SLP based method: (further detatls)

min ., B{f(§.x(E)}=min  fi(x)+EQ (x)

EQ,(&:x")=B{inf, ., f,(&:x' x*)+ EQ,(&x' x| A, |
EQ,(&x' X&) = Blinf, ., fi(&x' 2*(8).x")| 4, ]

deterministic optimization problem with f convex random Isc function
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min f,(x), x€ X eR", f, linear (not essential)
fi(x)<0, i=1,....,s, f,(s)=0,i=s+1,...,m (affine)
in the s + 1 first constraints: f,(x) = sup,, f, ,(x), f; 2 f;, affine

0. v =0, pick polytope (box) K’ > x?
L Sargmin f, on K setl = f () =max. o f(60)

if f, (x")<0, x" optimal, otherwise go to 2.

2. return to 1. with K**' = K* A {(Vf, (x).x—x" )+ £, (x") 0]

when f, 1s not linear (but convex): min® such that f,(x) -0 <0

convergence: finite # of steps or iterates cluster to optimal sol'n
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min f,(x)+ EQ,(x) st. Ax=b,x 20 (x=x")
EQ(0) =Y, PO/ .x) L large
O,(& . x)=1nf,_, 1£(Ex2°)+(EQ,(-)}
dom EQ, =(1)_ dom Q,(&,)=[_ {x[3x* € X,. £,(E's0,57) < oo}

O.v=r=s5=0
l.v=v+1, solve: min f,(x)+ 60, Ax=b, x =0 such that
(feasibility cuts) B = e nile= e ip
(optimality cuts) <Fk ,x> REie e =
2. generate feasibility cuts: check if x e dom EQ, .

No: E, separates x from dom EQ,, goto 1. Yes, go to 3.
3. generate optimality cuts: F, € 0EQ,(x"), go to 1.

Friday, June 29, 2012



(1.p.)-solution: (z",0")

Teteasiple’

VE € E: ze = argmax, {(d¢ — Tez”,2) |[WT2<0, -1 <2; <1}
iy d e S fesiblle
for some f,’l]g > O, then Ek_|_1 — (Tg)TZé:, Epel = <d§, Z§>

x¥ optimal?

VE € 2 ve = argmax, {(de — Tez”,v) |[W'2 < g}
if infeasible for some & —  unbounded problem
otherwise Fj 1 = E{Tv}, fri1=E{{d,v)}

if ¥ > fk+1— (Firy1,2¥) = z¥ optimal

add optimality cut
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£5s W_:-.—h. g;t
RogerJBWets
Mathematics, UnlverS|ty of California, Davis
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1. Stochastic Programming (recourse model)

e {fo1( r)+ Q& x) ifxeC

00 otherwise

Q(g,&j) = infy {fOQ(gay) }y & 02(5733)}

min B f(z) = Eﬁf@})}
SAA-problem: min f”( ) Zl i)

2. Statistical Estimation (fusion of hard & soft information)
(
Al e el co e B
G e e
(o0 otherwise

EL(h) = B{L(, h)}, hi™e = argmin B{L(€, h)}

estimate: h” € argming EY{L(&,h)} = = >/, L(¢', h)
AS°tt . constraints on support, moments, shape, smoothness, ...
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. : : T
3. A contingent claim: environment process: {5 € Rd}

t=0
history:?,E , E=E" price process: S t(z) € R"; numéraire (risk-free): S| =1

i T

, I-Strategy: {Xt(g)} . value @ ¢ : (St(Z‘t),Xt(g))

t=0

claims: {GZ (th)}

t=1

Instruments: T-bonds, options, swaps, insurance contracts, mortgages, ...
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. : : T
3. A contingent claim: environment process: {ét € Rd}

t=0
history:?,E , E=E" price process: S t(%) € R"; numéraire (risk-free): S| =1

i T

, I-Strategy: {Xt(g)} . value @ ¢ : (St(Z‘t),Xt(g))

t=0

claims: {GZ (th)}

t=1

Instruments: T-bonds, options, swaps, insurance contracts, mortgages, ...

