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Bifurcating Markov chains (BMC) are Markov chains indexed by a full
binary tree representing the evolution of a trait along a population where each
individual has two children. We provide a central limit theorem for general
additive functionals of BMC, and prove the existence of three regimes. This
corresponds to a competition between the reproducing rate (each individual
has two children) and the ergodicity rate for the evolution of the trait. This
is in contrast with the work of Guyon (Ann. Appl. Probab. 17 (2007) 1538—
1569), where the considered additive functionals are sums of martingale in-
crements, and only one regime appears. Our result can be seen as a discrete
time version, but with general trait evolution, of results in the time contin-
uous setting of branching particle system from Adamczak and Mito§ (Elec-
tron. J. Probab. 20 (2015) 42), where the evolution of the trait is given by an
Ornstein—Uhlenbeck process.

1. Introduction. Bifurcating Markov chains are a class of stochastic processes indexed
by a regular binary tree and which satisfy the branching Markov property (see below for a
precise definition). This model represents the evolution of a trait along a population where
each individual has two children. To the best of our knowledge, the term bifurcating Markov
chain (BMC) appears for the first time in the work of Basawa and Zhou [4]. But, it was
Guyon who, in [16], highlighted and developed a theory of asymmetric bifurcating Markov
chains. Since the works of Guyon, BMC theory has been enriched from a probabilistic and
statistical point of view and several extensions and models using BMC have been studied; we
can cite the works (see also the references therein) of Bercu, de Saporta and Gégout-Petit [5],
Delmas and Marsalle [13], Bitseki, Djellout and Guillin [8], Bitseki, Hoffmann and Olivier
[9], Doumic, Hoffmann, Krell and Robert [15], Bitseki and Olivier [10, 21] and Hoffmann
and Marguet [18].

The recent study of BMC models was motivated by the understanding of the cell divi-
sion mechanism (where the trait of an individual is given by its growth rate). The first model
of BMC, named “symmetric” bifurcating auto-regressive process (BAR) was introduced by
Cowan and Staudte [12] in order to analyze cell lineage data. Since the works of Cowan and
Staudte, many extensions of their model were studied in Markovian and non-Markovian set-
tings (see, e.g., [21] and references therein). In particular, in [16], Guyon has studied “asym-
metric”’ BAR in order to prove statistical evidence of aging in Escherichia Coli, giving a new
approach to the problem studied in [24]. Let us also note that BMC have been used recently
in several statistical works to study the estimator of the cell division rate [9, 15, 18]. More-
over, other studies, such as [14], can be generalized using the BMC theory (we refer to the
conclusion therein).

In this paper, our objective is to establish a central limit theorem for additive functionals
of BMC. With respect to this objective, notice that asymptotic results for BMC have been
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studied in [16] (law of large numbers and central limit theorem) and in [8] (moderate de-
viations principle and strong law of large numbers). See [13] for the law of large numbers
and central limit theorem for BMC on a Galton—Watson tree. Notice also that recently, limit
theorems, in particular law of large numbers, have been studied for branching Markov pro-
cess, see [19] and [11], and that large values of parameters in stable BAR process allows to
exhibit two regimes, see [3]. However, the central limit theorems which appear in [5, 13, 16]
are written for additive functionals using increments of martingale, which implies in partic-
ular that the functions considered depend on the traits of the mother and its two daughters.
The study of the case where the functions depend only on the trait of a single individual has
not yet been treated for BMC (in this case it is not useful to solve the Poisson equation and
to write additive functional as sums of martingale increments as the error term on the last
generation is not negligible in general). For such functions, the central limit theorems have
been studied recently for branching Markov processes and for superprocesses [1, 20, 22, 23,
25]. Our results can be seen as a discrete version of those given in the previous works, but
with general ergodic hypothesis on the evolution of the trait. Unlike the results given in [5,
13, 16], we observe three regimes (subcritical, critical and super-critical), which correspond
to a competition between the reproducing rate (here a mother has two daughters) and the
ergodicity rate for the evolution of the trait along a lineage taken uniformly at random. This
phenomenon already appears in the works of Athreya [2]. For BMC models, we stress that
the three regimes already appear for moderate deviations and deviation inequalities in [6—8].

We follow the approach of [13, 16] and consider ergodic theorem with respect to the point-
wise convergence. However, unlike the latter papers, we provide a different normalization for
the fluctuations according to the regime being critical, subcritical and super-critical, see re-
spectively Corollaries 3.3, 3.6 and 3.13. See also Remark 3.7 on the possibility of the limit to
be degenerated in the critical case and the discussion with [22] on branching Markov process
in continuous time. We shall be explicit in a forthcoming paper, regarding how the present
results allow to recover the one regime result from [16] for additive functionals given by a
sum of martingale increments.

The paper is organized as follows. We introduce the BMC model in Section 2.1 and con-
sider the sets of assumptions in the spirit of [16] in Section 2.2. The main results are presented
in Section 3: see Section 3.1 for results in the subcritical case, with technical proofs in Sec-
tion 4; see Section 3.2 for results in the critical case, with technical proofs in Section 5; and
see Section 3.3 for results in the super-critical case, with technical proofs in Section 6. The
proof relies essentially on explicit second moments computations and precise upper bounds
of fourth moments for BMC, which are recalled in Section 7.

2. Models and assumptions.

2.1. Bifurcating Markov chain: The model. We denote by N the set of nonnegative inte-
gers and N* = N\ {0}. If (E, &) is a measurable space, then B(E) (resp. By(E), resp. B+ (E))
denotes the set of (resp. bounded, resp. nonnegative) R-valued measurable functions defined
on E. For f € B(E), we set || flloo = sup{|f(x)|, x € E}. For a finite measure A on (E, )
and f € B(E) we shall write (A, f) for [ f(x)dA(x) whenever this integral is well defined.
For n € N*, the product space E" is endowed with the product o-field £2". If (E,d) is a
metric space, then £ will denote its Borel o -field and the set Cp,(E) (resp. C+(E)) denotes the
set of bounded (resp. nonnegative) R-valued continuous functions defined on E.

Let (S, .¥) be a measurable space. Let Q be a probability kernel on S x .#, thatis, Q(-, A)
is measurable for all A € ., and Q(x, -) is a probability measure on (S, .%) for all x € S.
For any f € By(S), we set, for x € S,

(1) (0f)(x) = fs FOO(x. dy).
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We define (Qf), or simply Qf, for f € B(S) as soon as the integral (1) is well defined, and
we have Qf € B(S). For n € N, we denote by Q" the nth iterate of Q defined by Q° = I,
the identity map on B(S), and Q”“f = Q"(Qf) for f € By(S).

Let P be a probability kernel on S x .% ®2 that is, P(-, A) is measurable for all A € . ®2
and P(x,-) is a probability measure on (§%,.7%2) for all x € S. For any g € By (S3) and
h € By(S?), we set for x € S,

2) (Pg)(x) =/S2g(x,y,z)P(x,dy,dz) and (Ph)(x) =/;2h(y,z)P(x,dy,dz).

We define (Pg) (resp. (Ph)), or simply Pg for g € B(S?) (resp. Ph for h € B(5?)), as soon
as the corresponding integral (2) is well defined, and we have that Pg and Ph belong to B(S).

We now introduce some notation related to the regular binary tree. We set Tg = Go = {@},
Gi = {0, 1}* and Ty = Uo<r<k Gr for k e N*, and T = |, ¢y G, The set Gy corresponds to
the kth generation, Ty to the tree up to the kth generation, and T the complete binary tree. For
i € T, we denote by |i| the generation of i (|i| =k if and only if i € Gx)andiA = {ij; j € A}
for A C T, where ij is the concatenation of the two sequences i, j € T, with the convention
that i =i =1.

We recall the definition of a bifurcating Markov chain from [16].

DEFINITION 2.1. We say a stochastic process indexed by T, X = (X;,i € T), is a bifur-
cating Markov chain (BMC) on a measurable space (S, .¥’) with initial probability distribu-
tion v on (S,.#’) and probability kernel P on S x .#®? if:

— (Initial distribution.) The random variable X 4 is distributed as v.
— (Branching Markov property.) For a sequence (g;, i € T) of functions belonging to B (S>),
we have for all k£ > 0,

E[ [T & (Xi. Xio, Xin)|o(Xs j GTk)} =[] Pai(x).

1€Gy, ieGy

Let X = (X;,i € T) be a BMC on a measurable space (§,.#) with initial probability
distribution v and probability kernel P. We define three probability kernels Py, P; and Q on
S x .7 by

Py(x, A)=P(x,A xS), Pi(x,A)=Px,SxA) for(x,A)eSx. and
1
Q= 5(P0+P1)-

Notice that Py (resp. Pp) is the restriction of the first (resp. second) marginal of P to S. Fol-
lowing [16], we introduce an auxiliary Markov chain ¥ = (¥, n € N) on (S, .¥) with Y
distributed as X4 and transition kernel Q. The distribution of Y;, corresponds to the distribu-
tion of Xy, where [ is chosen independently from X and uniformly at random in generation
G,,. We shall write [E, when X = x (i.e., the initial distribution v is the Dirac mass at x € S),
and simply write [E otherwise (thus not stressing the dependence in v in general).

We end this section with a useful notation. By convention, for f, g € B(S), we define the
function f ® g € B(S?) by (f ® g)(x,y) = f(x)g(y) for x, y € S and introduce the notation

1
f@ymeg=5(f®g+g®[) and fR=rQf

Notice that P(g ®sym 1) = Q(g) for g € B(S).



