Received: 26 July 2018 Accepted: 30 June 2020 Check for
updates

DOI: 10.1002/rsa.20965

RESEARCH ARTICLE WILEY

Asymptotic for the cumulative distribution function
of the degrees and homomorphism densities for
random graphs sampled from a graphon

Jean-Francois Delmas! | Jean-Stéphane Dhersin? | Marion Sciauveau

! Université Paris-Est, Cermics (ENPC),
Marne-la-Vallée, France

2 Université Paris 13, Sorbonne Paris Cité,
LAGA, CNRS (UMR 7539), Villetaneuse,
France

Correspondence
Marion Sciauveau, Université de Tours,

1

Abstract
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a nonparametric test for identifying the degree function of a
large random graph. Replacing the indicator function in the
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totic results for functionals of homomorphism densities for
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recent results on asymptotics for homomorphism densities of
sampled graphon.
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1 | INTRODUCTION

The Internet, social networks, or biological networks can be represented by large random graphs.
Understanding their structure is an important issue in Mathematics. The degree sequence is one of
the key objects used to get information about graphs. Degree sequences of real world networks have
attracted a lot of attention during the last years because their distributions are significantly different
from the degree distributions studied in the classical models of random graphs such as the Erdos-Rényi
model where the degree distribution is approximately Poisson when the number of nodes is large. They
followed a power-law distribution, see for instance, Newmann [30], Chung et al. [11], Diaconis and
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Blitzstein [6], and Newman, Barabasi, and Watts [29]. See also Molloy and Reed [26,27] and Newman,
Strogatz, and Watts [31] in the framework of sparse graphs.

In this paper, we shall consider the cumulative distribution function (CDF) of degrees of large dense
random graphs sampled from a graphon. Using precise approximations of the binomial distribution,
we extend the results from Bickel, Chen, and Levina [5] on the convergence of the CDF, to get the
corresponding fluctuations under regularity conditions on the underlying graphon (in particular we
assume the graphon is smooth and has an increasing degree function). The limiting process of the
fluctuations is a Gaussian process, and we provide a representation of the Gaussian process as Wiener
integrals. The proof relies on very precise and technical estimates for binomial distributions. The theory
of graphon or limits of sequence of dense graphs was developed by Lovész and Szegedy [24] and Borg,
Chayes, Lovasz, S6s, and Vesztergombi [8]. The asymptotics on the empirical CDF of degrees, see the
theorem in Section 1.1, could be used to test if a large dense graph is sampled from a given graphon.
This result is a first step for giving a nonparametric test for identifying the degree function of a large
random graph in the spirit of the Kolmogorov-Smirnov test for the equality of probability distribution
from a sample of independent identically distributed random variables.

If we replace the indicator function in the empirical CDF by a smoother function, we get general
results on the convergence and the fluctuations for functionals of homomorphism densities for partially
labeled graphs. As an application, when considering homomorphism densities for sampled graphon,
we recover results from Féray, Méliot, and Nikeghbali [16] and extend it to induced homomorphism
densities. The asymptotics and the fluctuations of smooth functions of homomorphism densities are
proved using moment bounds. See Remark 1.1 to get an intuition on how to derive the fluctuations of
the CDF of degrees from those results. The proofs are more classic, but the random measure approach
seems to be the right framework to consider other cumulative distributions. We believe using this
approach with partially labeled graphs will allow to build more powerful tests than tests based only on
homomorphism densities.

1.1 | Convergence of CDF of empirical degrees for large random graphs

We consider simple finite graphs, that is graphs without self-loops and multiple edges between any
pair of vertices. We denote by F the set of all simple finite graphs.

There exists several equivalent notions of convergence for sequences of finite dense graphs (i.e.,
graphs where the number of edges is close to the maximal number of edges), for instance in terms of
metric convergence (with the cut distance) or in terms of the convergence of subgraph densities, see
[8] or Lovasz [23].

When it exists, the limit of a sequence of dense graphs can be represented by a graphon that is a
symmetric, measurable function W : [0, 1]> — [0, 1], up to a measure preserving bijection. A graphon
W may be thought of as the weight matrix of an infinite graph whose set of vertices is the continuous
unit interval, so that W(x, y) represents the weight of the edge between vertices x and y.

