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Abstract

We give an invariance principle for very general additive functionals of conditioned
Bienaymé-Galton-Watson trees in the global regime when the offspring distribution
lies in the domain of attraction of a stable distribution, the limit being an additive
functional of a stable Lévy tree. This includes the case when the offspring distribution
has finite variance (the Lévy tree being then the Brownian tree). We also describe,
using an integral test, a phase transition for toll functions depending on the size and
height.
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1 Introduction

In view of the many applications of trees (in computer science, biology, physics, ...),
the study of additive functionals on large random trees has seen a lot of development in
recent years, see references below. In this paper, we consider asymptotics for general
additive functionals on conditioned Bienaymé-Galton-Watson (BGW for short) trees
in the so-called global regime.
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Recall that a functional F defined on finite rooted ordered discrete trees is said to
be additive if it satisfies the recursion

d
Ft)=Y_F(t)+ f(v), (1.1)

i=1

where tq, ..., tgy are the subtrees rooted at the d children of the root of the tree t and
f is a given toll function. Notice that this can also be written as

Ft) =) f(tw), (12)

wet

where t,, is the subtree of t above the vertex w and rooted at w. Such functionals are
encountered in computer science where they represent the cost of divide-and-conquer
algorithms, in phylogenetics where they are used as a rough measure of tree shape to
detect imbalance or in chemical graph theory where they appear as a predictive tool
for some chemical properties. Among these, we mention the total path length defined
as the sum of the distances to the root of all vertices, the Wiener index [45] defined as
the sum of the distances between all pairs of vertices, the shape functional, the Sackin
index, the Colless index and the cophenetic index, see [44] for their definitions and
also [15] for their representation using additive functionals, and the references therein.
See also [41] for other functionals such that the number of matchings, dominating sets,
independent sets for trees. We also mention the Shao and Sokal Bj index [6,44] defined
by

1
Bi(t) = Zm, (1.3)

wet°
wEN

where for every finite rooted ordered tree t, h(t) is its height and t° is the set of
internal vertices. It is used for assessing the balance of phylogenetic trees, see e.g.
[22,28,32,40,43].

We shall consider in this paper random discrete trees " which are BGW trees
conditioned to have n vertices, and then study the limit of rescaled additive functionals
as n goes to infinity. One can distinguish between local and global regime. In the
local regime, the toll function is small or even vanishes when the subtree is large;
so the main contribution to the additive functional comes from the small subtrees.
These being almost independent, we understand intuitively why the limit distribution
is Gaussian. See [30,41,47] for asymptotic results in the local regime. In the global
regime, the toll function is large when the subtree is large; so the main contribution
comes from large subtrees which are strongly dependent. This intuitively explain why
we expect the limit to be non-Gaussian. As far as we know, asymptotic results in the
global regime deal with toll functions depending only on the size. In this paper, we
shall focus on the global regime for general toll functions. In particular, our results
apply to toll functions depending on the size and height. When the toll function is
monomial in the size of the tree f(t) = |t|"/, with |t| the cardinal of t, Fill and Kapur
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Additive functionals of conditioned BGW trees

[25] observed a phase transition at o’ = 1/2 for binary trees under the Catalan model
(which is a special case of conditioned BGW trees): the global regime corresponds to
a’ > 1/2.This was later generalized by Fill and Janson [24] to BGW trees with critical
offspring distribution with finite variance using techniques from complex analysis; they
identified a local regime for ' < 0 and an intermediate regime for 0 < o’ < 1/2.
When the offspring distribution has infinite variance but lies in the domain of attraction
of a stable distribution with index y € (1, 2], Delmas, Dhersin and Sciauveau [15]
proved convergence in distribution for o’ > 1 using stable Lévy trees and conjectured
a phase transition at «’ = 1/y. We shall prove this conjecture, as a particular case of
our main result, see Theorem 1.1.

Let & be an N-valued random variable. We write BGW (&) tree for a BGW tree with
offspring distribution (the law of) &. We denote by " a BGW(§) tree conditioned to
have n vertices and we assume that & is critical, i.e. E[§] = 1, and that it belongs
to the domain of attraction of a stable distribution with index y € (1, 2], i.e. there
exists a positive sequence (b,, n > 1) such that if (§,, n > 1) is a sequence of
independent random variables with the same distribution as & then b, ! (ZZ:I & — n)
converges in distribution towards a stable random variable whose Laplace transform
is given by exp(kA?) for A > 0, with index y € (1,2] and normalizing constant
k > 0 (the constant ¥ depends on the choice of the sequence (b,, n > 1)). Notice
that & is necessarily nondegenerate, i.e. £ is not constant, since x > 0. Under these
assumptions, it is also well known that, as n goes to infinity, t” properly rescaled
converges in distribution with respect to the Gromov-Hausdorff-Prokhorov topology
to the stable Lévy tree 7 with index y (and branching mechanism ¥ (1) = «kA”, see
Section 4.2 for a precise definition), see Aldous [7] for the finite variance case and
Duquesne [16] for the general case. The stable Lévy tree is a generalization of Aldous’
Brownian continuum random tree which corresponds to y = 2. We refer the reader to
Le Gall and Le Jan [37], Duquesne and Le Gall [17,18] for the definition of Lévy trees,
see also Sect. 4.2 for a brief summary in the stable case. We recall that any real tree T
is endowed with the length measure £(dy) (which roughly speaking is the Lebesgue
measure on the branches of the tree) and that the Lévy tree is naturally endowed with
a mass measure (which roughly speaking is the uniform probability measure on the
infinite set of leaves). One of our main results can be stated as follows. We refer the
reader to Proposition 7.1 and Theorem 7.3 for more general statements. Recall that t°
denotes the set of internal vertices of the discrete tree t.

Theorem 1.1 Let t" be a BGW(§) tree conditioned to have n vertices, with & being
critical and in the domain of attraction of a stable distribution with index y € (1, 2].
We suppose moreover that the sequence (b,, n > 1) defined as above is such that
(b /'Y, n > 1) is bounded away from zero and infinity. Let T be the stable Lévy
tree with branching mechanism ¥ (L) = kAY. Let o', B € R.

(i) If ya' + (y — 1)B > 1, we have the convergence in distribution and of the first

moment
b)![ nio ( i’l)ﬁ (d)+mean (T )Cl/ (T )ﬁ ( l ) ( )
o' +8 we: :, | w | ) L w y J y J ’ :
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where the right-hand side of (1.4) has finite mean and, for y € I, T, is the subtree
of Tabove y, m(7y) is its mass, and Y(T,) its height.

(ii) If yo' + (y — )B < 1, we have the convergence in distribution and of the first
moment

bl+ﬁ

/ (d)+mean
Ty 2 Il ) S . 15)

wet’°

We complete the previous result with some comments.

Remark 1.2 (i) From Theorem 1.1, we obtain a phase change for functionals of the
mass and height at ya’ + (y — 1) = 1. Heuristically, the condition on «’ and S
is due to the fact that the height of a (unnormalized) stable Lévy tree scales as its
mass to the power (y — 1)/y. Let us mention that this phase change is specific
to BGW trees, see Remark 4.14 in this direction.

(i) See conditions (£1) and (£2) in Sect. 4 for a more detailed discussion of the
assumptions on the offspring distribution. The additional boundedness assump-
tion on (b, / nv, n > 1)isalso equivalent to (§3). The latter can be dropped in
(i) of Theorem 1.1 when @’ > 1 and B > 0 according to Proposition 4.11.

(iii) We also have the convergence (and finiteness) of the moments of all order p > 1
in(1.4)assoonas p(ya+(y—1)8) > 1—y,witha = o’—1, see Proposition 7.1.
In particular for 8 = 0, we have the convergence of all nonnegative moments
for &’ > 1. However, in the finite variance case, for &’ € (1/2, 1) (and B = 0),
our result is not optimal, see (vi) below.

(iv) Theorem 1.1 generalizes a result by Delmas, Dhersin and Sciauveau where only
functionals of the mass are considered (i.e. 8 = 0), see [15, Lemma 4.6]. In
particular, we prove the conjecture stated therein: when § = 0, there is a phase
transition at &’ = 1/y (the parameter « therein corresponds to &’ — 1 here). If we
fix o’ = 0 and let B8 vary, the phase transition occurs at 8 = 1/(y — 1) > 1. In
particular, Shao and Sokal’s B; index, which correspondstoo’ = Oand 8 = —1,
lies in the local regime, regardless the value of the index y and is therefore not
covered by our results. See also (vi) below.

(v) If the offspring distribution has finite variance cféz € (0, 00), one can take b, =
b./n in which case 7Tis distributed as the Brownian continuum random tree with
branching mechanism v (A) = 052)»2 /(2b?). For b = o, the contour process of
Tis a standard Brownian motion under its normalized excursion measure.

(vi) Assume that the offspring distribution has finite variance 0{?2 € (0, 00), which
implies that y = 2. We consider the asymptotics in the local regime of
D werno | Toy |« h(z)P, that is when o/, 8 € R such that 2o/ + 8 < 0.
Denote by F, g the additive functional (1.2) associated with the toll function
Jor p(t) = |t|“/b(t)ﬂ1{\t|>]}. By [30, Theorem 1.5] and Lemma 4.5, we have

Forp(") —np

\/ﬁ n—00

N, ¢%),
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(vii)

(viii)

(ix)

where s, ¢? are finite and given by 4 = E[fy s(r)] and by ¢? =
2E [ fur,(0) (Far,p(x) — ITlit)] — Var(fy p(1)) — ,uz/crg, and t is the corre-
sponding unconditioned BGW tree. In particular, this covers Shao and Sokal’s
B index (where o' = 0 and B = —1). Notice that this leaves a gap for
0 < 2a’ + B < 1. Atleast when B = 0, the situation is well understood. Fill and
Janson [24] identify three different regimes: the global regime for o’ > 1/2, the
local regime for &’ < 0 and an intermediate regime for 0 < o’ < 1/2. The non-
trivial asymptotic behavior of F g(t") fory € (1,2) and yo' + (y — B < 1
(that is the non global regime in the non quadratic case) is an open question.
When 7" is uniformly distributed among the set of full binary ordered trees with
n vertices (which corresponds to a conditioned BGW (&) tree with P (§ = 0) =
P (¢ = 2) = 1/2), Fill and Kapur [25] studied the local and global regime when
the toll function is a power of the size of the tree. Concerning the global regime,
they showed the convergence in distribution, using the convergence of all positive
moments in (1.4) for &’ > 1/2 and B = 0, see Eq. (3.14) and Proposition 3.5
therein. In that case, one can take b, = +/n and 7 is the Brownian tree with
branching mechanism 1 (X) = 22 /2. See also Fill and Janson [24] for general
critical offspring distribution with finite variance. The explicit formula for the
first moment of the right-hand side of (1.4) are given by the right-hand side of
(1.12) withk = 1/2 anda = o’ — 1.

As an application, using (1.4), we obtain, when «’ > 1/y, in Exam-
ple 7.5 (with @’ = « + 1) an asymptotic expansion in distribution for
byn= I+ rma/ log |72].

Panagiotou and Stufler [38] showed that the shape of a uniform Pdlya tree is
essentially given by alarge BGW tree (with finite variance) that it contains. Using
this decomposition, they proved the convergence of uniform Pdlya trees after
rescaling to the Brownian tree. One may then conjecture that additive functionals
on uniform Pélya trees exhibit a phase change at 2a’ + 8 = 1, similarly to the
finite variance BGW trees. In this paper, we only prove that the convergence (1.4)
holds for uniform Pélya trees when &’ > 1 and B > 0 as an easy consequence of
our approach, see Remark 4.13. We do not investigate this further and we leave
the phase transition as an open question. However, let us mention that, as shown
in Remark 4.14, slightly modifying BGW trees may result in a different phase
change.

More generally, if one views a discrete tree as a real tree, then the left-hand side in
(1.4) is related to the discrete length measure ¢, (dy) = Zw con Sw(dy) of " (after
rescaling by b, /n). One way to interpret the result would be to say that the sequence of
measures fr,, 8,(; £,(dy) converges in distribution to f7—57’y £(dy) in some sense. One

might then hope to prove that the mapping 7 +— fT dr, €(dy) is continuous on the
space of compact real trees. This is not true however, see Remark 4.14, one problem
being that the length measure is not finite in general. To overcome this difficulty, our
approach, inspired by [15], consists in considering the length measure biased by the
size of the subtree above y, thus penalizing small subtrees.

More precisely let T be the space of (equivalent classes of) weighted rooted compact
real trees (i.e. the set of quadruplets (T, ¥, d, u) where (T, d) is a real tree, @ is a
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distinguished vertex of T called the root, and the mass measure u is a finite measure on
T). We recall that the length measure £ on areal tree (T, d) has an intrinsic definition.
For every (T, 0, d, i) € T, we define a measure W7 on T x R as follows: for every
nonnegative measurable function f defined on T x R,

Wr(f) = fT £ (Ty. HO)) w(Ty) £(dy), (16)

where H(y) = d(#, y) denotes the height of y (i.e. the distance to the root) in 7. We
also consider the measure \Il;l % on Rﬁ defined similarly to Wr for functions depending
only on the mass and height of the tree, see (3.2).

If t is a finite rooted ordered tree and a > 0, we denote by at the real tree asso-
ciated with t, rescaled so that all edges have length a and equipped with the uniform
probability measure on the set of vertices whose heights are integer multiples of a,
see Sect. 2.4 for a precise definition. Furthermore, for w € t, we write aw for the
corresponding vertex in at and at,, for the subtree of at above aw. The height of w
in t is denoted by H (w); thus the height of aw in at is a H (w). In the spirit of [15],
we consider the measure Ay , on T x R defined as follows: for every nonnegative
measurable function f defined on T x R4,

a

m Y Itwlf (aty, aH (w)). (1.7)

wet®

A;),a (f) -

In (1.7), instead of summing over all the internal vertices (w € t°) one could also
sum over all vertices including the leaves (w € t); in this case the measure is denoted
by A¢ 4. The two measures are close in total variation as drv (Ag 4, Af,a) < a; see
(4.18). We mention that the measure A , was already considered in [15] for functions
f depending only on the size.

For every finite rooted ordered tree t and @ > 0, we show (see Lemma 4.9) that
the measures Ay , and A, can be approximated by Wg¢. In (3.4), we give another
expression for Wr:

H(x)
wT<f>=/Tu<dx>/o F (T r)dr, (18)

for every nonnegative measurable function f defined on T x R. Here 7}  is the
subtree of 7" above level r containing x. This latter expression of Wr is used to prove
it is continuous as a function of 7', see Proposition 3.3.

Theorem 1.3 The mapping T — Y, from T endowed with the Gromov-Hausdorff-
Prokhorov topology to M(T x R_.), the space of nonnegative finite measures on T x
Ry, endowed with the topology of weak convergence, is well defined and continuous.

This allows us to derive a general invariance principle: for any sequence of random
discrete trees (t”*, n € N) such that a,t" converges in distribution to some random
real tree 7 in the Gromov-Hausdorff-Prokhorov topology where (a,, n € N) is a
sequence of positive numbers converging to 0 and such that (a,E [b(r")] ,neN)is
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bounded, one has the convergence in distribution of the measures A7, " gy and A;n 4, to
W7 (this is a consequence of Lemma 4.9 and Theorem 1.3). For example this applies
to Pélya trees, see Remark 4.13, which were shown to converge to the Brownian tree,
see [26] and [38]. For BGW trees, we have the following result which is a direct
consequence of the convergence of conditioned BGW trees to stable Lévy tree, see
[16], and Theorem 1.3 and Lemma 4.9.

Corollary 1.4 Let t" be a BGW(& ) tree conditioned to have n vertices, with & satisfying
(1) and (£2), and (b,,, n > 1) be defined as in Theorem 1.1. Let T be the stable Lévy
tree with branching mechanism (1) = k\Y. We have the following convergence in
distribution and of all positive moments

Z o |f< "o, H( )) S G (),

wer" °

where f is a bounded continuous real-valued function defined on T x R.

We improve this result by allowing the function f to blow up as either the mass
or the height goes to zero under the stronger assumption (£3): see Proposition 7.1,
and more precisely Theorem 7.3 when f is a product of a function of the mass and
a function of the height, one of them being a power function. As a particular case,
property (i) of Theorem 1.1 gives a precise result when f is a power function of the
mass and the height. Related to the latter result, we give a complete description of the
finiteness of \IJT mh (f) for power functions f where 7 is the stable Lévy tree and we
also compute its first moment. We refer to Corollaries 6.4 and 6.7, and Proposition 6.9
for a more general statement. By convention, we write \IJT mb (g(x)h(u)) for \Il;l b f)
where f(x, u) = g(x)h(u) and we see g as a function of the mass and 4 as a function
of the height. In particular, thanks to (1.6), we have for «, 8 € R that \lf;l b (x%uf) =
[rm(T)Y h(T,)P e(dy) with o’ = o + 1.

Proposition 1.5 Let T be the stable Lévy tree with branching mechanism vy (A) = kY
and let o, B € R. We have

ya+(@y—-DB+1) >0 — LIJ,?h(xauﬂ)<ooa.s. = E[W;}h(xauﬁ)}<oo, (1.9)

vat+(@y —-DE+1) <0 \IJ;‘—lb(x”uﬂ) =ooas < E[W?h(xauﬂ)} =o0. (1.10)
For every a, B € R such that ya + (y — 1)(8 + 1) > 0, we have

E[of uf)] = Ba+ B+ (1= 1/y), 1= 1/ E[6T)F],

(1.11)

VT (=1/p)]

where T is the gamma function and B is the beta function. Furthermore, we have
E [\D?h(x“uﬂ)p] < oo forevery p > 1 suchthat p(yo+(y —1)B) > 1 —y. Inthe
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Brownian case (y = 2), for every a, € R such that 2a + B + 1 > 0, we have

mhoo gy o L (VA2 p+11
E[\IJT (xu)]_ﬁ<K> s§B)B(o+——. ). (1.12)

where & is the Riemann xi function defined by §(s) = %s(s — l)n_s/ZF(s/Z)f(s)for
every s € C and ¢ is the Riemann zeta function.

Thanks to Duquesne and Wang [19], E [U(T)ﬂ ] is finite for all B € R, so that the
right-hand side of (1.11) is finite.

We conclude the introduction by giving a formula for the distribution of 7, the
subtree above y, when y is chosen according to the length measure £(dy) on the stable
Lévy tree 7, see Proposition 6.3. This is a key result for the proof of Proposition 1.5 and
it is also interesting by itself (it is in particular related to the additive coalescent and the
uniform pruning on the skeleton of the Lévy tree, see Remark 6.2 in this direction). Let
N denote the excursion measure of height process H which codes the (unnormalized)
stable Lévy tree 7. (Notice that 7 under P is distributed as 7y conditionally on
{m(7y) = 1} under N.)

Proposition 1.6 Let T be the stable Lévy tree with branching mechanism ¥ (A) = kAY
where k > 0 and y € (1,2]. Let f be a nonnegative measurable function defined on
T. We have:

E [ A f(ify)ady)} = N[ (1 =T ™ Yymezipp<1) £ (Tin) |

The paper is organized as follows. Section 2 establishes notation and defines the
main objects used in this paper (discrete trees using Neveu’s formalism, real trees,
Gromov-Hausdorff-Prokhorov topology). In Sect. 3, we give properties of the measure
Wr and prove its continuity with respect to 7. Section 4 introduces the setting of BGW
trees and stable Lévy trees and contains a first convergence result for continuous
functions. We gather some technical results in Sect. 5. Section 6 is devoted to the
study of functionals of the mass and height on the stable Lévy tree and Sect. 7 presents
the general convergence result for functions that may blow up and describes the phase
change. Appendix A introduces a space of measures and studies random elements
thereof; its results are used in the proofs of Proposition 7.1 and Theorem 7.3.