3820 S. V. BITSEKI PENDA AND J.-F. DELMAS

2.2. Assumptions. For a set F C B(S) of R-valued functions, we write FZ = {f?; f
F},FQF ={fi® f1; fo, f1 € F}and P(F)={Pf; f € F} whenever a kernel P actson F.
Following [16], we state a structural assumption on the set of functions we shall consider.

ASSUMPTION 2.2. Let F C B(S) be a set of R-valued functions such that:

(i) F 1is a vector subspace which contains the constants;
(i) F>C F;
(iii) F c L'(v);
(iv) FQ FC LY (P(x,-)) forallx € S,and P(F® F) C F.

The condition (iv) implies that Po(F) C F, P1(F) C F as well as Q(F) C F. Notice that
if f € F, then even if | f| does not belong to F, using conditions (i) and (ii), we get, with
g= (14 f?)/2, that | f| < g and g € F. Typically, when (S, d) is a metric space, the set
F can be the set Cp(S) of bounded real-valued functions, or the set of smooth real-valued
functions such that all derivatives have at most polynomials growth.

Following [16], we also consider the following ergodic properties for Q.

ASSUMPTION 2.3. There exists a probability measure w on (S, %) such that F' C L'(w)
and for all f € F, we have the pointwise convergence lim,_, o, Q" f = (i, f) and there exists
g € F with

) |1Q"(f)|<g forallneN.

We consider also the following geometrical ergodicity.

ASSUMPTION 2.4. There exists a probability measure u on (S,.7) such that F C
L'(w), and « € (0, 1) such that for all f € F there exists g € F such that
4) |Q"f —(u, f)| <a"g forallneN.

A sequence | = (f¢, ¢ € N) of elements of F satisfies uniformly (3) and (4) if there is
g € F such that

&) |Q"(fol<g and |Q"fr—(u, fe)| <a"g foralln,£eN.

This implies in particular that | fo| < g and |{u, f¢)| < {(u, g). Notice that (5) trivially holds
if § takes finitely distinct values (i.e., the subset { f¢; £ € N} of F is finite) each satisfying (3)
and (4).

EXAMPLE 2.5. Let (S, d) be a metric space, . its Borel o-field and Y a Markov chain
uniformly geometrically ergodic that is, there exists « € (0, 1) and a finite constant C such
that for all x € S:

(6) |Q"(x, ) — ] py < C”,

where, for a signed finite measure 7 on (S,.), its total variation norm is defined by
I |lTv = SUP eB(S), [ flloo<1 |(m, f)|. Then, taking for F the set of R-valued continuous
bounded function Cp(S), we get that properties (i)—(iii) from Assumption 2.2 and Assump-
tion 2.4 hold. In particular, equation (6) implies that (4) holds with g = C|| f || co-

We consider the stronger ergodic property based on a second spectral gap.
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ASSUMPTION 2.6. There exists a probability measure u on (S,.%) such that F C
Ll(,u), and a € (0, 1), a finite nonempty set J of indices, distinct complex eigenvalues
{aj, j € J} of the operator Q with |« ;| = &, nonzero complex projectors {R ;, j € J} defined
on CF, the C-vector space spanned by F, suchthat R; o Ry =R oR;=0forall j # j’
(so that }~;c; R; is also a projector defined on CF) and a positive sequence (B,,n € N)
converging to 0, such that for all f € F' there exists g € F and, with 0; =« /a:

@) Qn(f)—(u,f)—a"ZQ;’Rj(f)‘fﬂna”g for all n € N.

jeJ

Without loss of generality, we shall assume that the sequence (8,,n € N) in Assump-
tion 2.6 is nonincreasing and bounded from above by 1.

REMARK 2.7. In [16], only the structural Assumption 2.2 and the ergodic Assump-
tion 2.3 were assumed. If F' contains a set A of bounded functions which is separating (i.e.,
two probability measures which coincide on A are equal), then Assumptions 2.2 and 2.3 im-
ply in particular that u is the only invariant measure of Q. Notice that the geometric ergodic-
ity Assumption 2.4 implies Assumption 2.3, and that Assumption 2.6 implies Assumption 2.4
(with the same « but possibly different function g).

EXAMPLE 2.8. We consider the real-valued Gaussian symmetric bifurcating autoregres-
sive process (BAR) X = (X,,, u € T) where, for all u € T\{&},

Xy=aXy+ ey,

where v is the parent of u, thatis, u =v0oru =vl,a € (—1, 1) and (&, v € T) are indepen-
dent Gaussian random variables A/ (0, %) with ¢ > 0. We obtain:

P(x,dy,dz) = Q(x,dy)Q(x,dz) with Qf (x) =E[f(ax +G)],

where G is a standard AV (0, 1) Gaussian random variable. More generally we have Q" f (x) =
E[ f (a"x ++/1 — a?"0,G)], where 0, = o (1 —a?)~'/2. The kernel Q admits a unique invari-
ant probability measure ., which is Gaussian A/ (0, oaz). The operator Q (on L?(n))isa sym-
metric integral Hilbert-Schmidt operator whose eigenvalues are given by 0,(Q) = (a",n €
N), their algebraic multiplicity is one and the corresponding eigenfunctions (g, (x),n € N)
are defined for n € N by g,(x) = g, (aa_lx), where g, is the Hermite polynomial of degree
n. In particular, we have go = 1 and g;(x) = o, 'x. Let R be the orthogonal projection on
the vector space generated by g1, thatis, R f = (i, fg1)g1 or equivalently, for x € R,

(8) Rf(x) =0, 'xE[Gf(0.G)].

Consider F the set of functions f € C2(R) such that f, f" and f” have at most polynomial
growth. Assume that the probability distribution v has all its moments, which is equivalent to
say that F' C L'(v). Then the set F satisfies Assumption 2.2. We also have that F C L'(w).
Then, it is not difficult to check directly that Assumption 2.6 also holds with J = {jo}, oj, =
a =lal, B, =la|" and R j, = R (and also Assumptions 2.3 and 2.4 hold).

2.3. Notation for average of different functions over different generations. Let X =
(Xy,u €T) bea BMC on (S, .¥) with initial probability distribution v, and probability ker-
nel P. Recall Q is the induced Markov kernel. We assume that p is an invariant probability
measure of Q.

For a finite set A C T and a function f € B(S), we set

Ma(f) =) f(Xi).

ieA
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We shall be interested in the cases A = G, (the nth generation) and A = T,, (the tree up
to the nth generation). We recall from [16], Theorem 11 and Corollary 15, that under As-
sumptions 2.2 and 2.3 (resp. and also Assumption 2.4), we have for f € F the following
convergence in L?(w) (resp. a.s.):

) Jlim Gy Mg, (/)= (n, f) and  lim [T, |~ Mr, (f) = (. f).

We shall now consider the corresponding fluctuations. We will use frequently the following
notation:

(10) f=f—u f) for feLl(.

In order to study the asymptotics of Mg, ,( f), we shall consider the contribution of the
descendants of the individual i € T,,_; forn > £ > 0,

(11) Ne () =1Ga ™ P Mg, _, (),
where iGy,—)j|—¢ = {ij, ] € Gn—ji|—¢} C G,—¢. For all k € N such that n > k + ¢, we have,

Mg, (/) =1Gal'? 3 Ny i () = |Gl V2N, 5 ().
ieGy
Let f = (f¢, £ € N) be a sequence of elements of L! (u). Wesetforne Nandi € T,

n—|if n—|if

(12) Nuit) =Y Ni(f0) =1Gal™* Y Mig,_,_ (f0).
£=0 £=0

In N, ;, we consider the contribution of the descendants of i up to generation n. We deduce
that Y, Noi () = G|~/ Y328 Mg, _,(fe) which gives for k = 0:

(13) Nuo ) =1Gal ™2 M, _, (fo).
=0

In N, &, we consider the contribution of all the individuals from generation O up to genera-
tion n. We shall prove the convergence in law of N, & (f) in the following sections.

REMARK 2.9. We shall consider in particular the following two simple cases. Let f €
L'(w) and consider the sequence f = (fy, £ € N). If fo = f and f, =0 for £ € N*, we shall
write

(14) fo=(f.0,..),
and we get
Nuz(fo) = |Gul =2 Mg, ().
If fy = f for £ € N, then we shall write
(15) f=(0f 1),
and we get, as |T,| =2"t! — I and |G, | = 2"
Nuo(® = |Gu ™My, () = V2 = 27" Tu|~ 2 M, ().

Thus, we will easily deduce the fluctuations of M, (f) and Mg, (f) from the asymptotics of
Nn,@ (f) .
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To study the asymptotics of N, #(§), it is convenient to write, for n > k > 1,

k—1
(16) Nao () =1Gal ™2 Mg, (fa=r) + Y Nui (.

r=0 ieGy
For f defined in (15), this becomes

(17) Nuo(®) =G| ™2 M1, (f) =G| 7 2 Mr,_ () + D Nui(D).
ieGy

In the proofs, we will denote by C any unimportant finite constant which may vary from
line to line (in particular C does not depend on n € N nor on the considered sequence of
functions §f = (f¢, £ € N)).

3. Main results.

3.1. The subcritical case: 2a* < 1. 'We shall consider, when well defined, for a sequence
f = (fe, £ € N) of measurable real-valued functions defined on S, the quantities

(18) () = B30 () 4 2250 (f),
where
(19) SH =Y 27w )+ DD 2w P(Q ) @),
>0 £>0,k>0
BPH= Y 27w, Q)
0<l<k<oo
20 ~ ~
20 + Y 27U P(Q fi ®gym QT ).
0<l<k<oo
r>0

We have the following result whose proof is given in Section 4.