maXE{(ST,XT>} such that (S, XY< G + (S, X)), t=1>T
(S X <G (S =6 tas

feasible if G’ +---+ G' =0 V¢&; arbitrage = unbounded

prob[€ = £]= p, (finite sample?): max ), oes P(ST(E).XT (D)) ..
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Variational formulation: V&, g — e ]Vude — (h,u)
find U(f,CE) & argminuEHé(Q) g(fa ) (57 ) ( 0 OO] Convex

i{u(§, )} € argmin, ¢ g1 q) G(u) where epi G = E{epig(§, )}
G(u) = inf, {E{g(&,2(¢)) | E{2(¢)} = u}

G* =E{g*(¢,")}, g¢*(&v) =sup, {{v,u) — g(£,u)}, conjugate fcn
¢l €2 ... stationary, use Ergodic Theorem for random lsc functions

Gi—g 2 —[epiz D0 g* (& ))* s et et )
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IE & min

Evident: with F = {a: SEEs R measurable, ... }

min t{f(f,x(f)) ‘CISEE} = {mmf o ‘mE]RN}
when Jz(-) € E such that P-a.s. x(§) € argmin f(&, -)

x 18 measurable, ...

But our problem is: min

{ f(&, x)}, equivalently,

min Ef(z) = E{f (&, z(£))}

such that z(§) =

e} Poa o

x can not depend on ‘anticipated’ (future) information
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So far, x mostly restricted to {(), =}-measurable, i.e., constant on =

Generally, as t ~T (possibly co) additional information is acquired
e ilE e R@ el = shilbic o
with x; decision @ time ¢t depend on available information, i.e. A;-measurable

Reformulation

Let w(e) = (@o(6), x1(E), - an(E)) -8 - RY, N—>8
= {:IJ c kb ‘ x: As-measurable, t =0, .. .T}

Nonanticipativity constraints: x € N, (linear subspace)
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@& Basic Process: decision --> observation --> decision
1 D
e : E s X;
# Here-&-now problem! X
not all contingencies available at time 0
can’t depend on &!

& Wat-&-see problem

implicitly all contingencies available at time 0

choose (xé ,xé) after observing &

# 1complete information to anticipative information ?
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Stochastic Optimization:
Fundamental Theorem
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Stochastic Optimization:
Fundamental Theorem

A here-and-now problem can be “reduced” to
a wait-and-see problem by introducing the

appropriate ‘information’ costs

(price of non-anticipativity)
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Price of Nonanticipativity

Here-&-now
min B{f(£.x' %)
i e

X ciC (& ) C:
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Price of Nonanticipativity

Here-&-now Explicit non-anticipativity

min E{f(f,xl,xz)} min *J{f(é,xé,xé)}
eC TR x;€C cR",
x§ SEH(E ) N xé = Cz(ﬁ,xé), i
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Price of Nonanticipativity

Here-&-now Explicit non-anticipativity

min E{f(f,xl,xz)} min *J{f(é,xé,xé)}
eC TR x;€C cR",
x§ SEH(E ) N xé = Cz(ﬁ,xé), i

= 4){)%} bic
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Price of Nonanticipativity

Here-&-now Explicit non-anticipativity

min B{ £(&,x',x2)} minE{ f(€,x},x})}
eC TR x;€C cR",

x§ SEH(E ) N X, cC (&) Vi
Qx = 4){)%} e

w, L subspace of constant fcns

multipliers ”

:E{wg}zO
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Price of Nonanticipativity

Here-&-now Explicit non-anticipativity

min B{ £(&,x',x2)} minE{ f(€,x},x})}

eC TR x;€C cR",
x§ SEH(E ) N xé eCz(ﬁ,xé),‘v’f.