2 Definitions and notations
2.1 Basic notation
Throughout the sequel, N = {0, 1, ...} will denote the set of integers, N* = {1, 2, ...}

the set of positive integers, R the set of real numbers, Ry = [0, +00) the set of
nonnegative real numbers and R* = (0, +00) the set of positive real numbers.
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2.2 Weak convergence in a polish space

Let (S, p) be a Polish metric space. We denote by B(S) (resp. B+(S), resp. By(S))
the set of measurable functions defined on § and taking values in [—oo, +00] (resp.
in [0, +00], resp. in R and bounded) and by C(S) (resp. C+(S), resp. Cp(S)) the set
of continuous real-valued functions defined on § (resp. nonnegative, resp. bounded).
For f € B(S), we set || f lloo = Sup,eg | f(x)]. For f € Cy(S), we define its Lipschitz
and bounded Lipschitz norm:

Ll = sup L@ = F0)]

and || fllgL = I flloe + 1 f I -
x#£y p(x,y)

We denote by M (S) the set of nonnegative finite measures on S. For every u € M(S)
and f € B4 (S), we write u(f) = f f(x) u(dx). We also write fu for the measure
f(x)u(dx). The set M(S) is endowed with the topology of weak convergence which
can be metrized (see [13, Section 8.3 and Theorem 8.3.2]) by the bounded Lipschitz
distance (also known as the Kantorovich-Rubinstein distance): if i, v € M(S), set

dpL (i, v) = sup {|n(f) — v()I, f € Cp(S) such that || fllg. < 1}.

Moreover, the space (M(S), dpr) is Polish by [13, Theorem 8.9.4]. We also recall the
total variation distance given by

drv(u, v) = sup{|u(A) — v(A)|, A C S measurable}
1
= ESUP{W(f) — ()], f € B(S) suchthat || fll, <1}

+ % lu(1) —v(D].

2.3 Discrete trees

We recall Neveu’s formalism for rooted ordered discrete trees. Let U = U, (N*)"

be the set of labels with the convention (N*)? = {#}. If v = (v!, ..., v") € U, we
denote by H(v) = n. By convention, we set H(#)) = 0. If v = (v], L), w =
wl, ..., w™) € U, we write vw = (v!,..., 0", wl,..., w™) for the concatenation

of v and w. In particular, v¥ = v = v. We say that v is an ancestor of w and write
v < w if there exists u € U such that w = vu. If v < w and v # w then we shall write
v < w. The mapping pr: U\ {#} — Uis defined by pr(v!, ..., v") = (0!, ..., v"" 1
(i.e. pr(v) is the parent of v). A finite rooted ordered tree t is a finite subset of ¢/ such
that

(1) Vet,
(1) vet\ {4} =pr(v) et,
(iii) forevery v € t, there exists a finite integer k, (t) > 0 such that, for every j € N*,
vj e tifandonlyif 1 < j < k,(t).
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The number k,(t) is interpreted as the number of children of the vertex v in
t, H(v) is its generation, pr(v) is its parent and more generally, the vertices
v, pr(v), prz(v), .. .er(”)(v) = () are its ancestors. The vertex v is called a leaf
(resp. internal vertex) if &, (t) = O (resp. k, (t) > 0). The vertex ¢ is called the root of
t. We denote the set of leaves by Lf(t) and the set of internal vertices by t°. If v € t,
we define the subtree t, of t above v as

t, ={wel: vw e t}.

Moreover, for every 0 < k < H(v), we define the subtree t; , of t above level k
containing v as

t, v = ter(u)—k(v)

where prf’®=*(v) is the unique ancestor of v with height k, with the convention
that pro(v) = v. We denote by |t| = Card(t) the number of vertices of t and by
h(t) = sup, ¢ H(v) the height of t.

2.4 Real trees

We recall the formalism of real trees, see [21]. A metric space (7', d) is a real tree if
the following two properties hold for every x, y € T'.

(i) (Unique geodesics). There exists a unique isometric map fy y: [0, d(x, y)] = T
such that fy y(0) = x and fx ,(d(x,y)) = y.

(i) (Loop-free). If ¢ is a continuous injective map from [0, 1] into 7 such that
©(0) = x and ¢(1) =y, then we have ([0, 1]) = fx y ([0,d(x, y)].

For a rooted real tree (T, ¥, d), that is a real tree with a distinguished vertex § € T
called the root, we define the set of leaves by

Lf(T) ={x e T\ {#}: T\ {x}is connected},

with the convention that Lf(T) = {#} if T = {#}. A weighted rooted real tree
(T,%,d, ) is a rooted real tree (T, @, d) equipped with a nonnegative finite mea-
sure . In what follows, real trees will always be weighted and rooted and we will
simply call them real trees.

Let us consider a real tree (7', ¥, d, ). The total mass of the tree T is defined by
m(T) = pu(T) and its height by h(T") = sup, .y H(x) € [0, oo], with H (x) = d(¥, x)
denoting the height of x. Note that if (7', d) is compact, then §(7T) < oco. The range of
the mapping f, , described in (i) above is denoted by [x, y] (this is the line segment
between x and y in the tree). We also write [x, y[= [x, y] \ {y}. In particular, [#, x]
is the path going from the root to x, which we will interpret as the ancestral line of
vertex x. We define a partial order on the tree by setting x < y (x is an ancestor
of y) if and only if x € [@, y]. If x,y € T, there is a unique z € T such that
[4, x] N [, y] = [¥, z]. We write z = x A y and call it the most recent common
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ancestor of x and y. Let x € T be a vertex. Let r € [0, H(x)]. We denote by x, € T
the unique ancestor of x with height H (x,,) = r. As in the discrete case, we also define
the subtree T of T above x as

Te={yeT: x<xy},
and the subtree 7, x = T, of T above level r containing x as
T x = yeT: Hxny) >r}= T, .

Then T, (resp. T,, ) can be naturally viewed as a real tree, rooted at x (resp. at x,)
and endowed with the distance d and the measure (|7, = (- N7TY) (resp. the measure
M\Tr,x)' Note that T()’x =T and TH(x),x = T.

Remark 2.1 We recall the construction of a real tree from an excursion path, see e.g.
[21, Example 3.14] or [18, Section 2.1]. Let e be a positive excursion path, that is
e € C4(Ry) such that e(0) = 0, e(s) > 0for0 <s <o ande(s) =0fors > o
where o := inf{s > 0: e(s) = 0} € (0, co) is the duration of the excursion. Set
de(t,s) = e(t)+e(s)—2inf[ xs,rvs) e forevery ¢, s € [0, o] and define an equivalence
relation on [0, o] by letting ¢ ~, s if and only if d,(¢, s) = 0. The real tree T, coded
by e is defined as the quotient space [0, o]/ ~, rooted at p(0) where p: [0,0] — T,
is the quotient map and equipped with the distance d, and the pushforward measure
X o p~! where A is the Lebesgue measure on [0, o']. This defines a compact weighted
rooted real tree. Notice that the mass and height of 7, are given by m(7,) = o and

b(Te) = llello-

We will need to view discrete trees as real trees. Let t be a finite rooted ordered
tree and let @ > 0. Suppose that t is embedded into the plane such that the edges
are straight lines with length a that only intersect at their incident vertices. Denote by
Tt t— R2 the embedding and by at = m¢ ,(t) C R? the embedded set. Moreover,
for a vertex v € t, we denote by av = m¢ ,(v) the corresponding vertex in at. Then at
can be considered as a compact real tree (at, dy, w¢): the distance d¢(x, y) between two
points x, y € at is defined as the shortest length of a curve that connects x and y, and
the measure pu¢ is the pushforward of the uniform probability measure on the vertex
set of t by the embedding ¢ 4. In other words, at is obtained from t by connecting
every vertex to its children in such a way that all edges have length a and is equipped
with the measure ¢ supported on the set {av: v € t} and satisfying u¢({av}) = 1/|t|
for every v € t. The tree at is naturally rooted at a¥ (also denoted ¥). Notice that
vertices of the form av with v € t are precisely those vertices in at whose heights
are integer multiples of a. Finally, to simplify notation, for every v € t, we will write
at, instead of (at),, for the subtree of at above av. We stress that, unless v = ¢, the
measure of the compact real tree at, has mass less than one, whereas the measure of
the compact real tree a(t,) is by definition a probability measure.
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2.5 Gromov-Hausdorff-Prokhorov topology

Denote by T the set of measure-preserving and root-preserving isometry classes of
compact real trees. We will often identify a class with an element of this class. So we
shall write that (7', 0, d, u) € T if (T, @, d) is a rooted compact real tree and u is
a nonnegative finite measure on 7. When there is no ambiguity, we may write 7" for
(T,0,d, ).

We start by giving the standard definition of the Gromov-Hausdorff-Prokhorov
distance. Let (E, §) be a metric space. Given a non-empty subset A C E and ¢ > 0,
the e-neighborhood of A is A° = {x € E: d(x, A) < ¢}. The Hausdorff distance gy
between two non-empty subsets A, B C E is defined by

Su(A, B) = inf{e > 0: A C B® and B C A®).

Next, denoting by B(E) the Borel o-field on (E, §), the Lévy-Prokhorov distance
between two finite nonnegative measures p, v on (E, B(E)) is

Sp(w, v) = inf{e > 0: u(A) < v(A®) + e and v(A) < u(A®) + ¢, YA € B(E)).

We can now give the standard distance used to define the Gromov-Hausdorff-
Prokhorov topology. For two compact real trees (T, %, d, w), (T',%',d’, ') € T,
set

e (T T') = inf {S(p(0). ¢/ 0)) v u(o(T), @' (T) v dp(o 9™ i 09/}
@1

where the infimum is taken over all isometries ¢: T — E and ¢': T’ — E into
a common metric space (E, §). This defines a metric which induces the Gromov-
Hausdorff-Prokhorov topology on T.

It will be convenient for our purposes to define another metric which induces the
same topology on T. Let (T, %, d, n), (T',%,d’, u') € T. Recall that a correspon-
dence between T and T’ is a subset R C T x T’ such that for every x € T, there
exists x’ € T’ such that (x, x") € R, and conversely, for every x’ € T’, there exists
x € T such that (x, x’) € R. In other words, if we denote by p: T x T’ — T (resp.
p': T x T" — T') the canonical projection on T (resp. on 7"), a correspondence is a
subset R C T x T’ such that p(R) = T and p'(R) = T'.If R is a correspondence
between T and 7', its distortion is defined by

dis(R) = sup {|d(x,y) —d'(x", y)| : (x,x), (v.y) e R}.

Next, for any nonnegative finite measure m on T x T', we define its discrepancy with
respect to u and u’ by

1

D(m; p, 1) = drv(mo p~', ) +drv(mo p' =", 1)
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Then the Gromov-Hausdorff-Prokhorov distance between T and T’ is defined as
1
deup(T, T') = inf {5 dis(R) v D(m; w, u') v M(Rc)} , (2.2)

where the infimum is taken over all correspondences R between T and T’ such that
(@, %) € R and all nonnegative finite measures m on T x T’. It can be verified that
dgpp is indeed a distance on T which is equivalent to dgyp and that the space (T, dgup)
is a Polish metric space, see [4].

We gather some facts about the Gromov-Hausdorff-Prokhorov distance that will be
useful later. We refer the reader to [4] or [42]. We have that

1
5 60 = (TH] v [m(T) —m(TH] = deue(T, T')
< (6(D) +H(T")) v ((T) +m(T")). (2.3)

When T’ = {4} is the trivial tree consisting only of the root with mass 0, we have
1
Eh(T) v (T) < dgup(T, {9}) = b(T) v m(T). 2.4
We consider the subset of T of trees with either height or mass equal to 0:
To={T €T: m(T)=0o0rbh(T)=0}. (2.5)

Note that Top C T is a closed subset since the mappings m: T — Rand h: T — R
are continuous with respect to the Gromov-Hausdorff-Prokhorov topology, thanks to
(2.3). We now give bounds for the distance of a tree 7' to Ty which are similar to (2.4).

Lemma2.2 Let T € T. Then we have
1
Eh(T) AW(T) < dgup(T, To) < h(T) Am(T). (2.6)

Proof Let (T,d, %, u) € T and § > dgup(T, To). Then there exists T’ € Ty such
that dgup(T, T') < 8. By (2.3), we get

1
3 6 =@ v [m(T) —m(T"] < 6.

But since T’ € Ty, either h(T’) = 0 or m(T") = 0. Therefore, either h(T) < 25 or
m(T) < 4. Since § > dgup(T, To) is arbitrary, this yields the lower bound.

To prove the upper bound, let 7’ be the same real tree as T but endowed with the
zero measure u' = 0, and take R = {(x,x): x € T} and m the zero measure on
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T x T'. Then dis(R) = 0, m(R°) = 0 and D(m; u, u') = w(T) = m(T). It follows
that dgup(T, T’) < m(T). Note that T’ € Ty, therefore

deup(T, To) < doup(T, T') < m(T).

Next, let T” = {#} be the trivial tree consisting only of the root with mass m(7’),
i.e. endowed with the measure /= m(T)dy. Take R = T x {#} and m(A x B) =
w(A)S8y(B). Then, we have R = @, so m(R¢) = 0. Moreover, we have

dis(R) = sup{ld(x, y)I: x,y € T} <2H(T).
Since m o p~! = pand m o p”_1 = m(T)dy = 1, we get D(m, u, u”) = 0. Tt
follows that dgup(T, T"") < b(T). Since T” € Ty, we deduce that

deup(T, To) < doup(T, T") < H(T).

This finishes the proof of the upper bound. O

3 Afinite measure indexed by a tree

Let (T, @, d, ) be a compact real tree. Let x € T and r € [0, H(x)], where H(x) =
d@,x). Recall that T, x = {y € T : H(x Ay) > r} is the subtree containing x
and starting at height r, endowed with the distance d and the measure w7, . It is
straightforward to check that 7, is a compact real tree and thus belongs to T. Define
a nonnegative measure W7 on T x R as follows: for every f € B4 (T x Ry),

H(x)
W7 (f) =/TM(dX)](; (T 5 r)dr. (3.1

As we will consider functions depending only on the mass and height of the subtrees,
we introduce the measure \I!;" " on Ri defined as follows: for every f € B (REL),

H(x)
v = /T p(dx) /0 (T, ), b(Tr ) dr. (3.2)

Lemma3.1 Let T be a compact real tree. The mapping (r, x) — T, x from {(r, x) €
Ry xT: r < H(x)}toT is measurable with respect to the Borel o -fields. Further-
more, the measure Wt is finite and does not depend on the choice of representative in
the equivalence class in T of T.

Proof Let (T, ¥, d, i) be a compact real tree and set A := {(r,x) € Ry x T: r <
H (x)}. For every (r,x) € A, recall that x, € T is the unique ancestor of x with
height H (x,) = r. We start by showing that the mapping (r, x) + x, is continuous
from A to T. Let (r, x), (s, y) € A. Without loss of generality, we can assume that
r>s.If Hx A y) > s, then we have y; < x and thus y; < x,. This implies that
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d(xp,ys) =r—s.If H(x Ay) < s,thenwe have x, € [x Ay, x] and ys € [x Ay, ¥].
This implies that x, and y, belong to [x, y], and thus d (x,, y5) < d(x, y). In all cases,
we have

d(-xrs yS) = d(xs )’) + |r _S|.

This proves that (r, x) +> x, is continuous.
The mapping y + T, from T to T is continuous from below, in the sense that for
yeT

lim dap (:. 7y) = 0. (33)

=y

To see this, let § > 0, y € T and (y,, n € N) be a sequence in T converging to y

such that y, < y for every n € N. Notice that since 7' is compact, it holds that there

is a finite number of subtrees with height larger than § attached to the branch [, y].

Thus, there are no subtrees with height larger than § attached to [y,, y[ for n larger

than some ng. Moreover, since Ty = (), Ty,» We get that lim,_, oo 0(T,) = u(Ty)

implying that the mass of the subtrees attached to [y,, y[ goes to 0 as n goes to infinity.
Define a correspondence between 7Ty, and Ty by

R = {(z,z): ZETy}U{(Z’y): ZETyn\Ty}'

It is straightforward to check that dis(R) < 2(§ + d(yn, ¥)) for n > ng. Consider
the measure on 7Ty, x T), defined by m(dx, dz) = Mty (dz)§.(dx) = v (dx)dy (dz).
Then we have D(m; wr,, , wir,) < p(Ty,) — n(Ty) and m(R*) = 0. It follows from
(2.2) that

lim sup dgup(7y,, Ty) < lim sup (8 +d(yn, y) + pu(Ty,) — ,u(Ty)) =34.

n—oo n—o0

Since § > 0 is arbitrary, (3.3) readily follows.

Now itis not difficult to see that the continuity from below (3.3) of the mapping y —
Ty implies its measurability. By composition, it follows that the mapping (r, x)
T, x = Ty, from A to T is measurable.

Next, notice that Wr is finite since

Yr(l) = /T H (x)p(dx) < h(T)m(T) < oo.

Finally, let f € B4(T x Ry) and (T, @, d, w), (T', %, d’, u") be two compact real
trees such that there is a measure-preserving and root-preserving isometry ¢ : T — T'.
This means that ¢ is an isometry satisfying i’ = 11 o ¢! and ¢ (@) = #'. Moreover,
forevery x,y € T, since H(x A y) =271 (d(@, x) +d (@, y) — d(x, y)), we deduce
that

H(x ANy) = H(px) Aoy)).
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Using this and the definitions of 7, , and T/ o(x)? itis easy to see that, foreveryx € T
andr € [0, H(x)], ¢ induces a measure-preserving and root-preserving isometry from
T, x to Tr” o(x) and therefore f(Ty ., r) = f(Tr’,(p(x), r). Since H(x) = H(p(x)), it
follows that

H(x)
W (f) = /T p(dv) /0 F(Ty. o) dr

H(p(x)) ,
= [nao [ @ e
T

| H(y)
= [ wovan [ ray e
T/ 0
— V().

This proves that W7 does not depend on the choice of representative in the equivalence
class of T which completes the proof. O

Recall that Lf(T') is the set of leaves of 7. It is well known that there exists a unique
o -finite measure £ on (T, B(T)), called the length measure, such that £(Lf(7)) = 0
and £([x, y]) = d(x,y), see e.g. [21, Chapter 4, §4.3.5]. The next result gives an
alternative expression for W7 in terms of the length measure.

Proposition 3.2 Let (T, 0, d, i) be a compact real tree. For every f € B4 (T x R}),
we have

‘I/T(f)=/T,u(Ty)f(Ty,H(y))€(dy)- (34

Proof Let (T,®,d, ;1) be a compact real tree and f € B4 (T x Ry). Notice that
{((x,y) € T?: y < x} ={(x,y) € T?: dW,x) = d(¥, y) + d(x, y)} is closed in
T2 and thus measurable. Moreover, the mapping y > Ty is measurable from T to
T by the proof of Lemma 3.1. Thus the mapping (x, y) > 1< f(Ty, H(y)) is
measurable. By Fubini’s theorem, it follows that

/TM(Ty)f (Ty, H(y)) £(dy) = /Tﬂ(dx)/Tl{y<x}f (Ty, H(y)) €(dy)
=/M(dx)f f(Ty, H(y)) €(dy).
T [9.x]

Let x € T and let fy,: [0, H(x)] — [#,x] be the unique isometry such that
Jp.x(0) = @ and fy (H(x)) = x. Using that EI[[M,XH = Ao f&; where A is the
Lebesgue measure on [0, H (x)], we get that

H(x)
/[[g ]]f (Ty: H()’)) £(dy) =/0 f (Tfm(r), H(f(/),x(r))) dr.
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Since fp , is an isometry, for every r € [0, H(x)], fy (r) is the unique ancestor of
x at height r, that is x,, and H(fpx(r)) = r. As Ty, () = Tx, = T, x for every
r € [0, H(x)], it follows that

Hx)
/T () £ (Ty. H(»)) £(dy) = /T (dx) /O F (Tys.r) dr.

This concludes the proof. O

The main result of this section concerns the continuity of the mapping W: T +— Wr.

Proposition 3.3 The mapping V: T +— W7, from T endowed with the Gromov-
Hausdorff-Prokhorov topology to M(T x Ry) endowed with the topology of weak
convergence, is well defined and continuous.

The end of this section is devoted to the proof of Proposition 3.3. For 7' a compact
real tree, x € T, s € [0,4+00], r € [0,s A H(x)], we define the following set of
elements of T such that their common ancestor with x has height in [r, s]:

Tirs.x=1yeT: Hy rnx) €[r,sl}.
Recall that x, is the ancestor of x at height r in T, and is also seen as the root of
the tree 7, . We shall see T}, 5], x as a compact real tree rooted at x, with measure
M Ty = w(- N Tj 6, x) and thus T}, 4, » € T. Recall that m(T}, 51, x) = w(Tir 5], x)
denotes its mass and h(7j, 51, x) = sup{H (y): y € T, 5], x C T} —r its height. Notice
in particular that 7}, 400}, x = T, x forr € [0, H(x)].

We first establish an estimate for the Gromov-Hausdorff-Prokhorov distance
between subtrees of two real trees in terms of the distance between the trees themselves.

