Chapter I1I

Optimal stopping

II1.1 Introduction

The goal of this chapter is to determine the best time (if any) at which one has to stop
a stochastic process in order to maximize a given criterion. The following two examples
are typical of the problems which will be solved. Their solution are given respectively in
Examples II1.8 and II1.18.

Ezample T11.1 (Marriage of a princess: the setting). In a faraway old age, a princess had to
choose a prince for a marriage among ¢ candidates. At step 1 < n < (, she interviews the
n-th candidate and at the end of the interview she either accepts to marry the candidate or
refuses. In the former case the process stop and she get married with the n-th candidate; in
the latter case the rebuked candidate leaves forever and the princess moves on to step n + 1.
If n = (, she has no more choice but to marry the last candidate. What is the best strategy
for the princess if she wants to maximize the probability to marry the best prince?

Ezample 111.2 (Castle to sell). A princess want to sell her castle, let X,, be the n-th price
offer. However, preparing the castle for a visit of a potential buyer has a cost, say ¢ > 0 per
visit. So the gain of the selling at step n > 1 will be G}, = X,, —nc or G,, = maxi<j<, X —nc
if the princess can recall a previous interested buyer. In this infinite time horizon setting,
what is the best strategy of the princess to maximize her gain.

We consider a game over the discrete time interval [0, ¢] with horizon ¢ € N = N|J{oo},
where at step n < ( we can either stop and receive the gain or reward G,, or continue to step
n+1if n+1 < (. Eventually in the infinite horizon case, { = oo, if we never stop, we receive
the gain Go. We assume the gains G = (G, n € [0,(]) form a sequence of random variables
on a probability space (2, P,G) taking values in [—o0, +00).

We assume the information available is given by a filtration F = (F,,n € [0,(]) with
Fn C G, and a strategy corresponds to a stopping time. Let T(¢) be the set of all stopping
times with respect to the filtration F taking values in [0,(]. We shall assume that E[G}] <
+o0 for all 7 € T(¢), where ¥ = max(0,z). In particular, the expectation E[G,] is well
defined and belongs to [—oo, +00). Thus, the maximal gain of the game G is:

Vi= sup E[GT]
T€T(C)
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34 CHAPTER III. OPTIMAL STOPPING

A stopping time 7 € T(¢) will be said optimal for the game G if V, = E[G,].

The next theorem, which is a direct consequences of Corollaries IT1.7 and IT1.20, is the main

result of this Chapter. For a real sequence (a,,n € N), we set limsupa, = lim sup ay.
n,/'oo co>k>n

Theorem IIL.3. Let ( € N, G = (G,,n € [0,(]) be a sequence of random variables taking
values in [—0o, +00) and F = (Fp,n € N) be a filtration. Assume the integrability condition:

IE[ sup Gﬂ < 00. (T11.1)
nel0,(]
If e N or if ( =00 and
limsup G, < G a.s., (I11.2)

then, there exists an optimal stopping time.

Notice that (IIL.1) implies that E[G}] < +oo for all 7 € T(¢). When the horizon ( is
finite, then condition (ITI.1) is equivalent to

E[G}] < +o0c  for all n € [0,(]. (I1L.3)

When the sequence G is adapted to the filtration F, we shall also consider a particular
solution S = (Sp,n € [0,¢]) to the so called optimal (or Bellman) equations:

Sy = max (Gy, E[Sp41|Fn])  for 0 <n <, (II1.4)
as well as the stopping time 7, € T(():
7 = inf{n € [0,([; Sn = Gn}, (IIL.5)

with the convention inf ) = ¢. In this setting, we shall prove that 7, is the minimal optimal
stopping time provided that V, > —oo. We shall also prove that the stopping time:

T = inf{n € [0,{]; Sp > E[Sp1|Fnl}

is the maximal optimal stopping time provided that V, > —oco, see Exercises II1.1 and III.4.

The finite horizon case ({ < o0) is presented in Section III.2, and the infinite horizon
case (( = o00), which is much more delicate (in particular for the definition of S), is pre-
sented in Section III.3. We consider the approximation of the infinite horizon case by finite
horizon cases in Section I11.4. Eventually, Section I11.5 is devoted to the Markov chain setting.

The presentation of this Chapter follows [2] also inspired by [4], see also [1, 3] and the
references therein. Concerning the infinite horizon case, we consider stopping time taking
values in N (instead of N in most text books). Since in some standard applications, the gain
of not stopping in finite time is Go, = —oo (which de facto implies the optimal stopping time
is finite unless V, = —o0), we shall consider rewards G,, taking values in [—o00, +00) (instead
of assuming that E[|G,|] < 4+o0c in most text books). In this setting, the results are general
and easy to present, see Theorem II1.3. The drawback of this setting is that we shall not
rely on the martingale approach which is the corner stone of the Snell envelope approach, see
Remark IT1.6 and Exercise I1I.1.
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II1.2 Finite horizon case

We assume in this section that ¢ € N. Example I11.4 on the marriage of a princess stresses
out that the process G may not be adapted to the filtration F. We shall first consider in
Section II1.2.1 the adapted case, and then deduce in Section I11.2.2 the general case.

Ezample T11.4 (Marriage of a princess: the mathematical framework). We continue Example
IT1.1. The princess wants to maximize the probability to marry the best prince. This corre-
sponds to the gain G, = 15, —1}, with X, the (random) rank of the n-th candidate among
the ¢ candidates. The observation at step n is the relative rank R,, of the n-th candidate.
So the available information at step n is given by the o-field F,, = o(Ry, ..., R,). Notice in
particular that ¥,, is unobserved at step n and thus not F,,-measurable (unless n = (). There-
fore the sequence G = (Gp,n € [1,(]) is not adapted to the filtration F = (F,,,n € [1,¢]).
(Notice that to stick to the presentation of this section, we could set Gy = —oo and Fy the
trivial o-field.)

I11.2.1 The adapted case

We assume ¢ € N, the sequence G = (G, n € [0,(]) is adapted to the filtration F = (F,,n €
[0,¢]), and that the integrability condition (II1.3) (or equivalently (III.1)) holds. Recall T(()
is the set of stopping times with respect to the filtration F taking values in [0,(]. Notice
that (II1.3) implies that E[G}] < +oo for all 7 € T(().

We define the sequence S = (Sy,,n € [0,(]) recursively by Sy = G¢ and the optimal
equations (IT1.4). The following Proposition gives a solution to the optimal stopping time in
the setting of this section.

Proposition II1.5. Let ( € N and G = (Gy,n € [0,(]) be an adapted sequence such that
E[G)}] < +oo for all n € [0,¢]. The stopping time 7 given by (IIL.5) (with (S,,n € [0,¢])
defined by S¢ = G¢ and (I11.4)) is optimal and Vi = E[Sp].