THEOREM 3.1. Let X be a BMC with kernel ‘P and initial distribution v such that As-
sumptions 2.2 and 2.4 are in force with a € (0, 1/+/2). We have the following convergence
in distribution for all sequences | = (fi, £ € N) of elements of F satisfying Assumptions 2.4
uniformly, that is, (5) for some g € F:

Ny o (F) o G,

where G is a centered Gaussian random variable with variance $"° (f) given by (18), which
is well defined and finite.

The convergence in distribution of N, () allows to recover the convergence in distribu-
tion of the average over different successive generations |G, | -l Z(MGH ( fo), Mg, ( fk)).
Notice the limit is a Gaussian random vector (G, ..., Gr). A priori the random variables
G, ..., Gy are not independent because of the interaction coming from (20). In contrast,
it was proved in [13], that the average over different successive generations of martingale
increments converges to Gaussian independent random variables.

REMARK 3.2. For f € B(S), when it is well defined, we set

QD ZE(H) = (u, A+ Y 25w P(QFf®%) and ZFP(f) = ZEP(F) + 235 (),
k>0
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where

SRS =D (. FQEF)+ Y2 (1. P(Q f ®gym Q7))
k>1 lrcg(l)
For fo defined in (14), we have ES“b(fo) = E(%fb( f). For f defined in (15), we have
=) = 2Z30(f).

As a direct consequence of Remarks 3.2 and 2.9, and the more general Theorem 3.1, we
get the following result.

COROLLARY 3.3. Let X be a BMC with kernel P and initial distribution v such that
Assumptions 2.2 and 2.4 are in force with a € (0,1/+/2). Let f € F. Then, we have the
following convergence in distribution:

_ ~ _ ~ ()
1Gn |~ 2 Mg, (f) —— G1 and |T,|""*Mr,(f) —— Ga,
n—oo n—oo

where G| and G are centered Gaussian random variables with respective variances E(E‘fb( D)
and E%“b(f) given in (21), which are well defined and finite.

PROOF OF COROLLARY 3.3. Take fo, defined in (14), to deduce from Theorem 3.1 the
convergence in distribution of |G, |_1/ ZMGn ( f ) = Nyu.z(fo). Next, take f, defined in (15), in
Theorem 3.1 and use (17) and as well as lim,,_, o |G,|/|T,| = 1/2, to get the convergence in
distribution for |T,|~'2Mz, (f) = (|G,|/|Ta) /> Np.o(®. O

3.2. The critical case 2a> = 1. In the critical case a = 1/+/2, we shall denote by R j
the projector on the eigenspace associated to the eigenvalue o« ; with o; =6, |0| =1 and
for j in the finite set of indices J. Since Q is a real operator, we get that if «; is a nonreal
eigenvalue, so is ;. We shall denote by R j the projector associated to @ ;. Recall that the
sequence (B, n € N) in Assumption 2.6 can (and will) be chosen nonincreasing and bounded
from above by 1. For all measurable real-valued function f defined on S, we set, when this
is well defined,

(22) f=F=Y_Ri(f) with f=f—(uf)

jeJ

We shall consider, when well defined, for a sequence | = (f¢, £ € N) of measurable real-
valued functions defined on S, the quantities

(23) T () = D) + 2357,

where

@d) IO =3 27w PR =227 Y PR (fi) ©sym R (F0)),
k=0 k=0 jeJ

25  =H= Y 27 ®O P,
0<l<k

with, for k, £ € N,

(26) fEe= 20 Ri(fo) ®aym R (f0).
jeJ
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Notice that f*, = f; and that f, is real-valued as Qf:kR (@R (fr) = Gf/_k X

R/ (fi) ® Rj/(fe) for j’ such that oy =@ and thus R j =R ;.
We shall consider sequences | = (f¢, £ € N) of elements of F' which satisfy Assump-
tion 2.6 uniformly, that is, such that there exists g € F with

Q7 Q" (fo| <, |Q"(fg)\§oeng and |Q”(fg)|§;3na"g forall n, ¢ e N.

We deduce that there exists a finite constant ¢; depending only on {«, j € J} such that for
allfeN,neN, joeJ,

Ifel<g,  Ifel<g i fo] < (g,

Y OIR(fo)

jeJ

(28) <2g and |R;(fo)| <css,

where for the last inequality, we used that the Vandermonde matrix (9}’; jed,ne
{0,...,|J| —1}) is invertible. Notice that (27) holds in particular if (7) holds for all f € F
and § = (fy, n € N) takes finitely distinct values in F (i.e., the set { f;; £ € N} C F is finite).
The proof of the following result is given in Section 5.

THEOREM 3.4. Let X be a BMC with kernel P and initial distribution v. Assume that
Assumptions 2.2 and 2.6 hold witho = 1/ V2. We have the following convergence in distribu-
tion for all sequences | = (fi, £ € N) of elements of F satisfying Assumptions 2.6 uniformly,
that is, (27) for some g € F:

272N, () =2 G,

where G is a Gaussian real-valued random variable with variance $L\(§) given by (23),
which is well defined and finite.

REMARK 3.5. For f € B(S), when it is well defined, we set

29) ZFF) =Y (1. P(Rj(f) ®ym R;j () and  BF(f) = Z&U(f) + 2285 (f),
jeJ
where
. 1 _
SEE() =Y =1 P(R;(f) ®ym R ([)))-
jeJ ‘/59/' —1

For fo defined in (14), we have Zcrit(fo) = Egn( f). For f defined in (15), we have

Ecrit(f) — Zz%rlt(f)

As a direct consequence of Remarks 3.5 and 2.9, and the more general Theorem 3.4, we
get the following result. The proof which mimics the proof of Corollary 3.3 is left to the
reader.

COROLLARY 3.6. Let X be a BMC with kernel P and initial distribution v such that
Assumptions 2.2 and 2.6 are in force with a = 1//2. Let f € F. Then, we have the following
convergence in distribution:

. — - @
(n1Gal) ™ P Me, (/) =" G and  (nIT,)) ™" > M, (/) —=> Go,

where G| and G, are centered Gaussian real-valued random variables with respective vari-
ance Zg“( f) and E%m( f) given in (29), which are well defined and finite.
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REMARK 3.7. We comment on the limit in Corollary 3.6 to be 0.

1. We stress that the variances E%ﬂt( f) and Egt( f) can take the value 0. This is the case
in particular if the projection of f on the eigenspace corresponding to the eigenvalues o;
equal 0: R;(f)=O0forall j € J.

2. In the symmetric BAR model developed in Example 2.8 where J is reduced to a sin-
gleton and the projector is given by (8), we deduce that if ¢ = o = 1/+/2 then e =
E%rit(f) =0if E[Gf(0,G)] =0, where G is a standard N (0, 1) Gaussian random variable.
This is in particular the case if f is even. In fact, one should consider the first integer, say no,
such that ( f, g,) # 0, where g, are the eigenfunctions given in Example 2.8, to identify the
good normalization for the fluctuations.

3. We refer to the work of Ren, Song and Zhang [22] in the setting of a branching Markov
process in continuous time for a detailed study of the good normalizations in the three regimes
such that the fluctuations have a nontrivial limit. Let us stress that their results rely on a strong
hypothesis on the transition kernel for the trait. In our setting this would amount to assume
that the kernel Q defines a compact operator on L2, which would give the existence of a
complete spectral decomposition of the kernel Q. (The Gaussian symmetric BAR model
developed in Example 2.8 satisfies in particular this assumption.) This latter assumption is of
course stronger than the ergodic Assumption 2.6.

3.3. The super-critical case 2a> > 1. We consider the super-critical case o € (1/ V2, 1).
We shall assume that Assumption 2.6 holds. Recall (7) with the eigenvalues {a; =0;a, j €
J} of Q, with modulus equal to « (i.e., |[#;| = 1) and the projector R ; on the eigenspace
associated to eigenvalue o ;. Recall that the sequence (B, n € N) in Assumption 2.6 can (and
will) be chosen nonincreasing and bounded from above by 1.

We shall consider the filtration H = (H,,, n € N) defined by H,, = o (X;, i € T},,). The next
lemma, whose the proof is given in Section 6.1, exhibits martingales related to the projector
R;.

LEMMA 3.8. Let X be a BMC with kernel P and initial distribution v. Assume that
Assumptions 2.2 and 2.6 hold with o € (1/+/2,1) in (7). Then, for all j € J and f € F, the
sequence Mj(f)= (M, ;j(f),n € N), with

My i (f) = Qaj)"Mg,(R;(f)),

is a H-martingale which converges a.s. and in L? to a random variable, say M, (.

Now, we state the main result of this section, whose proof is given in Section 6.2. Recall
that 0; =« /a and |0;| =1 and M is defined in Lemma 3.8.

THEOREM 3.9. Let X be a BMC with kernel P and initial distribution v. Assume that
Assumptions 2.2 and 2.6 hold with « € (1//2, 1) in (7). We have the following convergence
in probability for all sequences | = (fe, £ € N) of elements of F satisfying Assumptions 2.6
uniformly, that is, (27) holds for some g € F:

(20®) "Ny o)~ Y 2™ Y8 Mec ()
teN jelJ

REMARK 3.10. We stress that if for all £ € N, the orthogonal projection of f; on the
eigenspaces corresponding to the eigenvalues 1 and «;, j € J, equal 0, then M ;(f¢) =0
for all j € J and in this case, we have

(20%) "2 Ny o () —— 0.
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As a direct consequence of Theorem 3.9 and Remark 2.9, we deduce the following results.

