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Here are the level sets
of the (highly nonconvex) ¢y pseudonorm in R?




The ¢y pseudonorm is net a rerm
Only 1-homogeneity is missing, whereas 0-homogeneity holds true

Let d € N* be a fixed natural number
> For any vector x € RY, we define its /o pseudonorm(x) by

d
lp(x) = number of nonzero components of x = Z 140y
i=1

» The function ¢ pseudonorm : R — {O, 1,.. .,d}
satisfies 3 out of 4 axioms of a norm

> we have {p(x) >0 v
>wehave(£o(x):O<:>x:O v

> we have {o(x + x") < £o(x) + Lo(x') v
» But... 0-homogeneity holds true

lo(px) = Lo(x) , Vp#0
» We denote the level sets of the ¢y pseudonorm by

= {xeR!b(x) <k}, Vke{0,1,...,d}



Fenchel versus E-CAPRA conjugacies
for the ¢y pseudonorm

H Fenchel conjugacy ‘ E-CAPRA conjugacy H
(5;9( = 5{0}, k#0 6/¢§k - HHgnk
0 -0
€5 = o0y 58; = SUPI=0.1....d L1555 = 1]
G =0 060 =t

where, for any subset W C RY,
the characteristic function )y of the set W is given by

ow(w)=0if we W, dw(w)=4oc0 if wg W



The ¢y pseudonorm coincides, on the Euclidean unit sphere
with a proper convex Isc function Lg




This function Ly is the best convex lower approximation
of the ¢y pseudonorm on the Euclidean unit ball




Variational formulas for the ¢y, pseudonorm

[Chancelier and De Lara, 2021]
lo(x) =

1
- ,H (/)
Xl xR @ e Z X

, Vx € R?
Z/ IHX”H*“<|| xll, !
2,_ X(’):X

*S1

= sup in & v)
o) = s, ot (g, — 1

— 1] ) vx € RY\ {0}



Outline of the presentation

Background on one-sided linear couplings
The Euclidean CAPRA conjugacy
Extension: constant along primal rays conjugacies

Conclusion



Outline of the presentation

Background on one-sided linear couplings
Background on couplings and Fenchel-Moreau conjugacies
One-sided linear couplings (and hidden convexity)



Outline of the presentation

Background on one-sided linear couplings
Background on couplings and Fenchel-Moreau conjugacies



The Fenchel conjugacy

R=RU{-00}U{+00} = [~00, +c0]

Two vector spaces X and Y, paired by a bilinear form (, )
give rise to the classic Fenchel conjugacy

FER s FFeR”

() =sup (b 1)+ (), Wy €Y

Fenchel conjugate Fourier transform
sup — +
+

N
sup,ex (06, y) + (—F(x))) | ™" f(x)dx




Background on couplings and Fenchel-Moreau conjugacies

» Let be given two sets X (“primal”) and Y (“dual”)
not necessarily paired vector spaces (nodes and arcs, etc.)

» We consider a coupling function
c:XxY—=R

We also use the notation X <+ Y for a coupling

» The Moreau lower addition extends the usual addition with
(+00) + (—00) = (—00) + (+00) = —00
» The Moreau upper addition extends the usual addition with

(+00) 4+ (—0) = (=) + (+00) = +00



Fenchel-Moreau conjugate

FeER s FFeRY

Definition

The c-Fenchel-Moreau conjugate of a function f : X — R,
with respect to the coupling c,
is the function 7€ : Y — R defined by

F() = sup (elxy) + (-F() ) , vy €Y

Fenchel-Moreau conjugate (max, +) | Kernel transform (+, x)
SUPyex (c(x,y) + (—f(x))) fX c(x, y)f(x)dx

u}
o)
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What are couplings good for?

Couplings are good for providing

» lower bounds for optimization problems with constraints
(uses conjugates)

P c-convex lower approximations of functions, hence a tool for
duality in optimization
(uses biconjugates)

» dual representation formulas for c-convex functions
(uses biconjugates and subdifferentials)

[Martinez-Legaz, 2005]



“Fenchel-like" inequality yields a lower bound

sup ((—F(v)) + (—g~“())) < inf (F(x) +&(x))

yeyY xeX
P In particular, optimization under constraints x € X gives

Yoy ((=F0)) + (=0x°()) < inf F(x)

0 if X
where 0x(x) = I X<
+oo  ifx¢gX

» Hence, the issue is to find a coupling ¢
that gives nice expressions for £ and 0, °



Fenchel-Moreau biconjugate

With the coupling ¢, we associate the reverse coupling ¢’

:YxX—=R, d(y,x)=clx,y), Y(y,x) €Y xX

» The c/-Fenchel-Moreau conjugate of a function g : Y — R,
with respect to the coupling ¢/, is the function g : X — R

!