Proof. For n € [0, (], we define T,, as the set of all stopping times with respect to the filtration
F taking values in [n, (], as well as the stopping time 7,, = inf{k € [n,(]; S = Gi}. Notice
that n <7, < (. We first prove by downward induction that:

Sy > E[G-|F,] as. forall 7 € T, (IIL.6)
S, =E[G,|F.] as. (IIL.7)

Notice that (IT1.6) and (II1.7) are clear for n = (.
Let n € [0,¢ —1]. We assume (II1.6) and (III1.7) hold for n+ 1 and prove them for n. Let
7 € T,, and consider the stopping time 7/ = max(7,n 4+ 1) € T,,+1. We have:

E[G7|fn] = Gnl{T:n} + ]E[G.,—/|]:n}1{7.>n}, (HIS)
as 7 = 7" on {7 > n}. We get that a.s.:

E[GT’LFn} =E [E[GT"fn-H]fﬂ] < ]E[Sn+1|fn] (HIQ)
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where we used (IIL.6) (with n+1 and 7’) for the first inequality. Using the optimal equations
(IT1.4), we get:
E[Sps1]Fn] < S (I11.10)

Since (II1.4) gives also G,, < S,,, we get using (IIL.8) that a.s.
E[G,|F.] < Sy. (IT1.11)

This gives (IIL.6).

Consider 7,, instead of 7 in (IT1.8). Then notice that on {7,, > n}, we have max(r,,n+1) =
Tn+1. Then the inequality in (I11.9) (with 7/ = 7,,41) is in fact an equality thanks to (IIL.7)
(with n + 1). The inequality in (II1.10) is also an equality on {7, > n} by definition of 7,.
Then use that G,, = S,, on {7, = n}, so that (IIL.11), with 7, instead of 7, is also an equality.
This gives (IT1.7). We then deduce that (II1.6) and (II1.7) hold for all n € [0, (].

Notice that 7, = 79 by definition. We deduce from (IIL.6), with n = 0, that E[Sy] > E[G/]
for all 7 € T(¢), and from (IIL.7), that E[Sy] = E[G,]. This gives Vi = E[Sy] and 7 is
optimal. 0

Remark 111.6 (Snell envelope). Assume that E[|G,|] < oo for all n € [0,(]. Notice from
(IT1.4) that S is a super-martingale and that S dominates G. It is left to the reader to check
that S is in fact the smallest super-martingale which dominates G. It is called the Snell
enveloppe of G. For n € [0, (], using that S,, = E[S,,+1|F,] on {7, > n}, we have:

Snar, = S’r*l{ngn} + Snl{n>n} = ST*]‘{T*STL} + E[Sn+11{7-*>n}‘]:n] =E [S(n+1)/\7—* |]:n] :
(IT1.12)
This gives that (Spar,n € [0,(]) is a martingale.

Ezercise 1I1.1. Assume that E[|G,|] < oo for all n € [0,{]. Prove that 7 is an optimal
stopping time if and only if S; = G, a.s. and (Spar,n € [0,(]) is a martingale. Deduce that
T, is the minimal optimal stopping time (that is: if 7 is optimal, then a.s. 7 > 7). Using the
Doob decomposition, see Remark IV.1, of the super-martingale S, prove that the stopping
time:

Tex = Inf{n € [0,C[; Sy > E[Sn+1|Fnl}s

with the convention inf () = ¢, is the maximal optimal stopping time. A

I11.2.2 The general case

If the sequence G = (G, n € [0,(]) is not adapted to the filtration F, then we shall consider
the corresponding adapted sequence G’ = (G),,n € [0,(]) given by:

G, = E[Gp|Fy].

Thanks to Jensen inequality, we have E[(G])*] < E[G}}] < +oc for all n € [0, (]. Recall T(¢)
is the set of all stopping time with respect to the filtration F taking values in [0, (]. Thanks
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to Fubini, we get that for 7 € T(():

¢ ¢
E[G,] =) E[Gnlir—ny) = > E[G1(—ny] = E[G}].

We thus deduce the maximal gain for the game G is also the maximal gain for the game G’.
The following Corollary is then an immediate consequence of Proposition III.5.

Corollary IIL.7. Let ¢ € N and G = (Gp,n € [0,¢]) be such that E[G)] < +o0 for all
n € [0,¢]. Set S¢ = E[G¢|F¢] and S, = max (E[G,|Fy], E[Sn41|Fn]) for 0 < n < (. Then
the stopping time 1. = inf{n € [0,(]; S, = E[G,|F,]} is optimal and Vi = E[Sy].

Ezample T11.8 (Marriage of a princess: the solution). We continue Example II1.4. Recall
Yp is the rank of the n-th candidate among the ¢ candidates, and G, = 1¢x —1} is the
gain for the princess if she chooses the n-th candidate. We assume the random permutation
¥ = (E,,n € [1,¢]) is uniformly distributed on the set S¢ of permutation on [1,(].

For a permutation ¢ = (01,...,0¢), we define the sequence of partial ranks r(o) =
(r1,...,r¢) such that r, is the partial rank of o, in (o1,...,0,). In particular, we have
rp=1and re = o0¢. Set E = ngl [1,n] the state space of r(o). It is easy to get that r is
one-to-one from Sy to E. Set r(X) = (Ry1,..., Ry), so that R, is the observed partial rank of
the n-th candidate. The filtration F = (F,,n € [1,(]) generated by the observations is thus
given by F, = o(R1,...,Ry).

Since r is one-to-one, we deduce that r(X) is uniform on E. Since E has a product form,
we get that the random variables Ry,..., R, are independent and R,, is uniform on [1,n].
The event {¥, = 1} is equal to {R,, = 1}ﬂi:n+1{Rk > 1}. Using the independence of
(Rp41,- .-, R¢) with F,, we deduce that:

¢
n
E[GulFa] = Ellis, =} Pl = L=y [] P(Rx>1)= cLm=1y
k=n+1

By a direct induction, we get from the definition of S, given in Corollary II1.7 that S, is a
function of R, and more precisely .S, = max (%1{Rn:1}, sn+1), with s,4+1 = E[Sp41|Fn] =
E[S;+1] as Sp+1, which is a function of R, 1, is independent of F,,. The sequence (s,,n €
[1,¢]) is non-increasing as (S,,n € [1,(]) is a super-martingale. We deduce that 7, = 7,
for some n.., where for n € [1, (], the strategy =, corresponds to first observe n — 1 candidate
and then choose the next one who is better than those who have been observed (or the last
if there is none): v, = inf{k € [n,(]; Ry = 1}, with the convention that inf = . We set
I', = E[G,, ] the gain corresponding to the strategy 7,,. We have I'y = 1/¢ and for n € [2,(]:

¢ ¢

¢
n—1 1
k=n

k=n k=n



38 CHAPTER III. OPTIMAL STOPPING

Notice that ¢(I'y = (I'c = 1. For n € [1,( — 1], we have {((I', = T'pq1) =1 — Zg;}l 1/7. We
deduce that I'), is maximal for n, = inf{n > 1; Zg;ll 1/7 < 1}. We also have Vi, =T,,.

