that the sequence of the generated
values is non-decreasing.

e None of these lines of proofs apply to MPI!

24 /41



An Abstract Approximate AMPI Algorithm

m Greedy step error : ¢, =
€, > 0 is the error in fitting the greedy policy, written
Tk = ge;< Vk—1,
meaning that for all ,

/
T7r’ Vk—1 S Tm( Vik—1+ €

m Evaluation step error : ¢, m

€k is the error in fitting the (T, ., )™ vk.

i)

Vi (Tﬂ-k)mvk_l + €k

25 /41



Point-wise Error Propagation Overview

We study the loss due to running 7« instead of 7, :

0<vi —vr, < v — (vk —ex)+ (v — €k) — Vi,

di Sk

Lemma Point-wise inequalities
Define by = v — Toiiq V- The following inequalities hold

b < (vPr )" bi—1 + x«,
m—1

dier <P dic + yic + Z(’Ypﬂk+1)jbk:

Jj=1

Sk = ('VPﬂ'k)m(l - 'YPWk)ilbk—lv

where x; 2 (I = vPr,)ex + €11 and yi 2 Py e+ €hg1-

If |ex| and |€j,1| are O(e), then by < O(e), which implies that di < O(e) and
sk < O(e). So Finally vy — v, < O(e).

26
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Proof of Lemma : Bounding b,

bk = Vi — T.

i1 Vk
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Proof of Lemma : Bounding b,

b = vk — Try 1 Vi
=vk — Tmvik + Topvic — Ty Vi

N~

!
L€t
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Proof of Lemma

=k — Ty Vi
Vik = T Vi + T Vi — Ty Vi
<€kt

/
Sk — Tr v+ €1

: Bounding b,

27 /41



—Vk—T

Proof of Lemma : Bounding b,

Tt Vk

Vik = T Vi + T Vi — Ty Vi

!
L€t

/
Vik — T7rkvk +€k+1

= Vg — €k — T7rka + ')/Pwkek + € — ’VPTrkEk + 6;(+1

27 /41



Proof of Lemma : Bounding b,

= Vi — T Vi
Vik = T Vi + T Vi — Ty Vi
<€kt

Vi = T Vi + €41
Vi = €k = T Vi + Y Pry€ic + €6 — v Py + EQ(H
vk — €k — T ( vie — € )+ (I —vPr e + 62+11

(Trp)™vi—1 (Trp)™vi—1 Xk
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Proof of Lemma : Bounding b,

= Vi — T Vi
=vk — Tmvik + Topvic — Ty Vi
<€kt

Vic = T Vi + €l
= Vg — €k — T7rka + '7P7rk€k + € — ’VPTrkEk + €;<+1
/
= Vik — €k _Tﬂ‘k( Vi — €k )+ (/ - 'YPﬂk)Ek + 6k+14
(Trp)™vi—1 (Trp)™vi—1 Xk

— (Tﬂ'k)mvk—l - Tﬂ'k(Tﬂ'k)ka—l +Xk
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Proof of Lemma : Bounding b,

= Vi — T Vi
=vk — Tmvik + Topvic — Ty Vi

<€kt
vk — Tr v + e’kJrl
= vk — €k — TryVk + YPryek + €k — YPry€k + €1 iq
= wo o ~Tml w o )+ (- Pr)ek + s
(T )" Vi—1 (T )" Vk—1 Xk
= (Tﬂ'k)mvk—l - Tﬂ'k(Tﬂ'k)ka—l + Xk
= (Tr)"vieer = (T )" (T vie—1) + X
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—Vk—T

Proof of Lemma : Bounding b,

Tkt Vk

Vik = T Vi + T Vi — Ty Vi

<€kt
Vi = T Vi + €41
Vk — €k — Ty Vi + YPryek + €k — YPry€k + €1 iq
/
Vi — €k _Tﬂ‘k( Vi — €k ) + (/ - 'YPﬂk)Ek + €k+1

(T )" Vi—1 (T )" Vk—1 Xk
= (Tre)"Vie1 = T (T )" Vi1 + Xk

= (Tw)"vik—1 — (T, )" ( T Vi—1) + X«

= (VPr,)"(vik—1 — Ty vi—1) + Xk
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—Vk—T

Proof of Lemma : Bounding b,

Tkt Vk

Vik = T Vi + T Vi — Ty Vi

<€kt
Vi = T Vi + €41
Vk — €k — Ty Vi + YPryek + €k — YPry€k + €1 iq
/
Vi — €k _Tﬂ‘k( Vi — €k ) + (/ - 'YPﬂk)Ek + €k+1

(T )" Vi—1 (T )" Vk—1 Xk
= (Tr ) "viem1 = T (T )" vie—1 + Xk

= (Tr)"vk-1 — (T, )" (T Vi—1) + Xk

= (YPr,)"(vk—1 — T Vk—1) + Xk

= (7Pr, )" br—1 + X.
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From Point-wise to L, norm bounds

Using I as a generic notation for v@Q, where @ is some stochastic
matrix, we get :