g°(x) = sup (C(X,y) + (*g(y))) , ¥xeX

» The c-Fenchel-Moreau biconjugate fe< X >R
of a function f : X — R is given by

£ (x) = (fc)c/(x) = )s/gg){ (c(x,y) + (—fc(y))> , Vx e X



So called c-convex functions have dual representations

fcc’ <f
The function f : X — R is c-convex if f<<' = f

If the function f : X — R is c-convex, we have

f(x) = sup (c(xy) + (~F€())) , ¥x€X
yey

Example: x-convex functions

= closed convex functions

[Rockafellar, 1974, p. 15]
= proper convex Isc or = —o0 or = +00
= suprema of affine functions




Subdifferential of a conjugacy

For any function f : X — R and x € X, there are
three possibilities for the c-subdifferential

yeY, y€dcf(x) = f(y)=clxy)+ (—f(x))
yeY, yedf(x) < f(x)=c(x,y) + (—fc(y))
yeY, yedif(x) <= clx,y) =f(x) + (=f°(y))

OF(x) # 0 = < (x) = f(x)

If —0o < ¢ < +00 and x € domf, we have

Def(x) = OF(x) = OSF(x)
={y €Y |c(x,y) - f(x) < clx.y) - f(x), V' € X}



Dual problems: perturbation scheme
» Set W, function h: W — R and original minimization problem

S )

» Embedding/perturbation scheme given by a nonempty set X,
an element X € X and a function H : W x X — R such that

h(w) = H(w,x), Yw e W
» Value function

= inf H
©o(x) Jnf (w,x), VxeX

» Original minimization problem

X) = inf H(w,x) = inf h
p(x) = inf H(w,x) = inf h(w)



Dual problems: conjugacy, weak and strong duality
» Coupling X < Y, and Lagrangian £: W x Y — R given by

L(w,y) = inf {H(W,X) + (—C(X,y))}

xeX

» Dual maximization problem

() = = sup {clx,y) + (= inf H(wx)) } = inf £(w.y)

o< (x) = sup {c(X,y) + inf L(w,y)}
yeY weWw

> Weak duality always holds true

goccl(*)—sup{ c(X,y) + mf L(w,y)} < inf h(w) = p(x)
yeY wew

» Strong duality holds true when ¢ is c-convex at X, that is,

cpcc,(* —sup{ c(X,y) + |nf L(w,y }— inf h(w) = p(x)
yey weWw
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One-sided linear couplings

» We consider two vector spaces X and Y
paired by a bilinear form (-, -)

» We suppose given a mapping 0 : W — X,
where W is any set

We define the one-sided linear coupling (OSL)

W <% Y
between W and Y by

*xg(w,y) = (O(w), y), 'Wwe W, VyeY

u}
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OSL-couplings induce conjugacies that share nice
properties with the classic Fenchel conjugacy

Proposition

[Chancelier and De Lara, 2021]
For any functions h: W — R and g : Y — R,
the Fenchel-Moreau conjugates are given by

h*o = (inf [h | 6])"
g =g'of

where, for all x € X,

inf [h | 0](x) = inf {h(w) |w € W, §(w) = x}

u}
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OSL-subdifferentials share properties
with the Rockafellar-Moreau subdifferential

For any function h: W — R and w € W, the xy-subdifferential is

Oogh(w) = {y €Y | (6(W), ) — h(w)
< (B(w), y) — h(w) , V' € W)

The following properties are satisfied

Oiph(w) is a closed convex subset of Y
y € 0yh(w) <= h"(y) = (0(w), y) — h(w)
w € argminh <= 0 € d,,h(w)
Oygh + Oxyk C Oyp(h+ k)
w € domh , 8,,h(w) # 0 = h**' (w) = h(w)



The xp-convex functions are characterized

by a convex factorization property (hidden convexity)
*g-convex function =

closed convex function

o 0
proper convex lsc or =—o0 or =400
[Chancelier and De Lara, 2021]

*g -convexity of the function h: W — R
— h=pro*

— h=

(B o0
N——

convex lsc function

<= hidden convexity in the function h: W — R

as there exists a closed convex function f : X — R
such that h=f o6




Concave dual problem

For any function h: W — R, and nonempty set W C W,
we have the following lower bound

Ve

concave usc function
sup ((=(inf [116])" () + (=o-am) (1))

< e o _
xel0n(1;/|/) inf [h | 6] (x) W|2£V h(w)




Perturbation scheme

» Functions k: W — R, h: W — R xg-convex,
and original minimization problem

inf {k(w)+h(w)} = inf {k(w)+h*9*'(9(w))}

weW weW

! /
because h = h*¢*¢ = p*¢* o f

» Embedding/perturbation scheme H: W x X — R given by
H(w,x) = k(w) + h** (0(w) + x) , ¥(w,x) € W x X
» Value function

o(x) = Mlg‘];\v {k(w) +ho (0(w) + x)} , VxeX



Lagrangian and dual problem

» Lagrangian £: W x Y — R given, for any (w,y) € W x Y, by

L(w.y) = inf {k(w) + " (0(w) +x) = (x. y) |
= k(w) +{0(w), y) + (=h"(y))
» Dual maximization problem

¢ (0) = sup inf L(w,y)=sup{(—k *(y)) + (~h"(y))}

yey weWw yeY

» Original minimization problem (case “4 = +" when k proper)

#(0) = jnf sup L(w.y) = inf £ {k(w)+h(w)}

» Existence of a saddle point? Algorithms?