For ¢ large, we get n, ~ (/ e, so the optimal strategy is to observe a fraction 1/ e ~ 37% of
the candidates, and then choose the next best one (or the last if there is none); the probability
to get the best prince is then V, =T, ~n,/¢( ~1/e ~ 37%.

I11.3 Infinite horizon case

We assume in this section that ¢ = oco. Let (F,,n € N) be a filtration. For simplicity, we
write T = T(co) for the set of stopping times taking values in N. Notice the definition of
stopping time, and thus of the set T, does not depend on the choice of F,, as long as this
o-field contains F,, for all n € N. For this reason, we shall take for F,, the smallest possible
o-field whose existence is given by the next lemma.

Lemma IIL.9. There exists a smallest o-field containing \J,, ey Fn-
The smallest o-field containing | J,,cx Fn is denoted by \/, oy Fu-

Proof. Let F be the set of all o-fields containing  J,,cry Frn- Notice I is non-empty as it contains
G. Since the intersection of any family of o-fields is a o-field, we deduce that () z/op F' is the
smallest o-field containing J,,cy Fn- O

We use the following convention. The limit operator lim, .., will be understood as
limy, s 00; n<oo, and for a real sequence (an,n € N), we set limsup a,, = limy, 00 SUPso= >y Ck-
as well as liminf a,, = lim,, o0 infoosp>p ag.

The next two Examples illustrates the hypothesis on the gain process G = (G,,n € N)
which we shall use to get the existence of an optimal stopping time.

Ezample 111.10. We consider the gain process G given by G, = 1 — 1/n for n € N and
Go = 0. Clearly we have V, = 1 and there is no optimal stopping time.

The absence of optimal stopping time in Example II1.10 is due to the “bad” value of G .
For this reason, we will consider the continuity condition (TII.2).

Ezample 1I1.11. Let (X,,n € N) be independent Bernoulli random variables such that
P(X; = 1) = P(X; = 0) = 1/2. We consider the gain process G = (G,,n € N) given
by Go =0, G, = (2" — 1) [ 11, Xk for n € N* and a.s. Goo = lim,—,00 G;, = 0. Let F be the
natural filtration of the process G. We have E[G,] = 1 — 27" so that Vi > 1. Notice G is a
non-negative sub-martingale as:

2n

E[Gpi1|Fn] G > Gy

T oontl 2

Thus, for any 7 € T, we have E[G;r,] < E[G,] < 1. And by Fatou Lemma, we get E[G,] < 1.
Thus, we deduce that V, = 1.



111.3. INFINITE HORIZON CASE 39

Since E[Gp41|Fn] > Gp on {G), # 0} and Gp41 = G, on {G,, = 0}, we get at step n
that the expected future gain at step n + 1 is better than the gain G,,. Therefore it is more
interesting to continue than to stop at step n. However this strategy will provide the gain
Gs = 0, and is thus not optimal. We deduce there is no optimal stopping time.

The absence of optimal stopping time in Example II1.11 is due to the “bad” integra-
bility condition as E[lim,— s Gp] < lim,_~ E[G,]. For this reason, we will consider the
integrability condition (TTI.1).

The main result of this section is that if (III.1) and (II1.2) hold, then there exists an op-
timal stopping time 7, € T, see Corollary II1.20. The main idea of the infinite horizon case,
inspired by the finite horizon case, is to consider a process S = (S, n € [0,(]) satisfying the
optimal equations (III.4). But since the initialization of S given in the finite horizon case is
now useless, we shall rely on a definition given by (II1.6) and (II1.7). However, we need to
consider a measurable version of the supremum of E[G,|F,], where 7 is any stopping time
such that 7 > n. This is developed in Section II1.3.1. Then, as in Section III.2, we will
consider separately the adapted case in Sections I11.3.2 and 1I1.3.3, and then the general case
in Section II1.3.4.

I11.3.1 Essential supremum

The following proposition asserts the existence of a minimal random variable dominating a
family (which might be uncountable) of random variables in the sense of a.s. inequality. We
set R = [—o0, +0o0].

Proposition II1.12. Let (X;,t € T) be a family of random variables taking values in RL
There exists a unique (up to the a.s. equivalence) random wvariable X, taking values in R
such that:

(i) Forallt € T, P(X, > X;) = 1.

(it) If there exists a random variable Y such that for allt € T, P(Y > X;) = 1, then a.s.
Y > X,.

The random variable X, of the previous proposition is called the essential supremum of
(X¢,t € T) and is denoted by:

X, = esssup X;.
teT

Proof. Since we are only considering inequalities between real random variables, by mapping
R onto [0, 1] with an increasing one-to-one function, we can assume that X; takes values in
[0,1] for all t € T

Let Z be the family of all countable sub-families of T". For each I € Z, consider the
(well defined) random variable X; = sup,c; X; and define o = sup;c7 E[X]. There exists a
sequence (I,,n € N) such that lim,, . E[X7,] = a. The set I, = |J,,cy In is countable and
thus I, € Z. Set X, = X ,. Since E[X;, | <E[X,] < a for all n € N, we get E[X,] = a.
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For any t € T, consider J = I,(J{t}, which belongs to Z, and notice that X; =
max(Xy, X,). Since a = E[X,] < E[X;] < «, we deduce that E[X,] = E[X] and thus
a.s. Xj = X,, that is P(X, > X;) = 1. This gives (i).

Let Y be as in (ii). Since I, is countable, we get that a.s. Y > X,. This gives (ii). O

I11.3.2 The adapted case: regular stopping times

We assume in this section that the sequence G = (Gn,n € N) is adapted to the filtration
F = (Fn,n € N), with Foo =V, cny Fn- We shall consider the following hypothesis which is
slightly weaker than (IIL.1):

(H) There exists a non-negative integrable random variable M such that for all n € N, we
have a.s. G, < E[M|F,].

Condition (H) implies that for all 7 € T, we have a.s. G} < E[M|F,]. Notice that if (ITI.1)
holds then (H) holds with M = sup;c5 G-

For n € N, let T,, = {7 € T; 7 > n} be the set of stopping times larger than or equal to
n. We define the subset of T,, of regular stopping times, T/, such that for all finite k£ > n:

E[G;|Fk] > G, as. on {7 > k}.

Notice that T/, is non-empty as it contains n and that the definition of regular stopping time
depends on the gain sequence G.