Friday, June 29, 2012

multipliers ”

min {'{f(gaxéaxg) e <W£ ,Xé> - <W§9

such that xé el xé S Cz(f,xé

Qx = 4){)%} e

w, L subspace of constant fcns

:E{wg}z()

IEAN

)




Price of Nonanticipativity

Here-&-now Explicit non-anticipativity

min B{ £(&,x',x2)} minE{ f(€,x},x})}

eC TR x;€C cR",
x§ SEH(E ) N xé eCz(ﬁ,xé),‘v’f.
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<[ 1
w, L subspace of constant fcns

multipliery ”

:E{wg}z()
min 4}{f(’g',x§ ,xé) — (wg,xé) + (w&jl}{x;p}

such that x, € C;, x; € C,(€,x,)




min E{f(&,x',x})] such thatx' € C' ¢ R", x} € C*(£,x"), V&

x' must be G-measurable, G = o-{J,Z}
x”~ is A-measurable, A o G,

in general, interchange & & d is not valid
required: V €,x' e C',C*(€,x') 2 @ G-measurability of constraints

Now, suppose w, are the (optimal) non-anticipativity multipliers (prices)
min E{f(ﬁ,xig X5 )= Wy X ) + (W, ,E{xé})}

such that x; € C' c R", x; € C*(§,x;), V&
Interchange is now O K. , E{(wé,E{xé})} = (E{wﬁ,E{xé}) =0, yields
(‘v’ &, solve: min f(&,x',x*)— <W€,X1>S.t. e s e G ) J

+n,

a collection of deterministic optimization problems in R™

Friday, June 29, 2012



- o N - e

Progressive Hedging Algorithm

. w{ such that E{w¢ =0, v=0. Pick p>0
. forall ¢:
(x:",x;") € argmin (& x',x%) — (w; ,x)
e G GHRE dnic G ity R
o ]E{xé’v}. Stop if xé’v — x| =0 (approx.)

v+1 o £ o

otherwise w, " = wg + p[xé"’ —x " |, returnto 1. with v=v+1
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Progresswe Hedgmg Algorlthm

. w¢ such that E{w{ } =0, v=0. Pick p>0
. forall ¢:
(xg axg )eargminf(f;xl,xz)—(wg,f)
e G GHRE dnic G ity R
o )_cl’V:E{xé’v}. ' x5 " —Xx""|=0 (approx.)

v+1

otherwise w, " = w;, + p[xé;" —x" |, returnto 1. with v=v +1

Convergence: add a proximal term

2

1&# Al - Cld g

linear rate in (x"",w") ... eminently parallelizable
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Recall minEf(x)=E{f(& x(£))} suchthat z(¢) =EE

Nonanticipativity constraints:

s {a: = — ]R”} C linear subspace of constant fcns
—> Jw: Z — R “multipliers” 1 N, (= E{w(&)} = 0) such that

z* cargmin Ef = z* € argmin {E{f (&, z(&)) + (w(§), (x(&) —E{z(&)))
— z* € argmin {E{f (&, z(£)) + (w(€),z(€))}}

Plass e argglEin{f(g,x) + (w(é),z)}}, €€

w(.): contingencies equilibrium prices, ~ ’insurance’ prices
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implementation: choice of p ... scenario (X), decision (+) dependent
(heuristic) extension to problems with integer variables

non-convexities: e.g. ground-water remediation with non-linear PDE recourse
asynchronous

partitioning (= different information feeds)

minE{ f(€,x)} , f(Ex)= f(x) +1ge (%)
S={E,.8,.....E, } apartitioning of B, p, = P(E,)
E{fE&x}=2, p,E{f(€x)|E,} (Bundling)
defining g(k,x)=E{ £,(£,0)| E, } ifxeC, = [ C,

565/(

solve the problem as: minz‘nN=1 p.8(k,x)
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min __, B{fExE)}, x&)=('),....5 ()
filtration: A c Ac---c A=A, A, trivial