Our roadmap (1/2)

» Introduce the Euclidean-CAPrA coupling (E-Capra),
a particular one-sided linear coupling

» Show how the Euclidean-CAPRA coupling proves suitable
to analyze the ¢y pseudonorm

VVYyVYVYYVYY

vy

E-Capra-convexity

hidden convexity

best convex lower approximation on the unit ball
E-Capra-subdifferential (thanks to Adrien Le Franc)
variational formulas

difference of convex (DC) formulas

with graded sequences of induced norms

concave dual problems in sparse optimization
duality



Our roadmap (2/2)

» Introduce a subclass of one-sided linear couplings,
the constant along primal rays (CAPRA) couplings,
depending on a source norm, and more generally on a
1-homogeneous nonnegative function

» relevant classes of norms
» relevant classes of functions
» matrix functions and norms



Outline of the presentation

The Euclidean CAPRA conjugacy



We introduce the coupling E-CAPRA between RY and itself

The Euclidean-CAPRA coupling (E-CAPRA) RY <i> R is given by

e me ¢(x,y)
y ,

_(xy)

- ||X”2 B

<)<<’ y>> , Vx € R\ {0}
¢(0,y) =0

The coupling E-CAPRA has the property of being
Constant Along Primal RAys (CAPRA)



E-CAPRA = Fenchel coupling after primal normalization

» We introduce the Euclidean unit sphere Sy
and the pointed unit sphere Sgo) by

So={xeRY| x|, =1}, s =5, U {0}

» and we define the primal normalization mapping n as

n:Rd%SgO),n(x): TTx[T, T x70
0 if x=0

» so that the coupling E-CAPRA
¢(x,y) = (n(x), y) , ¥x e R?, Vy e RY

appears as the Fenchel coupling after primal normalization

» hence, the coupling E-CAPRA is one-sided linear



The E-CAPRA conjugacy shares properties
with the Fenchel conjugacy

Proposition

[Chancelier and De Lara, 2021]

For any function f : RY — R,

the ¢-Fenchel-Moreau conjugate is given by

£¢ = (inf [f | n])” where

: : (0)
_ inf,~of(px) ifxeS
inf [f | n](x) = p>0 f(px) ) %0)

+00 if x €S,

u}
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The E-CAPRA-convex functions are 0-homogeneous and

coincide, on the unit sphere, with a closed convex function

[Chancelier and De Lara, 2021]

¢-convexity of the function h: RY — R
<~ h= h¢¢/
< h=

(h)"

on
——

convex lsc function
<= hidden convexity in the function h : R - R

there exists a closed convex function f : RY — R

such that h=fon, thatis, h(x) = f(ﬁ)
X2




The ¢y pseudonorm is E-CAPRA-convex



tn

We recall the top-(2,k) norms ||-||,,
The top-k norm is also known as the 2-k-symmetric gauge norm,

or Ky Fan vector norm

tn

Iz =

p
S ol ol = el = = o)l
s

= sup ||)/K||2
|K|<k

where yi € RY is the vector which coincides with y,
except for the components outside of K C {1,...,d} that vanish



The ¢y pseudonorm and the E-CAPRA-coupling

Theorem

[Chancelier and De Lara, 2021]

The £y pseudonorm,

the characteristic functions 5zgk of its level sets
0

and the top-(2,k) norm norms H||gnk are related by

65 =0 = g k=01,
0 0
= s[5 -1
=0,1,...,d
6% =t

u}
o)
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i
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The ¢y pseudonorm displays hidden convexity



The ¢y pseudonorm displays a convex factorization property

[Chancelier and De Lara, 2021]
As the ¢y pseudonorm is E-CAPRA-convex, we get that

bo=6=6"on= (&)  on
that is,

convex lsc function Ly

fo(X) = ﬁo(X) , Vx €S,



Hidden convexity in the ¢y pseudonorm

Here is graph of the proper convex Isc function Lo such that £y = Lo on the circle




The £y pseudonorm coincides, on the sphere (circle on R?),
with a proper convex Isc function




Best convex lower approximation on the unit ball



Best convex lower approximation of the ¢y pseudonorm
on the unit ball

(work in progress)

on
convex lsc function Lo

Lo(x)
——

The function Ly is the best convex Isc lower approximation of ¢
< go(X) , Vx € B,
best convex lsc function

on the unit ball B, = {x € RY| ||x||, < 1}




Best convex lower approximation of the ¢y pseudonorm
on the Euclidean unit ball




E-CAPRA subdifferential of the £y pseudonorm
(thanks to Adrien Le Franc)



Capra-subdifferential of the ¢, pseudonorm on IR?

[llustration at three points (black dots)

T2

N

-
=

7

0600(0,0) , Debo(1,0), pbo(—%,—3)



Capra-subdifferential of the ¢, pseudonorm on IR?