Lemma II1.13. Assume that G is adapted and a.s. E[GT] < 400 for all 7 € T. Let n € N.

i) If T € T,,, then there exists a regqular stopping time 7 € T/ such that 7" < 7 and a.s.
() g 9 n
E[G./|F,] > E|G.|Fy)-

(ii) If 7',7" € T’ are regular, then the stopping time 7 = max(7',7") € T}, is regular and

a.s. E[G|F,] > max (E[G/|F], E[Gn|Fn)).

Proof. Let 7 € T, and set 7/ = inf{k > n; E[G,|Fi] < Gi} with the convention that
inf ) = co. Notice that 7’ is a stopping time and that a.s. n < 7/ < 7. On {7/ = oo}, we
have 7 = oo and a.s. G+ = G, = G,. For oo > m > n, we have, on {7/ = m}, that a.s.
E[G|Fm] = Gm > E[G;|F,]. We deduce that for all finite k& > n a.s. on {7/ > k}:

E[G|Fi] = Z E [E[Gr|Fn)L{r—my | Fi] = Z E [E[G|FnL{rr—m} | Fi] -

mé[k,o0] mé[k,o0]
And thus, for all finite & > n:
]E[GTll‘Fk]l{T,Zk?} > E[G7|fk]1{7./2k}. (T11.13)

We have on {7/ > k}, E[G;|F;] > Gj. Then use (II1.13) to get that 7/ is regular. Take k = n
in (IT1.13) and use that 7/ > n a.s. to get the last part of (i).
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Let 7/,7” € T/, and 7 = max(7’,7"). By construction 7 is a stopping time. We have for
all m > k > n and k finite:

BlGr 1 r—my | Fi] = ElGr L err s oy | Fil + E[Grr L rr iy | Fi]-
Using that 77 € T/, we get for all finite m > k > n:
E[GT”]“{TN>T/:TR}“F}C] =E [E[GT”|fm}1{7">m}1{r’=m}|fk] > E[Gml{T”>T’=m}‘fk]'
We deduce that for all m > k > n and & finite:
E[Gr1 sy | Fi] > E[Gr sy | Fi]. (IIL.14)
By summing (I11.14) over m with m > k and using that 7/ € T},, we get:
ElG-|Fi]lirsry 2 ElGr|Fu]lrsry > Grlipsgy-

By symmetry, we also get E[G|Fg]1{rvspy > Grliprsyy. Since {7 >k} = {7/ > k}U{7" >
k}, this implies that E[G,|Fk] > G a.s. on {7 > k}. Thus, 7 is regular.

By summing (I11.14) over m with m > k = n, and using that 7 > n a.s., we get
E[G,|F,] > E[G|F,]. By symmetry, we also have E[G.|F,] > E[G.~|F,]. We deduce the
last part of (ii). O

The next lemma is the main result of this section.

Lemma II1.14. We assume that G is adapted and hypothesis (H) and (II1.2) hold. Then,
for all n € N, there exists 7;, € T,, such that a.s. esssup, e, E[G;|F,] = E[Gro|Fy].

Proof. We set X, = esssup,cp, E[G;|F,]. According to the proof of Proposition II1.12,
there exists a sequence (74,k € N) of elements of T, such that X, = suppcyE[Gr, |Fn]-
Thanks to (i) of Lemma III.13, there exists a sequence (77, k € N) of regular stopping times,
elements of T, such that E[G, |F,] > E[G7, [F,]. According to (ii) of Lemma IIL.13, for all
k € N, the stopping time 7)) = maxo<;<y 7; belongs to T, the sequence (E[G,/|F,], k € N)
is non-decreasing and E[G.»|F,] = E[G|F,] = E[Gr |Fy]. In particular, we get X, =
supen E[Gr, [Fn] < supren E[Gry[Fp] < X, so that a.s. X, = limsupy,_, o E[Grr| ).

Let 7;; € T, be the limit of the non-decreasing sequence (77, k € N). Set Y; = E[M|F.].
Thanks to Corollary IV.3, we have that the sequence (Y, k € N) converges a.s. and in L'
towards Yoo = E[M|F7c]. Then, we use Lemma IV.2 with X = G,y to get that X, <
Ellimsupy,_, o, G7y[Fn]. Thanks to (IIL.2), we have a.s. limsupy_,o, Gy < Gre. So we get
that a.s. X, < E[G2|F,]. To conclude use that by definition of X,, we have E[G¢|F,] < X,
and thus X, = E[G | Fy]. O

We have the following Corollary.

Corollary III.15. We assume that G is adapted and hypothesis (H) and (II1.2) hold. Then,
we have that 76 is optimal that is V. = E[Gs].

Proof. Lemma I11.14 gives that E[G,] < E[G.] for all 7 € T. Thus 7 is optimal. O

Ezercise 111.2. Assume that hypothesis (H) and (II1.2) hold. Let n € N. Prove that the limit
of a non-decreasing sequence of regular stopping times, elements of T/, is regular. Deduce
that 7. in Lemma III.14 is regular, that is 77 belongs to T},. A
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111.3.3 The adapted case: optimal equations

We assume in this section that the sequence G = (G,,n € N) is adapted to the filtration
F = (Fn,n € N), with Foo = /ey Fn- Recall that T, = {7 € T; 7 > n} for n € N. We
assume (H) holds. We set for n € N:

Sp = esssup E[G,| Fp]. (T11.15)
T7€TH

The next proposition is the main result of this section.

Proposition II1.16. We assume that G is adapted and hypothesis (H) and (III.2) hold.
Then, for all n € N, we have E[S;/] < +o00. The sequence (S,,n € N) satisfies the optimal
equations (I11.4). We also have Vi = E[Sp].

Proof. Recall that (H) implies E[G}] < +o0o for all 7 € T,,. Then use Lemma II1.14 to
deduce that E[S;'] = E[GL] < +oc. For 7 € T, we have (IIL.8) and (II1.9) by definition of
the essential supremum for S,1. We deduce that a.s. E[Gr|Fn] < max(Gn,E[Spi1| Fnl).
This implies, see (ii) of Proposition I11.12, that a.s. Sy < max(Gr, E[S, 11| Fn)).

Accordlng to Lemma ITI.14, there exists 7,, , ; € T, 11 such that a.s. S, 11 = [GTg+1 |}'n+1].l
Since 7,1 (resp. n) belongs also to Ty, we have S, > E[Gre, [Fy] = E[Spi1|Fn] (resp.
Sy > Gp). This implies that S,, > max(Gy,, E[Sy 11| Fn))- And thus (Sn,n € N) satisfies the
optimal equations.

Use Corollary II1.15 and Lemma II1.14 to get Vi = E[S]. O

We conclude this section by giving an explicit optimal stopping time.

