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Some examples about matrix rank

We denote by rk the rank function,
defined on M, p, the space of real matrices with m rows and n columns,

which gives the number of independent columns of a matrix and satisfies

0 < rk(M) <min(m,n) and rk(M)=0«<= M =0

Rank of some matrices
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The rank function is a discontinuous function
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Background on norms

Definition

A function ||-|| : E — Ry is a norm on a vector space E if it satisfies
1. |Ix|l = 0 <= x = 0,Vx € E (point-separating)
2. Iax]l = |AlIx|I, vx € E,¥A € R (homogeneity)
3. llx+ Il < lIxll + lIyll, ¥, v € E (triangle inequality)

Some matrix norms
(2 2Yi=va+src+a, (2 B)I=1al+ 2060 + 3lc] + 4ld]
c d ’ c d

How do we define a dual norm
We would like to write

Tr(MNT) < IMI| > [IN]I
—— ~—~ ~——

scalar product source norm  dual norm
and a solution is to define

[IN[l« = sup Tr(MNT), YN € Mpm.,
limill<1



An optimization problem using the rank function

Image completion

1

(a) initial image M*

A way to solve it

(b) area to modify Q

Figure: A sparse image completion

min
M s.t. My =M} V(i) ¢Q

rk(M)

(c) final result



Main result: variational lower bound of the rank function

»> We denote by M, , the space of real matrices with m rows and n columns,
and d = min(m, n)

Theorem

Let ||-|| be a (source) norm on the space M, of matrices
We have the following variational lower bound of the rank function

d
1 3
k(M) > —— min > r MO
™M) MO e M s s MD €My o 7 ——
Z,d:] H‘M(r) |Hfrk)§\|\"/’H| rank based norms

2y M=

for all matrix M € Mm n \ {0}



Outline of the presentation

Rank-based norms
The general case



Rank-based norms

Generalized dual r-rank matrix norms

Let ||-]| be a norm on the space M, , of matrices, that we call source (matrix) norm
Proposition
The following expression

NS, = sup Te(MNT), VN € Mmn, Vr€ [1,d]
tk(M)<r, || M| <1

define a nondecreasing sequence {|H|||ff) *} e[l of norms on Mm,n
S req,



Rank Based Norms

Generalized r-rank matrix norms

»> The matrix norms in the nondecreasing sequence {HHHZS *} [l
’ r s

are called generalized dual r-rank matrix norms and satisfy

k k
I . < e < I, = e

. . k k
> By taking their dual norms |-t = (II-I75..) .
we obtain a nonincreasing sequence {|HH|8‘)} clLdl of norms on M,
r »

called generalized r-rank matrix norms which satisfy

IS > - = ISy = Il



Outline of the presentation

Rank-based norms

Rank-based norms in the case of unitarily invariant source matrix norms



Preliminaries for unitarily invariant source norms

A very common class of norms consists of the unitarily invariant norms,

such as the Frobenius norm
IM|| = /Te(MTM)

Definition
A square matrix M € M, , is orthogonal if, by definition, MTM = MMT = |,
We denote by O, the set of orthogonal matrices of size n

On={MEe M| M™M= MMT = I}

Some examples
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The Singular Value Decomposition (SVD)

Theorem
For any matrix M € My, there exists two orthogonal matrices U € O, V € O,
and a diagonal matrix diag(si, . ..,sq) with s > ... > sy > 0 such that

M = Udiag(sh ‘e ,Sd)VT

The s1,...,sq are called the singular values of the matrix M

An example

)= 1/vV18 -1/v/18 4/V/18
2 3 2 1/vV2 —-1/v/2)\0 3 2/3 o3 (A
U diag(sy,...,S4)

(3 2 2)_(1/\@ 1/&)(5 0 o) 1/v2  1/v2 0

vT



Main result for unitarily invariant source norm

> We recall that the vector s(M) of singular values of a matrix M
consists of the square roots of the eigenvalues of the square positive matrix MT M
arranged in nonincreasing order

s1(M) > (M) > -+ > s4(M) >0

P In the case of an unitarily invariant source norm,

the generalized r-rank matrix norms |H|H1("f) are given by
k R

s = 1E e s
S~ ~~

) vector of singular values
matrix norm vector norm

that is, . .
MG = ll(s1(M), ..., sa(M))ll7y » YM € Mm,n

where HHZ?) denotes the coordinate vector norms on RY,
recently introduced in relation to the ly function