[
[

0:0U{ U 0t fU{ U uto(x)}

o(x)=1 lo(x)=2



Lower approximation of the ¢y pseudonorm
by a finite number of elementary E-Capra-functions

ly=0



Variational formulas



Sn

We recall the (2,k)-support norms ||-[|;),

The dual norm of the top-(2,k) norm ||||£“k

Ty = (- I1ky),

is called the (2,k)-support norm
[Argyriou, Foygel, and Srebro, 2012]



Proposition
[Chancelier and De Lara, 2021]

» The proper convex Isc function Ly has epigraph

epi Lo = co(U BEY x [, —|—oo[>
1=0

> Ly is the largest proper convex Isc function below

0 if x=0,
Lo(x) =</ if x € B?IS)H\IB%@SHI) , I=1,...,d
+oo ifx¢g B?Zl)l =

» Lo has the variational expression

Lo(x) = Z /H (l)

x1) E]Rd x(d)ERd
*S1 -
Cih IIX(’)II() <1
Z/_l x(N=x

*S1n

, Vx e RY




Variational formulas for the ¢y, pseudonorm

[Chancelier and De Lara, 2021]
lo(x) =

1
- ,H (/)
Xl xR @ e Z X

, Vx € R?
Z/ IHX”H*“<|| xll, !
2,_ X(’):X

*S1

= sup in & v)
o) = s, ot (g, — 1

— 1] ) vx € RY\ {0}



Difference of convex (DC) formulas
with graded sequences of induced norms



Difference of convex (DC) formulas

Well-known formulas
i tn _
toly) = min {k € [1,d] | Iv115 = Iy, }
Vy € R

to(x) = min {k € [1,d] | x5’ = lIx]l,}
Vx € R?



Lower bound convex programs for exact sparse optimization



Concave dual problem for exact sparse optimization

From  sup ((=F4(y) + (=0x°() ) < inf (F0) +x())

yey

we deduce that

sup (—(inf [f [ n])" () + (- 9,5(9))) <, inf_ ()
——

yeRd Lo(x)<k

Iy1155%

For any function f : R — R, we have the following lower bound

concave usc function
A

sup (—(inf [f | n])"(r) ~ IyIg%) < inf_ 7(x)

y€eRY — lo(x)<k

:éo(lp)fgkmf [f | n](x)




Convex primal problem for exact sparse optimization

Proposition

Under a mild technical assumption (“a la” Fenchel-Rockafellar),
namely if (inf [f | n])* is a proper function,
we have the following lower bound

IIXIrer]fl‘Pﬁl (inf [f | n])™ (x) < eo(IQ)fgk f(x) = £0(|)r<1)fgk|nf [f ] n](x)

The primal problem is the minimization of a closed convex function
on the unit ball of the (2,k)-support norm norm |||,
(introduced in [Argyriou, Foygel, and Srebro, 2012])

u}
o)
I
i
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Duality



Perturbation scheme

> Functions k: R? = R, ¢: {0,1,...,d} — R nondecreasing
(ex: identity, 940 1,... k) and original minimization problem

inf {k(w)+so(€o(W))}= inf {k(W)ﬂL(@O%)@,("(W))}

weRd weRd

because po/ly = (po 60)¢¢ = (polo
[Chancelier and De Lara, 2022c]

» Embedding/perturbation scheme H : RY x RY — R given by

n

)
H(w,x) = k(w)+ (¢ o€0)¢*l(n(w) +x), Y(w,x) € RY x RY

» Value function

o(x) = inf {k(w) + (po Eo)¢*,(n(w) + X)} , Vx € RY

weRd



Lagrangian and dual problem

» Fenchel coupIingﬁRd <é> RY, and Lagrangian
L R4 xR — R given, for any (w,y) € RY x RY, by

L(w,y) = inf {k(w) + (¢ oﬁo)¢*l(n(w) + x) — (x, y>}

x€R
= k(w) + ((n(w), y) = (0 40) ()
» Dual maximization problem

P(0) = sup inf L(w,y)= sup {(~k “(y)) + (~(po ) ()}
yEeRd weR yeRd

» Original minimization problem (case “4 = +" when k proper)

©(0) = Wigﬂgd SUIR? L(w,y) = inﬂgd {k(w) + gp(fo(w))}
yERd we



Numerics



A toy example

k(w)

min2 ((Wl — b1)2 + (W2 — b2)2) -l-fo(W)

weR

with b= (0.8,1.1)

We have that {(0, b))} = {(0,1.1)} = arger&in {k(w) + lo(w)}

£ DA



The toy example as a min-max problem

As lo(w) = max,cgz {¢(w,y) — Eg(y)}, we obtain that

min, {k(w) + fo(w)} = min max {k(w)+ ¢&(w,y) — ég(y)}

with

Sy) = sup RUZN

.....