Proposition II1.17. We assume that G is adapted and hypothesis (H) and (III.2) hold.
Then T, defined by (I11.5), with (S,,n € N) given by (I11.15), is optimal.

Proof. 1f V, = —oo then nothing has to be proven. So, we assume V, > —oo. According to
Corollary III.15, there exists an optimal stopping time 7.

In a first step, we check that 7/ = min(7,7,) is also optimal. Since E[G]]| < +oco, by
Fubini and the definition of \5,,, we have:

E[Grlirory] = > E[Grlior—ny] = D E[EGAFlrsrony] D E [Suliror,—ny] -

neN neN neN

Since S, = Gy, on {1, = n} for n € N, we deduce that:

E [GT]‘{T>T*}] < Z]E [Gn1{7>7'*=n}] =E [GT*]‘{T>T*}:| :
neN

This implies that:
E[Gr] = E[Grlrory] + E[Grlrery] S E[Grlprory] + B [Grlircry] = E[GH].

And thus 7’ is optimal.
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In a second step we check that a.s. 7/ = 7. Let us assume that P(7" < 1) > 0. Recall
7, defined in Lemma II1.14. We define the stopping time 7" by 7/ = 7, on {7’ = 7.} and
" =712 0n {n =1 <7} for n € N. Since E[G},] < +o0, by Fubini and the definition of S,,,

TN
we have:

E[Grlrcry] =) E[Grelnercry] = E[E[Gr|Fullinercry] =) E[Snlnercrny] -

neN neN neN

Since S, > Gy, on {7, > n} for n € N, we deduce that:

E[Grlirery] > D E[Gulinorcry] =E[Grlmar,y]
neN

unless E [GT//]_ {7/<T*}] = E [GTrl {T/<T*}] = —oo. The latter case is not possible since
E[G.] = Vi > —oo. Thus, we deduce that E [Grr1lisry] > E[Grlio,y]. This im-
plies (using again that E[G,/] > —o0) that:

E [GT//] =E [GT/].{T/:T*}] +E [G71/1{71<7—*}] >E [G’T/]'{T’:T*}] +E [GT/1{7.1<T*}] =K [GT/} .
This is impossible as 7 is optimal. Thus, we have a.s. 7/ = 7, and 7 is optimal. |
Ezercise 111.3. Assume that G is adapted and hypothesis (H) and (II1.2) hold and V, > —o0.

1. Deduce from the proof of Proposition II1.17, that 7, is the minimal optimal stopping
time.

2. Deduce that if Go, = —00 a.s., then a.s. 7, is finite.

A
Ezercise 111.4. We assume that G is adapted and hypothesis (H) and (II1.2) hold. We set:

W, = esssupE[G;| F,] and 7. =inf{n e N; G,, > W,}, (IT1.16)

TETnJrl
with the convention that inf () = 4o0.
1. Prove that W,, = E[S,,+1|F,] and that 7., is optimal.

2. Assume that Vi, > —o0. Prove that if 7 is optimal, then a.s. 7, < 7 < Ty

A
Ezercise TI1.5. Assume that G is adapted and hypothesis (H) and (III.2) hold, as well as
Vi > —oo. Prove that 7, is regular. A

Ezample TI1.18 (Castle to sell: setting and solution). Continuation of Example IT1.2. Let
X be a random variable taking values in [—00, +00) such that E[(XT)?] < 400 and P(X >
—00) > 0. Let (X,,n € N*) be a sequence of independent random variables distributed as
X. Let ¢ > 0. We assume we can call back a previous buyer so that the gain at step n € N*
is given by G,, = M,, —nc, with M,, = max;<,<, X} and X}, is the proposal of the k-th buyer
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of the castle. We set Goo = —o0. We consider the o-field F,, = 0(Xq,...,X,,) for n € N*
and Foo = V,,en+ Fn- (Notice that to stick to the presentation of this section, we could set
Gy = —o0 and Fy the trivial o-field.)

We first assume that X is bounded below, that is there exists a € R such that a.s. X > a.
Notice that max(x,y) = (z—y)* +y for z,y € R. In particular, if Y is a real random variable
independent of X, we get:

Emax(X,Y)|[Y] = f(Y)+Y with f(z)=E[(X —2)T].
We deduce that:
E[Gpi1|Fn] = Elmax(X,, 11, My)|M,] — (n+ 1)e = f(M,) — ¢+ Gy.

Since E[X ] is finite, we get that the function f(z) = E[(X — z)"] is continuous strictly de-
creasing on (—oo, xg), with zg = sup{z € R; P(X > z) > 0}, and such that lim,_,_, f(z) =
+o0 and lim,_,,, f(x) = 0. Since a.s. lim,_,oc M, = xo, we get that a.s. lim,_,~ f(M,) = 0.
Thus the stopping time 7 = inf{n € N* f(M,) < c} is a.s. finite. From the properties of
f, we deduce there exists a unique ¢, € R such that f(ci) = ¢. Using that (f(M,),n € N¥)
is non increasing and that it jumps at record times of the sequence (X,,,n € N*), we get the
representation:
T =inf{n e N*, X, > ¢,}.

Furthermore, for n € N*, we have a.s. that:
E[Gp+1|Fn] > Gn on {n <7}, (T11.17)

E[Gpi1|Fn]l <Gp on {n>r7} (IT1.18)

According to Lemma II1.19, we have that (III.1) and (IIL.2) hold. According to Proposi-
tion I11.17, 7, given by (IIL.5) is optimal. We deduce from (II1.17) that a.s. 7. > 7. Since a.s.
X > a and (IIL.1) holds, we get that E[|G,|] < 4+oo for all n € N*. Mimicking the proof of
the stopping theorem for super-martingale, using that 7. > 7, we deduce from (II1.18) that
a.s. on {7 = n} for all finite k > n:

E[Gr il Fn] < G

Letting k goes to infinity, we deduce from (III.2) and Fatou lemma that E[G, |F,] < G), a.s.
on {7 = n}. Since 7 is bounded, this gives E[G,] < E[G,]. Since 7, is optimal, we deduce
that 7 is also optimal (and in fact equal to 7. as 7, is the minimal optimal stopping time
according to Exercise II1.3). We have:

E[X1(x>c,] c CE[(X —c)f]—c

Ve=BlG] =B - Bl = 55 ) X))~ P(Xsa) e

where we used that 7 is geometric with parameter P(X > ¢,) for the third equality and
E[(X — c.)T] = f(ce) = c for the last.
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If X is not bounded below by a constant a, we set X* = max(a, X), M% = max(a, M,,)
and G% = M5 —nc for n € N*. Let V,* = sup, o E[G¢], with T the set of stopping times with
respect to the filtration F. Since G,, < G¢ for all n € N*, we deduce that V,, < V. According
to the first part, we get that V¢ = E[G%] = ¢¢ with 7* = inf{n € N*, X? > ¢¢} and ¢} the
unique root of E[(max(X,a) —x)"] = c. Let ¢, be the unique root of E[(X —x)"| = ¢ and set
7 =inf{n € N* X, > ¢,}. Notice that for a < ¢, we have ¢¢ = ¢, and thus 7* = 7 as well
as G% = G.. We deduce that Vi > E[G,] = V%, and thus V. = E[G;] = ¢, and 7 is optimal.