Lemma3.4 Let T, T’ be compact real trees and let § > dgup(T,T'). Let R be a
correspondence between T and T' such that (3, #) € R and let m be a measure on
T x T’ such that

1 .
> dis(R) v D(m; u, ') v m(RE) < 6.

Then for every (x, x") in R and every r > 0 such that 65 < r < H(x) A H(x'), we
have

denp(Tr, 5, T, ) < 88 +2m (Tir—6s.r+651. x) + 20(Tir—35.r1651.x)- (3.5

Proof We shall bound dgup (75, «, Tr’ ) from above by
1. ~ ~ o~ o~y ~oRSC
2 dis(R) v D(m; p, 1) v im(R")
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where R is a well chosen correspondence between 7, , and 7 , and i (resp. it, i')
is the restriction of the measure m (resp. u, u') to T, » x T , (resp. T, r, T, ).
Notice that, for every (¢, '), (s, s') € R, we have

|d(t,s) —d'(t',s")| < dis(R) < 26. (3.6)

In particular, taking (s, s") = (4, #) € R yields |H(t) - H(t’)| < 26. Using this, we
get that for (¢,1') € R

H(t Ax)—38 < H(@{ Ax') < H(t Ax) + 36. (3.7)
Let (¢,7") € R. Assume that H(¢ A x) > r + 33. Then, we get that t € T, and
that H(t' A x") > r by (3.7), thatis " € T ,. This gives that (t,¢) € T, » x T/ .
Similarly, if H(#' Ax") > r+38, we get (¢,1') € Ty, X Tr’ .+~ Therefore, the following
set
R=1{(t.t) e R: max(H(t Ax), Ht' Ax")) =7+ 38} (Tir.r 136, x
<) U (1) % Tz )

is a correspondence between 7., and Tr’ - Using (3.6) and (3.7) and distinguishing

according to whether an element (z,1") € R lies or not in ‘R, it is not difficult to
establish the following bound for its distortion:

dis(R) < 108+ 20(Tir 4351, 2) + 20(T7, 4357, - (3.8)

Denote by 7 the restriction of the measure m to 7, X Tr’ e Routine arguments
yield the following bound for its distortion:

D (ﬁ, l’zv ﬁ/) =m (T[r—38,r+38],x) +m (T[/r_35’r+35]’ x’) + 66. (3-9)
Furthermore, we have
M(R) < m (T r435),5) + 2. (3.10)

Combining (3.8), (3.9) and (3.10) and using the definition of the Gromov-Hausdorft-
Prokhorov distance, we get

dcup (Tr,x, T,ﬂy) < 68 +m (Tjr—35,+351,x) + M (T[/r—35,r+35],x’)

+b (T["qr+33],X) +b (T[/}’,r+35],x’> . (3.1

Thanks to (3.7), it is straightforward to prove that
m (T[;_%,,m],x,) < (T —_6s.r1651,2) + 36, (3.12)
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0 (T 4351, ) =0 (Ti3s.rv69,5) — 5. (3.13)

Using (3.12) and (3.13) in conjunction with (3.11) yields the result. O

Proof of Proposition 3.3 Fix a compact real tree T = (T, d, ¥, ). We will show that
Wy — Wy weakly as T' — T for dggp. Lete > O and let T = (T, d’, ¥/, u’) be
a compact real tree such that dgup(T, T') < ¢. Then there exist a correspondence R
between T and T’ and a measure m on T x T’ such that (4, #") € R, m(R°) < e,
dis(R) < 2¢ and D(m; pu, ') < e. In particular, we will make constant use of the
inequalities |m (T x T') —m(T)| < ¢ and |H (x) — H(x")| < 2¢ for (x, x") € R. Let
f € Cp(T x R;) be Lipschitz. Write

Wr(f) =W (f) = A1+ Ay + A3 + Ay,

where

H(x) H(x)
A =/M(dX)/ f(Tr,x,r)dr—/mop*%dx)/ F(Ty. s r)dr
T 0 T 0

H(x) H(x")
Ay = / m(dx, dx”) / ST, x,r)dr — / f(Tr’ e 1)dr
R 0 0 ’
H(x) H(x")
Az = / m(dx, dx”) / [Ty 5, r)dr —/ f(T! . r)dr
c 0 0 ’
| H(x") H(x")
Ay :/ mop~ (dx’)/ f(T ., rydr —/ ,u(dx/)/ f(T! ., rdr.
T 0 ' T/ 0 '

Notice that

H(x)
|A1] < 2drv(mo p~', 1) SUP/O ST x,r)dr <26(T) [ fllo e (3.14)

xeT

Similarly, we have

|A4l = 26(T) | flloo & < 2(0(T) +28) | flloo &, (3.15)

where in the second inequality we used that h(T") < b(T)+2dgup(T, T') < h(T)+2¢
by (2.3). Next, we have

|A3] = mRYGT) + 5T 1 flloo = 20(T) + ) [ fllo & (3.16)
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We now provide a bound for A>. We have

H(x) H(x")
A2 = /;z I{H(X)EH(X/)}m(dx, dx/) ‘/(; f(T,»,X, r)dr - /(; f(Tr, X' r)dr

H(x) H(x")
—i—/Rl{H(ka(x/)}m(dx,dx’) /0 f(TmC,r)dr—/0 f(Tr/’x,,r)dr .

(3.17)

We only treat the first term, the second one being similar. We have

H(x) H(')
AI{H(x)ZH(x’)}m(dx,dx/) /o f(Tr,x,V)dr—/O f(T] o, r)dr

H(x")
=/R1{H(X)Z,,(x,)}m(dx,dx’) /0 (f(T,,x,r)—f(Tr”x/,r)> dr

H(x)
+/ STy x,r)dr ).
H(x')

On the one hand, we get

H(x)

'/ g (> H o ym(dx, dx') STy, x,r)dr
R H(x')

=< /R I fllo |1H (x) — H(x")|m(dx, dx)

< 1 flloom(T x T') dis(R)
=201 flloe ((T) + £)e. (3.18)

On the other hand, we have

H(x")
|/;g L o)>Hym(dx, dx/)/o (f (T x.r) = F(T) . r))dr

H(')
< ”f”L/ l{H(x)zH(x’)}m(dx:dx/)/ doup (Tr.x T/ ;) Lirz6e)dr
R 0

6e
—}—/ m(dx,dx’)/ 21 fllo dr
R 0

H(x)
<2 fll. /m(dx, dx/)/ (M(Tjr—66,r+661, x) + B(Tir—3e.r4+661, x)) Lir=6e) dr
0

+ I AL oM (MU(T) + e)e + 12| fllo (M(T) + €)e. (3.19)
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where we used (3.5) for the last inequality. Using Fubini’s theorem, we get

H(x)
/m(dx» dx/)/ m(T[r—6s,r+6s],x)1{r26£} dr
0
H(x)
= /m(dx, dx/)/ u(t: H(t Ax) €lr —6g,r+6c])1>6 dr
0

H(x)
= /m(dx,dx/)/ M(dl)/ Liuarv)er—6er+6ey 1ir=6¢) dr
T 0
< 12m(T)(m(T) + ¢)e. (3.20)

Moreover, since T is compact, it holds that for every x € T and every § > 0, there
is a finite number of subtrees with height larger than § attached to the branch [, x].
Letr € (0, H(x)). Recall that x, is the unique ancestor of x with height H(x,) = r.
Assume that x, is not a branching point. Then, for every § > 0 and for ¢ > 0 small
enough (depending on §), there are no subtrees with height larger than § attached
to [[x,—3e, Xr+6e]- (To be precise, if y € [x,_3¢, Xr+6¢] is a branching point, the tree
attached at y is T s, » Withs = H (y)). Therefore, we have b (T}, -3¢, r+6¢], x) < 6+9¢.
This proves that, for every r € (0, H(x)) such that x, is not a branching point,

é?li_l;l})h(T[r—Sa,r+6a],x) =0. (3.21)

But since T is compact, there are (at most) countably many r € (0, H(x)) such that
X, is a branching point. It follows that (3.21) holds for every x € T and dr-a.e. r €
[0, H(x)]. Notice that h(T;_3¢ rt6¢, x) < h(T) and the measure 1o<, < g (x)) n(dx)dr
is finite as its total mass is less than h(7")m(7) which is finite. We get by the dominated
convergence theorem that

H(x)
lim M(dx)/ B(Tr—3e.r+6¢1, x) 1 r=6ey dr = 0.
e—~0 )1 0

Since

H(x)
/ (m o p_l(dx) - M(dx)) / b (T[r—3s,r+6s],x) 1{>6¢) dr
T 0

< 20(T)2dry <m op~l, M)
< 25(T)%,

it follows that

H(x)
tim [ m@e,dd) [ DT s dr =0, (22)
e—0 0
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Thus, by (3.14)-(3.16), (3.18)-(3.20), and (3.22), we deduce that

lim  sup Wy (f) =Yr(f)
EHOdGHp(T,T’)«;

for every Lipschitz function f € Cp(T x Ry ). This proves that W: T — M(T x Ry)
is continuous which concludes the proof. O

4 Bienaymé-Galton-Watson trees and stable Lévy trees

Throughout this work, we fix a random variable & whose distribution is critical and
belongs to the domain of attraction of a stable distribution with index y € (1, 2]. More
precisely, we assume that & takes values in N = {0, 1, 2, ...} and that it satisfies the
following conditions:

(1) &iscritical,ie. E[E] =1,

(£2) & belongs to the domain of attraction of a stable distribution with index y €
(1,2],ie. E[€21g<p] = n?7V L(n), where L: R — Ry is a slowly varying
function.

By [23, Theorem XVIL.5.2] or [29, Theorem 5.2], assumption (£2) is equivalent to the
existence of a positive sequence (b,,, n > 1) such that, if (§,, n > 1) is a sequence of
independent random variables with the same distribution as &, then

1 (v @
E(;ék—n> —— X, @.1)

where (X;, t > 0) is a strictly stable spectrally positive Lévy process with Laplace
transform [E [exp(—AXt)] = exp(tkAY) where y € (1,2] and « > 0. Note that
we have automatically b,/n — 0 as n — o0o. In most of our results, we make the
following stronger assumption on &:

(€3) E [521{55,1}] = n?>"YL(n) where L: R, — R, is a slowly varying function
which is bounded away from zero and infinity.

Assumption (£3) is equivalent to the normalizing sequence (b,, n > 1) which appears
in (4.1) satisfying

bn'"" <b, <bn'”, Vn=>1, 4.2)
for some constants 0 < b < b < oo. Indeed, if y = 2, we have the convergence of
nb;zL(b,,) to some positive constant by [29, Theorem 5.2 and Eq. (5.44)]. Similarly,
if y € (1, 2), using [29, Theorem 5.3 and Eq. (5.7)], we have as n — oo that

2—y

nP (& > by) ~ nb, ” L(by).
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On the other hand, [29, Eq. (5.10)] entails the convergence of nlP (¢ > b,) to some
positive constant. Therefore, for y € (1, 2], the sequence n!/ Vb, 'L(by)'7 converges
to some positive constant. Thus, if L is bounded away from O and infinity, then (4.2)
follows. The proof of the converse (which we shall not use) is left for the reader.

4.1 Results on conditioned Bienaymé-Galton-Watson trees

Recall that the span of the integer-valued random variable £ is the largest integer Ag
such thata.s. & € a+ ApZ for some a € Z. As we only consider £ with P (§ = 0) > 0,
the span is the largest integer Ao such that a.s. £ € AoZ, i.e. the greatest common
divisorof {k > 1: P (£ = k) > 0}.

Assume that £ satisfies (§1) and (£2) and denote by g the density of the random
variable X| appearingin (4.1). Then the function g is continuous on R (in fact infinitely
differentiable) and satisfies

1

R ETA)

(4.3)

where I" is Euler’s gamma function, see [23, Lemma XVII.6.1] or [29, Example 3.15
and Eq. (4.6)]. In particular, when y = 2, g is the density of a centered Gaussian
distribution with variance 2« and we have

1
9(0) = W : 4.4

Recall that (§,, n > 1) is a sequence of independent random variables with the same
distribution as £ and define S, = Y} _, &. The following result is a direct consequence
of the local limit theorem, see e.g. [27, Chapter 4, Theorem 4.2.1].

Lemma 4.1 (Local limit theorem). Assume that & satisfies (1) and (§2) and denote
its span by \g. We have

b Aok —
lim sup k—"]P’(Snzkok)—g< 0 n) =0,
0

n—>00 ;0 bn

where g is the density of the random variable X defined in (4.1). In particular, for
any fixed k > 0, we have as n — oo with n = k (mod L),

_ *0g(0)

P(S=n—k~=

4.5)

Let r be a BGW(§) tree, see e.g. Athreya and Ney [11]. By the well-known Otter-
Dwass formula, we have, for every n > 1,

P(|t|=n)=%IP’(Sn=n—1). (4.6)
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In particular, we get P (|t| =n) = 0if n £ 1 (mod Xp) while P (|| =n) > 0 for
all large n with n = 1 (mod Ag) by Lemma 4.1. We denote by A the support of the
random variable |t| when t is not reduced to the root, that is

A={n>2: P(t| =n) > 0}. 4.7

In particular, the previous discussion implies that A C 1 4+ AoN and conversely,
14+Xon € A forall large n. In what follows, we only consider n € A and convergences
should be understood along the set A.

We will also need the following sub-exponential tail bounds for the height of condi-
tioned BGW trees, see [35, Theorem 2] and the discussion thereafter. Foreveryn € A,
" will denote a BGW(&) tree conditioned to have n vertices, that is t”* is distributed
as T conditionally on {|t| = n}.

Lemma 4.2 Assume that & satisfies (§1) and (§2) . For everya € (0, y/(y — 1)) and
every B € (0, y), there exist two finite constants Co, co > 0 such that for every y > 0
andn € A, we have

bn n —o
P (zb(r ) < y) < Coexp (—coy™). (4.8)

by
P (gb(t”) > y) < Coexp (—coy”). (4.9)

Remark 4.3 (i) If moreover & satisfies (£3), then we can take @ = y/(y — 1) in
(4.8), see Appendix B.
(i) If & has finite variance 052 € (0, 0o) (in which case (£3) is satisfied), we have

y = 2 and we can take b, = oz +/n in (4.1) with k = 1/2 (this is just the central
limit theorem). Then both (4.8) and (4.9) hold with o = 8 = 2, see [5, Theorem
1.1 and Theorem 1.2].

An immediate consequence of Lemma 4.2 is the following estimate for the moments
of h(z"*) which extends [5, Corollary 1.3].

Lemma 4.4 Assume that & satisfies (1) and (§2) . For every p € R, we have

by, P
sup E [(—b(f")) :| < 0.
nelA n

Proof Let p > 0. Fix 8 € (0, y). By Lemma 4.2, we have for every n € A

by n b OO —1 b n
E[(—h(r )) } =p/ yP P(—h(r ) > y) dy
n 0 n

o0
< Cop/ ypflefcoyﬁ dy < oc.
0
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Similarly, fix @ € (0, y/(y — 1)) and apply Lemma 4.2 to get

b, P © b, 1
E[(—h(r”)) ] - y’”IP’<—b(r”) < —) dy
n 0 n y
oo o
< Cop/ y”_le_coy dy < oc.

0

This proves the result. O

We end this section with the following lemma used in the proof of Remark 1.2-(vi).

Lemma 4.5 Assume that & has finite variance 0%_2 € (0,00). Let o', B € R such that
20 4+ B < 0and set for g(t) = [t|* H(t)PLyjg=1). Then we have

VE [ for ﬁ(f")2]

E[fu p(r)] < o0, nll)ngo]E [fa/,ﬂ(r”)z] =0 and Z < 0.
neA
Proof Recall from (4.7) the definition of A. We have

E[fop(m] =D n"E[hGc"]P (| =n).

neA

Using (4.6) and (4.5), (4.4) with b, = o¢+/n and k = 1/2, we have as n — oo that

A
P(t| = n) ~ —2_p3/2,
271(752

Since E [h(t")#] = O(nP/?) as n — oo by Lemma 4.4, we get that

E [fa,’ﬁ(f)] <C Zn—3/2+a/+ﬁ/2 - o0

neA

Applying Lemma 4.4 again gives E[fy 5(t")?] = n®**E[p(") ] 1p=1y <

Mn2+P for some finite constant M > 0, and the last term converges to 0 as n — oo.
Finally, we have

E " n)2
3 [far.p (7] <V n TR <o
n

neA neA

O
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4.2 Stable Lévy trees

Let us briefly recall the definition of the height process and the associated Lévy tree,
see e.g. [16,17,34,37]. Recall that (X;, ¢ > 0) is a strictly stable Lévy process with
Laplace exponent (1) = kAY where y € (1,2] and x > 0. For y € (1, 2), denote
by 7 the associated Lévy measure

ky(y —1) dx

@) =T

(4.10)

Le Gall and Le Jan [37] proved that there exists a continuous process (H(t), t >
0) called the ¥ -height process such that for every + > 0, we have the following
convergence in probability

1 t
H() = lim — 1 s
(1) gir%) e /(; {Xs<I}+e} ds,

where I} = infj; ;) X. In the Brownian case, H is a (scaled) reflected Brownian
motion. Let N be the excursion measure of H above 0 and set

o=inf{s >0: H(s) =0} and bh =sup H(s) 4.11)

5>0

for the duration of the excursion and its maximum. We choose to normalize the excur-
sion measure N such that the distribution of ¢ under N is 7, given by

dx

m4(dx) =N[o € dx] = 9(0)x1+1/y’

(4.12)

with g(0) given in (4.3). Furthermore, by [18, Eq. (14)], the distribution of f under N
is given by

N[h > x]= (k(y — Dx) V=D, (4.13)

We have the following equality in “distribution” for the height process, see e.g. [19,
Eq. (40)],

@

(H(xt), > 0) under x'/YN x'"YYH underN.

Using this, one can make sense of the conditional probability measure N®[e] =
N[e|o = x] such that N®-as., 0 = x and

N[e] = / - N®[e] 7, (dx).
0
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Informally, N©@ can be seen as the distribution of the excursion of H with duration x.
Moreover, the height process H has the following scaling property

@

(H(s), s € [0, x]) under N® (xl—l/VH(s/x), s €0, x]) under N,

(4.14)

See also Lemma 6.11 for the scaling property of H and related processes.

We call the stable Lévy tree with branching mechanism (1) = x A, the compact
real tree 7 coded by the -height process H under N1, See Remark 2.1 for the
coding of real trees by excursion paths. Thanks to the Ray-Knight theorem, see [17,
Theorem 1.4.1], the stable Lévy tree codes the genealogy of the stable continuous-state
branching process.

Remark 4.6 Notice that 0 = m(7y) and h = h(7y) are the mass and the height of
the tree 7y coded by the height process H under N. Furthermore, for s € [0, o], the
notation H (s) is consistent with the one introduced in Section 2.4 since H (s) is the
height of s in the tree coded by H under N.

Remark 4.7 In the Brownian case 1 (1) = kA2, the /-height process H is distributed
under N as \/2/k e where e is the normalized Brownian excursion. In particular,
k = 1/2 corresponds to Aldous’ normalization of the Brownian tree [8, Corollary 22],
while x = 2 corresponds to Le Gall’s [36, Definition 2.2].

4.3 Convergence of continuous functionals

For every n € A, we let " be a BGW(&) tree conditioned to have n vertices, and
let 7" = (b,/n)t" be the associated real tree rescaled so that all edges have length
by, /n and equipped with the uniform probability measure on the set of vertices whose
heights are integer multiples of b, /n. Duquesne [16] (see also [34]) showed that the
convergence in distribution

gn _@D

n—oo

T (4.15)

holds in the space T where 7 is the stable Lévy tree with branching mechanism
Y(A) = KkAY.