COROLLARY 3.11. Under the assumptions of Theorem 3.9, we have for all f € F,

~ P
Q2a) ™" M, (f) = 32 67 (1= 2a6)) ™)™ Moc j(f) —= 0
jeJ

~ P
2e) "M, (f) = D0} Moo j(f) —= 0.
jeJ

PROOF. We first take f, defined in (15), and next fo, defined in (15), in Theorem 3.9, and
then use (13). [

We directly deduce the following two corollaries.

COROLLARY 3.12. Under the hypothesis of Theorem 3.9, if « is the only eigenvalue of
O with modulus equal to a (and thus J is reduced to a singleton), then we have

(202) 2Ny () —— 3" Q) Moo (fo).

LeN

where, for f € F, Moo (f) = lim, 00 2a) " Mg, (R(f)), and R is the projection on the
eigenspace associated to the eigenvalue o.

The next Corollary is a direct consequence of Corollary 3.12.

COROLLARY 3.13. Let X be a BMC with kernel P and initial distribution v. Assume
that Assumptions 2.2 and 2.6 hold with a € (1/+/2, 1) in (7). Assume « is the only eigenvalue
of Q with modulus equal to a (and thus J is reduced to a singleton), then we have for f € F,

P
(2a)™ ”MG,,(f)—>Moo(f) and (2a)™"Mr, () — oo (f),

n—00 2

where M~ (f) is a random variable defined in Corollary 3.12.

4. Proof of Theorem 3.1. We first give some common notation to the proof of Theo-
rems 3.1 and 3.4. Let i, j € T. We write i < j if j € iT. We denote by i A j the most recent
common ancestor of i and j, which is defined as the only u € T such thatif ve T and v < i,
v < j then v < u. We also define the lexicographic order i < j if either i < j or v0 < i and
vl jforv=iAj.Let X =(X;,i €T)beaBMC with kernel P and initial measure v. For
i € T, we define the o-field:

Fi ={Xy,;u €T such that u <i}.

By construction, the o-fields (;; i € T) are nested as F; C F; fori < j.
Let (p,, n € N) be a nondecreasing sequence of elements of N* such that, for all A > 0,

(30) Pn < n,nli)ngopn/n =1 and nll)n;on — pn — Alog(n) =
We define forn e N,i € G,_p, andf € F N the martingale increments

€29 Api())=Nui() —E[Npi(DIF] and A,(H= D Ani(.

i€Gy_p,
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Thanks to (12), we have

Pn n
Y N (=Gl 7Y Mg, (f) =GV DT Me, (fai)-

i€Gy_p, =0 k=n—py

Using the branching Markov property, and (12), we get fori € G,,_,,

pn
E[Np.i H)I1Fi] =E[Nui HIX:] = G| 7* Y Ex,[Mg,, ,(f0)].

=0
We deduce from (16) with k =n — p,, that
(32) Nu.o(F) = An() + Ro(n) + Ry (n),
with
n—pp—1 ~
33)  Rom=I1G,I""* > Mg, (fut) and Ri(m)= > E[N,:(HIF]
k=0 ieGy_p,

We now go on to the proof of Theorem 3.1. We have the following elementary lemma.

LEMMA 4.1. Under the assumptions of Theorem 3.1, we have the following convergence:

. 21 _
Tim E[Ro(n)*] =0.

PROOF. Forall k> 1 and x € S, we have

k—1
E[ Mg, (fu-0)?] <25g1(x) + Y 2 O (P (g2 ® £2)) (x)
=0
k—1
<2kg1(0) + 25 Y (202) g3(x)
£=0

<2%g4(x),

with g1, g2, g3, g4 € F and where we used (73), (5) twice and (3) twice (with f and g re-
placed by 2(g% + (i, g)%) and g;, and with f and g replaced by g and g») for the first
inequality, (3) (with f and g replaced by P(g2 ® g2) and g3) for the second, and that
20% < 1 and g4 = g1 + (1 — 2a?) "' g3 for the last. As g4 € F C L'(v), this implies that
E[Mg, ( ﬁ,_k)z] < 22k for some finite constant ¢ which does not depend on n or k. We can
take ¢ large enough, so that this upper bound holds also for k = 0 and all n € N, thanks to
(5). We deduce from (33) that:

n—py—1
E[Rom))'? < 1G, 72 Y (E[Mg, (fi—0)*])'?
(34) k=0
n—pp—1
<27 3 oM <32,
k=0

Use that lim,,_, o, p, = 00 to conclude. [J

We have the following lemma.
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LEMMA 4.2.  Under the assumptions of Theorem 3.1, we have the following convergence:
lim E[R;(n)*]=0.
n—oo

PROOF. We set for p, > £ >0,
(35) Ritt,my= Y E[N} (folF].

i€Gp—p,
so that, thanks to (12), Ry(n) = )_,", Ri1 (¢, n). We have fori € G,_,,
Gul'PE[N) ; (fOlFi] =E[Mic,,_ (folXi]
=Ex,[Mc,, ,(f0]=1Gp,—| Q" " fu(X)).

where we used definition (11) of N,f’i for the first equality, the Markov property of X for the
second and (72) for the third. We deduce that

Ri(t,n) =G| |G p,—eIMg,_,, (Q""* fo).
Using (73), we get
Ei[R1(¢,1)?] = G| G p,—e PEx[(Mg,_,, (@7~ f0))]

= (G| MG p,— 22" P QP ((QPE fi)P) ()

n—pp—1
FIGu TGy, —e* Y 2tk Qrepnk=l(p(Qht Pt £, @2)) (x).
k=0
We deduce that
E[R1(£,n)?] < o> Pr=02Pn=2EQn=pn (g2) (x)
n—py—1
+ 2]711—25 Z a2(k+pn—€)2k Qn—pn —k—1 (P(g ® g))
(36) k=0
n—pp—1
< az(Pn—f)zpn—ZE (gl(x) + Z (2a2)kg2(x))
k=0

< (20%)"" 2a) " g3(x),

with g1, g2, g3 € F and where we used (5) for the first inequality, (3) twice (with f and g
replaced by g2 and g1 and by P(g ® g) and g») for the second, and that 2« < 1 for the last.
Since g3 € F C L'(v), this gives that E[R; (¢, n)?] < 2a?)Pr (2a) "> (v, g3). We deduce that

Pn
E[R(m)*]"? < Y E[Ri(6.m)*])"? < ay (v, g3) "2,
=0
with the sequence (aj ,, n € N) defined by

pll

arn = (222" 2a)7
£=0

Notice the sequence (aj ,, n € N) converges to 0 since lim,,_, o p, = 00, 202 < 1 and

Pn 200/ 2 — 1) if 20 > 1,
Y Qo)< pa+1 if 20 = 1,
=0 Qa) P /(1 —2a) if2a < 1.

We conclude that lim,,_, oo E[ R} (n)z] =0. O
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We now study the bracket of A,,:
37) Viy= > E[A.i(IF]-
i€Gy_p,

Using (12) and (31), we write

Pn \2
(38) V() =1Ga|™" > Exi[(ZMGpng(fE)) }—Rz(n)=V1(n)+2V2(n)—R2(n),
£=0

i€ G" —Pn
with
Pn

Vi) =G ™" Y Y Ex,[Mg,, (f0)?].

i€Gp—p, £=0

Vi) =1G,~" Y. Y. Ex[Mg, (foMg,, . (fo)].

i€Gy_p, 0<t<k=<p,

Romy= Y. (E[Nui(DIXi])*

i€Gy—p,
LEMMA 4.3.  Under the assumptions of Theorem 3.1, we have the following convergence:

nli)rgo E[R2(n)] =0

PROOF. Recall p, defined in (30). We define the sequence (a2 ,,n € N) for n € N by

Pn 2
ay, =2"" (Z(za)f) :

£=0

Notice that the sequence (a2 ,, n € N) converges to 0 since lim,—, o p, = 00, 202 < 1 and

P Q)P /Qa—1) if2a>1,
Y Qo) <{p.+1 if2a=1,
=0 1/(1 — 2a) if 2 < 1.

We now compute E,[R>(n)]:

Pn T\ 2
E:[Ro(m)]=Gu|”" ) Eq ( [ZMGpn_z(ﬁ)‘Xi”

i€Gy_p,

— pn 2_
—1G,"" Y E, (ZExi[MGpng(fg)])

i€Gy—p, £=0

2
=1Gul ! IGu—p, 19"~ ‘””((ZIGpn—eIQP" Zfe) )(X)

£=0

(39)

Pn 2
< (L) @i

£=0
S a2,l’lg1 (x)v

with g1 € F and where we used the definition of N, ;(f) for the first equality, the Markov
property of X for the second, (72) for the third, (5) for the first inequality, and (3) (with f
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and g replaced by g2 and gp) for the last. We conclude that lim,,_, o E[ R2(n)] = 0, using that
(v, g1) if finiteas g € F c L'(v). O

We have the following technical lemma.

LEMMA 4.4. Under the assumptions of Theorem 3.1, we have that E;‘Jb(f) defined in
(20) is well defined and finite, and that a.s. lim,_, oo V2 (n) = E;ub(f) < 4o00.