If one can not call back a previous buyer, then the gain is G/ = X,, — nc. Let V/ be the
corresponding maximal gain. On the one hand, since G/, < G,, for all n € N, we deduce that
V) < V.. On the other hand, we have G” = G . This implies that V" > E[GY] = E[G,] = V..
We deduce that V" = ¢, and 7 is also optimal in this case.

Lemma IT1.19. Let X be a random variable taking values in [—oo, +00). Let (X,,,n € N*) be
a sequence of random variables distributed as X. Let ¢ €]0,4o00[. Set G,, = max<g<n Xi—nc
forn € N*. IfE[(XT)?] < +o0, then E[sup,cn- Git] < +00 and limsup G,, = —oc.

With the notation of Lemma III.19, one can prove that if the random variables (X,,,n €

N*) are independent then E[sup, ey« (Gl)T] < 400 implies that E[(XT)?] < +oo.

Proof. Assume that E[(XT)?] < +oo. Since X, — nc < G, < max)<<,(Xg — kc) for all
n € N*, we deduce that sup, ey« Gr, = sup,,en«(X,, — nc). This gives:

E[ sup Gﬂ :E[ sup(annc)"'] §E{ Z(annc)ﬂ :E[ Z(anc)ﬂ,

neN® neN neN* neN*

where we used Fubini (twice) and that X, is distributed as X in the last equality. Then use

that for z € R:
Z (:E - TL)+ < Z x+1{n<$+} < (.CC+)2,
neN* neN*
to get E[Z%N* (X — nc)*} < E[(X1)?]/c < +00. So we obtain E[supneN* Gﬂ < +o0.
Set G!, = maxj<g<, Xy — nc/2. Using the previous result (with ¢ replaced by ¢/2),
we deduce that sup,cy-(G))" is integrable and thus a.s. limsupG), < +oco. Since G, =
G, —nc/2, we get that a.s. limsup G, < limsup G, — limne/2 = —oc. O

I11.3.4 The general case

We state the main result of this section. Let T denote the set of stopping times (taking values
in N) with respect to the filtration (F,,n € N).

Corollary I11.20. Let G = (G,,n € N) be a sequence of random variables such that (II1.1)
and (II1.2) hold. Then there exists an optimal stopping time.

Proof. According to the first paragraph of Section IIL.3, without loss of generality, we can
assume that Foo = \/, ey Fn- If G is adapted to the filtration 7 = (F,,n € N) then use
M = sup,, 5 G}, so that (H) holds, and Corollary II1.15 to conclude.
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If the sequence G is not adapted to the filtration F, then we shall consider the corre-
sponding adapted sequence G’ = (G}, n € N) given by G, = E[G,|F,] for n € N. Notice G’
is well defined thanks to (III.1). Thanks to (III.1), we can use Fubini lemma to get for 7 € T:

E(G-] = ElGnlir—ny] = > _E[G)1{;—ny] = E[G}].

neN neN

We thus deduce the maximal gain for the game G is also the maximal gain for the game G’.
Let M = E[sup, 5 G, |Fs]. Notice then that (H) holds with G replaced by G’. Then,
to conclude using Corollary III.15, it is enough to check that (II1.2) holds with G replaced
by G'.
For a € R and n > k finite, using Jensen inequality, we get:

max(a, G))) < E[max(a,Gp)|F,] < ]E[max (a, sup Gg) | fn].
Le(k,00]

Since E || max (a, SUD e [,00] Gy)|] is finite thanks to (IIL.1), we deduce from Corollary IV.3
that:

e P

Thus we get max(a,limsupG)) < E [max (a, SUP/e[k,00] Gg)| .Foo]. Letting k goes to infinity,
we get by dominated convergence and using (IT1.2) that:

max(a, limsup G,) < E[max (a, limsup G,,) | Foo] < E[max(a, Goo)| Focl-

This gives limsup G}, < E[max(a, G )| Foo]. Letting a goes to —oo, we get by monotone
convergence that limsup G, < E[Go| Fo] = G- Thus (II1.2) holds with G replaced by G'.
This finishes the proof. 7

Erercise 111.6. Let G = (G,,,n € N) be a sequence of random variables such that (II1.1) and
(ITL.2) hold. Let 7. = inf{n € N; esssup,cy, E[G;|F,] = E[G,|F,]} with inf() = co. Prove
that 7, is optimal. A

I11.4 From finite horizon to infinite horizon

In the finite horizon case, the random variable 5, is defined recursively, and thus defined in
a constructive way. There is no such constructive way in the infinite horizon case. Thus, is
it a natural to ask if the infinite horizon case is the limit of finite horizon cases, when the
horizon ¢ goes to infinity. We shall give sufficient condition for this to hold.

We assume in this section that the sequence G = (G,,n € N) is adapted to the filtration
F = (Fa,n € N) (with Foe = Ve Fn), and that (IIL1) holds. We shall also consider the
following assumption which is stronger than (II1.2):

limsupG,, = G  a.s.. (I11.19)
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Recall that T,, = {7 € T; 7 > n} for n € N and set TS = {r € T; 7 < ¢} for ¢ € N. For
¢ € Nand n € [0, (] we define TS, = T, T as well as:

SS = esssup E[G,| Fp]. (II1.20)
TETS

From Sections I11.2.1 and I11.3.3, we get that SE = G¢ and S¢ = (S5,n € [0,¢]) satisfies the
optimal equations (IIL4). For n € N, the sequence (S5,¢ € [n,00]) is non-decreasing and
denote by S its limit. Notice that (S}, n € N) satisfies the optimal equations (III1.4) with
¢ = oo. In fact (S}, n € N) is the smallest sequence satisfying the optimal equations (ITI.4)
with ( = co. For n € N, we have a.s. S} = ess SUp__(b) E[G,| Fy,], where T%b) =T,NT®

and T®) c T is the subset of bounded stopping times.
By construction of S,,, we have for all n € N:

St < Sy, (IT1.21)

The sequence (T,E,C € N), with 7z = inf{n € [0, (]; S8 = G}, is non-decreasing and thus
converge to a limit, say 77 < 7, with 77 € N and

i =inf{n e N; S; = G, }. (II1.22)

We set V& = E[Sg] = sup,cy¢ E[G;] and V, = E[Sy] = sup,cr E[G;]. Let V. be the non-
decreasing limit of the sequence (Vf,C € N), so that V. < V.. We shall say the infinite
horizon case is the limit of the finite horizon cases if V. = V... Notice, we don’t have V. =V,
in all cases, see Example II1.21 taken from [3].

