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Why and how to deal with uncertainty’ (1)

Recourse Models (2 & 3)

Aggregation Principle (4)
Approximations (5)

Duality Theory (6)
Dispatching Energy - ISO (7)
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Stochastic Programs
with Recourse

Roger J-B Wets
Mathematics, University of California, Davis




.. with Simple Recourse

(decision: xr ~» observation: £ ~» recourse cost evaluatiorD
cost evaluation ‘simple’ = simple recourse, i.e.,

mingescre fo(z) + E{Q({,z)} @ ’simple’

Product mix problem. With £ = (T, d),
Jo(z) ={c,z), S = ]Rflw Q¢ z) = Zi:c,f max | 0, v; ((1;, ) — d;) |

NewsVendor: cost: -y, sale price 0,
¢, demand distribution P, order x, — CK‘PLLOL‘C it

expected “loss”: yxr + E{Q(&,x)}
Q(f?w) =0 mln{x?f}
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Extensive formulation
= 1 +p2(q,y°) -+ prig,y")

755 —y?

yt >0, 7 (0] e )

Deterministic Equivalent Problem

Q(&,z) = min {(q,y) | Tex +y > d¢, y > 0}
EQ(x) = E{Q(&§,x)} = ) cc=peQ(&, x)

the equivalent deterministic program:
DEP min(—c,z) + EQ(x) such that x € R

product MALX problemt
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Loop

Closed Loop vs Open

Closed Loop:

Observation of state s — control function u(s) (optimal +)Vs.
Stochastic Optimal Control: state s(&;), control function u(s(ft))
%

Hopefully, u(-) is simple, manageable, ..., (maybe) time

Open Loop:

continuous

Observation of state s — control function u(s) (optimal +)Vs.

Decision Process: from state s(&;) to decision u(s(& t))
%

usually no ‘closed form’ expression

may involve solving an optim. problem
essentially ‘closed loop’ if decision occurs at t + At, A
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“RHS random rlght hand S|des

deterministic version: :

mingie mieshehtthateedo—b = e —sc i)
stochastic program with Simple recourse RHS:

min, (c,x) + *1{@(5, } such that Ax =0, £ > 0
Deterministic Equivalent Problem: (.SPWSR)

min, (c,z) + FQ(x) such that Arz =5, x >0

fo = {c,x) is linear;

SE= {:13 c R ‘ A — b} is a polyhedral set, A is m1 X n;
Q&,x) =q(& —Tx), T a non-random mgo X n matrix;
the recourse cost function q: ]Rm2 — IR is convex;

the expectation functional EQ(x f_ (& — Ta: P(d§).
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Convex optlm., Ilnear constralnts
P: fo:IR™ — R convex, X polyhedral,
min fo(x), ra s eR

suchetihat e A =) =eh-sity=—dls.ars
<A7;,x>:bz-, B E A
x* is an optimal solution of (P) <= d, KKT-multipliers y € R™:
(A i b = 1t A = sl e s

foieiory — L an s > Ot e b
(c) z* € argmin { fo(z) — (A'y,z) |z € X }.

~ version of (¢): 3 —v € Nx(z*) = {u| (u,z —2*) <0,Vz € X}
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1% v = N -

Suppose F() finite-valued, =™ solves SP-simple recourse
<— one can find KKT-multipliers u € R"!
& summable KKT-multipliers v : =2 — IR™2:

imality: Sim!ale Recourse |

(SPWSR

s =0 A =
2. terall e B 0lE) € OglE— FEa )

S ey ol = argmin{{c—AT — Ty 2 |:c =

where v = E{v(§)}.
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Reformulatlon.. W|th Tendefs

Change of variables (tenders): y = Tx
ming , {c,z) + E{¥(£, x)} s.t. Aa;'—b Tx—x, x>0
W(EX) = al€—x), with By(x) = Jow(& x) P(de)

Deterministic equivalent problem:
i, e B e U0 St Are—b s na= il Sy )

EY & EQ same properties & OFEY(x) = —IE{0q(& — x)}
Usually, v, E1, are separable while E () is not,
w(&X) == Zz i z(gzv Xz) 2221 %(gz B Xi)
Ep(x) = 2212 Ev;(xi)
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Separable Slmple Recourse (rhs)

Qo - (e aE) e *]{Z?fl Z—(ﬁi,xi)} suchetate Ani=—th =ty — oot =)
Vi (&, x:) = qi(& — xs), g 1s convex, P; marginal of &€, support Z; C IR.

Bvilx) = Bl x)} = | (¢ ) Bi(d0),

the deterministic equivalent problem is then,

min (c, x) Z E;(x;) suchthat Ax=0b Tx —x =0, x > 0.

Ly X

Linearly constrained convex program, but also separable.