PROOF. Using (74), we get
(40) Va(n) = Vs(n) + Ve(n),
with
Vsi) =G 7" Y. >0 2n o R (7o A (X)),

i€Gy_p, 0<l<k=py,

pn—k—1
AOEI D DD DD DI

i€Gy—p, 0<t<k<p, r=0

« Qpn—l—(r+k)(P(Qrfk Reym Qk—ﬁ-l—rfz))(xi).
We consider the term Vg (). We have
1) Vs(n) = |Gu—p,| "' Mg,_,, (Hen).
with
Hen= Y, h;i’f@,,l{r+k<pn} and

O0<l<k<oo
r>0

hl(cr,lz,r — 2”—@ QPn—l—(H-k) (P(Qrfk sym Qk—H—rﬁ)).
Using (4) and since P(Q" (F) @ QX" (F)) C F and lim,_, o0 pn = +00, we have that
Jlim hl(fz,r =hi.e.r,
where the constant /iy ¢, is equal to 2"~ (i, P(Q" fx ®sym Q" f)). Using (4), we also
have that
|hl(<’,1z,r| < 2r—Zak—€+2r Qp,,—l—(r—i—k) (P(g ® g))

< 2r—€ak—ﬁ+2rg*’

with g, € F (which does not depend on n, r, k and £) and where we used (5) for the first
inequality and (3) (with f and g replaced by P(g ® g) and g,). Taking the limit, we also
deduce that

|hk,6,r| =< 2r—€ak—2+2rg*‘
Define the constant
HoH= Y heer= Y. 2740, P(Q fi ®ym Q" f2))

0<tl<k<oo 0<fl<k<oo
r>0 r>0

which is finite as

r—, k—e42r _ 2
(42) > 2"ty = T=a0-29 <

+o00.

0<l<k<oo,r>0
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Using (4) (with f and g replaced by P(Q" fi ®sym QK=+ £,y and gy ¢.,), we deduce that
), = hier| <27 taP TG

Set ro € N* and g,y = D 0< <k <oo:r>0:kvr<ry 8k.t.r- Notice that g, belongs to F and is non-
negative. Furthermore, we have

|Hon — Ho(H| < Y. 27 tapn 1m0thg g 3 (|h;(fz,,|1{r+k<p,,}+Ihk,z,rl)

0<fl<k<oo 0<l<k<oo
r>0 r>0
kvr<rg rvk>ro

< (ro + 1220 gPn=1=2r0g6 1y (r0) g,
with
71 (VO) — Z 2r—Zak—€+2r )

0<l<k<oo
r>0
rvk>rg
Using (9) with n replaced by n — p, and f replaced by g« and g, and that lim,_, c ¢”" =0
as well as lim,,_, .o n — p, = 00, we deduce that
limsup |Gu—p, |~ Mg, _,, (|Ho.n — Ho()]) < y1(ro) {1, 8-
n—oQ

Thanks to (42), we get by dominated convergence that lim,,_, o y1(r9) = 0. This implies that
lim |Gy, |7 Mg, _,,, (|Ho.n — Ho(D]) = 0.

Since |G,—p, I~ 'Mg () is a probability measure, we deduce from (41) that a.s.

n—pn

. T -1
Tim_Ve(n) = lim |Gy p, | ™ M, ,, (Hen)

=HsH= > 277, P(Q fr ®ym Q1 fi)).

0<l<k<oo
r>0

Similarly, we get that a.s. lim,_, o V5(n) = Hs(f), with the finite constant Hs(f) defined by
Hs(h= Y 2% id " fi).
O0<tl<k<oo

Notice that E;“b(f) = Hs(f) + He(f) is finite thanks to (5) and (42). This finishes the proof.
O

Using similar arguments as in the proof of Lemma 4.4, we get the following result.

LEMMA 4.5. Under the assumptions of Theorem 3.1, we have that Ef“b (1) in (19) is well
defined and finite, and that a.s. lim,_, o Vi (n) = Zf“b M.

PROOF. Using (73), we get
(43) Vi(n) = V3(n) + Va(n),
with
Pn 3
Vain) =G, |7h Y Y2t (FR) (X,
i€Gy_p, £=0

pn—lpp—L—1
Vam)=1G,|71 Y0 D0 Y am kgt =N (P (QF f,0%)) (X)).

i€Gp_p, =0 k=0
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We consider the term V4(n). We have

(44) Va(n) = Gu—p, |~ Mg,_,, (Han),

with

45)  Hin= Y. h{\skep,y and k{7 =2t 1=(40(p(Qk £, 7).
£>0,k>0

Using (4), we have that

lim 1Y) = he,

n—oo

where the constant 4y x is equal to 2]{_6(#’ P(OF ﬁg@z)). We also have that
’h§n12| < k=€, 2k Qpn—l—(l+k) (p(g ® g))
< 2k—£a2kg*’

with g, € F (which does not depend on n, £ and k) and where we used (5) for the first
inequality and (3) (with f and g replaced by P(g ® g) and g,). Taking the limit, we also
deduce that

lhexl <28 g,

Define the constant

Hi()= ) hex
£>0,k>0
which is finite a.s.
(46) Yo 2t =2/(1 - 20%) < +00.

£>0,k>0
Using (4) (with f and g replaced by POk fe®2) and gy k), we deduce that
|h§”;2 — hyy| <2 taP =R g,

Setro € N and gry = > 4y <, &¢.k- Notice that g,, belongs to F. Furthermore, we have

|Haw— HaP)| = Y 25t = 120 b S (10 [ Lesk=po—1y + 1hek])

LVk<rgy UNVk>rg
< (ro + 1)2270a P~ =208, 4 11 (r0) g

with ¥2(r0) =23 pvksr, 2k=tq?k Using (9) with n replaced by n — p, and f replaced by g.
and g,,, and that lim,_, af =0 as well as lim,,_, oo 11 — pn = 00, we deduce that

limsup |Gy—p, |~ Mg, _,, (|Han — Hs()]) < 12(ro) (i, gs)-
n—0o0
Thanks to (46), we get by dominated convergence that lim,_, » ¥2(r9) = 0. We deduce that
lim |Gyp,| ™' Mg, _,,, (|Han — Ha(P)]) =0.
Since |G,—p, |_1M(gn_ o () is a probability measure, we deduce from (44) that a.s.

lim Va(n) = lim Gy, |7 Mg, (Hap) =HsH = Y 27", P(Q" fi®?)).
£>0,k>0
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Similarly, we get that a.s. lim, .« V3(n) = H3(f) with the finite constant H3(f) defined by
Hy(f) =Y 27w, f7).

£>0

Notice that Zf“b (f) = H3(f) + Ha(j) is finite thanks to (5) and (46). This finishes the proof.
O

The next lemma is a direct consequence of (38) and Lemmas 4.3, 4.4 and 4.5.

LEMMA 4.6. Under the assumptions of Theorem 3.1, we have the following convergence
in probability lim,_, o V (n) = %°(), where, with Ei‘Jb(f) and E;“b(f) defined by (19) and
(20):

() = =0 () = B + 2530 ().

We now check the Lindeberg condition using a fourth moment condition. We set

(47) Rymy= > E[A,:(D].

i€Gy_p,
LEMMA 4.7. Under the assumptions of Theorem 3.1, we have that lim,,_, o R3(n) = 0.

PROOF. We have

Ry(n) <16 > E[Ny:(H*]

ieGn—Pn
pﬂ
<16(p,+ 1Y Y E[N!(fo]
t=0ieG;,—p,

where we used that (3" _, a)* < (r+1)»>3 Iy a,‘j for the two inequalities (resp. with r = 1
and r = p,) and also the Jensen inequality and (31) for the first and (12) for the last. Using
(11), we get

E[N} :(f)*] = 1Gul *Elhn,e(X)]  with hy o (x) = Ex[Mg,, _, (fo)*].

Thanks to the fourth moment bound given in Lemma 7.2, the uniform bounds from (5) and the
structural assumption 2.2, it is easy to get there exists g; € F' such that foralln > p, > € > 0,

(48) el < 22Oy,
We deduce that
Pn
R3(m) <160 > > |G, 222" YE[g1(X))]
t=0ieG,—p,
< 1607272 PE[Mg,_, (g1)]
< 16n32_(”_””)<v, Q"_p”g1),

where we used (72) for the third inequality. Since g; belongs to F, we deduce from (3) that
Q" Prng < g, for some g € F and all n > p, > 0. This gives that

R3(n) < 16n3270=Pi) () g5).
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This ends the proof as lim,_ o p, = 00 and lim,_,n — p, — Alog(n) = +oo for all
A>0 O

We can now use Theorem 3.2 and Corollary 3.1, page 58, and the remark, page 59, from
[17] to deduce from Lemmas 4.6 and 4.7 that A, (f) converges in distribution towards a Gaus-
sian real-valued random variable with deterministic variance XU (f) given by (18). Using
(32) and Lemmas 4.1 and 4.2, we then deduce Theorem 3.1.

5. Proof of Theorem 3.4. We keep notation from Section 4. Let (p,,n € N) be an in-
creasing sequence of elements of N such that (30) holds. Recall the definitions of A, () and
Ny z(f) from (31) and (32), as well as Ryp(n) and Ry (n) from (33). We have the following
elementary lemma.

LEMMA 5.1. Under the assumptions of Theorem 3.4, we have the following convergence:
lim n~'E[Ro(n)*] =0.
n—oo

PROOF. Following the proof of Lemma 4.1, and using that 2a®> = 1 so that
Z]lf;(l)(Zotz)‘Z = k, we get there exists some finite constant ¢ depending on § such that

E[Mg, (fu—«)*] < ¢?(k + 1)2* for all k > 0. This implies that

n—py—1

E[Rom)?]"* <1G.I7 Y E[Mg, (fi_)}]'?
k=0

n—pp—1

<27 3 Vk+ 1242 < Coeyn2I2,
k=0
Then use that lim,,—, » p,/n = 1 to conclude. [

We have the following lemma.