Ezample 111.21. Let (X,,n € N*) be independent random variables such that P(X, = 1) =
P(X, =—1) =1/2 for all n € N. Let ¢ = (¢,,n € N*) be a strictly increasing sequence such
that 0 < ¢, < 1 for all n € N* and lim,, ., ¢, = 1. We define Gy = 0, G = 0, and for
n € N*:

G, = min (1, Wn) — Cp,

with W,, = "), X}. Notice that G, < 1 and a.s. limsupG,, = G so that (IIL.1) and
(II1.19) hold. (Notice also that E[|G,|] for all n € N.) Since E[W,,41|F,] = W, we deduce
from Jensen inequality that a.s. E[min(l, W;,11)|F,] > min(1,W,). Then use that the
sequence c is strictly increasing to get that for all n € N a.s. G,, > E[G,,41|F,]. The optimal
equations imply that STCL = G, for all n € [0,(] and ¢ € N and thus Tf = 0. We deduce that
Sr=GyforallneN, 77 =0and V) =0.

Since (III.1) and (II1.2) hold, we deduce there exists an optimal stopping time for the
infinite horizon case. The stopping time 7 = inf{n € N*; W,, = 1} is a.s. strictly positive and
finite. On {7 = n}, we have that G,, =1 — ¢, as well as G,;, <0 < G,, for all m € [0,n — 1]
and Gy, <1 — ¢, < Gy, for all m €]n,00]. We deduce that G, = sup, e G, that is 7 = 7,
is optimal. Notice that Vi, > V* =0 and a.s. 7. > 7; = 0. Thus, the infinite horizon case is
not the limit of the finite horizon cases.
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We end this Section by giving sufficient conditions so that the infinite horizon case is
the limit of the finite horizon cases. In particular, we shall consider the following condition
(which is stronger than (II1.2)):

lim G, =G as. (II1.23)
n /oo
Proposition II1.22. Let (G,,n € N) be an adapted sequence of random variables taking
values in R and define Goo by (II1.19). Assume that (III.1) holds and that the sequence
(T, n € N), with T,, = supg~,, G — Gy, is uniformly integrable. If there exists an a.s. finite
optimal stopping time or if (II1.23) holds, then the infinite horizon case is the limit of the
finite horizon cases.

Proof. If V, = —o0o, nothing has to be proven. Let us assume that V, > —oo. According to
Proposition II1.17 (and since (III.1) implies condition (H)), there exists an optimal stopping
time, say 7. Since E[Gyin(rn)] < Vi, we get:

0<Vi— V:kn < ]E[GT - Gmin(r,n)] =E [1{n<7<oo}(GT - Gn)] +E [1{7':00}(G00 - Gn)]
<E [1{n<7<oo}Tn] +E [1{7':00}(GOO - Gn)+] .

Recall (T,,n € N) is uniformly integrable. Since a.s. limy, 10 L1ipcrcoy = 0, we deduce
from Corollary IV.5 (with Y, = |T;,]) that limy, 400 E [1{<rco0yTn] =0

If 7 is a.s. finite, then we have E [1{7200}(G00 — Gp)*] = 0. If (IIL23) holds, then we
have that a.s. limy, 1 0o(Goo — Gp)™ = 0. Since 1g;—o0} (Goo — Gn)" < [T, we deduce from
Corollary IV.5 (with Y,, = |T},]) that limn_,%o]E{[l{T:oo}(Goo — Gn)+] = 0. In both cases,
we deduce that lim, o Vi — V" = 0. This gives the result. ]

We give an immediate Corollary of this result.

Corollary I11.23. Let (G, n € N) be an adapted sequence of random variables taking values
in R and define G by (III.19). Assume that for n € N we have Gy, = Z, — W, with
(Zn,n € N) adapted, E[sup,cy|Zy|] < 400 and (Wy,n € N) an adapted non-decreasing
sequence of non-negative random variables. If there exists an a.s. finite optimal stopping
time or if (I11.23) holds, then the infinite horizon case is the limit of the finite horizon cases.

Proof. For k > n, we have Gy, — G,, < Zy, — Z, < 2supyey | Z¢|. This gives that the sequence
(T, = supy>,, G — Gp,n € N) is non-negative and bounded by 2supcy |Z¢|, hence it is
uniformly integrable. We conclude using Proposition 111.22. L

Using super-martingale theory, we can prove directly the following result (which is not a
direct consequence of the previous Corollary with W,, = 0).

Proposition I11.24. Let (G,,n € N) be an adapted sequence of random variables taking
values in R and define Goo by (I11.19). Assume that E[sup,cy |Gn|] < +00. Then the infinite
horizon case is the limit of the finite horizon cases. Further more, we have that a.s. T, = T,
where T, is defined by (II11.5) with (Sy,n € N) given by (II1.15), and 7} is defined by (II1.22)
with (S}, n € N) given by (I11.20).
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Proof. Recall that (S}, n € N) satisfies the optimal equations (I11.4) with ( = oco. Since it is
bounded by sup,,cy |G| which is integrable, it is a super-martingale and it converges a.s. to a
limit say S% . We have S} > G,, for all n € N, which implies thanks to (II1.19) that S% > G.
Since (S},n € N) is a uniformly integrable super-martingale, we deduce from the stopping
theorem, see Corollary IV .4, that for n € N fixed, we have S} > E[SZ|F,] > E[G.|F,] a.s.
for all stopping time 7 > n. This implies that S;, > S, a.s. according to Proposition II1.12.
Thanks to (II1.21), we get that a.s. S < S, and thus a.s. S; = 5, for all n € N. In
particular, we have V, = V.*. Thus, the infinite horizon case is the limit of the finite horizon
cases. Using (II1.22), we get that a.s. 7, = 7. O

Ezample 111.25 (Castle to sell: from finite to infinite horizon). We keep notations and hy-
pothesis from Example II1.18 and consider the gain G,, = M,, —nc with M,, = maxi<j<, Xj
and ¢ > 0. Recall the random variables (X, k € N* are independent and distributed as X.
We assume furthermore that E[|X|] < +o0o. Notice hypothesis of Corollary III1.23 are not
fulfilled (with Z,, = M, and W,, = nc¢) unless X is bounded. However, we can follow the
proof of Proposition II1.22 to check the infinite horizon case is the limit of the finite horizon
cases. Since the optimal stopping time 7, = inf{n € N*, X,, > ¢,} is a.s. finite, see Example
IT1.18, we have, with the notation of the proof of Proposition I11.22 that:

0<Vi— ‘/*n < E[GT* - Gmin(n,n)] =E [1{n<7*<oo}(GT* - Gn)] <E [1{n<7*<oo}(XT* - Xl)] )

where we used G, — G, = X, — Tvc — M,, + nc < X;, — X1 for the last equation. Since
X;, and X, are integrable, we get lim, , . E [1{n<7*<oo}(XT* — X1)] = 0 by dominated
convergence. That is lim, 1. V)" = Vi and thus the infinite horizon case is the limit of the
finite horizon cases. (Notice that if 1 > P(X = —o0) > 0, then the infinite horizon case is no
more the limit of the finite horizon cases as V" = —oo for all n € N*.)