The following result is an immediate consequence of Proposition 3.3. Recall from
(3.1) and (3.2) the definitions of the measures W7 and \IJ? b

Corollary 4.8 Assume that & satisfies (§1) and (§2) . Let t"* be a BGW(§) tree condi-
tioned to have n vertices and let T" = (b, /n)Tt" be the associated real tree rescaled
so that all edges have length by, /n (where by, is the normalizing sequence in (4.1)).
Then we have the convergence in distribution Wy n 9 Wrin M(T x Ry), where T
is the stable Lévy tree with branching mechanism ¥ ().) = kAY. In particular, we have

el Loy iy M(R2).
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The convergence in distribution obtained in Corollary 4.8 is unsatisfactory to study
the asymptotics of additive functionals of large BGW trees as it involves the real
tree 7" instead of the (discrete) BGW tree 7". To remedy this, we shall introduce a
discrete version of the measure W7 when T is associated with a discrete tree. Let t be
a discrete tree and a > 0. Recall that at denotes the real tree associated to t where
the branches have length a, and that for v € t, av denotes the corresponding vertex in
at, see Section 2.4 for the definitions. We define two nonnegative measures Ay , and
At g on T x Ry as follows: forevery f € By (T x Ry),

a
It]

a

‘Ato.a (f) = m

thwlf(atw,aH(w)) and | Agq(f) =

wet®

> Itwl f (aty, aH(w)) |

wet

(4.16)

where at,, is the subtree of at above aw. Note that the sum is over all internal vertices
of t for Af’ 4» while for A¢ , the sum extends over all vertices including the leaves.
In other words, the measure Af, . ignores the subtrees rooted at a leaf of t (which are
trivial trees consisting only of a root equipped with a scaled Dirac measure). Let us
take a moment to explain why we introduce the measure Ag ,. While At , seems more
natural, the measure A , has the advantage of putting no mass on the set

Tox Ry ={T €T: m(T)=0o0r h(T) =0} x Ry.

This will be useful as we are interested in sums of the form (4.16) where the function
f may blow up on Ty x R;. We now give estimates for the distances between the
three measures Af’ o> At.a and W, on T x R, which are associated with the discrete
treet and a > 0.

Lemma4.9 Lett be a discrete tree and let a > 0. We have

3
dpL (Wat, Ata) < a (ZAt,a(l) + 1) , (4.17)
drv(Aga, A7) < a. (4.18)

Proof Let f € Cp(T x R4 ) be Lipschitz. Recall that T = at is the real tree associated
with t, rescaled so that all edges have length a and equipped with the uniform prob-
ability measure on the set of vertices whose height is an integer multiple of a. Recall
also that for v € t, av denotes the corresponding vertex in 7 = at. In particular,
H(av) = aH (v), where H (av) is the height of av in the real tree at and H (v) is the
height of v in the discrete tree t. Thus, we have

1 H(av) 1 aH(v)
i (h = Z/O P dr = o Z/O (T ) dr
vet vet
H(v)

k
= % Z Z/ f (Tur,av. ar) dr.
It 5 = e
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On the other hand, note that for every 1 < k < H(v), we have Ty, q» = Tyw Where
w € tis the unique ancestor of v with height k. Thus, we have

H(v)
DN (Tukav-ak) =Y > f (Taw, aHW)) = Y [tu| f (Taw, aH (w))
vet k=1 vet w=xv w#P

w#p

t
- 'a—'At,a(f> —1t1f (T.0).

Therefore, we deduce that

H(v)

k
|\IlT(f) 7-At,a(f)‘ = %Z Z/}; X ‘f(Tar,avy ar) - f(Tak.aUv le)| dr+alflle
vet k=1 """

H(v)

k
fﬁ%}:}:ﬂ ﬂfh@hw(ﬂmm ak,av) Fatk =) dr+al fls -
vet k=1 -
(4.19)

Since for k — 1 < r < k, the tree Ty, 4y is obtained by grafting Tk, 4, On top
of a branch of height a(k — r) and no mass, it is straightforward to check that
dgup (Ta,‘,w, Tak,av) < a(k —r)/2. It follows that

H)
3 3
(W7 (f) = Ava ()] < %Z‘ > T+ al o = 5 1F I A 4@l Fllo

vet k=1

By definition of the distance dpr, we deduce that
3
dpL (7, Ara) < a Z»At,a(l) +1).
Next, let f € B,(T x R;). We have

a

[Ata(f) = AL (N)] = m

< LILED 1 fll < all fllao -

> ltwlf (Taw, aHw))| < "

weLf(t)

Taking the supremum over all f € B,(T x R;) such that || f|l,, < 1 yields
dTV (At,av A?,a) <a. O

We now restate the convergence of Corollary 4.8 in terms of the discrete trees 7.
To avoid cumbersome notations, we write

A,c,; = A;",bn/n and An = A-[",hn/n .
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Recall that for a discrete tree t, w € t and a > 0, we have that h(at,) = ah(t,) and
m(aty,) = |ty,|/|t]. We shall also consider the following variant of the measure A,
for functions depending only on the mass and height: for every measurable function
f belonging to B, ([0, 1] x R4),

by wl bu,
apver =2 3 el (P o) | (4.20)

wet:°

We have the following upper bound of their total mass.

Lemma 4.10 We have:
bn bﬂ
A1) < 7h(r") and A, (1) < 7(b(z")+ 1). (4.21)

Proof The proof is elementary as

A= = Y Y=Y he < P,

wetr° wer™° w=xv vet'

bn
>l |_A°(1)+ 7 L] <~ (5™ +1).

weth

l\)|§

We have the following convergence of A7 as n goes to infinity.

Corollary 4.11 Assume that & satisfies (§1) and (§2) and let t" be a BGW(§) tree con-
ditioned to have n vertices. Then for every f € Cp(T x R), we have the convergence
in distribution and of all positive moments

o bn bn bn (d)+moments
AL (f) = njw;,oh;l}'f <77$, 7H(w)> T) vr(f), (422

where Tis the stable Lévy tree with branching mechanism (LX) = kAY. In particular,
forevery f € Cp([0, 1] x Ry), we have

ArDe(f) = Z k2 "|f<

wer" ©

|7y

by, moments m
. h( ")) (S 90 (f). (423)

Remark 4.12 By (4.18), we have that a.s. and in L'

drv (An, Ay) —— 0.

n—oo

In particular, the convergences of Corollary 4.11 still hold if we sum over t”* instead
of T'»°

@ Springer



Additive functionals of conditioned BGW trees

Remark 4.13 Another model of random trees is the uniform Pdlya trees which are
rooted, unlabelled and unordered trees. In [38], Panagiotou and Stufler show that the
scaling limit of uniform Pdlya trees is the Brownian tree and that the sub-exponential
tail bounds of Lemma 4.2 hold in this case with @ = 8 = 2. Let 2 C N be such
that 2 N {0, 1} # Q and let T" denote the uniform random unordered tree with
n vertices and vertex outdegree in 2. Then there exists a finite constant cqg > 0
such that (cq/+/n)T" converges in distribution to the Brownian tree 7 with branching
mechanism ¥ (1) = 22. Thus, the result of Corollary 4.11 holds for T and the proof
is exactly the same as in the BGW case: for every f € Cp(T x Ry),

Q (d)+moments
Tl f (—T" —H(w)> —> V7 (f).
3/2 w;(} ﬁ n—o0o

Proof of Corollary 4.11 Denote by 7" = (b,/n)T " the real tree associated with "
rescaled so that all edges have length b, /n and equipped with the uniform probability
measure on the set of vertices whose heights are integer multiples of b, /n. By Lemma
4.9, we have

by (3
dpr, (Wrn, AY) < dpL (W7n, Ay) + 2dry(Ap, A9) < - <ZA”(1) + 2) .

Thanks to (4.21) and Lemma 4.4, we have that M = sup, . E[A,(1)] is finite. It
follows that

limsupE [dBL (\IJTH, Afl)] < lim b— <3TM + 2> =0.

n—00 n—oo n

Thus, using that Wz “@ Wrin M(T x Ry ) by Corollary 4.8, Slutsky’s lemma yields

the convergence in distribution A, @ Wrin M(T x R, ) which proves (4.22).

Let f € Cp(T x R4). Using Skorokhod’s representation theorem, we may assume
that the convergence (4.22) holds almost surely. To prove the convergence of positive
moments, it suffices to show that the family (A} (f), n € A) is bounded in L? for
every p € [1, 00). This is the case as by (4.21), we have A% (f) < || flloo An(1) <
I flloo 22(z™), and the family (%2h(z"), n € A) is bounded in L for every p €
[1, co) by Lemma 4.4. This completes the proof. O

The Gromov-Hausdorff-Prokhorov convergence (4.15) allowed us to derive an
invariance principle (4.22) for a certain class of additive functionals on BGW trees,
namely those associated with real-valued continuous bounded functions f defined on
T x R.. In the sequel, we will be looking at a similar invariance principle when f
blows up on T x R . It is not surprising that the Gromov-Hausdorff-Prokhorov con-
vergence alone does not allow us to say anything about the convergence of Wy (f)
in this case as the next remark illustrates.

Remark 4.14 Let t” be a Catalan tree with n vertices, where n € A = 2N+ 1. In other
words, 7" is uniformly distributed among the set of full binary ordered trees with n
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vertices, which corresponds to a BGW(§) tree with P (£ =0) = P(£ =2) = 1/2
conditioned to have size n. Notice that £ has finite variance asz = 1. Take b, = /n/2
so that by (4.15), 7" = (1/24/n)t" converges in distribution in T to the Brownian
continuum random tree 7 with branching mechanism v (1) = 222, In fact, it is well
known, see e.g. [39, Theorem 7.9], that there is a representation of 7 " such that the
almost sure convergence holds. Denote by 7." the real tree obtained from 7" by
stretching the leaves by a distance of ¢ > 0 and equip it with the uniform probability
measure on the set of branching points and leaves. Fix0 < o < 1/2 and setg, = n™“.
It is clear from this construction that 7. is a T-valued random variable and that a.s.

donp (T,). T") < &n.

So it follows that 7' converges to 7 a.s. in the sense of the Gromov-Hausdorff-
Prokhorov distance. We consider f(7,r) = m(T)™ and if v € M(T x R;) we
write v(x~%) for v(f). According to [15, Theorem 3.1], we have the following a.s.
convergence A, (x %) —= W7 (x~%). Inconjunction with the identity W7 » (x~%) =

Ap(x~%) — 1/(24/n), this proves the a.s. convergence

Wrn(x™) m Wr(x™").

On the other hand, we have

1 @vm T H@)ren [\ 7%
Wrn (x7Y) — Wrn(x™%) = =l > / il dr
&n T (

weltcen ) VM~ H(w) "

n+1
— n¥ lsn

2

since |t "| = n and | Lf(z"")| = (n + 1)/2. Thus, we get

1
Wrn (x7%) = Wrn(x™9) — 5
—o0 2

In conclusion, even though we have the a.s. convergence 7, towards 7 in T,
lIJTn (x™%) does not converge to W7 (x~%) for « € (0, 1/2). ThlS proves that the
contlnulty of W7 (f) in T when f blows up on T, which has been observed in [15],
is indeed specific to BGW trees.

5 Technical lemmas

In this section, we gather some technical results that will be used later. The next
lemma, which gives sufficient conditions for boundedness in L! of functionals of the
mass and height on BGW trees, will be a key ingredient in proving our convergence
results. Recall that T is a BGW(£) tree and 7”7 is a BGW(£) conditioned to have

@ Springer



Additive functionals of conditioned BGW trees

n vertices. Recall from (4.20) the definition of the measure .A,'?h’o and notice that
,Th’o([O 1] x Ry \ (0, 1] x RY) = 0. For this reason, we also see .A,r,nh’o as a

measure on (0, 1] x R%. By convention, we write A,Th’o(g(x)h(u)) for A,Tb’o(f)
where f(x,u) = g(x)h(u), and we see g as a function of the mass and % as a function
of the height.

Lemma 5.1 Assume that & satisfies (§1) and (§3) . Suppose that f € B, ((0, 1] xR%)
satisfies one of the following assumptions:

(i) f is of the form f(x,u) = g(x)uﬁ or f(x,u) = x*h(u) where a, 8 € R and

g, h are nonincreasing and
/f(xy/(y_l),x)dx < 00. (5.1
0

(ii) f(x,u) = g(x)e“nl[l,oo)(u) where n € (0,y) and g € B4 ((0, 1]) is nonin-
creasing and satisfies f() g(x)e ™ " dx < oo for somerg € (0,y — 1).

Then, we have

sup E [A,Th‘o(f)] <

neA

Proof of Lemma 5.1 Here ¢, C and M denote positive finite constants that may vary
from expression to expression (but are independent of n and x). Let n € A so that
P (S, =n—1) > 0. Observe that w € t"° if and only if |7,/ | > 1 and that the root
¢ is the only vertex in t" such that |t]}| = n. Thus, for every f € B ([0, 1] x R}),
we have the decomposition

n " bn
E I:A;nh»o(f)] = —FE |: E | n|f <u 7h(.l/_g))):|
n bn
-y [Z Li<jegi<nylTy) If(Ir ul " h(fff;))}

wet”

+ lﬁE |:f <1, lﬁh(r”))} .
n n
By [30, Lemma 5.1], we have
n by,
) |:Z 1{1<\r”|<n}|f |f <u _b( n)):|

__n ]P)(Sk—k_l)]P)(S k:n_k) Elﬁ L
- Z P(Sn =n-—1) E[f (n’ n b(T )>j| 1{1<k<n}7

S | &

S

(5.2)
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where by convention the summand is zero for k ¢ A. Using Lemma 4.1 and (4.2), we
get foreveryn € A andevery 1 <k < n,

1/
anP’(Sk:k—l)]P’(Sn_k:n—k)< b2 - ( n? >V

C -
P(S, =n—1) = bebnr — \k(n —k)

We deduce that

T8 ba c bu .
L;olwlf( Lo w)} ;Zgn<k>+ E[f(l,;b(r ))]

! by by
:C/ g,,([nx])dx—k—E[f (1,—?](1'”))],
0 n n

(5.3)

where we set

2 1y k b
(k) = " E|lfl- —nf)(‘[k) 1{1<k<ny forallk € A, (5.4)
&n( k(n —k) n’ n '

and g, (k) = 0 for k ¢ A. We will constantly make use of the following inequality

K\ b, k K\ -y
c(—) g—b—§C< ) foralll <k <n, (5.5)
n

n n
which follows easily from (4.2).

First case. Assume (i). First, we considerthe case f(x,u) = g (x)uP.Since b, /n— 0,
we deduce from Lemma 4.4 that

lim —E|f(1, —bE") ) |=¢g() lim —E|[—hH(") =0. (5.6)
n—-oo n n n—-oo n n

For every 1/n < x < (n — 1)/n, it holds that x < [nx]/n < 2x and n — [nx] >
n(l — x)/2. Thus, for every x € (0, 1), using Lemma 4.4 for the last inequality, we
have

B
gn([nx]) < Mx~7 (1 —x)~17g (Mn—”) E [(l:b(rr””)) } 11 <nrn—1)

<Mx7"(A—x)" W g(x >(b m) sup [( h(z )) ]mwgnl}
brnx keA

< Mx(ﬂJrl)(l*l/)/)*l(l _ x)fl/yg(x).
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It follows that

1 1
f g,,([nx])dngf g(o)xBHDU=UM =1 _ )=y gy, (5.7)
0 0

where the right-hand side is finite by (5.1) as y > 1. Combining (5.6) and (5.7), it
follows from (5.3) that
)):| < 00.

Next, we consider the case f(x,u) = x%h(u). By Lemma 4.2 and (i) from
Remark 4.3, we have, for every k € A,

DL |f(" wl O

wet°

neA neA

sup E [A,Th’c’(f)] sup —E |:

P (%"h(rk) < y) < 1 (Coexp (—eoy™/77V)). (5.8)

Denoting by Y a random variable whose cdf is given by the right-hand side of (5.8)
and using (5.5), we get, for every 2 < k < n,

b by k K\
Zh(h) 2 ——Y > ¢ (—) Y, (5.9)
n n by

n

where > denotes the usual stochastic order. In particular, since Y has density
¥ i Cy =@V e (—egy YD) 1,0y (3)
for some a > 0, the first inequality in (5.9) applied with k = n gives, foreveryn € A,
by, ., o° —eoyr/=D dy
B[ (Zoen) ] <z = c [ hore RS
(5.10)

Note that the last integral is finite: indeed, since 4 is nonincreasing, we have

°°h —eoy VD < h(l
] (e yer=D/G=1 1)/()/ n <A y@r=D/(y=1) 1>/<y n =%

and by (5.1)

1 —coy V/r=Db
—eoyr/ =D dy - L
/0 h(y)e yer=D/=1 = 0221 ylHtDy/(y=1)

1
x/ h(y)y*?' =D dy < 0o. (5.11)
0
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Then, applying (5.9) with k = [nx7 and using the fact that / is nonincreasing, we get
for every x € (0, 1):

gn([nx) < Mx~ 17 (1 —x)~1/r (?) E [h (Z—"b(r“’”))] Lji<nx<n—1

<Mx*Vra1 —x)"VE [h <cx1_l/yY)]

a i d
a=1/y 1 _ —1/y ( 1-1/y ) —coy /b 4y
< Mx (1—x) /0 h{cx y)e y@r=D/(r=D
acx!=1/v
l+a=1/y (1 _ »\~1/r Srarlb __du
< Mx (1—x) /0 h(u)e u@r—/G—1)

for some positive constant » > 0, where in the last inequality we made the change of
variable u = ¢x'~1/7 y. Therefore we have

1
/ gn ([nx1) dx
0

1 acx'=11v
l+a—1/y _ —1/y 7””471//(]/—1) d—l/l .
< M/o x (1I—-2x) dx./o h(u)e u@r=D/y=1

(5.12)

It remains to check that the last integral is finite. But, arguing as in (5.11) with r instead
of cp, we have

. acx'=1/v
/ x1+a71/y(1 B x)—l/y dx/ h(u)efrxufy/(y—l) %
1/2 0 ’
1 ac
RN V5% —ru= /=02 d—u
<M 1/2(1 x) dx/O h(u)e u@r—j—1n =

Let 8 = y/(y — 1). Making the change of variable y = xu % with u fixed, we have,
thanks to (5.1),

1/2 acx'=1v 5 d
/ x1+a71/}’(1 _ x)*l/)/ dx/ h(u)e " 8 115
0 0 u

o8] o8]
<m0 [ et ay [T hu
- R e A

ac

o0
< Zl/yf ylte=1/ye=ry dy/ huw)u®® du < oco.
(ac)=3 0
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The right-hand side of (5.10) and (5.12) being finite and (b, /n, n > 1) being bounded,
we deduce from (5.3) that

supE[A;“h,O(f)iI sup —E|: Z | <|T wl b 2 n)>i| < co.

neh wer°

Second case. Assume (ii). Fixn € (0, y) and set h(u) = e”nl{uzu. Choose 8 € (n, )
such that B(1 — 1/y) > ro. By (4.9) and (5.5), we have, for every k € A such that
2<k<n,

b by k K\
“h(hy <y ——Z<C (—) Z, (5.13)
n n by n

where Z has density z +— Mzﬁ_le_c"zﬂl[a,oo)(z) for some a > 0. So, we get for
x € (0,1)

gn([nx]) < Mx™17 (1 —x)117g <rizﬂ> B [h (%h(ﬂ”ﬂ))]

<Mx V"1 =) Vg0 E [h (Cxl_l/VZ)]
o0
< MxYra —x)*‘”g(x)f h (Cx‘*‘/yz) Ple— gy
a
1y _ Uy * B—1_.c12"—cozP
< Mx (I—=x) g (x) 7 e l{cxl—l/yzzl}dz,
a

where we used (5.5) for the first and second inequalities, the monotonicity of g and &
for the second and the fact that (C x=v Vz)n < ¢17" for some finite constant ¢; > 0

for the last. Notice that if r < ¢, then the function z e”'zn_(CO_’)zﬂ is bounded on
R4 as 8 > n. It follows that

1 1 00
/Ogn(rnxhdstfo x—W(l—x)—”Vg(x)dx/O P ey d2

1
< M/ Vv —x)_l/”e_rc_ﬁx_ﬁ“_l/y)g(x) dx
0
l — I
< M/ A —x)"7e™ P g(x)dx < oo, (5.14)
0

. . . . _ =10 _rC—B—BU=1/y)
where in the last inequality we used that the function x > x~1/7e* 0—7C Pamptly

is bounded on (0, 1] as B(1 — 1/y) > rp. On the other hand, we have

@E [f (1, QU(T"))} < Ilg(l)E[h(Z)] < Mll/ Plect" a0 4, < M,
n n n n Ji

(5.15)
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where we used the first inequality from (5.13) with k = n and the fact that £ is
nondecreasing for the first inequality and that b, /n converges to 0 as n — oo for the
last. Combining (5.14) and (5.15), we deduce from (5.3) that

b,
> i (12 7h(r$))} < oo

wet°

by
sup E [A,Tb‘o(f)] = sup - E
neA I

neA
O

As a consequence of the following lemma, we get that (.A,Th’o(x"‘uﬁ ), n € A)is
bounded in L? for some p > 1.