LEMMA 5.2. Under the assumptions of Theorem 3.4, we have the following convergence:
: -1 271 _
nlgrolon E[R;(n)"] =0.

PROOF. Following the proof of Lemma 4.2 with the same notation, and using that
202 =1 so that Zz;g”_l (a®)* =n — p, in (36), we get that there exists g3 € F such that
E[R1(£,n)?] < (n — pp, + D)(2a) "2 (v, g3), where R} (£, n) is defined in (35). As 2o = /2
and R{(n) = Zflo R (¢, n), we deduce that

Pn
E[R m2])"? < S (B[R (6. m)*])"? <dy/n — py + 1y, g3) /2.

=0

Use that lim,— o p,/n =1 to conclude. [

Recall A, (f) defined in (31), and its bracket defined by V(n) =3; €Goepy E[An,i(f)2|}',-]
defined in (37). Recall, see (38), that V (n) = Vi (n) + 2Va2(n) — R>(n). We study the conver-
gence of each term of the latter right-hand side.

LEMMA 5.3. Under the assumptions of Theorem 3.4, we have the following convergence:
lim n~'/?E[Ry(n)] =0.
n—0o0
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PROOF. Following the proof of Lemma 4.3 with the same notation and using that 20> =
1 so that Y7 ,(2)¢ < C2P+/2 in (39), we get that E[Ry(n)] < C(v, g1), with g € F. This
gives the result. [

Recall fk*, ¢ defined in (26). For k, £, r € N, we will consider the C-valued functions on s2,

@) fier = (ORI Sym (R () and Sy, = frr = S
jeJ jeJ
LEMMA 5.4. Under the assumptions of Theorem 3.4, we have that a.s.
lim n~'Vy(n) = Z514(f)
n—o0

with Egm(f) defined by (25) which is well defined and finite.

PROOF. We keep the decomposition (40) of V>(n) = Vs(n) + Ve(n) given in the proof
of Lemma 4.4. We first consider the term Vg(n) given in (41) by
(50) Vs(n) = |Gu—p,| "' Mg,_,, (He.n).
with

(n)
Hen= Y, hi ¢ - Yir+k<p,) and
0<l<k=<pp
r>0

hl(cr,llg,r =t Qpn—l—(r+k) (P(Qrfk Rsym Qk—Z—i-er))'

We set

3 i (n)
He , = Z hk,e,rl{r+k<pn}
0<¢ <k§pn ;r>0

where for0<{ <k <p,and0<r < p, — k,
]/_l](;:lz’r — 2}’—@0/(—@-‘1‘2}’ Qpn_l_(r+k) (Pfk,f,r) — 2—(k+€)/2Qpn—l—(r+k) (Pfk,z,r),
where we used that 2> = 1. We have
1y, =B, =27 QTP fi @y @7 fi = o i)
< C2r—£ﬂrak—e+2r Qpn—l—(r-l—k) (P(g ® g))
< Cﬂrzf(k‘l*()/Zgik’
where we wrote (with r” and f replaced by r and f; and by k — £ + r and fy) that
Q' f=Q ' f+a" 3 0TR;(f)
jeJ
and used (27), (28) and that (8,, n € N) is nondecreasing for the second inequality and used
(3) (with f and g replaced by P(g ® g) and g7) for the last. We deduce that

n
Hon—Honl< 30 I, =, Mirskep,) < C(Z ﬂr>gi‘-
0<t<k<pp,r=0 =0
As lim, o0 B, =0, we get that lim,,_, n1 "_o Br = 0. We deduce from (9) that a.s.

(51) Jim 7G| 7' Mg, _,, (|Hon — Ho.nl) = 0.
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We set H(E”] = ZO§E<k§pn;r20 hie.r Ypsk<p,) WithforO<{ <k <p,and0=<r < p, —
k,

hier =27 20 P fio ) = (1)) ).

Notice that
|i_ll((r,lé,r - hk,(,r|

<27 "0 [N QP 1= (PR | fie ®sym R jr f0) — (1t P(R; fie ®sym R jr f0))]
j.j'ed
<2 ORGP 1m0t S gy
Jj.j'ed

— 2—(k+£)/2apn—l—(r+k)gk’€’

where we used (4) (with f and g replaced by P(R; fr ®sym R f¢) and g ¢ j, jv) for the
second inequality and gk,¢ = }_; jrcy 8k.¢.j,j¢ for the equality. We have that g ¢ belongs
to F. Since |P fr.o.rl < Plfierl <4P(g ® g), thanks to the fourth inequality in (28), we
deduce from (3) (with f and g replaced by 4P(g ® g) and g7) that for all 0 < £ < k and
0<r<p,—k,

A | <27 6F0R2ex and e, <27 %O, g3).

Set ro € N and g, = > g<¢<k<r, 8k.¢- Notice that g,, belongs to F and is nonnegative. Fur-
thermore, we have for n large enough so that p,, > 2r,

Hon—HY' < 30 A, = hier[Lrikepy)
0<l<k=<p,
r>0

pn—k—1
< Z Z 2—(k+€)/2apn—1—(r+k)gr0

0<tl<k<rg r=0

Pu—k—1
+ ) > (|h1(!,l()z,r| + 1hk,er ) Yrtk<p)

0<l<k<p, r=0
k>ro

<Cgp+ Y (pn—k2 O (g5 4 (1 g3))

0<l<k=<py.k>rg
< Cgry +Cn27""*(g5 + (1, 83)).
‘We deduce that

1imsupn_1|Gn,pn|_1MG |}'-_]6’,1 — Hén]}) < C2_r0/2<,u, g)

n—oo

n—pn (

Since r( can be arbitrary large, we get that

(52) Jim 271Gy, | M, (|Hon — HI™|) =0
We set for k, £ e N,

hi o =27 0P P(fE):
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Using the last inequality in (28) and the definition (26) of f;*,, we deduce there exists a finite

constant ¢ independent of n such that, for all &, £ € N, |h}’; = 2~ k+0/2 Thig implies that
HY =3 0<px(k+ 1)|hz,e| is finite and (see (25)) the sum

H:H= Y hi,=z5"
0<tl<k<oo
is well defined and finite. We write
hicor =hg o +hg g s
with
o —(k+£)/2 o
higer=2 b/ (M Pfk,f,r)?

where we recall that f°, . = fi ¢, — fi,, and

(53) HYY = B 4 g
with
HM = 3 (pa—iohf, and H"™ = Yo Mo lirkpa)-
0<t<k=py, 0<l<k=<pp;r=0
Recall lim;,—, 5 pn/n = 1. We have
I HY = HE D) < 7 p = U[HE D+ H Y i

0<l<k<oo
k> pp

9’

so that lim,,_, o |n_1H6["]’* — HZ ()| =0 and thus

(54) lim n~' H" = HE(5).

n—oo
We now prove that n ™! H(E"]’o converges towards 0. We have

(55) foer= 2 070) 65 R fi ®ym Ryt fr-
j,j/GJ,QJ‘Gj/;ﬁI

This gives
|H(E"]’°|=’ > 2O P L Mirsk<p,)
0<l<k<p,,r=0
pn—k—1
< > 2®2 3w, PR i ®gm R fo))] (GJ/GJY‘
0<t<k<pn JiJ'€T.0;0,#1 r=0
<c

’

with ¢ = ¢ (11, P(8 ® 8)) Xp<pakzp, 27 *T0/2 2 j.j7es050,21 11 =00, =", and where we
used (55) for the first inequality, the last inequality of (28) for the second. Since J is finite,
we deduce that ¢ is finite. This gives that lim,,_, oo n ™" H6["]’O = 0. Recall that H6["] and H{ (f)
are complex numbers (i.e., constant functions). Use (53) and (54) to get that

lim n~'HM = HE(f)

n—oo

so that, as |G, _, |1 Mg, ,, () is a probability measure, a.s.

(56) Jim G, |7 M, -, (HE') = He ().
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In conclusion, use (51), (52), (56) and the definition (50) of Vg(n) to deduce that a.s.

nll)ngo n_l V6(n) = Hg(f) = Z 2_(k+e)/2(/~’L9 Pf]j,e) — Z;I‘it(f)’

0<l<k<oo

where fk"j ¢ 1s defined in (26) and Egrit(f) in (25). Recall that

Vsi) =G, 7" Y. > 2nm PR (R O A) (X)) = 1Gump, | T Mg, _,, (),

i€Gy—p, 0<t<k=<p,

where

®, = Z 2_(Qpn_k(f~ka_ef~Z)-

0<l<k<py,

We have

|Du < Y 27ttt TR <= YT 27 H0R2g < gy,
0<t<k<py O=t<k=pn

where we used (4) for the first inequality and (3) (with f and g replaced by g2 and g1) in the
second. Then, use (9) to conclude that a.s.

lim n~'Vs(n) =0.
n—oo
This ends the proof of the lemma. [l

Using similar arguments as in the proof of Lemma 5.4, we get the following result.

LEMMA 5.5. Under the assumptions of Theorem 3.4, we have that a.s.
. -1 __ x~crit
Jim n= Vi) = Z57)
with E?ﬁt(f) defined by (24) which is well defined and finite.

PROOF. We recall Vi(n) = Vz(n) + Va(n), see (43) and thereafter for the definition of
V3(n) and V4(n). We first consider the term V3(n). Recall that V3(n) = |G, — | MGu—p, (Pn)
with &, = Zfio ¢ Qp"_e(f}). We have fgz < g% and QP t(g?) < g for some g| € F
and thus |®,| < 2g;. We therefore deduce that a.s. lim,_, o n~1V3(n) =0.