Moreover, it is possible to sample simple graphs, with a given number of vertices, from a graphon
W (called W-random graphs). Let X = (X; : i € N*) be a sequence of independent random variables
uniformly distributed on the interval [0, 1]. To construct the W-random graph with vertices [n] :=
{1,...,n}, denoted by G,, for each pair of distinct vertices i # j, elements of [n], connect i and j with
probability W(X;, X;), independently of all other edges (see also Section 2.4). If needed, we shall stress
the dependence on W and write G,,(W) for G,,. By this construction, we get a sequence of random graphs
(G, : n € N*) which converges almost surely towards the graphon W, see for instance Proposition
11.32 in [23].
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We define the degree function D = (D(x) : x € [0, 1]) of the graphon W by:

1
D(x) = / W(x,y)dy.
0

And we consider the empirical CDF I, = (IL,(y) : y € [0, 1]) of the normalized degrees of the graph
G, defined by

n

1
Hn()’) = Z 21 I{DE’I)SD()I)}’

i=

where (n — l)DE”) is the degree of the vertex i in G,,.

Theorem 5 (with m = 1) in [5] gives the convergence in distribution and the convergence of the
second moments of IT,(y) towards y when D is increasing. We improve this results: we prove the
almost sure convergence of I1,(y) towards /01 1({pw<py)) dx at y such that {x € [0, 1], D(x) = D(y)}
has zero Lebesgue measure, and the a.s. uniform convergence of I, towards Id, the identity map on
[0, 1], when D is increasing,' see Remark 3.3(i). This is a consequence of the more general result given
by Theorem 3.2 (see Section 1.2 and Remark 3.3 for more details). In a different direction, Chatterjee
and Diaconis [9] considered the convergence of uniformly chosen random graphs with a given CDF
of degrees towards an exponential graphon with given degree function.

Our approach allows us to get the fluctuations associated to the almost sure convergence of IT,. If
W satisfies some regularity conditions given by (65), which in particular imply that D is of class C! and
increasing, then we have the following result on the convergence in distribution of finite-dimensional
marginals for IT,,.

Theorem A (Theorem 8.1). Assume that W satisfies condition (65). Then we have the following
convergence of finite-dimensional distributions:

(VaaLm-y:yeon) == 4

n—+oo

where (y, .y € (0,1)) is a centered Gaussian process defined, for all y € (0, 1) by:

1
Xy =/0 (PG, u) — p(y))dBy,

with B = (By,u > 0) a standard Brownian motion, and (p(y,u) : u € [0, 1]) and p(y) defined for
y € (0,1) by:

W(y, w)

p(y,u) = 1[0,y](”) - D'(y)

1
and ﬁ(y):/ p(y, u)du.
0

The covariance kernel X~ = X, + X, + X3 of the Gaussian process y is explicitly given by Equations
(67), (68), and (69) which define respectively X, 2, and Z5. In particular, we deduce that the variance

!Janson [20] provided a graphon such that none of its equivalent version (by a measure preserving bijection) has a nondecreasing
degree function. However, if there exists an equivalent version of a graphon, for which the degree function is increasing, then
this equivalent version is unique. This equivalent version was considered in [5] and will be considered here also.
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of y(y), fory € (0, 1) is given by the elementary formula:

1 y
200 =31 =9+ s < /0 Wy, 0dx ~ D(y)2> t 56 (D(y)y - /O W, x)dx) .

The proof of this result relies on uniform Edgeworth expansions for binomial random variables,
see Bhattacharya and Rao [4], and Stein’s method for binomial random vectors, see Bentkus [2]. The
convergence of the process in the Skorokhod space could presumably be proved using similar but
more involved arguments. More generally, following van der Vaart [37], Chapter 19 on convergence
of empirical CDF of independent identically distributed random variables, it would be natural to study
the uniform convergence of i Yo f (Dl(.")) when f belongs to a certain class of functions.

The asymptotics on the CDF of empirical degrees appear formally as a limiting case of the asymp-
totics of % Yo f (DE")) with f smooth. This is developed in Section 1.3. We shall in fact adopt in this
section a more general point of view as we replace the normalized degree sequence by a sequence of
homomorphism densities for partially labeled graphs.

1.2 | Convergence of sequence of dense graphs towards graphons

Recall that one of the equivalent notions of convergence of sequences of dense graphs is given by the
convergence of subgraph densities. It is the latter one that will interest us. We first recall the notion of
homomorphism densities. For two simple finite graphs F and G with respectively v(F) and v(G) ver-
tices, let Inj(F, G) denote the set of injective homomorphisms (injective adjacency-preserving maps)
from F to G (see Section 2.2 for a precise definition). We define the injective homomorphism density
from F to G by the following normalized quantity:

[Inj(F, G)|
V(F) ’
v(G)

tinj(F, G) =

where we have for all n > k > 1, AX = n!/(n — k)!. In the same way, we can define the density of
induced homomorphisms (which are injective homomorphisms that also preserve nonadjacency), see
(24). Some authors study subgraph counts rather than homomorphism densities, but the two quantities
are related, see Bollobas and Riordan [7], Section 2.1, so that results on homomorphism densities can
be translated into results for subgraph counts.