Lemma5.2 Leta, B € R such that ya + (y — 1)(B 4+ 1) > 0. For every p > 1 such
that p(ya + (y — 1)B) > 1 — y and § € R, we have:

neA

S
sup E [(%m’u) .A,‘?h’o(xauﬁ)p:| < oo. (5.16)

Proof Set M,, = %"f)(r”) forn € A.Let pg, qo € (1, 00) suchthat 1/pg+ 1/q0 = 1.
By Holder’s inequality, we have

A,Tb’°(x"uﬂ)”° < A,Th"’(l)pO/qOA,T""’(x”O“u”O’S) < M’fo/qu’rlnh,O(xpoaupoﬁ)’
(5.17)

where for the last inequality we used the fact that A,Tb’o () =A;(1)and Ay (1) < M,
which holds thanks to (4.21). Assume that pg > p satisfies po(ya+(y—1)8) > 1—y.
Setr = po/p and s such that 1/r + 1/s = 1. We deduce that

E [ MRARDe (ul )P | = B[ My /0 by 0 e (x|
<E [M;(Hp/qo)]l/s E [M;po/qu:mh,o(xauﬂ)po]l/r

<E [Mz(rSer/%)]l/S E I:A’Tb,O(xpoaupoﬂ)]l/r ,

where we used Holder’s inequality for the first inequality and (5.17) for the second.
Since po(ya + (y — DB) > 1 — y, the function f(x,u) = xPo%yuPoP satisfies

assumption (i) of Lemma 5.1. We deduce that sup, ., E [.A,Th’o(xp(’“up"ﬂ)] < 00.
Then use Lemma 4.4 to get (5.16). O

6 Functionals of the mass and height on the stable Lévy tree

In this section, our goal is to study the finiteness and compute the first moment of
the random variable \11;3 b (f) where 7 is the stable Lévy tree and f is a measurable
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Additive functionals of conditioned BGW trees

function. Recall from Sect. 4.2 that H denotes the 1-height process under its excursion
measure N, o is the duration of an excursion and § is its height. Notice that o and b
are the mass and the height of the tree 7y coded by H. Furthermore, the stable Lévy
tree 7 (under P) is the real tree 7y coded by H, see Remark 2.1, under N(l)[o] =
N[e|o =1].

6.1 On the fragmentation (on the skeleton) of Lévy trees

In this section only we consider a general continuous height process H under its
excursion measure N associated with a branching mechanism ¥ (1) = aA+f (Az /2)+
fn(dr)(e_)" — 14 Ar) with a, 8 > 0, = a o-finite measure on (0, o) such that
[ 7(dr) (r Ar?) < 0o and such that [* dA/¥ () < co. We refer to [17, Section 1]
for a complete presentation of the subject.

We will present a decomposition of a general Lévy tree using Bismut’s decompo-
sition. Define the length and height of the excursion of H above level r that straddles
s:

o
Ors = / Ln(s.n=rydt =T =T, and b= sup H(@) —r, (6.1)
0 telTr T

where m(s, t) = inf[sas v, H i the minimum of H between times s, ¢ and T, =
sup{t < s: H(t) = r}and Trfs = inf{t > s: H(t) = r} are the beginning and the
end of the excursion of H above level r that straddles time s, see Fig. 1. Then, we
consider Hrfx = (HrJ’r ;(),1 > 0) the excursion of H above level r that straddles s
defined by:

HY@®)=H(t+T ) ATH)—r,

and H, ; = (H, (1), 1 > 0) the excursion of H below defined as H, () = H(¢) for
r€[0, T, ] and H_ (1 +0r5) fort > T, - Notice that the duration and height of the
excursion HrJf ; are given by U,st = oy and b, ; that the duration of the excursion

H,  is given by o, = 0 — 0y 5; and that
o= ar':, +o,5- (6.2)

Recall notations from Remark 2.1. For s € [0, o] and r € [0, H(s)], the function
Hrf s codes the subtree 7,  := (), p(s) and H, | codes the subtree 7,7 = (7 \
Tr.s) U {x, s}, where x, , is the ancestor of p(s), the image of s in 7y, at distance r
from the root of 7. The next lemma says that when s and r are chosen “uniformly”
under N, then the random trees 7, s and 7, are independent and distributed as 7y
under N[o e]. This result is a consequence of Bismut’s decomposition of the excursion
of the height process.

Lemma 6.1 Let H be a continuous height process associated with a general branching
mechanism under its excursion measure N. Then for every nonnegative measurable
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H{(t)
h 1
h'r,s
T
T* s T+ o t

Fig.1 The duration o, s and the height b, § of the excursion of H above level r that straddles time s

functions fy and f_ defined on C1(Ry), we have:

o H(s)
N[/O a | f+(HrTs)f(Hr_,s)dr}=N[6f+(H)]N[of(H)].

Remark 6.2 Lemma 6.1 allows to recover directly the distribution of the size of the two
fragments given by the fragmentation measure ¢**¢ (ds,dr) = 2 arfsl 10, H(s)(r) ds dr
on the skeleton in [46, Lemma 5.1]. The Brownian case (r = 0 and 8 > 0) appears
already in [9] and then in [3].

Proof We follow the proof of [18, Lemma 3.4] and use notations from [17] on the cad-
lag Markov process process (o5, 15; S € [0, o]) under N, which is an M(R+)2-valued
process. The process (p, 1) is a Markov process which allows to recover the (a priori
non-Markovian) height process as a.s. [0, H(¢)] = Supp (p;) = Supp (1;). (The
process p is called the exploration process associated with H and is strong Markov.)
Thanks to [17, Proposition 3.1.3], we have that:

N [/J ds F(ps, m)} = /M(dﬂ,dV) F(u,v), (6.3)
0

where M = fooo dre % Mo,/] and, for any interval I, M is the law on M(R+)2 of
the pair (u7, vy) defined by:

i (f) = f N(dr.de,dx) 1) <f () + B /I dr £(r),

vi(f) = fN(dr,dﬁ,dX) 1;(r)(¢ —X)f(r)+ﬂ/1dr f@r),

with V(dr,d¢,dx) a Poisson point measure on (R+)3 withintensity dr 77 (d€) 1jp,¢)(x) dx.
We write p = (p, n) and n = (1, p). We recall that the process (ps; s € [0, o]) is
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strong Markov under N, see [17, Proposition 1.2.3], and the time reversal property
of (p. 1), see [17, Corollary 3.1.6], that is (5 s € [0, 0']) and (fig—s)—: 5 € [0, 0])
have the same distribution under N.

For a measure £ on R and u > 0 we define the measure p[*), the measure p erased
up to level u and shifted by u, by u"!(f) = [ f(r —u)ljy~uy pu(dr) for f € B4 (Ry).
We write 5! = (o), yl*1) and similarly for 7. Let Ff, fore € {+, —} andi € {g, d},
be measurable nonnegative functionals defined on the set of cad-lag M (R )?-valued
functions. We shall compute:

o H(s) )
A= N[/ ds/ dr Fj (,ss“j,; te0, T/, — s])) Ff (ﬁ[glm; ref0,s — T;S])
0 0
Fy (ﬁmﬂ; tel0,0 — T;’js]) Fy (ﬁm}_,)_; t € [0, T;s]) ]

We write 10,10 = (1jo,r10, 110,-11). Using the Markov property of o at time s, the
time reversal property, again the Markov property of p at time s, (6.3) and the transition
kernel of p given in [17, Proposition 3.1.2], we get that:

o H(s)
A=N U ds/ dr G+ (5?1) G (1[0,r]55)} ,
0 0

for some measurable nonnegative functions G~ and G such that for ¢ € {+, —}
o
M[G*] =N [/0 ds Fi(psts,t € 10,0 — sDFg (ps—n— t €0, S])] . (64)

Then using (6.3) and the definition of M, we get, with i = (i, v):

oo t
A= f dre / dr Mo,;(dft) G* (;1[’1) G~ (1j0,1/2)
0 0

o0 t
=/ dr e_‘”/ dr Mo,—r[G 1 Mjo,1[G ]
0 0

- ( / dre™" M[o,,][Gﬂ) ( / dre™®" M[O,r][G—]>
0 0

=MIGTIMIG™],

where we used the independence property, that is M; x« M; = My; when [ and J
are disjoint, for the second equality. We deduce from (6.4) and the monotone class
theorem that for any measurable nonnegative functionals F and F~ defined on the
set of cad-lag M (R )2-valued functions, we have:

ros)

o H(s)
N [ [Fas [ F G it € 10,000 F G, it €00 —or,s])}
0 0 ’ §
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=N [/J ds Ft (g, t € [0, a])} N [/U ds F~ (5, t € [0, a])] .
0 0

=N[oF (gt €[0,0)]N[cF~(p1:t €[0,0])].

Then use that H is a measurable functional of the exploration process p to conclude.
O

6.2 First moment of W

We start with the main result of this section which gives the first moment of functionals
of the stable Lévy tree. Recall that 7y is the real tree coded by H, see Remark 2.1.

Proposition 6.3 Let The the stable Lévy tree with branching mechanism ¥ (1) = k1Y
wherek > Qandy € (1,2]. Let f € B4 (T), and set f(T,r) = f(T) forT € T and
r € Ry. We have:

E[er(H] =N[o( =)™ f(@ilio . ©.5)
Proof Let f € B,(T) and set f(T,r) = f(T) for T € T and r € R,. Using

notations from Section 6.1, we have W7, (f) = [; ds fOH(S) f(Ty+) dr. Thus, on the
one hand, we get for A > 0 '

H(s)
N[ “wTH(f) U ds/ TN f (T ) € “dr:|

=N[oe *|N[oe™ f(TH)]
=00 [T e N e g [Te

— (0 /0 " dr fo N [£(Ti)]

dy
yl/)/

du 6.6
(u(r —u)t/r’ 66)

where we used (6.2) for the first equality, Lemma 6.1 for the second, (4.12) for the
third and the change of variable r = u + y for the last. On the other hand, we consider
the random variable H" = (r'=YY H(s/r), s € [0, r]) forr > 0. According to (4.14),
H" under N is distributed as H under N, Then, we have for A > 0

- o0 - dr
—\o _ —Ar .
N[e™ Wz, (/)] = 50) /0 e E [V, (N] 517 (6.7)
Comparing (6.6) and (6.7), we deduce that dr-a.e., forr > 0

N@W[f(Ty)] du
— )y ylly

8 [un, (7] =rrao [

= rl_H/yN [U(r —O’)_l/yf(TH)1{0<r}] . (6'8)
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From now on, we assume that f € C,(T) is bounded and that there exists
& > 0 such that f(T) = 0 if m(T) > 1 —e. As m(7y) = o, the map
r = N[o(r — o)™V f(Ty)1{5 <] is continuous at » = 1 by dominated conver-
gence. By definition of H" and the continuity of the height function, we get that a.s.
lim, 1 || H" — H! || o= 0. Following [1, Proposition 2.10], we get that the T-valued
function r + 7Ty is then a.s. continuous at r = 1. We deduce from Proposition 3.3
that 7 — W7, ( £) is continuous at » = 1. We also have

Wz, (f) < (Tu)b(Tur) | flloo < 7Y HHY [ flloo -

Since h(H') is integrable, we deduce by dominated convergence that the map r >
E [\IITH, (f)] is continuous at r = 1. We deduce from (6.8) that for all f € C4(T)

bounded and such that there exists ¢ > 0 for which f(T) = 0if m(T) > 1 — ¢, we
have:

B[z, (H]=N[ot =)™ fTi)lo ).

By monotone convergence, this equality holds if f € C4(T) is bounded. Then use
that Ty is distributed as 7 to get (6.5). O

The next result is a direct consequence of Proposition 6.3, combined with the
fact that m,, defined in (4.12), is the distribution of ¢ under N. Recall the notation

l117"—1 b (g(x)h(u)) which means that g is a function of the mass and % a function of the
height.

Corollary 6.4 Let T be the stable Lévy tree with branching mechanism (1) = kAY
where k > 0 and y € (1, 2]. Then we have for every f € B4 ([0, 1] x Ry)

E[v} ()] =80 fo (- [ (x.x""70(D)) | ax. 69)

where g(0) is given in (4.3). In particular, we have for every g € B4 ([0, 1])

1
B[4 0] = 0@ [ =0 g ax
Remark 6.5 An equivalent way to state (6.9) is the following equality of measures

E[er ()] =cooE[f (Vv rem)] with Cor0
=B —1/y,1-1/y)g(0),
where V is a random variable with distribution Beta(1 — 1/y, 1 — 1/y), independent
of h(7") and B is the beta function. Using (3.4), this can be interpreted in the following

way where we recall that £ denotes the length measure on a real tree: taking a stable
Lévy tree 7 under [P and simultaneously choosing a vertex y € 7 uniformly according
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to the measure C(y, k)~ w(7y)€(dy), then the mass and height of the subtree 7 are
jointly distributed as V and V=17 (7).

While the measure E [\IJ;} b (o)] is not known explicitly, its moments can be

expressed in terms of the moments of h (7).

Corollary 6.6 Let T be the stable Lévy tree with branching mechanism ¥ ()) = kAY.
For every a, 8 € C such that R(ya + (y — 1)(B + 1)) > 0, we have

E[U"6uf) | = gO)B(@ + (8 + D1 = 1/7),1 = ) E[H(T)F], (6.10)

where B is the beta function.

Observe that h(7) has finite moments of all order. This can be seen as a conse-

quence of the convergence in distribution %b(t”) 9 h(7) together with the fact

that (%h(r”), ne N) is bounded in L? for every p € R by Lemma 4.4. The first

moment of h(7) is given in [19, Proposition 3.4]. We shall discuss the other moments
in a future work.

Note that by taking 8 = 0, we recover [15, Lemma 4.6]. Heuristically, the condition
R(ya+(y —1)(B+1)) > 0is due to the fact that under the excursion measure N, the
height b scales as o' ~1/7 (see also Lemma 6.11 below), implying that for «, 8 € R:

H(x)
E [ / 11(dx) / m(Z, )% (T )f dr} <00
T 0

H(x)
<—E |:f ,LL(dx)/ m(’];’x)““‘ﬁ(l—l/l/) dri| < co.
T 0

Thus, the condition on ¢, B corresponds to the phase transition observed in [15, Lemma
4.6 and Remark 4.8] for functionals depending only on the mass (that is 8 = 0).

In the Brownian case, §(7 ) is the maximum of the (scaled) Brownian excursion
whose moments are known explicitly. Therefore we get an explicit formula for the

moments of the measure E [\IJ;1 b (o)].

Corollary 6.7 Let The the Brownian tree with branching mechanism (1) = k2. For
every o, B € C such that RQ2a + B 4+ 1) > 0, we have

mhoa gl L (P2 B+1 1
E[eptan] = = (1) s@B(a+ = 5). @

where & is the Riemann xi function defined by £(s) = %s(s — l)n_‘Y/ZF(s/Z)gf(s)for
every s € C and ¢ is the Riemann zeta function.

Proof The normalized excursion of the height process H is distributed as /2/x e
where e is the normalized Brownian excursion, see e.g. [17]. Therefore we get the
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identity h(7) Q9 /2/k maxe. By [12, Proposition 2.1 and Eq. (4.10)], we have

v

B2
E [(max e)?] =2 (5) £(8), VB eC.

The result follows then from Corollary 6.6 and the value of g(0) givenin (4.4). O

6.3 Finiteness of ‘I’;b (i)

This section is devoted to the study of the finiteness of functionals of the mass and
height on the stable Lévy tree. Arguing as in the proof of Lemma 5.2 and using
Corollary 6.6 and the fact that h(7") has finite moments of all orders, we get the
following result.

Lemma 6.8 Let 7 be the stable Lévy tree with branching mechanism ¥ ()) = kA
where k > Qand y € (1,2]. Let a, B € R such that yo + (y — 1)(B8 + 1) > 0. For
every p > 1 such that p(ya + (y — 1)B) > 1 —y and § € R, we have:

E [h(']’)‘s\llgfb(x“uﬁ)p] < 0. (6.12)
We now state the main result of this section which gives an integral test for the

finiteness of functionals of the mass and height on the stable Lévy tree.

Proposition 6.9 Let T be the stable Lévy tree with branching mechanism v (\) = kY
wherek > Oandy € (1,2]. Let f € B4 ([0, 11xR,) be ofthe form f (x, u) = g(x)uP
or f(x,u) = x*h(u) where a, 8 € R, and g, h nonincreasing. Then we have

< a.s.,
‘P?h(f){_oo e (6.13)
according as
ff(xV/W—l),x)dx << o (6.14)
0 = 00.

Furthermore, if\IJ;:‘b (f) is a.s. finite then we have E [‘-Ilqnjh (f)] < 00.

Proof We first prove that if fo F(x¥/=D x)dx is finite then E [\Iernb (f)] is finite

and thus \P?h (f) is a.s. finite.
Let 8 € Rand g € B4 ([0, 1]) be such that fo g(x¥/=D)xB dx < oco. Recall that
h(7) has finite moments of all orders. Thus, by (6.9), we have

1
E[WF (gu) | = sOE[6(7)"] / gQoxPHDA=IM=1(1 _ =117 dx < oo,
0
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Next,leta € Rand/ € B (R;) be nonincreasing such that fo h(x)x@r/ =D dx <
oo. Again by (6.9), we have

E [0 (hw)] = 0(0) /01 VA0 E [0 () ) | .

Now, letting k go to infinity in (5.8) and using the continuity of the cdf of h(7) (see
[19]), we get that

PHT)<y) <1A (co exp (—coy—y/(y—“)) forall y > 0.

We deduce that h(7) > Y where the cdf of the random variable Y is given by the

right-hand side of the inequality above. Using that / is nonincreasing and repeating
the same computations as in the proof of Lemma 5.1 (cf. (5.12)), we deduce that

E[WF o hw) | < 9(0) fl (1 R [k (7Y )] dr < o0,
0

This finishes the proof of the finite case. The infinite case is more delicate and its proof
is postponed to Sect. 6.4. O

We end this section with a complete description of the behavior of polynomial
functionals of the mass and height on the stable Lévy tree, which is a particular case
of Proposition 6.9 (and Lemma 6.8 for « > 0 and 8 > 0).

Corollary 6.10 Let T be the stable Lévy tree with branching mechanism v (A) = kAY
withk > 0and y € (1,2], and let o, f € R. Then we have

ya+ @ —DB+1)>0 — W) <ocas E[w;“’(x“uﬂ)]<oo,
(6.15)

ya+ @ —DB+1) <0 & W) =coas E[w;‘“(x“uf’)]zoo.
(6.16)

6.4 Proof of the infinite case in Proposition 6.9

Recall that H denotes the height process under the excursion measure N. Recall that
or.s and b,  are the length and height of the excursion of H above level r that straddles
s, see Sect. 6.1. Let f € B4 ([0, 1] x Ry). Set

o H(s)
Zys :/0 ds/0 f(ors, brg)dr. (6.17)

Notice that under NV, the random variable Z is distributed as \Il;~l b (f) under P.
Using the scaling property (4.14) of the height process, we have the following more
general result which is partially given in [15] (notice that there is a misprint in the first
line of p.34 therein).
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Lemma 6.11 Let (LX) = kA withk > 0 and y € (1,2] and let H be the vr-height
process. For every x > 0, the random variable

((H(s), 5 €10, x]), (075, by.s: 7 € [0, H(s)1, s € [0, x])

under N®) is distributed as the following random variable under NV

((XI*‘/VH(s/x), s e [o,x]),

(xax_m/yr’s/x,xl—l/ybx_lﬂ/yr,s/x; rel0,x VY H(s/x)l, s € [O,x])>.

In particular, the random variable ((H(s), s €10, x]), Zf) under N®) js distributed
as the randomvariable ( (xl_l/VH(s/x), s € [0, x]) ,x2 1y fo) under N where
fy is defined by fy(y,u) = f(xy, x\=V7u) forx > 0.