—r e
—

OB (x:) = { - / v (¢) Pi(dC) |vc € Z45,v4(C) € 9gi(C — xi), vs summable |
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Propertles Separable Slmple Recourse |

(x*, x*) optimal <= 3 KKT-multipliers u € R™ and
fore=1,...,my, summable KKT-multipliers v; : =; — IR such that
e A e h e =
oS torrs—Tl = ey e ey (@R dg ()
(c) z* € argmin{(c— A'u—T'7,2 |:1:' eRe s n— Bl (&)

When ¢;(y) = max | v;y, d;y| with v; < 6;, FE{§,;} finite

(x*, x*) optimal solution <= 4 KKT-multipliers u € R™! and v € R™2:
GalE A =h > — o
Lol lonsy — ol S5y s

— Linear oows’crmw’cs E olLscrcte

() zt >0, Alut+TFov<c, and (c—A'u—T"% =z
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- Approximation

Let P: R — |0, 1] continuous, increasing on interval =,

Ew(x)25(€—x)+(5—’v)[><P(x)—/X (PO );

Hence,

0 — 0
o= =
D= e ==y
When @ has the same s-quantile, Q7! (x) = P~1(k), same optimal sol’n.
—> choose (@ is ‘quantile close’ to P
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min fy(x), £ € X C R™ polyhedral
CArse b — =l Se =t e Ch A e —2h 2 i=s+1,.
The Lagrangian:
b @bl = iiles) s Bllo— 2ughe @ DS IR S IR

i optlmal <= 1 a pair (x*,y*) that satisfies:
e anomi e oo y* € argmax, .y L(z*,y).

primal & dual problems:
linear programs: min{c,z), Az =b, x >0 & max(b,y), A'y <0
quadratic programs: min(c, z) + 3(z, Qx), Ax > b, x € R"
max a + (d,y) — 3(y, Py),y € R
o = —%(c, Q- 'c),d=b+AQ 'cand P= AQ A"
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Monitoring Func
penalty substitutes
A monitoring function Op o(x) = supyern {{Z,v) — = (v, Qu) v e P},

convex linear-quadratic function for P polyhedral, () psd. On R
0rp = 01,p(x) =sup {xv — §v2 e e RIERE ) P 0 G e
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Monltorlng Functions

pena Ltg substitutes

A monitoring function Op o(x) = supyern {{Z,v) — = (v, Q) ) |v e P},
convex linear-quadratic function for P polyhedral, () psd. On R
Ors =056l —Sup{xv—§v2|v€IC]R}, Fe 0 P OrlS( =00

4
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Monltorlng Functions

pena Ltg substitutes

A monitoring function Op o(x) = supyern {{Z,v) — = (v, Q) ) |v e P},
convex linear-quadratic function for P polyhedral, () psd. On R
Ors =056l —Sup{xv—§02|v€ICR}, Fe 0 P OrlS( =00

4

Ming<z<s (6, Z)+ 3
and

maXo<y<r <d7 U> 5 % 2111 6’6022 = Z?zl (983'75.7' (<Tj’ U> = Cj)

are a dual pair when 0, 7;, 5;, s; strictly positive.
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excellent  acceptable unacceptable

Water quality: z; =T;(&§)x —d(§),t=1,...,1IV, technical, ...: Az <b
Monitoring deviations from the desired quality: for:=1,...,,1V,
0 hig el (excellent)

e e O if 7 € [0,r;08;] (acceptable)
riT —123;/2 if T > r;3;  (unacceptable)
+ direct costs with bu1ld1ng treatment plants and reed basins,

QZ] 10537, D= diag(di,...,d,): leads to

min(c, 2} + 3 (z, D2) +B{ 1, 01, 5, (di(€) — (Ti(€), 7)) }, Az <b,0< 2

with random rhs & technology T-matrix (hydro-dynamics, atmospheric).

Tuesday, June 26, 2012



[ -

I ity Uit

- Exploiting dua

min (c, az>+%<x,Da’;>+Zj: {0, 5, (wy)}, Az >b, w=d-Tz,0<z<s

for all 4, &, = (v, 3,;,d;,t;1,...,t;n), w and, later, v as very long vectors.
The dual takes on the form, with v >0, 0<wv; <7r;, Vi

n mo
max (b,u) — > 0, 5 (z)+ ) E{dw; — 38,v]
=1l =1
ma2
such that Rj = <Aj, u> i Z Ez{twvz} ==l ] — 1, i
=1

Only “simple” stochastic box constraints: 0 < v, <7r;, 1=1,...,ms.
Lake Stoopt: r and § are non-random.
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ngian Finite -
Generation

0

Step 0. V, = [vl,...,vY], v® : &; = [0,7;], Vi
Stép 1. Compite & — B{V. d}- B = RIVI BV - T = Eif v
Step 2. Solve the (deterministic) approximating dual program:

max (b, u) + (d,A) — 3(A, B*A) — 37, 05, 5, (2;)

S R e e S = e el
(u”, N, ) optimal, and ¥ KKT-multipliers of equality constraints.

set T/\)V:VV)\V, ’wz’-/:dz-—<Tz-,az’/>, izl,...,mg
Step 3 (saddle point check) Stop, if for each ¢,

U] € argmax,, cjo .| (WY, v;) — S Biv2,
otherwise, for : = 1,...,my and every ( € =;, define

vy TH(C) € argmax gy o, [W2(Q)v — 38:0%] with value 8, 5 (w?(¢))

1

Augment V1 = [V oY1, set v < v + 1, return to Step 1.
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