Background on unitarily invariant source matrix norms

Preliminaries

Unitarily invariant norm
We recall that a unitarily invariant norm on Mp, 5 is a matrix norm such that

lUMV| = IM]|, YM € Mpm.n, YU € Om, YV € O,

We recall that a symmetric absolute norm is a vector norm ||-|| on RY
which satisfies the following properties
> |||l is absolute in the sense that || |x| || = ||x||, for any x € R9,
where |x| = (pal, ..., |xq4])
» ||-|| is symmetric (or permutation invariant), that is,
|Gy, x0@@)]| = 10xas - xa) ], for any x € R
and for any permutation v of the indices in [1, d]



Case of unitarily invariant source matrix norms

Preliminaries

Proposition (Von Neumann)

A norm ||-|| on the space M, of matrices is unitarily invariant if and only if
there exists a symmetric absolute norm ||-|| on RY such that
Il = Il o5 that is, [|M]} = || (s1(M),....,sa(M))|| ,¥M € Mum,n

In that case, one has the following relation between dual norms

-l = 1l o5



We connect rank-based matrix norms and coordinate vector norms

Back to the main proposition

Proposition
When the source norm ||-|| on Mm,n is unitarily invariant, with associated symmetric
absolute norm ||-|| on RY, then both
. . rk
the generalized dual r-rank matrix norms {m.”'(")V*}rE[[l,d]]
. . rk
and the generalized r-rank matrix norms {”H”(f) }re[[l,d]]
are unitarily invariant, with
k R
IS = 117 o5, vr € [L,d]

IS . = 1%y, o5, ¥r € [1,d]
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Rank-based norms

Examples



Examples of unitarily invariant source norms

> For any p € [1, o[, we define the £, norm on RY by

d 1
P
I, = (3 bs)
i=1

as well as ||x||, = max;cq1,q7 x|, for any vector x € R4

» The Schatten p-norm on the space Mm,, as the unitarily invariant norm

IMllls, = lls(M)llg, » YM € Mm,n, Vp € [1,00]



Examples of unitarily invariant source norms

» The Schatten 1-norm is the nuclear norm

d
IMllsy = lIs(M)llgy =Y si(M) , VM € M

i=1

» The Schatten 2-norm is the Frobenius norm

Te(MMT) = [[M]ls, = [Is(M)Il,, = si(M)?, VM € Mmn

i=1
> The Schatten co-norm is the spectral norm

1Ml = (M), = 51(M), YM € Mo
> the Ky Fan k-norms on the space My, , are

k
(M) = " si(M) , YM € Mo, Yk € [1,d]
i=1



Case of unitarily invariant source matrix norms

H source norm ||| H

I, € [L.d]

[

-GS, 7 € [1,d]

[

Schatten 1-norm
= nuclear norm

Schatten 1-norm
for all r € [1,d]

Schatten co-norm
for all r € [1,d]

Schatten 2-norm

r

= Frobenius norm Is(M)I15" ||s(N)H§f‘r =4/ si(N)?

ri:l .

Schatten p-norm Is(M)II”, Hs(N)||f;3r = ( s,-(N)q> !
i=1

Schatten co-norm

= spectral norm

s(M)IIZS,, = s1(M)

Schatten oco-norm

<

Is(MIITE, = > si(N)

i=1

Ky Fan k-norm

Schatten 1-norm

Schatten co-norm

k € [1,d] for all r € [1, K] for all r € [1, k]
Table: Generalized r-rank matrix norms {||||||rk} and generalized dual r-rank matrix norms
S req,d
itk . . .
{|H m(’)‘*}reﬂl,d]] associated with by Schatten and Ky Fan source norms |||-||| (for p € [1, o0], and

where 1/p+1/q = 1)



Where do we stand and where are we going to

v

We have introduced a source norm
We have defined rank-based norms

We now show how these rank-based norms appear
in variational formulations for the rank function
For this purpose, we will now present

the so-called CAPRA-couplings and conjugacies



Outline of the presentation

CAPRA-conjugacies and variational formulas for the rank
Classical Fenchel coupling



Classical Fenchel coupling

» \We use the Moreau lower addition for infinite values, that is
(+00) + (—00) = (=00) + (+00) = —o0
> The classical Fenchel coupling between M, , and My, is defined as
(M, Ny = Tr(MNT) , YM,N € M,

» For any function F : Mmn — R, the associated Fenchel conjugates are defined by

Py = sup (M) + (<F(m))

MeMm n

Fl(m = sup (m. )+ (- ()

» The Fenchel conjugacy is useful for convex functions, which is not the case for the
rank function though, as its Fenchel biconjugate is null

> As the rank function satisfies rk(M) = rk(AM) , VA # 0 (0 — homogenous),
the following CAPRA — couplings are more adapted



Outline of the presentation

CAPRA-conjugacies and variational formulas for the rank

CAPRA-couplings



CAPRA-couplings

Definition
Let ||-]|| be a source matrix norm on M, 5

The CaprA-coupling ¢, between M, , and M, », associated with ||-||, is defined by