Lemma Point-wise performance loss bound

The loss of the AMPI-V/Q algorithms after k iterations satisfies

k—1 oo k—1 oo
Ve — Vi, < 222 Mlex—i| + ZOZ Mlel_il + h(k),
i=1 j=i =0 j=i

where h(k) =232, [|do| or h(k) =233, | bo|.
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Error Propagation for AMPI-V/Q
Theorem L, bounds for the loss of AMPI-V/Q
After k iterations, the loss of AMPI-V/Q satisfies
20y =) (Ca)?
Y= q)’
————"— sup |¢llpg,
(1 . 7)2 1<j<k-1 || J Hpq H

(19 ()

— X Su
(1—7)? 1<Jspk”

[l v — Vme,p <

Gj/'Hpq’,u + g(k),

k
; 1,1 — 2y
with s pr 1 and g(k) =

1
(61/7/) P min ([lve = voll pgr s 10 = Ty Wollpgr )

Generalisations of previous results

® \When k and p tend to infinity the bound of the Th. gives us a generalization of
the APl (m = oo) bound of Bertsekas & Tsitsiklis (1996, Prop. 6.2),
. 27 sup; || €[l o +sup; || €] [ 0o
I|m5upk—>oo ”V* - Vﬂ'k”OO < < J(li,y)z == .

® In p norm, our results unifies AVl and API with ej/- =0 as analysed in (Munos,
2003; Munos, 2007).

29
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Error Propagation for CBMPI

Theorem L, bounds for the loss of CBMPI
After k iterations, the loss of CBMPI satisfies

TI=

24" (v =71 (Cy)
Ve — V, < su Eilllmer
|| * 7rk||p,p = (1 — 7)2 1 'SE 0 || JHPCI Y2
1
P

<Jj

(1-+%) () ,
+——9 sup ||€}]lpg.u + &(K),
(1—A)2 13_2[(“ J||pq utgk)

1
24k oo
+h =1 and g(k)= £ (cy) P min (llve = vollpgr, i 1v0 = Ty vollpgr )

i 1
with = z T

Remarks

® m controls the influence of the value function approximator, cancelling it out in
the limit when m tends to infinity (— API).

® Generalizes the analysis of (Lazaric et al. , 2010) for m = oo

30
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Finite sample analysis of CBMPI

greedy step error : Using classification analysis tools we get :

1 1
el iy OV ) + OVl )

with the approximation error of the actor :

dl, = sup inf D oex [maxa Qrv(x,a) — Qﬁ/,v(x,w(x))]u(x).

veF,n! €N

evaluation step error : Using regression analysis tools we get :

1
HQ(HQ,;L <dm+ O(Vmax\/;)

with the approximation error of the critic :
dm = sup (Tx)"g — fll2,n
F,m

inf ||
ge feF

31/41



Error Propagation for CBMPI (detailed)

Corollary

Assume a fixed budget of samples B = nm = NMA(m + 1) for each
iteration, after k iterations, and with high probability, the expected loss
of CBMPI satisfies

s m m |A\m
ol 7))

Trade-off in the tuning of m : a large value of m induces large
estimations errors, but a smaller overall influence of the value
estimate.
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O Preliminary empirical illustration
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Averaged steps to the goal
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200
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Parameter m
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Averaged steps to the goal

250
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/

Algorithms
LSPI
-=—--= DPI
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5 10 20
Parameter m
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Conclusions and Future Work

This talk

We studied modified policy iteration (MPI), that contains both policy and
value iteration algorithms

Three approximate implementations of MPI that extend well-known ADP
algorithms : fitted-value iteration, fitted-Q iteration, and
classification-based policy iteration

An error propagation analysis that unifies those of AVl and API

A detailed finite-sample analysis for the classification-based
implementation of AMPI (CBMPI)

Our results indicate that, in CBMPI, the parameter m of MPI allows us
to balance between the errors of critic and actor

Future work

A detailed analysis of AMPI-V/Q

More challenging empirical evaluation (Tetris).
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Counter example

Proposition

If m > 1, there exists no norm for which the operator that MPI uses to
update the values from one iteration to the next is a contraction.

Démonstration.

MDP with 2 states {si, s}, 2 actions {change, stay}, rewards
r(s1) =0, r(s2) = 1, and deterministic transitions.
v =(€,0) and v/ = (0, €) with € > 0.
m=Gv = (st,ch) and ' = Gv' = (ch, st),
m =" m
m,, _ Y€ Ny — 1= + 7€
(T=)"v = (1 +’Ym€> and (T,) = (17% +'y"’e>'

1—~

=y Y —c
= (To)™ — (To)™ =  0n | while v/ —v = ( E >
1—v

Since € can be arbitrarily small, the norm of (T,/)"v' — (T:)"v can be
arbitrarily larger than the norm of v — v/ as long as m > 1.
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State Space m=5, N=3

X

x(©)

x(2)

x(1)

Fori=1,...,N, drawx(i)NM
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one generates a rollout of size m :

(() (7)

ERERN)

and estimates Vi1 (

State Space m=5, N=3
XW
x(2
+v, (x)
XV,
" el
r ) £ )7 cee 3511;)_17 rr(rj)_pxg)) with agi) = 7Tk+1(X§i))

m—1

Vi v () with E [T (<))

t=0

(Tra) " vk
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