Generalized primal-dual proximal splitting

GPDPS Algorithm [Clason, Mazurenko, and Valkonen, 2020]

Given a starting point (wp, yo) and step lengths 7;, w;, o; > 0,
iterate

wl D = prox,_, (wl) — ¢, (), y D))
(H—l) (I+1) T+ ow; ( (i+1) W(i))
(:+1) = prox ¢( + o ¢ ( (i4+1) ()))

O',O

y

The prox of k is analytically computed (quadratic function),

whereas the prox of Eg is numerically computed with
the optimization algorithm newuoa by M.J.D. Powell



GPDPS convergence, varying the starting point

& 0 g 0
-1 -1
-2 -2
-2 -1 1 2 -2 -1 0 1
Ty ry
2 2 T T
1r \\\ 1 I
20 g0 I G
/
-1 —1} /
-2 —2 L
—2 -1 1 2 —2 -1 0 1
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The case of norms



Norm Norm Norm
Euclidean orthant-strictly any
monotonic
7
£y pseudonorm ¢-convex (Zg¢ = {p) difference of norms
[Chancelier and De Lara, 2021] [Chancelier and De Lara, 2022b]
hidden convexity
[Chancelier and De Lara, 2021]
variational formula
[Chancelier and De Lara, 2021]
subdifferential
[Le Franc et al., 2022]
@ oy ¢-convex ((¢ o Zo)¢¢, = ¢ o {p)
¢:N—=R [Chancelier and De Lara, 2022c]
nondecreasing hidden convexity
[Chancelier and De Lara, 2022c]
variational formula
[Chancelier and De Lara, 2022c]
subdifferential
[Chancelier and De Lara, 2022c]
@ ol (0 €)%
¢:N—=R [Chancelier and De Lara,
any variational inequalit
[Chancelier and De La
subdifferential
[Chancelier and De Lara,
Fo support

0-homogeneous
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Homogeneous functions

We say that a function f : RY — R is
» 0-homogeneous if f(px) = f(x), Vp € R\ {0}, Vx € R
Example: the pseudonorm £q
» 1-homogeneous if f(px) = pf(x), Vp € R, Vx € RY
» absolutely 1-homogeneous if
f(px) = |plf(x), Vp € R\ {0}, Vx € R?
Examples: norms

Rt =Ry U {+oo} = [0, +o0]

For any nonnegative 1-homogeneous function v : RY — R,
one has that v(0) € {0, +oo}



Normalization mapping

For any nonnegative 1-homogeneous function v : RY — R,

the primal normalization mapping n, : R — S(VO) is defined by

ny:xeRdH{F’ if 0 <v(x) <40

else

where the unit “sphere” S, and the pointed unit “sphere

are

” SS,O)
S, = {x eR?|v(x) =1}, SV =S5, U {0}
and the unit “ball” B, is

B, = {x e RY|v(x) < 1}




CAPRA-couplings

Definition

Let v : RY — R, be a nonnegative 1-homogeneous function
The CAPRA coupling ¢, : RY x RY — R, between RY and itself,
associated with v, is the function

<X7y> f0< <
¢v:(Xay>€R"de~><nu<x),y>={0”(x" . y(x) < +o00
) else

The coupling CAPRA has the property of being
Constant Along Primal RAys (CAPRA)

Special case: v = ||-|| (source) norm

u}
o)
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The ¢,-subdifferential shares properties
with the Rockafellar-Moreau subdifferential

For any function f : R? — R and x € RY, the ¢, -subdifferential is
0 F) = {y €RY| ¢,(x,y) — ()
< Glxy) —f(x), ¥ eR%

» The ¢, -subdifferential 8¢ f(x) is a closed convex set
>y €0, f(x) == FO(y) =¢,(xy) —f(x)

> xcargminf <= 0¢ 8¢ f(x)

> 8¢Vf—|-8¢uh C 8¢V(f—|— h)

» x € domf and 8¢ f(x)#£0= f¢u¢ul(x) = f(x)

[} = =



The ¢,-conjugacy shares properties
with the Fenchel conjugacy

For any function f : RY — R,
the ¢, -Fenchel-Moreau conjugate is given by

S = (inf [f | n,])"
inf [f | nl,] (x) = {

inf o0 f(px) if x € S
+00

where

if x & Sl(,o)
As a consequence, the ¢,-Fenchel-Moreau conjugate G
is a closed convex function



The ¢, -convex functions are 0-homogeneous and
coincide, on the “sphere”, with a closed convex function

» The ¢/ -Fenchel-Moreau conjugate of g :RY — R is given by
g¢; = g* on,
» The ¢,-convex functions are {g¢:f g R~ K}, hence
g% (x) = g*(n(x))
and therefore ¢,,-convex functions are 0-homogeneous

Any ¢, -convex function coincides, on the unit “sphere” S,,
with a closed convex function defined on R?