If one can not call back a previous buyer, then the gain is G = X,, — nc. Let Vi (resp.
(V)™) denote the maximal gain when the horizon is infinite (resp. equal to n). Arguing as
above, we get:

0< V*” - (V*//)n <E [1{n<‘r*<oo}(XT* - Xn)} =E [1{n<7'*<oo}(XT* - Xl)] )

as conditionally on {n < 7. < oo}, (X;,,X,) and (X,,, X7) have the same distribution. And
we deduce the infinite horizon case is the limit of the finite horizon cases.

Ezrample 111.26. Extend Proposition I11.24 to the non adapted case.

II1.5 The Markovian case

We assume in this section that ¢ = co. Let (F,,,n € N) be a filtration and we write T® c T
for the subset of bounded stopping times. Let (X,,,n € N) be a Markov chain with state space
E (at most countable) and transition kernel P. Let ¢ be a non-negative function defined on
E. We shall consider the optimal stopping problem for the game with gain G,, = p(X,,) for
n € N and Gy, = limsup G,,.
We set:
wo=¢ and, forn €N, ¢,11 =max(p, Py,).
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Lemma II1.27. The sequence of functions (¢n,n € N) is non-decreasing and converges to
a limit say @, such that p. = max(p, Po.). For any non-negative function g such that
g > max(p, Pg), we have that g > .

Proof. By an elementary induction argument, we get that the sequence (p,,n € N) is non-
decreasing. Let ¢, be its limit. By monotone convergence, we get that ¢, = max(p, Poy).
Let g be a non-negative function g such that g > max(y, Pg), we have by induction that
g > n and thus g > @.. ]

We now give the main result of this section.

Proposition II1.28. Let x € E and ¢ a non-negative function defined on E. Assume that
Ez[sup,cn ¢(Xn)] < +o0o. Then, we have:

px(r) = sup Egp(X7)] = sup Ex[p(X7)] = Elp(X7,)],
T€T®) T€T

with 7, =inf{n € N; X, € {¢ = p.}},
and the conventions inf ) = +o0o0 and ¢(Xoo) = limsup p(X,,).

Proof. We keep notations from Section III.4. Recall definition (II1.20) of S5 for the finite
horizon ¢ € N. We deduce from (II1.4) and S¢ = G, that S = @¢_n(X,) for all 0 <

n < (¢ <ooand7s = inf{n € [0,(]; pc—n(Xn) = ¢(Xp)}. Lemma II1.27 implies that
Sy = lim¢ oo S5 = v« (X,,) and thus

75 = lim 7$ = inf{n € N; X, € {9 = ¢.}}, (II1.24)
(/o0
with the convention that inf() = oco. According to Proposition II1.24, the infinite horizon

case is the limit of the finite horizon cases and the optimal stopping time 7, given by (IIL.5)
is a.s. equal to 7. We deduce that Vi, = E,[S§] = p«(2). O



Chapter IV

Divers

Let T be the set of stopping times taking values in N = N J{+oc}.
Remark TV.1 (Doob decomposition of a super-martingale).

We shall use the following result.

Lemma IV.2. Let G C G be a o-field. Let X = (X,,n € N), resp. Y = (Y,,,n € N), be
a sequence of random variables taking values in [—oo, +00), resp. in [0,+00), such that a.s.

foralln € N, X;F <Y, and Y converges a.s. towards a limits, say Yoo and lim, . E[Y,] =
E[Yx]. Then, we have limsup E[X,,|G'] < E[limsup X,|G'].

Proof. Recall = = max(0, —z) and x = 27 — 2~. By Fatou lemma, we have that a.s.:

E[Yo|G'] — limsup E[X;[|G] = liminf E[Y,, — X,/ |G|
> Efliminf(Y;, — X;)|G'] = E[Ya|G'] — E[limsup X,"|G].

Thus, we have that a.s. limsup E[X,"|G’] < E[limsup X,"|G’]. By Fatou lemma, we have also
that a.s. liminf E[X|G'] > E[liminf X, |G’], that is limsup E[— X, |G'] < E[limsup —X,, |G'].
By summing, we deduce that a.s. limsupE[X,,|G'] < E[limsup X,|G’]. O

Corollary IV.3. Let M be an integrable random wvariables. Let F = (Fp,n € N) be a
filtration. Set Foo = \/ ey Fn- Set My = E[M|F;] for any stopping time 7, taking values
in N, with respect to the filtration F. Then, for any converging sequence of stopping times
(Tn,n € N), with 7 = limy, 400 T, we have that the sequence (M, ,n € N) converges a.s.
and in L' towards M.

Corollary IV.4. Let (M,,n € N) be a super-martingale converging to Ms. Assume th_at
(M,,,n € N) is uniformly integrable. Then for all stopping times T < 7' taking values in N,
we have a.s. M, > E[M./|F;].

Corollary IV.5. Let (X,,n € N) a sequence of random variables taking values in R which
converges a.s. to a finite random wvariable and such that |X,| < Y,, where the sequence
of random wvariables (Y,,n € N) is uniformly integrable. Then the sequence (X,,n € N)
converges in L.
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Proof. Set Xoo = limy, 400 X;, and W = sup, ¢y | Xp|. We have:

E[|Xw|] < liminf E[|X,,|] < supE[Y,] < +oo,
n——+00 neN

where we used Fatou lemma for the first inequality and that (Y;,,n € N) is uniformly inte-
grable for the last. We have:

EHXn - XOOH <E [1{W§c}|Xn - XOOH +E [1{W>c}(Yn + |Xoom :

Let ¢ > 0. Since W is finite a.s. as X is finite, using that (Y,,,n € N) and X are
uniformly integrable, we have that for ¢ large enough sup, .y E [1{W>C}(Yn + | Xoo|)] < €. by
dominated convergence, we get that lim, , . E [1{W§c}|Xn — XOOH = 0. This gives that
limsup,,_, o E[|X;, — X|] < . Then use that € > 0 is arbitrary to conclude. O
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