Conditionally on H, let U be uniformly distributed on [0, o] under N[o e]. Using
Bismut’s decomposition, see e.g. [18, Theorem 4.5] or [2, Theorem 2.1], we get that
under N[o e], the random variable H (U) has Lebesgue distribution on (0, co) and,
conditionally on { H (U) = t}, the process ((U,_,,U, ht—r,U) , 0 <r <t)isdistributed
as ((5,,H;), 0 <r <t) where

Sr=> mT) and Hy=max(h(T,) +r—s), YO<r =<t (618
S<r

s<r

where m(%;) (resp. H(T,)) stands for the mass (resp. the height) of the real tree T,
and T = (%, s > 0) is a T-valued Poisson point process on [0, ] whose intensity is
given below. If y = 2, the Poisson point process ¥ has intensity 2« N. To describe the
intensity of ¥ for y € (1, 2), we introduce the probability distribution P, on T which
is the law of a random tree obtained by gluing a family of trees (7;, i € I) at their root,
with )", 87, (dT') a T-valued Poisson point measure with intensity aN[dT'], see also
[2, Section 2.6] for more details on P,. If y € (1, 2), the Poisson point process T has
intensity fooo an(da)P,(dT) where 7 is the Lévy measure associated with ¥ given by
(4.10). In particular, we get the equality in law

HW) @
/ f(oru. by u)drunderN[o o |[HU) =1] = / S Hy)dr.
0 0
(6.19)

In the proof of [15, Lemma 4.6], see Section 8.6 and more precisely (8.20) therein,
it is proven that S is a stable subordinator with Laplace transform E [exp(—)LS] )] =
exp(—y« /7 217177) We shall determine the intensity of the Poisson point process
h(Z) = (h(Zy), 0 <5 <1). If y = 2, h(%) has intensity 2kN[h € dx]. But, by
[18, Eq. (14)], we have N[ > x] = 1/(kx). Differentiating with respect to x, we
get N[h € dx] = «'x21(,-0) dx, so that (%) has intensity 2x 21~y dx. If
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1 <y <2, h(%) has intensity

/ooan(da) P,(h € dx).
0

Using (4.13) and the definition of P,, we have P, (h < x) = e~aNlb>x] — g=Cax=1/&7D

where C = (k(y — 1))~V/r=D, Differentiating with respect to x, we obtain

Ca_x_y/(y_l) _ _
P,(h € dx) = ?e_c‘” Y 0 da.

Since 7(da) = C'a~'"" da where C' = ky (y —1)/ ' (2—7y) (see (4.10)), we deduce
that, for x > 0,

o0 Cc/ o0 _ _
/ an(da) P,(h € dx) (/ al=7 x v/ (r=Dg=Cax=/¥=D da) 1= dx
0 0

y —1
_crlicr@2—y) dx
= y—1 {x>0} 12
dx
e

In all cases, for y € (1, 2], we get that h(T) is a Poisson point process with intensity
y/(y — 1))x_21{x>0} dx. Intuitively, this implies that S, is of order r¥/V~1 while
H, is of order r as r — 0 which, together with (6.19), explains the form of the integral
test (6.14).

Our goal now is to show that

/f(xy/(y_l),x)dxzoo = /f(S,,Ht)dtzoo a.s.
0 0

under the assumptions of Proposition 6.9. To do this, we adapt the proof of Theorem 1
in [20] which gives a necessary and sufficient condition for the divergence of integrals
of Lévy processes. We first consider the case f(x, u) = x“h(u).

Lemma6.12 Leta > —1+1/y and h € B+ (R4) be nonincreasing such that fo h(x)
x@7/r=D dx = oo. We have that a.s.

/S‘,"h(H,) dr = oo.
0
Proof Define the first passage time for a > 0
T(a) :=inf{t > 0: H;, > a}. (6.20)
Since t > H; is right-continuous, we have
{T(a) > t} ={H; < a}. (6.21)
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Furthermore, since Hy = 0, it holds that a.s. T(a) > O for every a > 0.
Set F(t) = fé Syds. Clearly F(r) <ooas.ifa > 0.If -1+ 1/y <a <0, we
have

! t
E[F ()] =/ E[S¢] ds:E[sﬂf sr/=D g
0 0

where we used that S is stable with index 1 — 1/y. Now the last integral is finite
because of the condition on « and

—AS] )‘.—1 o dn
i F(|a|) F(Ial)

—ycWr 1=y
f KT AT d) < 0.

Thus, we get F'(t) < ocoa.s. fora > —1+ 1/y. Furthermore, F is nondecreasing and
we have

1 1
/S?‘h(H[)dt:/ h(H) dF(t). 6.22)
0 0

We shall need the first and second moment of F(T(a)) for a > 0. Using (6.21), we
have that

o0 o0
E[F(T(a))]:/o E [S{1r(@)>1] dt:/o E [S71H, <q)] dt.

On the other hand, notice that for every s € [0, o], it holds that g ¢ = o is the total
mass and Hp s = 0 is the total height. Thus, using Bismut’s decomposition, we have

o0
N[0a+11{b<a}] =/ N[GU&UI{HO‘U<0}
0

o0
HU) = ti| dr = / E [S¥1H, <] dt,
0
(6.23)
where we recall that conditionally on H, under N[o e], U is uniformly distributed on

[0, o] and (00,17, Ho,v) conditionally on {H (U) = t} is then distributed as (S;, H;).
We deduce that

E[F(T(@)] = N[o" )|
(o9}
= g(O)/O x VYN [aa+]1{h<a}] dx

o
= g(O)/ x@~VyND [xlfl/yb < a] dx
0

- :?50) ]Nm[h—l—ay/w—l)]a1+w/<y—l>, (6.24)
o Yy —

where we disintegrated with respect to o for the second equality and used the scaling
property (4.14) of the height process for the third. Recall that h has finite moments of
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all orders under NV, so that E[F(T(a))] is finite for all ¢ > 0. Next, set

o H(s)
zy :/ ds/ ol dr.
0 0

It follows from Lemma 6.11 that under N®), (f, Z3}) is distributed as (x!=ry,
xet2=1/y Z7) under N®_ Recall that @ > —1 + 1/y. Thus, using Bismut’s decom-
position as in (6.23), we have

o0 t
E [F(T(a))z] —2E [/ S 1, <) dtf 5 ds]
0 0

H(U)
=2N Ga+11{h<a}/ JraU dr
0 ,

o0
=zg(0)/ xTIUYND 0%y <0y 2] dx
0
o0
= 29(0)/ x =y [x“l{xl_u/yb<a}x°‘+2_1/7’221] dx
0

_ g(0) N [hfzawy/(yfn)zgw]a2<1+ay/<yfl>>, (6.25)
a+1—1/y

where the last term is finite by (6.12). Combining (6.24) and (6.25) and using Cauchy-
Schwartz inequality, we deduce that there exists some finite constant C > 0 such that
foralla,b >0

57172 57172
E[F(T@)FT®)] <E[FT@)?]" E[FTe)]

= CE[F(T(a)]E[F(T())]. (6.26)

Fori € N, put T; = T(27%), h; = h(27") and Ah; = h; 1 — h;. Notice that the
sequence (T;, i € N) is nonincreasing and Ah; > 0. Set V,, = 22-1:1 F(T)Ahi_;.
Notice that E[V,,] is finite as E[ F (T (a))] is finite for all @ > 0. By (6.26), we have

E[Vi] =) E[FT)?*|(Ahi-1)* +2 Y E[F(T)F(T)] Ahi_1Ahj

i=1 I<i<j<n

< CY E[F(T)IP (Ahi—1)* +2C > E[F(THIE[F(T))] Ahi_1Ahj

i=1 I<i<j<n

n 2
=C (Z]E[F(T,-)] Ah,-1> =CE[V,]*.

i=1
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Therefore, we get that lim sup, E[V,]* /E [V;2] > 0. By [33], it follows that

P <lim sup EE/‘”/ ] > 1) > 0. (6.27)

n n
Using (6.24), notice that for some finite constant C > 0, we have
1 9] 27i+1
/ x1+01}//(}/—1) |dh(.x)| < 2(2—1"1‘1)1-‘1-0{)//()/—1)/ . |dh(.x)|
0

i=1 2

- CZE[F(Ti)] Ahi—y=C lim E[V,].  (6.28)

i=1
i I A+ay/(y=1) _ _ 1 ay/(r=1 dgy =
Since [ x |dh(x)] = —h(1) + (1 +ay/(y = 1)) [y h(x)x dx =
oo by assumption, it follows from (6.28) that lim,,_, oo E [V;,] = oc. Thus, using (6.27)

and the fact that V;, is nondecreasing, we deduce that lim,,_, o, V;,; = oo with positive
probability, that is

o
P (Z F(Ti)Ahi—y = oo) > 0. (6.29)
i=1
Since A is nonincreasing, we have
To o
/ h(H) dF (1) = Zhi—l (F(Ti—1) — F(T) . (6.30)
0 i=0
A summation by parts gives
n n
Y hio1 (F(Tiy) = F(Ti) = F(To)ho — F(Thy + Y F(Ti)Ah;_1.

i=1 i=1

(6.31)

But, notice that

T, T
F(Ty)hy = FTORQ™) < / h(H) dF () < / " h(H) dF (1),
0 0

Together with (6.30) and (6.31), this yields

To

F(Toho+ Y F(T) ARy =2 [ h(H) aF (@),
i=1 0
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It follows from (6.29) that fOTO SYh(Hy)dr = OTO h(H;) dF (¢) diverges with positive

probability.

Finally, since the event { fo S¥h(H,)dr = oo} is Fo-measurable where (F;);>0 is
the filtration generated by the Poisson point process ¥, Blumenthal’s zero-one law
entails that fol S¥h(H,) dt diverges with probability 1. O

Lemma6.13 Let 8 > —1 and g € B4+([0,1]) be nonincreasing such that
fO g(x?V/v=D)xB dx = oo. We have that a.s.

/g(St)Hf dt = co.
0

Proof The proof is similar to that of Lemma 6.12 and we only highlight the major
differences. Define the first passage time T(a) = inf {r > 0: S; > a} foreverya > O.
Since S is a stable subordinator, we have a.s. T(a) > 0 for every a > 0. Set F(t) =

fot Hsﬁ ds. Notice that F'(t) < coa.s.if B > 0.If —1 < B < 0, then using that Hy > s,

we have a.s. F(t) < fot sPds < oco. To compute the first moment of F(T(a)), use
Bismut’s decomposition as in (6.23) to get

E[F(T(a)] =E |:/OQ H s, <) dt}
0
=N [01{a<a}h'3]

= g(0) fa xBHDU=1/y)=1ND [[)/3] dx
0

9(0) (D) BT, (B+DA=1/y)
- N ), 6.32
Grna-ip Y Wl 3

Setting

o H(s)
Zg =/ ds/ Hffs dr
0 0

and using Bismut’s decomposition as in (6.23) and the fact that under N@, (b, 22) is
distributed as (x'~1/7p, x(ﬂ“)(l_l/”)“ZZ) under NV by Lemma 6.11, we have

o0 t
E [F(T(a))z] —2E [/ Hf1{5,<a}dt/ HE ds}
0 0

HU) p
=2N 01{U<a}bﬁ/ H\, dr
0

= 2N [1(p b’ 2}

a
:29(0)/0 xTITNG [p 7)) ax
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_ 9(0) M [af 7071 26+ D0-1/y)
aE T LI e

where N(D [hﬁZZ] < 00 by (6.12). Combining (6.32) and (6.33), we see that the

estimate (6.26) holds. The rest of the proof is similar to that of Lemma 6.12 (with k;
replaced by g; = g(27")). O

We can now finish the proof of Proposition 6.9. Let f € B, ([0, 1] x R4) be of
the form f(x, u) = g(x)uf or f(x,u) = x*h(u) with g, h nonincreasing and such
that fo f(xV/(V’l), x)dx = co. By Lemmas 6.12 and 6.13, we have that, in the cases
a>—1+1/yand B > —1,as.

/ S (5S¢, Hp)dt = oo. (6.34)
0

Now suppose that « < —1 4 1/y. Since h is nonincreasing and satisfies
fo h(x)xo”’/(y_l) dx = oo, there exists a constant C > 0 such that 4 > C on some
interval (0, &). Thus, we have

/S‘;‘h(H,)dt > C-/S? de,
0 0

where the last integral diverges a.s. by Lemma 6.13 as fO x¥7/r=D dx = oco. Simi-
larly, if B < —1, there exists a constant C’ > 0 such that g > C’ on (0, &). Thus, we
have

/Og(s,)H;3 dr > c’/OHf dr,

and the last integral diverges by Lemma 6.12 since fo x# dx = oo. This proves that
(6.34) holds for all «, 8 € R.
Combining (6.19) and (6.34), we deduce that

HU)

N[o; Zf<oo]=N|:a;0/
0

o0 H(U)
:/ N |o; cr/ f(oru, Hy)dr < OO‘H(U) =t | dt
0 0

o0 t
:/ P(S,/ F(S,, Hdr < oo) dr = 0.
0 0

It follows that N-a.e. Z s = oo. Disintegrating with respect to o and using the scaling
property from Lemma 6.11, we get

f(ar,U’ Hr,U)dr < OO:|

0=N[Z; <o0] = /OO N@ [Z; < o0] my(dx)
0
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o0
:/ N [xz—l/yzfx < oo] 7 (dx).
0

Consequently, dx-a.e. on (0, o0), we have NV [fo < oo] = 0. Suppose that
f(y,u) = g(y)uP with g nonincreasing. Then, under N, Zy, is equal to
xPA=1/y) fol ds fOH(S) g(xo,,S)Hr"?s dr and we get that

1 H(s)
x = N / ds/ g(x‘fr,s)Hrés dr < oo
0 0

vanishes dx-a.e. on (0, 00). Moreover, this function is nonincreasing in x as g
is nonincreasing. Hence it is identically zero. In particular, taking x = 1 yields
N [Zf < oo] = 0, and thus \IJ?b(f) = +o00 a.s. as Zy under N is distributed as

\Il;1 h( f). The same argument applies if we suppose that f(y, u) = y*h(u) instead.
This completes the proof.

7 Phase transition for functionals of the mass and height

Recall that t" is a BGW(&) conditioned to have n vertices (with n € A) and &
satisfies (1) and (£3), with the sequence (b, n € N*) in (4.1), and that 7is a stable

Lévy tree with branching mechanism (1) = «AY. In this section, we study the limit
of

by by b,
A= % s (e )

wetrh-°

for functions f € B(T x R4) continuous on (T \ Ty) x R4 but that may blow up as
either the mass or the height goes to 0.

7.1 A general convergence result

We now give a first convergence result for general functionals that may blow up. Recall
from (2.5) the definition of Ty. Notice that A} (Tp x R;) = 0 and WH(To x Ry) = 0.

Proposition 7.1 Assume that & satisfies (§1) and (£3) . Let f € B(T x Ry) be
continuous on (T \ To) x Ry and a, B € Rwithya + (y — 1)(B+ 1) > 0 be such
that

|f(T,r)] < Cou(T)*§(T)P, forall T € T\ Tyandr >0, (7.1)
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for some finite constant C > 0. Then V1(| f|) is a.s. finite and we have the convergence
in distribution

A(f) = Z A If( —H( )) % wr(f). (7.2)
wer’“’

We also have the convergence of all moments of order p > 1 such that p(yo + (y —

D) > 11—y

Proof By Corollary 4.11, we know that A7 @ Wrin the space M(T x R;). In
particular, the sequence (A;, n € A) is t1ght (in distribution) in M(T x R ), and
applying [31, Theorem 4.10], we have

inf supE[1A A5 (K9] =0, (7.3)

Kel pen

where KC is the set of all compact subsets of T x R . We start by showing that

IggcjggE[A (K )] (7.4)

Let K € K. Using the inequality x < 1 A x + x+/1 Ax withx = Ay (K¢) > 0 and
the Cauchy—Schwartz inequality, we get that

E[A (K] < E[1 A AK)] +JE[AW2]E[1 A &KD)]. (75

nce < “ih(t . , Lemma 4.4 implies that
Si A (1) ljl(”)by(421)L 4.4 implies th

5172
sup E [.AZ(UZ]I/Z <supE [(%U(Tn)> :| < 00.

neA neA

This, in conjunction with (7.3) and (7.5), proves (7.4).

Leta, B € Rsuchthat ya+(y —1)(B+4+1) > 0. We consider the space S = T xR
with the metric o((T, r), (T', r")) = dgup(T, T') + |r — r'| and Sg = Ty x R4, so
that (S, p) is a Polish metric space and Sy is a closed subset of S. We shall consider
0s = ({7}, 0) € Sp as a distinguished point. We shall construct a family of functions §
on S satisfying assumptions (H1)-(H4) of Appendix A in order to apply Proposition
7.6. Let (6;, k € N) be a positive increasing sequence such that 2y — 1)§; <
(y =D+ (ya+ (y —1)B) AOforall k € N. Define for every k € N

AT, ) = (m(T)% v m(T) %) (5(T)* v b(T)"%) and gi(T,r)
= m(T)*0(T)’ fi(T, r),

forall 7T € T\ Tp and r > 0 and fr = gx = 400 on Ty x R,. The functions
fr and g are positive and continuous on (T \ Tp) x R;. We define § = {1} U
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{fx,gx: k € N}. Therefore assumptions (H1) and (H2) are satisfied. Notice that
o((T,r), So) = dgup(T, Tp). Let e > 0 and M > 0. By (2.4), dgup(T,{0}) < M
implies that h(T) < 2M and m(7T') < M. Similarly, by Lemma 2.2, dgup(T', Tg) > ¢
implies that h(7) > ¢ and m(7T") > ¢. Therefore, we have the inclusion

{(T,r)yeS: p((T,r), So) = ¢, p((T,r),05)
<M} C{T € T: h(T) € [e,2M], n(T) € [e, M]} x R,..

Since f; and gi are clearly bounded away from zero and infinity on the latter set,
assumption (H3) is satisfied. Moreover, fi/ fr+1 and gr/gk+1 are continuous and
bounded on §§ = (T \ Tp) x Ry for every k € N. Recall that p((T, r), So) =
dcap(T, Ty). Therefore, as p((T,r), So) — 0, we have h(T) A m(T) — 0 by
Lemma 2.2. It follows that fi(T,r)/ fx+1(T,r) — 0 and gk (T, r)/gk+1(T,7r) = 0
as p((T, r), So) — 0+. Recall the notation F*(f) from (H4). We deduce that f;4 €
F*(fr) and gryr1 € F*(gr) for k € N*. We also have that 1/ f is continuous and
bounded on Sg and that 1/ f1(T,r) — 0as p((T, r), Sop) — 0+. This implies that
f1 € §*(1). Therefore, assumption (H4) is satisfied.

In order to apply Proposition 7.6 to the sequence of measures (A;, n € A) and
the family §, we shall check that the sequence (A;, n € A) is tight (in distribution)
in the space Mg (see Appendix A for the definition of Mg). Thanks to Proposition
A4, the sequence (A;, n € A) is tight in the space M if and only if (fA;, n € A)
is tight in M(S) for all f € § (recall that the notation f.A; stands for the measure
f((T,r))A;(dT, dr)).

Let f € §. Notice that forevery T € T \ Ty and r > 0, we have

f(T.r) < Y. mD)* (TP

1<i,j=<2

foray, az, B1, B2 € Rsuchthatya;+(y—1)(8;+1) > Oholds forevery i, j € {1, 2}.
Therefore, by Lemma 5.2, we have for some p > 1 small enough

supE [AZ(f)p] <oo and supE [AZ(fp)] < 00. (7.6)

neA neA
The first bound gives that (A.3) holds for all f € § by the Markov inequality. Recall

that IC denotes the set of compact subsets of T x R. Moreover, with ¢ such that
1/p+1/g =1and K € K, using Holder’s inequality, we get

E[AS(F1g0)] < E[AS(1k)] /T E[AG7)]7.
Using the second bound in (7.6) and (7.4), we deduce that

inf E| A (flge)| =0.
jnf sup [ A7 (P
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Thus (A.4) holds for all f € §. According to Proposition A.4-(i), we get that the
sequence (Ay, n € A) is tight (in distribution) in Mz (T x R4). Now apply Propo-

sition 7.6 and Proposition A.9 to get that

A5 ()~ W (th)

d
n—

for every h € Cp(T x R;) and every f € §. Let f € B(T x R,) satisfying the
assumptions of Proposition 7.1. Consider f = gy and h = f/g;. Notice that (7.1)
implies that & is continuous on T x R.. Since fh = gih = f except possibly on
So = To x R4 and A (So) = W7(So) = 0, we deduce that the convergence in
distribution (7.2) holds.