¢, -convex function = closed convex function o n,



Outline of the presentation

Extension: constant along primal rays conjugacies

Best convex approximations of 0-homogeneous functions



Fenchel conjugates for 0-homogeneous functions

For any 0-homogeneous function f : R — R,
Fr =gy — inf f
{0} XIEan (X)

f* = inf f
XIGan (X)



Best convex lower approximations
of 0-homogeneous functions
(thanks to Thomas Bittar)

Let v : RY — R, be a normalization function, with unit “ball” B,
and let f : RY — R be a 0-homogeneous function

» The function f¢.* is the tightest closed convex function
below f on the unit “ball” B,, where

f¢u = (f—]—(S]BV)* = (f‘]—(SSSIO))*

» If £(0) =0, the function O'3¢ £(0) is the tightest closed convex

positively 1-homogeneous function below f
on the unit “ball” B,



Best convex lower approximation of the ¢y pseudonorm
on the Euclidean unit ball




Best convex and norm lower approximations
of the {y pseudonorm on the ¢, unit “balls”

1-homogeneous Best convex Best norm
function lower approximation lower approximation
v of the £y pseudonorm | of the £y pseudonorm
Il I-lly + 0B, {1-norm |-[|y
0<p<l1
RIS not a norm ¢1-norm |[|-||;
l<p<oo
[Nl [l + 9B {1-norm |-}




Outline of the presentation

Extension: constant along primal rays conjugacies

The case of norms



Generalized coordinate, top and support norms



We reformulate sparsity in terms of coordinate subspaces

» Forany x € R? and K C {1,...,d},
we denote by xx € R the vector which coincides with x,
except for the components outside of K that vanish

x=(1,2,3,4,5,6) = X245 = (0,2,0,4,5,0)

» xk is the orthogonal projection of x
onto the (coordinate) subspace

Rk =R x {0} " ={xeR¥|x=0, Vj¢gK} CR?
» The connection with the level sets of the ¢y pseudonorm is

o= 1J Rk, Vk=0,1,....d
K|<k



We generate a sequence of coordinate norms
from any source norm

For any source norm ||-|| on R?, we define
> a sequence {HHHZ?()} ; of coordinate-k norms

k=1,...,
characterized by the following dual norms

> a sequence {H|-|H5()7*}k_1 , of dual coordinate-k norms by

gooey

R R
Iy = (NG ) = SUP TR = TS

R d
Iy llgeye = sup llyxllkys, ¥y €R
K| <k



Coordinate and dual coordinate norms
induced by the £,-norms |||

For y € RY, let ;1 be a permutation of {1,.. .,

d} such that

yu)| = yu@)| = - = 1Y)l
. AR IR
[ source norm II-lIl | -1 [ -1 |
111, (p, k)-support norm top (k, g)-norm
B vz,
= (Zhlyu )Y 1/p+1/g=1
11111 (1, k)-support norm top (k, co)-norm
£1-norm £ o-norm
1157, = lixlly Iy IE™ = Wy = Iyl
[I-1> (2, k)-support norm top (k, 2)-norm
IS = /S ) P
'l oo (o0, k)-support norm top (k, 1)[:norm
Iyl = S 1y,




For any function f : R — R, we have the following lower bound
sup
y€ERd

(=G0f [ 1 mpa])" ) = IVlIG) <, inf, £

il inf [ ] (0

The dual problem is the maximization of a concave usc function



Proposition

Under a mild technical assumption (“a la” Fenchel-Rockafellar),
namely if (inf [ | ny.y])" is a proper function,
we have the following lower bound

min  (inf [ | my])* (x) < inf f(x)= inf inf[f|npy](x
"lleZ%Sl( [FIag])™ () < inf £(x) =, inf inf [£ | my] (x)

The primal problem is the minimization of a closed convex function
on the unit ball of the coordinate-k norm HHHE()

u}
o)
I
i
it



Fenchel versus CAPRA conjugacies for ¢

[Chancelier and De Lara, 2022a], [Chancelier and De Lara, 2022c]

H Fenchel conjugacy \ CAPRA conjugacy H
3G = gy k£ 0 S = I
G=50 | (" =supoy. U||~|H(,),* ~1]
520;; -0 ¢||| m¢m I < 5

66*’ -0 <III H\(“\H Il <l




We define generalized top-k and k-support dual norms

For any source norm ||-| on RY, for any k € {1,...,d}, we call
» generalized top-k dual norm the norm

Iyl = sup llyxlls = sup llykllk » ¥y € RY
IKI<k |KI<k
» generalized k-support dual norm the dual norm

155G = (1)

In the Euclidean case were the source norm is ||-||,, we recover the original definition of top-k dual norms,
used to define the k-support dual norms in [Argyriou, Foygel, and Srebro, 2012]




Support and top norms induced by the /,-norms ||-|| ,

For y € RY, let ;1 be a permutation of {1,..., d} such that

[sourcenom I [ IXIEGy | My 1% I
H»Hp (p, k)-support norm top (k, g)-norm
11155 I 132,
= (Zfalvu!DY9. 1p+1/g=1
[[-1]1 (1, k)-support norm top (k, oo)-norm
£1-norm £ oo-norm
E t
[ 1130 = lIxIly Iyllise = Yu@! = Iyl
[[-1l5 (2, k)-support norm top (k, 2)-norm
t
HY”k?z = Zle‘yu(l)lz
1l oo (o0, k)-support norm top (k, I)Lnorm
Iy llE = i lyue)