We consider the term V4(n) = |G, —p, |_1MG,,, o (Hy ) (see (44)) with Hy ,, given by (45),

Hin= 3 h{{lierkepy and Iy =27CQm= 120 (p(Q! fre?)).
£>0,k>0

Recall fy ¢ defined in (49). We set Ha n = ¥y 4>0 fz%l{ukpn} with
fz% — k=t 2k Qp,,—l—(ﬁ+k) P foer) = 7t Qpn—l—(e+k) (P frex)
where we used that 2a? = 1. We have
7}~ R =200 (P (@ i @ O fi — 0 i)
< Czk—zﬁkazk Qpn—l—(€+k) (P(g ® g))

< B2 s,
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with g1 € F, where we used (27), with the representation ok fy = Qkfg +ak djes Qij(fg),
(28) for the second inequality and (3) for the last. We deduce that

n
|H4,n - H4,n| = Z |h§r’2 - hé}?]z‘l{€+k<pn} = 2(2 ﬁk)gik'
£>0,k>0 k=0
As lim,_, o0 B, = 0, we get that lim,,_, o n! ZZ:O Br = 0. We deduce from (9) that a.s.

(57) Jim NGy, |7 Mg, ,,, (1Han — Hanl) = 0.

We set H4[n] = Zezo,kzo h@,k1{€+k<pn} with

hox =275, P fook)-

Notice that
B —hex| <270 3211 EH (PR fy @gym R f0) — (14, PR fe ®sym R £0))
J.j'ed
52_5(11711_1_(@"‘]() Z gf,j,j/

J.j'ed

e S C P

where we used (4) (with f and g replaced by P(R; fr ® R f¢) and g ;, j) for the second
inequality and g¢ = >_; ycy &¢.j,;j for the equality. We have that g, belongs to F. Since
[P feexl <Plfeexl <4P(g ® g), thanks to the fourth inequality in (28), we deduce from
(3) (with f and g replaced by 4P(g ® g) and g5) that

B <275 and herl <27, g3).

Set ro € N and g, = > 9<¢<,, §¢- Notice that g,, belongs to F' and is nonnegative. Further-
more, we have for n large enough so that p,, > 2ry,

|Haw — H < 30 (YY) = hesVerkep,)
£>0,k>0

< Y 2temlmWHg

0<t<rg k>0
+ > (A A+ e k) Lgk<pn)
L>rp,k>0
<Cgry+ Y (pn—027(&5 + (1, 85\ Lie<pn)
£>rq

< Cgr +n27"(g3 + (1, 83))-
We deduce that
limsupn "Gy, | ™' Mg, _,, (| Han — HY"|) <2700, g3).

n—oo

Since r( can be arbitrary large, we get that a.s.

(58) Jim =!G, |7 M, (|Haw — H;"]) =0

n—pn
Now we study the limit of H‘{"]. We set for k, £ € N,
g =271 Pf7y).
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Using the last inequality in (28) and the definition (26) of f}*,, we deduce that there exists a
finite constant ¢ independent of n (but depending on §) such that, for all £ € N, |h}| < c2~ ¢
This implies that Hy = 3";-o(£ + 1)|h}] is finite and the sum

Hy() =) I}

>0
is well defined and finite. We write

hex =hy +hy g
with hy , = 27, Pfeox)> where £, = feex— fz”jg is defined in (49), and
H‘{n] _ HF]’* +H£n],o,
with HY" = Yo (pa — O and H™ = Y10 42015 1 Letk<py)- We have

[ Y = HE D] < | o = VGG 407 Hy o+ 3 g,

£>pn
so that lim,,_, oo |n_1H4{”]’* — H; ()] =0 and thus
: —1 gylnl*x _ pyx
(59) nli)rgon H, " = H[(f).
We now prove that n™' H 4{”]’0 converges towards 0. We have
(60) foex= Y 070)'Rjfi ®ym R fr.
j,j’ej,ejej/;él
This gives
[H" =1 3 27 i P A Lierk<p,)
£20,k=>0

=22 Y |wPRpfe@Rfo

pn—t—1 ‘
£>0 JsJ'€J,00,#1

> 06
k=0

<c

9’

withe =3 (1, P(g®9)) 027" Zj,j/ejyejgj/# [1—0;0; |~!, and where we used (60) for
the first inequality, the last inequality of (28) for the second. Since J is finite, we deduce that

¢ is finite. This gives that lim,_,con~'H}""® = 0. Recall that H}"! and H} (f) are constant
complex numbers. Use (59) to get that

lim n~'H" = H; ()

n— oo
so that, as |G, _, |_1MGH_ o () is a probability measure, a.s.
. —1 -1 [n]
(61) Jim n7N G, 17 M, (HY) = HE ().
In conclusion, use (57), (58), (61) and the definition (44) of V4(n) to deduce that a.s.

nli)ngon_l Va(n) = H; (f) = 224(#’ Pfie= =),
£>0

where f}, is defined in (26) and E‘fm(f) in(24). O

The proof of the next lemma is a direct consequence of (38) and Lemmas 5.3, 5.5 and 5.4.
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LEMMA 5.6. Under the assumptions of Theorem 3.4, we have the following convergence
in probability:

Jim n~tV () = S + 2257,
where E'fm(f) and Egm(f), defined by (24) and (25), are well defined and finite.

We now check the Lindeberg condition. Recall R3(n) defined in (47).

LEMMA 5.7. Under the assumptions of Theorem 3.4, we have that lim,,_, « n"2R3 (n)=
0.

PROOF. Keeping the notation of Lemma 4.7, using Lemma 7.2 (with the main contribu-
tion coming from g , and g , therein), we get (compare with (48)) that forn > p, > £ >0,
el < (pn = 02227V,
with iy, ¢(x) = Ex[MG,,n,g (fg)“] and g; € F. Following the proof of Lemma 4.7, we get that
nT2R3(n) < 1603277y, go).

This ends the proof as lim,_, o p, = o0 and lim,—, oo n — p,, — Alog(p,) = +oo forall A > 0.
OJ
The proof of Theorem 3.4 mimics then the proof of Theorem 3.1.

6. Proof of Lemma 3.8 and of Theorem 3.9.

6.1. Proof of Lemma 3.8. Let f € F and j € J. Use that R;(F) C CF to deduce that
E[|M, ;(f)|*]is finite. We have, for n € N*,

E[My j (/) Hn-1]=Qaj)™" > E[R;[f(Xio) + R, f(XiD)|Ha1]

i€G,_1

=Qa;)™" Y 20R;f(Xi)

i€G,_

=Qap)~ "D N R (X))
ieG,_
= n—l,j(f),

where the second equality follows from branching Markov property. This gives that M ( f)
is a H-martingale. We also have, writing f; for R ;(f),

E[|Ma,; (/)] = Qo) "E[Mg, () Mg, (f )]
= (22%)7"{v, Q"(1£517))
n—1
+ (20()_2n Z 2”+k(v, Qn_k_lp(gkfj ®sym Qk?j»
k=0

(62) = (222) " v, Q"(1£51%))

+ (20[2)_” Z(zaz)k<1}, Qn_k_lp(fj ®sym 7]»

k=0
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n—1

< (20(2)_”(1), g1) + (20(2)_” Z(2a2)k(v, 22)
k=0

= (v, &3),
where we used the definition of M, ; for the first equality, (74) with m = n for the sec-
ond equality, the fact that f; (resp. f ;) is an eigenfunction associated to the eigenvalue
(resp. o) for the third equality, (3) twice (with f and g replaced by | f j|2 and g; and by
P(fj ®sym Tj) and g») for the first inequality and 20% > 1 as well as g3 = g1 + g2/ (a? — 1)
for the last inequality. Since g3 belongs to F and does not depend on r, this implies that

sup, ey E[| My, (f)|2] < +00. Thus the martingale M;(f) converges a.s. and in L? towards
a limit.

6.2. Proof of Theorem 3.9. Recall the sequence (8,,n € N) defined in Assumption 2.6
and the o-field H, = o{X,,u € T,}. Let (p,, n € N) be a sequence of integers such that p,
is even and (for n > 3),

n A . A . —(n—»p
(63) o <Pe<n  lim (1= p)=o00 and lim «=""PB; 1 =0.

Notice such sequences exist. We deduce from (16) that

(64) N,z (f) = Ro(n) + Ra(n) + T, (§),
with notation from (32) and (33),

n—pnp—1
Ro() = Gu|™"% 3" Mg, (fuzi),
k=0
Ti(H=Rim)= Y E[Nui(DIHup,].
i€G,_p,
Rim)=An= > (Nui() —E[Nui(DIHu_p,])-
iEGn_ﬁn

Furthermore, using the branching Markov property, we get for all i € G
(65) E[Nn,i DI Hn—p,] = E[Nn,i ()IX:].

We have the following elementary lemma.

n_ﬁn’

LEMMA 6.1. Under the assumptions of Theorem 3.9, we have the following convergence:

Jim (20%)"E[Ro(n)*] = 0.

PROOF. We follow the proof of Lemma 4.1. As 2a> > 1, we get that E[Mg, (fn_k)z] <
2k 2a?)* (v, g) for some g € F and all n > k > 0. This implies, see (34), that for some con-
stant C which does not depend on n or p,,

E[R()(n)z]l/z S C2_ﬁ11/2(2a2)(l’l—ﬁn)/2.