Let p > 1suchthat p(ya+ (y — 1)B) > 1 — y. There exists ¢ > p satisfying the
same inequality. Since | f(T', r)| < Cm(T)“h(T)ﬂ, we get that

plth q
sup]E[IA,‘;(f)lq]SCqslelgE{<nzj_—aw > |z3,|1+"‘b(zg)ﬂ> } 7.7

neA weth°

where the right-hand side is finite by Lemma 5.2. Thus, the sequence (| A, (f)|”, n €
A) is uniformly integrable and the convergence of the moment of order p of A (f)
towards the moment of order p of W7 ( f) readily follows from (7.2). O

7.2 Phase transition for functionals of the mass and height

We refine the convergence result given in Proposition 7.1 for functionals depending
only on the mass and height and describe a phase transition in that case.

We start with a technical lemma which is a consequence of the well-known de La
Vallée Poussin criterion for uniform integrability.

Lemma 7.2 Let v be a nonnegative finite measure on (0, 1] and f € C((0, 1]) be
nonincreasing, belonging to L'(v) and such that limy_ 04 f(x) = +o00. Then there
exists a positive function f° € Cy((0, 1]) which belongs to L' (v), such that f/f" is
bounded on (0, 1] and limy_,o4+ f(x)/f"(x) =0.

Proof We may assume without loss of generality that f does not vanish anywhere
in (0, 1] and that v is a probability measure. By the de La Vallée Poussin criterion
(see [14, §22]), there exists a convex nondecreasing function F: Ry — R, such that
lim;_, o0 F(t)/t = 0o and F o f € L'(v). In fact, up to considering F + 1 instead,
we can and will assume that F does not vanish anywhere. Since F is convex on R,
it is continuous on (0, co) and it follows that F o f is continuous on (0, 1]. Moreover,
F o f is clearly nonincreasing by composition. Further, since lim,_,¢ f(x) = oo and
lim; o t/F(t) = 0,we getlim,_,o f(x)/F o f(x) = 0. The function f/F o f being
continuous on (0, 1] with a finite limit at 0, it is bounded on (0, 1]. Setting f* = Fo f,
the conclusion readily follows. O
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We now give the main result of this section. Recall that the notation \IJT mh (g(x)h(u))
stands for \D?h(f) where f(x,u) = g(x)h(u). For g € B(R;), define

g¥(x):= sup |g(y)| forallx € (0,1]. (7.8)

x<y<l

Theorem 7.3 Assume that & satisfies (§1) and (£§3) .

(i) Let B € Rand g € B([0, 1]) be such that g is continuous on (0, 1] and satisfies

/g* (xV/W—U) xP dx < 0. (1.9
0

Then we have the convergence in distribution and of the first moment

148

b It l\ @+

peer D DR LAL LG ( )ﬁq’;}h(g(x)uﬁ) (7.10)
werh°

where \I/T mb (Jg(x) |u’3) is a.s. finite and integrable.
(ii) Let o € R and h € B(R.y) be such that h is continuous on (0, 00) and satisfies
h(u) = 0" asu — oo for some n € (0, y) and

/x“V/W*‘)h*(x)dx < o0. (7.11)
0

Then we have the convergence in distribution and of the first moment

by, n " n mean m o
St S gt h( h( w)) w+—oo> W Ry (7.12)

wet-°

where \If;—ﬂ] (x%|h(u)]) is a.s. finite and integrable.
(iii) Let f € B4([0, 1] x Ry) be such that

/f(xy/(y_l), x) dx = oo. (7.13)
0

Suppose that f is of the form f(x,u) = g(x)uf or f(x,u) = x*h(u) where
a, B € R and g, h are nonincreasing and continuous on (0, 1] and on (0, 00)
respectively. Then we have

n
DY (’w ~h(x ”)) DI oo (7.14)
n
wer”°
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Proof Notice that (7.9) implies that 8 > —1 as soon as g is not identically zero. To
prove (i), we proceed in three steps.

Step 1 in the proof of (i). We first suppose that g € C4([0, 1]) is nonincreasing and
nonzero. Let (Bx, k € N) be a decreasing sequence of nonpositive real numbers such
that By = 0 and limy_  Br = —1. We define a set of functions § = {hx: k € N}
where hp(u) = uP* v uf foru > 0 and k € N, and ho(0) = 1 and Ay (0) = 400 for
k € N. We shall prove that § satisfies assumptions (H1)—(H5) of Appendix A with
S = R4 equipped with the Euclidean distance and Sy = {0}. Notice that 4y = 1 and
hy is continuous on Sg for every k € N, so (H1) and (H2) are satisfied. Moreover, for
every k € N, the function A /hj41 is continuous on (0, oo) and we have

h h 1
im k() = lim u® P+ =0 and lim R0 lim — =0,
u—0+ hpy1(u) u—0+ u—+00 hj41(u) T uSFoou

so that (H4) and (H5) are satisfied. Finally, since the set {x € S: p(x, So) >
g, p(x,0) < M} = [e, M] is compact and hj is continuous, it is bounded there
and (H3) is satisfied. Define a (random) measure on R by setting

bn n |T1’})| bn n
Sn(h) = o) Z |rw|g< " )h (717(%)) (7.15)

wetrh°

for every h € By (Ry). By (4.23), ¢, converges to ¢ in distribution in M(R})
and E[¢,(e)] converges to E[¢(e)] in M(R;) where ¢ is defined by ¢(h) =
\L';lh(g(x)h(u)). But, since we have [, g(x)xBFDU=1/"=ldx < oo for every
k € N, Lemma 5.1-(i) gives

sup E [, (hi)] < sup E [;n(uﬂk)] +supE [{n (uk)] <oo forallk € N.

neA neA neA

Thus, Corollary A.11 yields the convergence in distribution ¢, @ ¢ in Mg as well as
the convergence of the first moment E [¢,,(e)] — E[¢{(e)]in Mg. By Proposition A.9,
this implies that for every g € C4([0, 1]) nonincreasing and every 8 > —1, we have

148

b )ﬂ | 1’})| (d)+mean \Ijmb( ;‘3) 716
5 2 lmbh@)Pe (=5 ) =——= v cwuh).  (716)
wet°

Step 2 in the proof of (i). Now fix 8 > —1 and define the (random) measure &, on
[0, 1] by

1+ﬁ

E(8) =77 D Inlb() e (' W') (7.17)

wet°

for every g € B4 ([0, 1]). Notice that (7.16) can be rewritten as

(d)+mean

&n(g) ——&(9) (7.18)

@ Springer



R. Abraham et al.

for every ¢ € C4([0,1]) nonincreasing, where the measure & is defined by
E(g) = \IJrTnh(g(x)u’S). Moreover, Lemma 5.1-(i) applied with g = 1 gives
sup,ca E[§,(1)] < oo. As a consequence, by the Markov inequality, we have
lim, o0 sUp,,cpa P (§,(1) > r) = 0. Since [0, 1] is compact, this means that the
sequence of random measures (&,, n € A) is tight in distribution in M ([0, 1]), see
[31, Theorem 4.10]. Hence, it is relatively compact by Prokhorov’s theorem as the
space M([0, 1]) is Polish for the weak topology. Let é be a limit point. Then We have
£(g) Q¢ £(g) forevery g € C4+([0, 1]) nonincreasing. Therefore, we get thaté E and
the sequence (§,, n € A) has only one limit point &. Since it is relatively compact,
we deduce that &, converges to & in distribution in M ([0, 1]). A similar deterministic
argument shows that [E [£,, (e)] converges to E [£(e)] in M([O, 1]).

Step 3 inthe proofof (i). Let B > —1 and g € B([0, 1]) be continuous on (0, 1], nonzero
andsuch that f; g*(x)xPTDU=1/1=1dy < 0o Set gy = 1.1flim,—0 g*(x) = 00, set
g1 = g*+ 1.1If g* has a finite limit at O (which is then positive), then there exists ¢ > 0
such that [, x~¢g*(x)x FTDU=1/M=1dx < co. We also have lim,_.o4 x ¢g*(x) =
oo and the function x — x~¢g¢*(x) is continuous on (0, 1] and nonincreasing. In that
case, we set g1(x) = x9g*(x) + 1 for x € (0, 1].

Define a set of functions § = {gr: k € N} as follows: for every k > 1, set
gk+1 = & which is given by Lemma 7.2 applied with the finite measure v(dx) =
xBEDU=1/y)=1qy By construction, the sequence § satisfies assumptions (H1)—(H4)
of Appendix A with § = [0,1], So = {0} and §*(gx) = {gj: j > k} (notice
(H3) is automatically satisfied as [0, 1] is compact). Notice that, by Lemma 7.2, for
every k € N, the function g is continuous and nonincreasing on (0, 1] and satisfies
fo gk (0)xBHDU=1/M=1 q4x < 00, So, by Lemma 5.1, we get that

sup E[&,(gk)] < oo forall k € N.
neA

Now, Corollary A.11 applies and yields, in conjunction with Proposition A.9, the
convergence in distribution and of the first moment

(d )+mean

&n (8rl) —— & (grl)

for every k € N and ¢ € C([0, 1]). Now apply this with k = 1 and £ = g/g;. Notice
that g1£ = g except possibly on So = {0}. Since &,,(Sp) = £(So) = 0, we deduce that

(d )+mean

&n(g) —— &(9).

This, together with Proposition 6.9, proves (i).

The proof of (ii) is quite similar so we only indicate the changes compared with (i).
Again notice that (7.11) implies that « >-1 4 1/y as soon as 4 is not identically zero.
Step 1 in the proof of (ii). Let h € C(R™) be nonincreasing and nonzero.

Taking a decreasing sequence (o, k € N) of nonpositive real numbers such that
oo = 0 and limy_, oo ¢y = —1 4 1/y and defining a set of functions § = {gr: k € N}
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by gk (x) = x%, we can show that for every & € C4(Ry) nonincreasing and every
o> —1+1/y, we have

b
e O Ir{,il””’h< b(zl) ) O G (hw). (7.19)

wet°

Step 2 in the proof of (ii). Fix « > —1 4 1/y and define the (random) measure &, on
R+ by

bn n o bn n
Enh) = i D Il (gh(m), (7.20)

wet°
for every h € B4 (R). Notice that (7.19) can be rewritten as

(d)+mean

En(h) ——> &(h) (7.21)

for every h € C4(R4) nonincreasing, where the measure & is defined by
Eh) = \I-fjn—l r](x"‘h(u)). Moreover, Lemma 5.1-(ii) applied with &~ = 1 gives
sup,ea E[£,(1)] < oo. As a consequence, by the Markov inequality, we have
lim, o0 SUP,,cp P (§,(1) > r) = 0.Fix 8 > O and letr > 0. Then, using the inequal-
ity 1, 00y () < (u/r)P for every u > 0, we get

sup E (5,1, 00))] < 5 sup E [ AT (xu?)) .

neA '™ neA

Notice that the right-hand side is finite by Lemma 5.2 since ya + (y — 1)(8+1) > 0.
We deduce that

f E|[&,(K¢
<2 BBl ]S

where the infimum is taken over all compact subsets K C R.. By [31, Theorem 4.10],
this means that the sequence of random measures (§,, n € A) is tight in distribution
in M(R,). Following the end of step 2 for property (i), we are then able to show that
&, converges to £ in distribution in M ([0, 00)) and E [£, (e)] converges to [E [£(e)] in
M([0, 00)).

Step 3 in the proof of (ii). Let h € B(R.) be continuous on (0, co) such that 2* is non-
Zero, fo R (u)u®?/ Y= du < oo and h(u) = O(e"") as u — oo for some 1 € (0, y).
Set hg = 1 and define a positive function 2| € B4 ((0, 00)) in the following way. If
lim, o h*(u) = oo, set hy = h* + 1 on (0, 1]. If ~* has a finite limit at O (which
is positive as A* is non-zero), then « > —1 + 1/y, and thus there exists ¢ > 0 such
that fo uth* () u®/v=Y du < oo. Moreover, we have lim,_,ou ¢h*(u) = co and
the function u +— u~¢h*(u) is continuous and nonincreasing. In that case, we set
hi(w) = u=%h*(u) + 1 for u € (0, 1]. Now extend & to a continuous function on
(0, 00) such that i1 (1) = exp(u™) for u > 2 for some n; € (n, y). Define a set of
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functions § = {hx: k € N} as follows. Let (1, k > 2) be an increasing sequence in
(11, ). Recall thate > —141/y so that the measure v(du) = 1o, 17(«) uev/r=bqy
is finite. For every k > 1, define A1 € B4 ([0, o)) continuous and positive on
(0, 00) and such that hgyy = hy on (0, 1], with i} defined in Lemma 7.2, and
hi+1(u) = exp(u™+1) for u > 2. In particular, we have lim,_, o4 hg(x)/hg+1(x) =
limy_, o0 g (x)/hr4+1(x) = 0. Then, it is easy to check that the sequence § satisfies
assumptions (H1)—(H5) of Appendix A with § = R4, So = {0} and §*(hg) =
{hj: j > k}for k € N. Notice that, by Lemma 7.2, for every k € N, the function Ay
is continuous and nonincreasing on (0, 1] and satisfies fo heu®/v=Ddy < oo.
So, by Lemma 5.1 (i) and (ii), we get that for all £k € N, there exists a finite constant
Cr > 0 such that

sup E [£,(hi)] < sup E [&, (hi10,1))] + Ck sup E [£, (exp(u™) 11y ] < oc.

neA neA neA

Now, Corollary A.11 applies and yields, in conjunction with Proposition A.9, the
convergence in distribution and of the first moment

(d )+mean

En (hi f) ——— & (i f)

for every k € N and every f € C(R4). Taking k = 1 and f = h/hj proves (7.12) as
£,(So) = £(So) = 0. This, together with Proposition 6.9, proves (ii).

To prove (iii), notice that by (4.23) we have the convergence in distribution
A,Th’o @ \IJ;H’ in the space M([0, 1] x Ry). Thanks to Skorokhod’s represen-
tation theorem, we may assume that we have a.s. convergence. Thus, we get that a.s.
for every k € N,

by "
Jim 25 1o (1 (5L o) ak) =t a.

weth°

Therefore, we have for k € N

lggg;f— Z E |f(' "ol Tb(r{,ﬁ)) > W (f A K). (7.22)

But by the monotone convergence theorem and Proposition 6.9, we have that a.s.
limg o0 W (f A k) = WP (f) = oo. Thus, (7.14) follows from (7.22) by letting
k go to infinity. O

Recall from (4.16) that we excluded the leaves to be able to consider functions
taking infinite values on trees whose height vanishes. In the particular case where the
function only blows up as the mass goes to zero, one can get rid of this restriction.

Remark 7.4 Recall the definition of the random measure A,r,"h’o e M([0, 1] x Ry):

b,
AnDe(f) = Z Tal f (E b )

wer” °
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Similarly to the measure .A}Th’o, we define the measure A,rlnh e M(0,1] x Ry),
where the sum is over all the vertices (the internal vertices and the leaves): for f €
B4+ ([0, 1] x Ry)

™ b,
A=Y el (u 7@(1:;)).

weth"

Let8 > 0and g € B([0, 1]) such that g is continuous on (0, 1] and fo g (xV/r=D)xh
dx < oo. By Theorem 7.3-(i), we have

A (g(oul’)

(d)+mean
—_—
n— 00

W (g(ouf) . (7.23)

Now note that

AT (g()uP) M Z 71 (e2)” ('T ')

weth

makes sense when the function g blows up at 0. If 8 > 0, we have .A,Th (g(x)ubf) =
A,Th‘o(g(x)uﬂ) since h(z])) = O for every leaf w € Lf(z"). Thus we only need to
consider the case 8 = 0. Then, using (4.2) and the fact that | Lf(¢")| < n and that
|}yl = 1 for every w € Lf(z"), we have

b, il - 1
AT (g() = AT (g ()| = 25| D7 Irile (M) <bn gt (—)
n welf(t") n n

Since g* is nonincreasing and satisfies fo g (x?/r=Dydx < oo, it is straight-
forward to check that g*(x) = o(x'/?~!) as x — 0. Thus, we deduce that
lim,, s o0 .A,Tb(g(x)uﬁ) — .A,Th’o(g(x)uﬁ) =0as.andin LI(P). As a consequence,
the convergence (7.23) still holds if we replace A,Th’o(g(x)uﬁ) by A,Tb (g(x)uP).

Similarly, letor > —141/y andh € C(R,.) suchthath(u) = O(e*") asu — oo for
some 1 € (0, y). Then h* is bounded near 0 and necessarily fo x/=Dpx(x)dx <
oo. Thus, by Theorem 7.3, we have

AP (xh(w))

DT\ (1 h () (7.24)
n—oo

Furthermore, using (4.2) we have

‘«4}?” (x“h(u)) — A,‘;”""’(xah(u))‘ = L (z")] 1h(0)] < Bn=@~ 17 |h(0)].

2+Ol

Thus, we deduce that lim,,_, o .A;nh (x%h(u)) — ,Tb’o(x"‘h(u)) =0a.s.andin L' (P)
and the convergence (7.24) holds for A,Tb (x%h(u)).
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Example7.5 Fix « > —1 + 1/y and set g(x) = |log(x)|x*. It is clear that
fo g(x¥/=Dydx < o0, so by Theorem 7.3 we have the convergence in distribu-
tion

° (d)
A;ﬂh, (g(x)) m ‘I’;}b(g(x))
But notice that

byl b
Ah(g(ay) = DB S e B 5 o g )

wet° wet°

b
= log(n) A™°(x%) — ia Z |r$|l+a log ||

n2
wet°

Again Theorem 7.3 gives the convergence in distribution A™?°(x%) % [\l b (x).

Therefore, we get the following asymptotic expansion in distribution

b 1 @
o= Y | log [t | € log(m) W (x*) — W (| log(x)[x*) + o(1).

wetrh-°

n
Furthermore, since
lim E[A;“"~°(g(x))] =E[\p;“’(g(x))] and nli)rréOIE[A,Th’O (x“)]

n—oo
=E[v7" ()],

we get the corresponding asymptotic expansion for the first moment

by
n2+“E |: Z }t$|1+a log |‘l,'55|:| = log(n)E [\Il?h (x"‘)]

weth°

—E[ W7 (| log(0)lx) | + o(1).

Appendix A. A space of measures

Let (S, p) be a Polish metric space, So C S be a closed setin S and 0 € Sy be a
distinguished point. Denote by K the class of compact sets K C S. For any x € S
and A C S, the distance from x to A is defined by p(x, A) = inf{p(x, y): y € A}.
Let § be a countable set of measurable [0, +o0o]-valued functions on S satisfying the
following assumptions:

(H1) The constant function 1 belongs to §.

(H2) All f € § are continuous on Sj.

(H3) All f € § are bounded away from zero and infinity on {x € S: p(x, Sp) >
g, p(x,0) <M} forevery) <e <M < +o0.
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(H4) Forall f € §,theset§*(f) C § of functions f* € § such that f/ f* is bounded
on §; and lim,(x, s9)—0+ f(x)/f*(x) = 0 is non-empty.

Note that assumption (H3) is automatically satisfied when S is compact and every
f € § is positive on Sg. Notice that (H4) implies that §*(f) is infinitely countable
for any f € §. We shall write f* for any element of $*(f). By (Hl) and (H4),
we have lim, 5,)—0+ 1*(x) = 4-00. By convention, we take 1* = 400 on Sy and
f/f*=0o0n S, forevery f € §. We will occasionally need the following additional
assumption:

(H5) S is compact or inf g efc sup,cxe f(x)/f*(x) = 0 for every f € § (and some
e (.

Denote by M = M (S) the space of nonnegative finite measures on S endowed with
the weak topology. Recall that (M, dgy), with dgr, the bounded Lipschitz distance is
a Polish metric space. Recall that, for u € M and f € B (S), the notation f u stands
for the measure f(x)u(dx). Set

Mz = Mz(S) :={pn e M: u(f) <oo forall f € F}. (A.1)

For u € Mg, wehave u(Sp) = 0(as1* = 4o0oon Sp) and fu € M forevery f € §.
In particular, since (f/ f*) f* = f on S5, wehave (f/f*) f*iu = fuforevery f € §
(and f* € §*(f)). We say a sequence (i, n € N) of elements of Mgz converges to
n € Mg if and only if (fu,, n € N) converges to fu in M for every f € §. We
consider the following distance dz on Mg which defines the same topology:

1
dg(u,v) =) o (LAdpL (fi, fiv) for v € Mg, (A2)
keN

where {fi: k € N} is an enumeration of §. (The choice of the enumeration is unim-
portant, as the corresponding distances all define the same topology on M3z.) Notice
that the mapping ¢ +— fu is continuous from Mgz to M. In particular, taking f =1
gives that every sequence which converges in Mg also converges in M to the same
limit.