Coordinate norms and dual norms
versus
generalized top-k and k-support dual norms

k-coordinate norm k-support dual norm
R *SI.
-l ey < (IR
dual k-coordinate norm top-k dual norm
R t
1%, = suppeall e > suppqealFlo = 1T




Orthant-strictly monotonic norms and CAPRA-convexity



Orthant-strictly monotonic norms

For any x € RY, we denote by |x]|

the vector of RY with components |x;|, i =1,...,d
A norm ||-|| on the space R is called

» orthant-monotonic [Gries, 1967]
if, for all x, x’ in RY, we have
(Ix < ¥l and x o x> 0= |Ixll < [I¥Il ).
where x o x' = (x1x{,...,Xgx}y)
is the Hadamard (entrywise) product
» orthant-strictly monotonic [Chancelier and De Lara, 2022b]
if, for all x, x’ in R?, we have
(Ixl < Il and x o x = 0= |lxll < lIX]l ),
where [x| < |x| means that there exists j € {1,...,d}
such that |x| < ’XJ,’



Examples of orthant-strictly monotonic norms
among the {,-norms ||| |

> All the £5-norms |[|-[| , on the space R, for p € [1,00],
are monotonic, hence orthant-monotonic

> All the /,-norms |[|-[| , on the space R, for p € [1,00],
are orthant-strictly monotonic

» The ¢1-norm ||-||; is orthant-strictly monotonic,

whereas its dual norm, the {-norm ||-|| .
is orthant-monotonic, but not orthant-strictly monotonic



Orthant-monotonic source norms

generate coordinate norms and duals

that are generalized top-k and k-support dual norms

Proposition
If the source norm is orthant monotonic, we have

[l = -l > VK € {2

. d)
hence, for all k € {1,...,d},
k-coordinate norm

k-support dual norm
R
(R =

= -1y
dual k-coordinate norm top-k dual norm
R
- ey o =

(R




We define graded sequence of norms

A graded sequence of norms detects the number of nonzero components of a vector in RY
when the sequence becomes stationary

Definition

We say that a sequence {||-[li},_y, g of norms is
(increasingly) graded with respect to the ¢y pseudonorm if,
forany y e R9and / =1,...,d, we have

lo(y) =1 <= llyllr < - < lylli—2 <llylls = --- = ll¥lla
or, equivalently, k € {1,...,d} — ||y|lx is nondecreasing and

to(y) <1 <= llyllr = llylla

Graded sequences are suitable for so-called
“difference of convex” (DC) optimization methods
to tackle sparse ¢o(y) < / constraints



Orthant-strictly monotonic dual norms
produce graded sequences of norms

If the dual norm ||-||, of the source norm |||-||
is orthant-strictly monotonic, then the sequence

Wl = M),

/

generalized top-k dual norm dual-k coordinate norm

is graded with respect to the ¢y pseudonorm

Thus, we can produce families of graded sequences of norms
suitable for “difference of convex” (DC) optimization methods
to tackle sparse constraints



We establish ¢ -convexity of the £y pseudonorm

R
» The sequence {|H'|||(I)},:1 d

of coordinate-k norms is
decreasingly graded with régpect to the £y pseudonorm iff
¢III-H\¢III-IIII
6£§k = 5£0§k
>

If both the norm ||-|| and the dual norm |||,
are orthant-strictly monotonic, we have

€0¢m4m¢m~m/ =4




Capra-subdifferentiability properties of the £y pseudonorm

R R
> (IR o and {1 oo
associated coordinate-k and dual coordinate-k norms

> {Bg)}jzl’m’d and {187(13.)7*}1-:1,,_.@, corresponding unit balls

[Chancelier and De Lara, 2022a]
The Capra-subdifferential of the ¢y pseudonorm is given by

. _ o R
if x=0, a¢m~m£0(0) = ﬂ JB{)

j 17 7d

ifx#0and lo(x) =1, 9. lo(x) = IBSR(H )N

‘XH‘(/)

where Yi={yeY|/e argmax(|||y|||0)* )}, vi=0,...
d

J—

,d



Capra-subdifferentiability properties of the £y pseudonorm

[Chancelier and De Lara, 2022c]
If both the norm ||| and the dual norm |||«

are orthant-strictly monotonic, we have that
O, IIIeo(x) £0, VxeR?,

that is, the pseudonorm ¢; is CAPRA-subdifferentiable on R4

u}
o)
I
i
it
€



Fenchel versus CAPRA conjugacies for ¢

[Chancelier and De Lara, 2022a], [Chancelier and De Lara, 2022c]
If the source norm is orthant-strictly monotonic, we have that