A sequence of dense simple finite graphs (H, : n € N¥) is called convergent if the sequence
(tinj(F, Hy) : n € N*) has a limit for every ' € F. The limit can be represented by a graphon, say W
and we have that for every F € F:

hm tinj(Fs Hn) = t(F9 W)’
n—oo

where

HF,W) = / I weex [T dx
(0,119 (i A eE(F) keV(F)

According to [23], Proposition 11.32, the sequence of W-random graphs (G, : n € N*) converges a.s.
towards W, that is for all F € F, a.s.:

lim finj(F, G,,) = ((F, W). ey



DELMAS ET AL. WI LEY 5

In the Erdos-Rényi case, that is when W = p is constant, the fluctuations associated to this almost
sure convergence are of order n: for all F € F with p vertices and e edges, we have the following
convergence in distribution:

1 (1(F, Gu(p) = ) —— N (0,297 (1 = ),

where N (m, 62) denotes a Gaussian random variable with mean m and variance ¢2. There are several
proofs of this central limit theorem. Nowicki [32] and Janson and Nowicki [21] used the theory of
U-statistics to prove the asymptotic normality of subgraph counts and induced subgraph counts. They
also obtained the asymptotic normality of vectors of subgraph counts and induced subgraph counts. In
the particular case of the joint distribution of the count of edges, triangles, and two-stars, Reinert and
Rollin [34], Proposition 2, obtained bounds on the approximation. Using discrete Malliavin calculus,
Krokowski and Thile [22] generalized the result of [34] (in a different probability metric) and get
the rate of convergence associated to the multivariate central limit theorem given in [21]. See also
Féray, Méliot, and Nikeghbali [15], Section 10, for the mod-Gaussian convergence of homomorphism
densities.

The asymptotics of normalized subgraph counts have also been studied when the parameter p of
the Erdos-Rényi graphs depends on n, see for example Ruciniski [35], Nowicki and Wierman [33],
Barbour, Karonski, and Ruciriski [1], and Gilmer and Kopparty [17].

In the general framework of graphons, the speed of convergence in the invariance principle is of
order 4/n, except for degenerate cases such as the Erdos-Rényi case. This result was given by Féray,
Méliot, and Nikeghbali [16], Theorem 21: for all F € F, we have the following convergence in
distribution:

(d)
Vi (twj(F, G,) = t(F, W)) — N (0,6(F)?), 2)
where, with V(F) the set of vertices of F' and v(F) its cardinal,

o(F)? = 2 t((F X F)(q.q"), W) — v(F)* t(F, W)

9.q'€V(F)

and (F X F')(g, q") is the disjoint union of the two simple finite graphs F and F’ where we identify
the vertices ¢ € F and ¢’ € F’ (see point (iii) of Remark 7.5, for more details). Notice that in the
Erdos-Rényi case, that is when W is a constant graphon, the asymptotic variance o(F)? is equal to 0,
which is consistent with the previous paragraph since the speed is of order n.

Using Stein’s method, Fang and Rollin [14] obtained the rate of convergence for the multivariate
normal approximation of the joint distribution of the normalized edge count and the corrected and
normalized 4-cycle count. As a consequence, they get a confidence interval to test if a given graph
G comes from an Erd6s-Rényi random graph model or a nonconstant graphon-random graph model.
Maugis, Priebe, Olhede, and Wolfe [25] gave a central limit theorem for subgraph counts observed in
a network sample of W-random graphs drawn from the same graphon W when the number of observa-
tions in the sample increases but the number of vertices in each graph observation remains finite. They
also get a central limit theorem in the case where all the graph observations may be generated from
different graphons. This allows to test if the graph observations come from a specified model. When
considering sequences of graphons which tend to 0, then there is a Poisson approximation of subgraph
counts. In this direction, Coulson, Gaunt, and Reinert [12], Corollary 4.1, used the Stein method to
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establish an effective Poisson approximation for the distribution of the number of subgraphs in the
graphon model which are isomorphic to some fixed strictly balanced graph.

Motivated by those results, we present in the next section an invariance principle for the distribution
of homomorphism densities of partially labeled graphs for W-random graphs which can be seen as a
generalization of (2).

1.3 | Asymptotics for homomorphism densities of partially labeled graphs for large random
graphs

Let n € N* and k € [n]. We define the set S, of all [n]-words of length & such that all characters are
distinct, see (7). Notice that | S| = A} = n!/(n - k)!.