We shall see that the space (Mg, dg) is complete and separable (Proposition A.1)
and give a complete description of its compact subsets (Proposition A.2). The main
goal of this section is to give conditions which allow to strengthen a convergence in
M to a convergence in Mg for deterministic measures (Corollary A.3) and then to
extend this result to random measures (Proposition 7.6 and Corollary A.11).

Proposition A.1 The space (Mg, d3) is complete and separable.

Proof Let (u,, n € N) be a Cauchy sequence in M. Then, by definition of dg, the
sequence (f iy, n € N) is Cauchy in M for every f € §. By completeness of M,
for every f € g, there exists a measure vy € M such that lim,_ o fu, = vy in
M. We claim that vy (Sp) = 0 for every f € §.Indeed, fix f € §and f* € F*(f).
As f* € §, we have lim,_, o f*uy, = vp+ in M. By (H4), the function f/f™* is
continuous and bounded on S, so that the mapping & +— (f/f*)x is continuous on
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M. In particular, we have lim, 00 f1tn = (f/f*)v s+ in M. On the other hand, we
have lim,, o0 fitn = vy in M. We deduce that vy = (f/f*)vs+. It follows that
v7(Sp) = Osince f/f* =0on Sp.

We set © = vp so that lim, .o, = p in M. Let f € §. We shall prove
that i = vy. Consider the closed set Fy = {f > 1/k} for k € N*. Notice that
Fi C int(Fj41). Therefore, by Urysohn’s lemma, there exists, for k € N*, acontinuous
function y;: S — [0, 1] such that yx = 1 on Fy and supp(xx) C int(Fi+1). Notice
that (xx f/ f)1tn = Xkian since (f/ f) = 1 on Sy and (1, (So) = 0. Since xx and xi/ f
are continuous and bounded, the mappings v — xxvandv — (xx/f)v are continuous
from M to itself. We deduce that yzpu = lim,— oo xaetn = limy— oo (Xx/f) fltn =
(tk/ f)vy in M. Letting k go to infinity, as xx 1 1 on S§ since f is positive on S,
and i (Sp) = v7(So) = 0, we deduce (using the monotone convergence theorem) that
n = (1/f)vy and thus fu = vy. Since this holds for all f € §, this proves that
n € Mgz and thatlim, . fu, = fuin M forevery f € §. Thus My is complete.

Next, define F, = {x € S: p(x, So) > 1/n, p(x,0) < n}. We will identify the
space M (F,) with the subset of M consisting of the measures whose support lies in
F. Notice that F) is a Polish space (when endowed with the topology induced by p)
as a closed subset of the Polish space S. In particular, the set M (F)) endowed with the
bounded Lipschitz distance is a Polish space. Let f € §. By (H3), the functions f and
1/ f are both continuous and bounded on F), so it is easy to check that the topology
induced by dz on M(F),) coincides with the topology of weak convergence, i.e. the
one induced by dpy.. Therefore, the space (M(F)), d) is separable. To prove that M
is separable, it suffices to show that M3 is equal to the completion of | J,,..; M(F})
with respect to dg. Notice that F, C int(F,; +1). Therefore, by Urysohn_’s lemma,
there exists a continuous function x;,: S — [0, 1] such that x, = 1 on F, and
supp(x,) C int(F, ). Let u € Mg and set w, = x,u. Then it is clear that p,
has support in F, 41 and thus p,, € M(F, +1)- Moreover, for every f € § and every
nonnegative & € Cp(S), we have

pn(hf) = p(hf x,) —— p(hf)

by the monotone convergence theorem, since x;, 1 1 s and u(Sp) = 0. This proves
that (f i, n € N) converges to fu in M forevery f € §, thus dg(w,, n) — 0. This
concludes the proof. O

A set of measures A C M is said to be bounded if SUP, A n() < oco. We now
give a characterization of compactness in M3.

Proposition A.2 Let A C M3.

(i) A is relatively compact if and only if for every f € §, the family {fiu: n € A}
of finite measures is bounded and tight.

(it) If (H5) holds, then A is relatively compact if and only if for every f € §, the
family {fu: u € A} is bounded.

Proof To prove (i), start by assuming that A is relatively compact. For every u € Mg
and every f € §, set Fy(u) = f. This defines a continuous mapping Fy: Mgz —
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M. Tt follows that the set

Fr(A) ={fp:neA}

is relatively compact in M, i.e. it is bounded and tight by Prokhorov’s theorem.

Conversely, letus assumethat { f o : u € A}isbounded and tightin M forall f € §.
Let (un, n € N) be a sequence in A. Since the sequence of measures (fu,, n € N)
is bounded and tight, it is relatively compact in M for every f € §. Therefore, by
diagonal extraction, there exists a subsequence still denoted by (fi,, n € N) which
converges in M for every f € §. By the same argument as in the proof of Proposition
A1, it follows that (u,, n € N) converges in Mg. This proves that A is relatively
compact.

To prove (ii), assume that (HS) holds. The statement for a compact S follows
immediately since a family of finite measures on a compact space is always tight. Now
assume that S is not compact and let A C Mz such that the family {fu: n € A} is
bounded for every f € §. To prove that A C My is relatively compact, it is enough
to show that { fuu: n € A} is tight and to apply the first point. Let f* € F*(f) be
the one appearing in (H5) and K C S be a compact subset. For every i € A, since
1(Sp) = 0, we have

| rwueo = [ reonseua
K¢ K¢

fx)
ke fr(x)

< u(f") sup%

Lge (x) £ (x) (dx)

It follows that

sup | f(x) u(dx) < sup u(f*) sup f*
neA JKe peA ke [

and taking the infimum over all compact subsets K € K yields, thanks to (H5)

inf sup f(x)u(dx) =0,
KeK ueAJke

i.e. the family { fu: n € A} is tight. This completes the proof. O

The next result gives sufficient conditions allowing to strengthen convergence in
M to convergence in M.

Corollary A.3 Let (i, n € N) be a sequence of elements of Mg converging in M
to some € M. Then p € Mgz and lim,_, oo (b, = p in Mg under either of the
following conditions:

(i) (fun, n € N) is bounded and tight for every f € §.
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(ii) (H5) holds and (f i, n € N) is bounded for every f € §.

Proof Either condition guarantees that the sequence (u,, n € N) isrelatively compact
in Mg by Proposition A.2. Let i € Mg be a limit point of (i,, n € N). Then there
exists a subsequence, still denoted by (i, n € N) such that lim, o 4, = [ in
M. In particular, we have lim,,_, o, ity = L in M. Since lim, oo £, = @ in M by
assumption, it follows that ft = . This proves that & € Mg and thatlim, . ny, =
in M3 since the sequence (u,, n € N) is relatively compact in Mz and has only one
limit point x. O

The compactness criterion of Proposition A.2 yields a tightness criterion for random
measures in Mz.
Proposition A4 Let E be a family of Mg-valued random variables.

(i) The family B is tight (in distribution) in My if and only if for every f € §, the
SJamily {f&: & € B} is tight (in distribution) in M, i.e. if and only if

lim supP(&(f) >r)=0 (A.3)
r—)OO%~EE
and
inf supE |:1 /\/ f(x)é(dx):| =0. (A4)
KeK EcE K¢

(ii) If (H5) holds, then E is tight (in distribution) in Mg if and only if (A.3) holds
forevery f € §.

Proof To prove (i), assume that & is tight in Mg. Since the mapping F¢: p — fu
is continuous from Mgz to M for every f € § and since tightness is preserved by
continuous mappings, it follows that the family F¢(E) = {f&: & € E} is tightin M
for every f € §. The result now follows from Theorem 4.10 in [31].

Conversely, assume that (A.3) and (A.4) hold for all f € § and let ¢ > 0. Let
{fi: k € N*} be an enumeration of §. We set for k € N*:

Cyr=k (1 +  sup || fi/ Sk ||Oo> ,
J=<k, fred*(f})

with the convention that sup? = 0. For every k € N*, there exists r; > 0 and a
compact set K € K such that

sup P (§(fx) > ) < 5 and supE [1 /\/ fk(x)é'(dX)} = 2k

Eel el

Set

keN*

1
Ae= ) {n€Mg: u(fo) < riand /K Fr(pu(dx) < C_k}
k
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Then for every & € E, we have
P(§ € A5 =P (Hk N £ = ror [ Ao > Ci)
K¢ k
<Y PE =+ Y P(/ @) > —) <2,

keN* keN*

where in the last inequality we used that
1 1
P f0)Edx) > o= PLIA [ fr()Edx) > —
K{ k K§ Ck

< OE [1 g fk(x)é(dx)} <L
K¢ 2

Thus, to prove that & is tight in M, it remains to show that A, C M isrelatively
compact. We have sup,,c 4. n(fk) < ri < oo so that the family {fip: n € Ag}is
bounded for every k € N*. Moreover, for every i > k such that f; € F*(fx), we have

sup / S u(dx) < 1 fi/ fillso supf fi(pdx) < =

neA, JK HEA;

This implies that infgexc sup,ea, [ge fi(x)p(dx) < 1/i fori > k such that f; €
$*(fx). Since there are infinitely many such i, we deduce that

inf sup fr(x)u(dx) =0,
ek ueAe JK¢

i.e. the family {fipu: 1 € Ag} is tight. As this holds for all k € N*, we get by
Proposition A.2 that A, is relatively compact in Mz (in fact, A, is compact as it is
closed). This proves (i). The proof of (ii) is similar. m]

We now give a sufficient condition for tightness in the space M.

Corollary A.5 Assume that (H5) holds. Let E be a family of M g-valued random vari-
ables such that for every f € §,

;ugE[E(f)] < 00. (A.5)
e

Then & is tight (in distribution) in M3.

Proof By the Markov inequality, we have for every f € §,

1
sup P (§(f) > r) = —sup E[§(f)] ~—— 0.

&€ I gca
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This proves that E is tight in Mg by Proposition A.4-(ii). O

We denote by B (resp. Bg) the Borel o-field on (M, dpy.) (resp. on (M5, dg)). We
also denote by By = {A N Mg: A e B} the trace o-field of B on M3.

LemmaA.6 We have By = B.

Proof Step 1. We first prove that Mz is a Borel subset in M. For g € B (S), we
consider the function ®, defined on M by ©4(1) = gu. Denote By = B,(S) N
B4 (S) the set of bounded nonnegative measurable functions defined on S. We follow
the proof of [10, Theorem 15.13] to prove that, for every g € By, ©, is a measurable
function from M to M. Denote by F = {g € By, : ©, is measurable}. The function
O, is continuous for g belonging to Cpy = Cp(S) N C1(S). Furthermore, the set F
is closed under bounded pointwise convergence: if g, — g pointwise, with g € Bp
and (g,, n € N) a bounded sequence of elements of F (i.e. sup,cy lIgnllce < ©0),
then ©g4 () = lim,,_, » O, (1) by dominated convergence and thus g belongs to F.
An immediate extension of [10, Theorem 4.33] gives that B, C F.

We then deduce that the function 8, : M — [0, +00] defined by 0, (1) = gu(1) =

u(g) is measurable for every g € By, and as g € B (S) is the limit of g A n € By
as n goes to infinity, we deduce by monotone convergence that 6, = lim, o0 Ogan,
and thus 6, is measurable for every g € B,.(S). By definition of M3, we have that
Mz =Nrez Of_l (R4+), and thus M is a Borel subset in M.
Step 2. We prove that for every u € Mg, the mapping v — dz(u, v) defined on
My is By-measurable. Let g € Bp,. Since the function ®, is measurable from M
to itself by step 1, it is B/B-measurable. By definition of the trace o -field, it follows
that the mapping ©®, from Mg to M is By /B-measurable. Let f € §. By monotone
convergence we get that © y = lim, . © s, and thus O 7 is By, /B-measurable.

Since u© € Mg, we have fu € M and the mapping @ +— dpL(f i, ) from
M to R is continuous hence B-measurable. Thus, by composition we get that the
mapping v — dpr(fu, fv) from Mgz to R is Bi-measurable. Finally, the mapping
v = dz (i, v) from M3z to Ris B-measurable as a sum of B;-measurable mappings.
Step 3. We conclude the proof of the lemma. For every i € Mg and every € > 0, we
have

B(u,e) ={v e Mg: dz(n,v) < e} € By

by Step 2. Since My is a Polish space, every open set is the countable union of open
balls and it follows that every open set lies in 5. Hence we get By C By,.
Conversely, notice that the identity mapping from (Mg, dg) to (Mg, dpL) is con-
tinuous. Therefore, if V C M is an open set, V N M3 is open in (M35, dpr) hence
also in (Mg, d3). In particular, we have V N Mz e Bg. Since this is true for every
open set V C M, we deduce that B, C Bg. O

The following two results are a direct consequence of Lemma A.6.

Corollary A.7 Let & be a M-valued random variable such that a.s. £(f) < oo forevery
f € 8. Then & is a Mg-valued random variable. Conversely, if & is a Mg-valued
random variable then & is also a M-valued random variable.
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Corollary A.8 Let & and { be Mg-valued random variables. Then the following con-
ditions are equivalent:

(i) & @ ¢ when viewed as Mg-valued random variables.
(ii) & @ ¢ when viewed as M-valued random variables.
(iii) €(h) L ¢ (h) for every h € Cp(S).

(iv) E(fh) @ Z(fh) forevery h € Cp(S) and f € §.

We now characterize convergence in distribution of random measures in Mgz. Recall
that (H1)-(H4) are in force.

Proposition A.9 Let &, and & be Mg-valued random variables. Then &, converges in

distribution to & in Mg if and only if §,(fh) i) E(fh) for every h € Cp(S) and
n—oQ

every f € §.

Proof Assume that &, converges in distribution to & in M. Let f € §. Since F: ju —
fw is continuous from Mgz to M and v — v(h) is continuous from M to R for every
h € Cp(S), it follows that the mapping u — w(fh) is continuous from M3z to R. By
the continuous mapping theorem, we get &,(fh) @ E(fh).

Conversely, for every f € §, f&, and f& are M-valued random variables, and we

have &,(fh) @ &E(fh) forevery h € Cp(S). By [31, Theorem 4.11], this implies that

fén @, f& in the space M. In particular, (f&,, n € N) is tight (in distribution)
in /\/lng)?oevery f € 5. By Proposition A.4, it follows that (§,, n € N) is tight in
M. Since M is Polish, ProkhorovA’s theorem ensures that (§,, n € N) is relatively
compact (in distribution) in M. Let &£ be a limit point (in distribution) of (§,, n € N).
There exists a subsequence, still denoted by &,, such that &, “9 é in Mg. Let
h € Cp(S). Applying the first part of the proof, we get that &, (fh) %) E(fh) for

every f € §. Therefore, we have é(fh) @ &E(fh) for every h € Cp(S). It follows

from Corollary A.8 that & < & in M. Thus the sequence (§,, n € N) is relatively
compact and has only one limit point £ in M. This proves the result. O

We state now the main result of this section. Recall that (H1)—(H4) are in force.

Proposition 7.6 Let (£, n € N) be a sequence of Mz-valued random variables and

& be a M-valued random variable such that &, “9 &in M and (§,,n € N) is tight

(in distribution) in Mg. Then & is a Mg-valued random variable and we have the

e @ . .
convergence in distribution &, — & in M.

Proof By assumption, the sequence (§,, n € N) is relatively compact (in distribution)

in the space M. Let& € Mgz be alimit point in distribution and let 4 € Cp(S). On the
one hand, Proposition A.9 applied with f = 1 yields the convergence &, (h) @ é‘(h).
On the other hand, since &, @ & in M it follows that &, (h) “ &(h). Therefore

é(h) @ &(h) for every h € Cp(9), i.e. é @ & in M. Since the distribution ofé is
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concentrated on Mz, the same is true for £. In other words § € Mz a.s.,andso & isa
M-valued random variable by Corollary A.7. Now, applying Corollary A.8 we get

£ < & in the space M. Thus the sequence (§,, n € N) is relatively compact in Mg

and has only one limit point &, so &, 9 & in Mg. O

The following special case is particularly useful. Recall that (H1)—(H4) are in force.

Corollary A.11 Assume that (H5) holds. Let (&,, n € N) and & be M-valued random
variables such that &, <9 & in M and for every f € §,

sup E[£,(f)] < oo. (A.6)

Then (&,, n € N) and & are Mg-valued random variables and we have the conver-

gence in distribution &, < & in Mg. Moreover, for every f € §, we have
EE(NHT = liminf E[§,(f)] < co.

Furthermore, if (E [£,(e)], n € N) converges to E [£(e)] in M then the convergence
actually holds in M.

Proof The random variable &, is M-valued and satisfies &,(f) < oo a.s. since
E[&,(f)] < oo for every f € §, so by Corollary A.7, &, is a Mg-valued random
variable. By Corollary A.5, the assumption (A.6) implies that (§,, n € N) is tight
(in distribution) in M g. Therefore Proposition 7.6 applies and gives the convergence

e @ o . , . .
in distribution £, — & in Mg. Moreover, Skorokhod’s representation theorem in
conjunction with Fatou’s lemma implies that for every f € ¥,

E[£(/)] < liminf B [&,(f)] < oo

Now set i, = E[£,(e)] and u = E [£(e)] and assume that , — w in M. Notice
that the assumption (A.6) implies that u, € Mz forevery n € N and that the sequence
of measures (fu,, n € N) is bounded for every f € §. Thus Corollary A.3 gives the
convergence lim,_, o0 ity = 1 in M3z. O

Appendix B. Sub-exponential tail bounds for the height of conditioned
BGW trees

Assume that & satisfies (£1) and (£2) and denote by " a BGW(§) tree conditioned
to have n vertices. Then by [35, Theorem 1] which is stated for the aperiodic case but

is trivially extended to the general case, for every o € (0, y/(y — 1)), there exist two
constants Cp, co > 0 such that for every y > 0 and every n € A

by _
P (75(#) < y) < Coexp (—coy™). (A7)
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We will show that under the stronger assumption (£3), the previous inequality holds
with @ = y/(y — 1). Since the finite variance case has already been treated in [5], we
assume henceforth that £ has infinite variance.

Recall that L is a slowly varying function such that E [&' 21{5 Sn}] =n?"YL(n).On
the other hand, the slowly varying function appearing in the appendix of [35], which
we denote by K, satisfies Var (§1g<,}) = n*>~7 K (n). Since Var(¢) = +00, we have
as n goes to infinity that

E [szl{gfn}] ~n¥ VK@) + 1 ~n® 7 K(n),

see the appendix in [35]. Therefore, we get K (n) ~ L(n) and K is bounded above.

Following the proof of [35, Theorem 1] to get (A.7) holds foro = y/(y — 1), it
is enough to prove the analogue of Proposition 8 therein with @ = y /(y — 1), that is
Proposition B.1 below. Let (W,,, n € N) be a random walk with starting point Wp = 0
and jump distribution & — 1.

Proposition B.1 Assume that & satisfies (§1) and (£3) . There exist two constants
Co, co > 0 such that for every u > 0 and every n > 1,

P ( min W; < —ub,,) < Coexp (—couy/(y—”) . (A.8)

1<i<n

Proof Note that P’ (minj<j<, W; < —ub,) = 0 if ub, > n, so that it is enough to
prove (A.8) for 1 <u <n/b,. Write, forh > 0

P ( min W; < —ubn) =P ( max e Wi > eh“b”)

1<i<n 1<i<n

< e ubig [e*hW"] — e ubig [efhwl]n . (A9)

where the inequality follows from Doob’s maximal inequality applied to the submartin-
gale (e "W n e N). We shall apply (A.9) with & = eu /b, where n = 1/(y — 1)
and ¢ > 0 is a constant to be chosen later. Note that y/(y — 1) = ny =1 +n.
Observe that eu /b, is bounded uniformly in 1 < u < n/b, and n > 1. Indeed, since
b, > in/”, we have

u" n\" 1 1
< | — < .
b, —\b,/) b, ~ Q””

Therefore, using [35, Eq. (42)] together with the inequality 1 + x < e*, we have for
everyn > landevery 1 <u <n/b,

—ettwy 1" '\’ bn 1V Y
Ele 5 <expiCn 6= K(— <exp(C'e’u"),
B su
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as K is bounded from above and b,, > in/ Y. Thus, we deduce from (A.9) that for
1<u<n/b,

1<i<n

P < min W; < —ub,,> < exp (— (s — C/gy) u1+n) .

The conclusion readily follows by choosing ¢ > 0 small enough such that e — C’e? >
0. O

Remark B.2 In fact, this proof is valid if we only assume that the slowly varying
function L of (£3) is bounded from above, in which case n~1/7 b, is bounded below.
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