It follows from the previous inequality that a®)E[Ry(n)*]1 < C (204)_213". Then use 2« >
1 and lim,,_, o p, = 00 to conclude. [

Next, we have the following lemma.
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LEMMA 6.2. Under the assumptions of Theorem 3.9, we have the following convergence:

lim_(20%) "E[R4(m)*] = 0.

PROOF. First we have

r 2
E[Ry(n)*]=FE < > (Nn,i(f)—E[Nn,i(f)IXi]))]

- iEGn,[;n

(66) 5[ 5 BN~ BN OIXD ]
'iGGn_I;n
<E[ ¥ E[Nn,i(f>2|xi]},

—ieG,

n—pn

where we used (65) for the first equality and the branching Markov chain property for the
second and the last inequality. Note that for all i € G,,_;, we have

Pn 2
E[E[N,.i ()?1X:]] = |Gn|—1E[<Z M,-Gﬁnk(m) |X,1
£=0

P 2
<Gyl (Z Ex, [MGf,,Ig(fz>2]1/2) :

=0

where we used the definition of N, ;(f) for the equality and the Minkowski’s inequality for
the last inequality. We have

Ex,[Mg,,_,(f0*] =27 QP (f2)(X)
Pu—t—1 A 3 _
+ Y 2bttkQhen kTl (P(QF fr @ OF fi) (Xi)
k=0
) Pa—t—1 A
<2l (X4 Y. 2P R QPR (P ey @ 1)) (X))
k=0
) Pa—t—1
<2 lo(Xn+ Y 2Pt (202 gs(X))
k=0

< Qa)2 =Dy (X)),

where we used (73) for the first equality, (ii) of Assumption 2.2 and (5) for the first inequality,
(3) and (iv) of Assumption 2.2 for the second, and 202 > 1 for the last. The latter inequality
implies that, with g5 equal to g4 up to a finite multiplicative constant,

Pn R 2 R
67)  E[Nai(H?X:]] < |Gn|—1<2(2a><1’”‘@> g4(Xi) = 27" 20) P gs(X;).
£=0

Using (66), (67) and (72) as well as Assumption 2.3 with g¢ € F, we get
(202) "E[R4(n)?] < (202) 27 Pr 27 (20) 2P (v, Q" gs) < (2%) TP (v, gg).

We then conclude using that 202 > 1 and limy,— o (n — pn)=o00. O
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Now, we study the third term of the right-hand side of (64). First, note that

Li(H= > E[N.iPIXi]

ieG

n—pn

pAn -
= Y G2 Ex[Me,,_,(f0)]

ieG £=0

n—pn

ﬁrl n n -
=1Gu|712 D Y 2Tt (f) (X)),

ieG,_; £=0

n—pn

where we used (65) for the first equality, the definition (12) of N, (f) for the second equality
and (72) for the last equality. Next, projecting in the eigenspace associated to the eigenvalue
o), we get

L(H=TLH+ 12,

where, with f =f—{(u, f)— Zjej R ;(f) defined in (22),

Pn X .
TG =G, 72 > S 2= (f)) (X,

ieG,_; €=0

n—=pn

Pn R .
PG =G "2 Y Y 2h a0l TR (fi) (X0,
ieG,_; £=0 jedJ

n—pn

We have the following lemma.

LEMMA 6.3. Under the assumptions of Theorem 3.9, we have the following convergence:

lim (20%)7"2E[| T,V (] =o0.

PROOF. We have

B ﬁn . . R
2e2) " PE[ITO G < CxEl Y Zzpn_£|Qp”_[(fe)(Xi)|:|
—iEGn,ﬁnezo

Pn
<Qa)"E| Y Zzﬁ"—‘aﬁ"—ﬁﬂﬁn_eg(x,-)]

LicG,_p, =0

Pn R .
— Z 2_éa_(n_pn+€)ﬁﬁn_e(v’ Qn_png>’
=0

where we used the definition of Tn(l)(f) for the first inequality, (27) for the second and (72)
for the equality. Using (3) and the property (iii), we get that there is a finite positive constant
C independent of n and p, such that (v, Q" Prg) < C. We have

Pn/2 Pn/2

Z z—fa—(”—Pn-i-Z)/gﬁn_e < “_(n_p”)ﬂﬁn/z Z (2a)—€‘
=0 =0
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Using the third condition in (63) and that 2« > 1, we deduce the right-hand side converges to
0 as n goes to infinity. Without loss of generality, we can assume that the sequence (8,,n €
N*) is bounded by 1. Since o« > 1/ \/Z we also have

Pn
Z Z_Ea_(n_p"+e)ﬁﬁn_e <(- za)—lz—Pn/za—"-FPnﬁ <(- 205)—12"/2—317"/4.
£=pn/2
Using that n/2 — 3p, /4 < —n/8, thanks to the first condition in (63), we deduce the right-
hand side converges to 0 as n goes to infinity. Thus, we get that

lim (2e%)™"?E[|T," ()[] =0. 0

n—oo

Now, we deal with the term Tn(z) (f) in the following result. Recall M, ; defined in
Lemma 3.8.

LEMMA 6.4. Under the assumptions of Theorem 3.9, we have the following convergence:

(262 "PTO () = Y)Y 01 M (fi) —— 0.

eN jelJ

PROOF. By definition of Tn2 (), we have

pn
T2(H=2""2% Q)" > 07 M, j(fo)

£=0 jed
and thus
(26T~ Y)Y 00 M 1 (fo)
LeN jeJ
(68) —Z(Za) EX 01 (M (fo) — Moo j (f0))
jeJ
— Y QY0 M (fo).
L=pp+1 jeJ

Using that |0;] = 1, we get

Pn .
E[ > @)Y 0T (M (fo) — Mo, j(fe))’]

£=0 jeJ

Pn
<Y Q)Y E[|My; (fo) — Moo i (f0)]]-

£=0 jed

Now, using (5), a close inspection of the proof of Lemma 3.8, see (62), reveals to us that there
exists a finite constant C (depending on §) such that for all j € J, we have

sup supE[IMn ol <

£eNneN

The L?(v) convergence in Lemma 3.8 yields that

(69) supE[|Mooj(fg)\ ]<C and zugsngZE (Mo, (fo) — Moo, (f0)|] < 21J|VC.
eNne _]GJ



CLT FOR BIFURCATING MARKOV CHAINS UNDER POINTWISE CONDITIONS 3847

Since Lemma 3.8 implies that lim,, , oo K[| M, j (f¢) — Mo, j(fe)|] =0, we deduce, as 2« > 1
by the dominated convergence theorem that

Z(zarﬂ S0P (M (o) — Moo (m)H

(70) hm E |:
jeJ

On the other hand, we have

E[ Yo Q)Y 0 M (f0)

(:ﬁn-l-l jeJ

}5 i 20) " E[|Meo,j (f0)]

Z:ﬁn“l‘l jEJ

<WC Y o

{=pu+1

(71)

where we used |0;| = 1 for the first inequality and the Cauchy—Schwarz inequality and (69)
for the second inequality. Finally, from (68), (70) and (71) (with lim,, 0 Y72 putl Qo) t=
0), we get the result of the lemma. [J

7. Moments formula for BMC. Let X = (X;,i € T) be a BMC on (S, .%) with prob-
ability kernel P. Recall that |G,| = 2" and Mg, (f) = X, f(X;i). We also recall that
290(x,A) =P(x,Ax S)+P(x,S x A) for A €.. We use the convention that ) ", =0. We
recall the following well-known and easy to establish many-to-one formulas for BMC.

LEMMA 7.1. Let f,g € B(S), x € S and n > m > 0. Assuming that all the quantities
below are well defined, we have

(72) E.[Mg,(f)] =G, Q" f(x) =2"Q" f (x),
n—1

(73) E [ Mg, (/)] =2"Q"(f3)(x) + Y_ 2" 1(P(QF f ® O ) (x),
k=0

E«[Mg, ()Mg,, (9)] =2"Q"(gQ" " f)(x)

(74) = k k—1 k k
+ ) 2P (QF g ®@gym Q1)) ().
k=0

We also give an upper bound of E,[Mg, (f )*1, which is a direct consequence of the argu-
ments given in the proof of Theorem 2.1 in [8]. Recall that g®> =g ® g.

LEMMA 7.2. There exists a finite constant C such that for all f € B(S),neNandv a
probability measure on S, assuming that all the quantities below are well defined, there exist
Sfunctions v , for 1 < j <9 such that

9
o[Mg, (f)*] Z VW)

and, with hy = Q¥ 1(f) and (notice that either |l or (v, ¥;)| is bounded), writing vg =
(v, 8),

[Y1al < C2"Q™(fY),

n—1
Wl < €22 " 27w P(Q" 1 (£3) @gym hni)]
k=0
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n—1

Y30l < C22" 3 27K QFP(Q"F 1 (7)Y,
k=0

Y40 < C2M"P(|P(hn—1®%)®?|),

n—1k—1
[Wsal < C27 3N 272 p(QF P (hyk®?) |@7),
k=2r=0

n—1k—1
ol = C2" 373 27 QI P(QT TP (4 ®7) @oym (7))

k=1r=0
n—1k—1

W70l < C23 33 275w @ P(Q T P (hy—k ®sym Q7 (f?)) ®sym hnr)
k=1r=0

n—1k—1r—1

gl <C27 Y NN ok

k=2r=1j=0

x QIP(|Q 7 P (hy—r ®°)| @sym | QXTI P(hy 1 D7)
n—1lk—1r—1

Yol <C2M NS N ok

k=2r=1j=0

x QP(Q P (hy—r ®sym Q1P (hy—1®?)) @sym hin—j)|.

k)

El

).
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