H Fenchel conjugacy \

CAPRA conjugacy

|

— ¢ 1
Giei) =00y, k#0 S = e = Iy
N ¢
5 = 910y lo"" = sup,_ 0.1,.., U” |HR /]
= SUPj=o,1,..., [”\ W*b(n/) ]
! ¢III»\H¢\H‘H\
5;0; =0 5(09 =4,
65*’ =0 Eg;lll'm(;\\\'m _ EO




Outline of the presentation

Conclusion



Conclusion (1/2)

» Sparsity is, by nature, indifferent to magnitude, which is
reflected in the support mapping being 0-homogeneous

» But the Fenchel conjugacy is not a suitable tool
to analyze 0-homogeneous functions



Conclusion (2/2)

(x, )

v(x)

We have proposed the CAPRA coupling ¢(x,y) =
and, with the CAPRA-conjugacy, we have obtained

» CAPRA-convexity

(by displaying nonempty CAPRA-subdifferential)
hidden convexity

best convex lower approximation on the unit ball
E-Capra-subdifferential (thanks to Adrien Le Franc)

variational formulas

vVvYyyvyy

difference of convex (DC) formulas
with graded sequences of induced norms

v

concave dual problems in sparse optimization

v

duality



Perspectives

» Tackle open theoretical questions

» duality gap between lower bound convex program
and original sparse optimization problem
» Conditions for 8¢ f+ 8¢ h>D 8¢ (F+h)

(with ex-PhD student Adrien Le Franc)
» Matrix functions and norms

» Rank-based norms and suitable matrix norms

for CAPRA-conjugacy of the rank function

(with ENPC students Paul Barbier and Valentin Paravy)
» formula “a la Lewis” (Foa)¢v =FS o0

for CAPRA-conjugacy

» Algorithms with CAPRA-couplings
(with ex-PhD student Adrien Le Franc)
» Mirror descent, Bregman divergence
> CAPRA-convex sparse optimization problems



An example where the subdifferential of the sum. ..

Il = €2

X €argminly — 0 € 8¢(€0 + 5K)(>_<)
K

(a property of one-sided linear couplings)



...is not the sum of the subdifferentials (Adrien Le Franc)

Let y' € 8¢€o(>'<) and y" € 8¢5K(>'<)

X2 X2

X1

yi>1 vi’ >0



...is not the sum of the subdifferentials (Adrien Le Franc)

Let y' € 8¢€o(>'<) and y" € 8¢5K(>'<)

X2 X2

X1

=1 =0
0¢ 8¢£0(>'<) + 8¢5K(>'<) hence

8¢€o( )+3¢(5K( X) C 8¢(£0+5K)( X)



Thank you :-)




Andreas Argyriou, Rina Foygel, and Nathan Srebro. Sparse prediction with the k-support norm. In Proceedings of
the 25th International Conference on Neural Information Processing Systems - Volume 1, NIPS'12, pages
1457-1465, USA, 2012. Curran Associates Inc.

Jean-Philippe Chancelier and Michel De Lara. Hidden convexity in the Iy pseudonorm. Journal of Convex Analysis,
28(1):203-236, 2021.

Jean-Philippe Chancelier and Michel De Lara. Constant along primal rays conjugacies and the /y pseudonorm.
Optimization, 71(2):355-386, 2022a. doi: 10.1080/02331934.2020.1822836.

Jean-Philippe Chancelier and Michel De Lara. Orthant-strictly monotonic norms, generalized top-k and k-support
norms and the 10 pseudonorm. Journal of Convex Analysis (to appear), 2022b.

Jean-Philippe Chancelier and Michel De Lara. Capra-convexity, convex factorization and variational formulations
for the I pseudonorm. Set-Valued and Variational Analysis, 30:597-619, 2022c.

Christian Clason, Stanislav Mazurenko, and Tuomo Valkonen. Primal—-dual proximal splitting and generalized
conjugation in non-smooth non-convex optimization. Applied Mathematics and Optimization, 84(2):
1239-1284, apr 2020.

D. Gries. Characterization of certain classes of norms. Numerische Mathematik, 10:30-41, 1967.

Adrien Le Franc, Jean-Philippe Chancelier, and Michel De Lara. The Capra-subdifferential of the 10 pseudonorm.
Preprint hal-03505168, 2022.

J. E. Martinez-Legaz. Generalized convex duality and its economic applications. In Schaible S. Hadjisavvas N.,
Komlési S., editor, Handbook of Generalized Convexity and Generalized Monotonicity. Nonconvex Optimization
and Its Applications, volume 76, pages 237-292. Springer-Verlag, 2005.

R. Tyrrell Rockafellar. Conjugate Duality and Optimization. CBMS-NSF Regional Conference Series in Applied
Mathematics. Society for Industrial and Applied Mathematics, 1974.



	Background on one-sided linear couplings
	Background on couplings and Fenchel-Moreau conjugacies
	One-sided linear couplings (and hidden convexity)

	The Euclidean Capra conjugacy
	Extension: constant along primal rays conjugacies
	Capra conjugacies
	Best convex approximations of 0-homogeneous functions
	The case of norms

	Conclusion
	References