—v-1

xe N ifx' /A, -measurable = o-field( & )

(here & deterministic, x'(§) = x')

under usual C.Q. (convex case): x € X optimal if

U N E{w®|A,_ t=0,vt=L1..T

Aw 1L N, we X suchthatx e argmin__, Ef(x)— E{(W,)Q}\

J

w non-anticipativity prices
at which to buy the right to adjust decision (after observation)

can be viewed as insurance premiumes, ....




single-stage case

minimize Ef(z) := > .= pef(§,x) over all z € R"

Strategy: better estimates of the w-variables
“agegregation” of the solutions” to

minimize f¢(&,x) over all £ € R™ for fixed £ € =

where f¢ approximates f.
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epi f4 epig = inf, { f(u) + g(u —x)} exf(z) with g =

epi-sums
10

9

Moreau envelopes

f convex function
Al e i T T U0
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min F)(z) := ) .czpefa(é,x),x € R"

f)\(f,il?) o lIlfu {f(f,u) T % ‘u x ZC‘Q}
Fy #£ (F)y but F)\ 2 F, F\ & F, finite-valued

Dual: max Gy (w) = — ¥z pe f5(€, we),

such that » ..z pewe =0

Solution strategy:
min 3 7 _: Bray such that S v_: Bpw® = 0

B e
for a ’desirable’ collection of {w*}
Check for optimality, if not, generate w”



Step 0. Initialize by setting v = 1 picking {ﬁj\g}geg in such a way that
00 =Y pewg = 0 & o = Y,z Pe[M2|WR|° + sup, (Wu — f(&,u))]
Step i3 mmg Zk _ ﬁkak, such that ZZ;(l) Brw® =0,

zkzoﬁk = 5k == i
Let (2¥,0") € R"*! be the associated multipliers

Step 2. For each € € =, let
ug € arglrbnin {f(f,u) -+ %\z’/ = u]Z}
A — ), B = A Tempe(s — )
5 i ZV@gy HEZE wg) 23 _‘ |27 Ay = degpg&g

Step 3. If a, < w"2z" 4+ 0" return to Step 1 with v+ 1 = v
If o, > wW”zY + 60Y; 2¥ is optimal
Adjust ) if appropriate; always generates bounds for original problem.
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Algorithm: (1) Nested Sequential SLP
(2) Progressive Hedging + Bundling
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4}{16(5733)}7 f Pl Le(€), f o=

tc(x) =0 when z € C, = oo otherwise
= discrete or discretization (not based on best approximation of =)

{Ek,k: 1,...,K} a partition of =
pk:fEkP(df), k:1,...,K

S{f (€, )—Zflpk (£ (& x) | Ex)
gk )= TAEE () e

min 37, prg(k, 2)

Bayes’ Rule
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PH with Bundling

. w, such thatE{w,?}:(), v=0. Pick p>0
forallk:%', ° =(x;,E€5,)
Alv

i ,xk ") e argmin g(k;x',x°) - (WZ,£1>

et e R e @(E i) cRE

e Z p,f” Stoplf‘ﬁlv x| =0 (approx.)

Alv

otherwise w,*' = w; + p[ 1’”], return to 1. with v=v +1
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PH with Bundling

. w, such thatE{w,?}:(), v=0. Pick p>0
forallk:%', ° =(x;,E€5,)
Alv

i ,xk ") e argmin g(k;x',x°) - (w,ﬁ,)?)

et e R e @(E i) cRE

el Z i Stoplf‘ﬁlv x| =0 (approx.)

Alv

otherwise w,*' = w; + p[ 1’”], return to 1. with v=v +1

Convergence: add a proximal term

2

f(g o AZ) <Wv A1>_B )Acl—flv

linear rate in (X", w") ... still eminently parallelizable
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Aditya Mahajan

Cowntroller 1 information

Controller 2 1
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