Te(MNT) .
YM,N € Mpmn, ¢(M,N)= {w if M #0
0

otherwise

The CAPRA-coupling as its name indicates, is Constant Along Primal RAys :

SAM, N) = &(M, N) VA € B*



CAPRA-conjugates for matrices

» Here the conjugates define a function with the same domain and codomain than
. =M ji =M
the source function R ™" “LLEIY Rgimn
» For any function F : My, — R, the ¢-Fenchel-Moreau conjugate, or

CAPRA-conjugate, is the function F¢ . Mm.n — R defined by

FE(N) = Sup (¢(M, N) + (7F(M))> , VYN € Mmn

and the ¢-Fenchel-Moreau biconjugate, or CAPRA-biconjugate, is the function
/ p—
FSC" : M., — R defined by

Fe< (M) = e (¢(M, N) + (—F¢(N))> , VM € M

» For any function F, the following inequality holds true
F> Fe¢

which will bring us to the variational formula for the rank function,
’
as we will be able to express rk¢¢ (M) in term of the rank based norms



Outline of the presentation

CAPRA-conjugacies and variational formulas for the rank

Variational formula for the rank function



Formulas for conjugate and biconjugate of the rank function

Proposition
Let ||-]| be a source matrix norm on Mm n, and ¢ be the associated CAPRA-coupling
For any function ¢ : [0, d] — R, we have that (with the convention that \HH%‘) ,=0)

(o)) = sup { NI, —o()} . YN € M,
i€[0,d] ——

rank matrix norm

and, for any function ¢ : [0,d] — Ry (that is, with nonnegative finite values) and such
that ¢(0) = 0, we have that

»y 1
(¢ 0 k) (M) = §j¢ ) MG
I a0 e pt Mw e = O
Z |HM m( <JImi rank matrix norm

31, -

YM € Mmn\ {0}



Back to the variational formulation (in the introduction)

The general inequality case

Theorem
Let |||-|| be a source norm on the space M, of matrices,

. . rk . .
with associated sequence {|||~H|(,) }re[[l,d]] of generalized r-rank matrix norms

Then, we have the following variational lower bound of the rank function
1 d
rk
k(M) > —— min MO, YM € Mum.n \ {0}
MMmMmeMmmmeeMmmZ; “>
> IMOpEs <Ml

2 M=



Back to the variational formulation (in the introduction)

Case of equality

Corollary
Moreover, if the source norm |||-|| is the Frobenius norm given by
rk(M)
Ml =" s2 (M) = >~ MZ;, YM € Ma,
i=1 i<m,j<n

the previous inequality is an equality, that is,

d

S AIMONE  YM € M\ {0}

r=1

1

= min
TV w® et o @ e pt
S MMONES <lim|

2, M=
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Conclusion

> We have introduced a source norm
» We have defined rank-based matrix norms
» We have defined CAPRA-couplings and conjugates on the space of matrices

» We have obtained variational formulations for the rank function
that involve rank-based matrix norms



Back to the image completion problem

The problem was to solve

min rk(M)
M st M;j=MF, V(i.))¢9Q

With our result, the problem can actually be written as

min A,
\HMHI Z 0

MeMm,mM“)ean MDD EMp
d
D [ \H(,)<\HMIH
S, mOwm
r=1

M j=M; ;¥ (i.))¢Q

Pros and cons
» A smoother formulation

» An optimization problem with many more variables



Our organization, encountered problems and what we have done

How we have worked
1. Background work
P handling of the subject (reading papers, books. . .)
P review of scholar notions of analysis

(norms, Hélder and Cauchy-Schwarz inequality, convexity. . .)
P review of linear algebra

(orthogonal matrices, singular values, classical properties of the rank function. ..

2. Active research period and main contributions
P we have elaborated several proofs of the same result
P that the rank based norms are norms,
P the formula for unitarily invariant source norm,
P the case of equality, etc.
3. Timing
P Soon writing of a formal paper in parallel with the research
P followed by and intensive only writing phase



Our organization, encountered problems and what we have done

Problems we faced
» Time constraint: we had to give the abstract the 21 May, the paper the 28 May

» Hard to deal with the case of general norms:
most of our results tackle the case of unitarily invariant norms

> Difficulties with IATEX layout, as we were beginners in IATEX before this project

Work done
> Paper submitted to NeurlPS meeting (Neural Information Processing Systems)

» We have planned to submit to others journals or conferences in optimization in
case of a reject from NeurlPS, which is possible as the paper is really theoretical
and specialized

» The paper is available on HAL and arXiv websites
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