We generalize homomorphism densities for partially labeled graphs. Let F, G € F be two simple
graphs with V(F) = [p] and V(G) = [n]. Assumen >p >k > 1.LetZ € S,; and a € S, ;. We define
Inj(F?, G%) the set of injective homomorphisms f from F into G such that f(#;) = «; for all i € [k],
and its density:

[Inj(F*, G|

p—k
n—k

tmi(F”,G") =

We define the random probability measure Ff’f on ([0, 1], B([0, 1])), with B([0, 1]) the Borel
o-field on [0, 1], by:

F.¢ 1
Fn = |S | Z 5tinj(Fvaz)'
nk a€S, i

In other words, for all measurable nonnegative function g defined on [0, 1],

M9 == 3 g (tn(F.GH). 3)

ISn,kI a€S,;

We prove, see Theorem 3.2, the almost sure convergence for the weak topology of the sequence
<F5’f(dx) ‘neE N*) of random probability measure on [0, 1] towards a deterministic probability

measure I'77 (dx), see definition (42).

— If we take g = Id in (3), we recover the almost sure convergence given in (1) as according to (21):

1

tinj(F, Gy) = Sl

D tni(F7, G).

aES,

— If we take g = 1jopoy withy € (0,1) and F = K, (where K, denotes the complete graph with
two vertices) in (3) and using the expression of I'* given in Remark 3.1, (ii), we have, with e any
vertex of K», that:

|
*(¢) =M,(y) and lﬂKZ"(g)=/ 1{pw<p(y)y dx.
0

Then, by Theorem 3.2, under the condition that D is increasing on (0, 1), we have the almost sure
convergence of I1,(y) towards y, see Remark 3.3(i).
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We also have the fluctuations associated to this almost sure convergence, see Theorem 7.4 for a
multidimensional version.

Theorem B. Let W € W be a graphon. Let F € F be a simple finite graph with V(F) = [p],
¢ € My, withk = |£|. Then, forall g € C2([0, 1]), we have the following convergence in distribution.:

Vi (T @ - T (@) == N (0.6"(g?).

with ot (g)? = Var(?/'gFf) and ‘I/'gFf is defined in (43).

Notice 6/ (g)? is an integral involving g and g’. The asymptotic results are still true when we
consider a family of d > 1 simple graphs F = (F,, : 1 < m < d) € F¢ and we define Ff”’ﬂ on
[0,1]%, see Theorem 7.4 for the multidimensional case. The case g = Id appears already in [16], see
Corollary 7.6 for the graphs indexed version. We have the following convergence of finite-dimensional
distributions (or equivalently of the process since F is countable).

Corollary C (Corollary 7.6).  We have the following convergence of finite-dimensional distributions:

(fdd)
(Vi (5(F. Gy = 1. W) s FEF) == Oy,

where @i = (Oyi(F) : F € F) is a centered Gaussian process with covariance function Kiy; given,
for F,F' € F, by:

Kij(F.Fy= ) Y t((FWF)g.q). W) = v(EWE) (F, Wy(F', W).

qeV(F) ¢'€V(F")

As a consequence, we get the central limit theorem for homomorphism densities from quan-
tum graphs, see (62) and for induced homomorphism densities #i,q(F, ), see Corollary 7.9. In the
Erdos-Rényi case, the one-dimensional limit distribution of induced homomorphism densities is not
necessarily normal: its behavior depends on the number of edges, two-stars, and triangles in the graph
F,see [21,32].

Remark 1.1. Notice that because g = 19 p(y); i not of class C 2([0, 11), we cannot apply Theorem B (or
Theorem 3.4) (with F = K, and k = 1) directly to get the convergence in distribution of \/r_z(l'[,,(y) -y)
towards y(y) given in Theorem 8.1, where in particular D is assumed to be increasing. Nevertheless, the
asymptotic variance can be formally obtained by computing 6%2-*(g)? given in Theorem B (or Theorem
3.4, see (43)) with g = 1j9 p(y and g’ (D(z))dz which is formally replaced by —(D’(y))~'8,(dz), with &,
the Dirac mass at a € R.

To be more precise, using Remark 3.5, (iii),(a), we have

Var(y,) = Var(T*(g)) = o%*(g)* = Var(U;}**),
with

1
Uy>* = g(D()) + / W(x, U)g'(D(x))dx = 110,00y(DU)) = W(y, YD ()™
0

and where U is a uniform random variable on [0, 1]. By easy computations, we have that

D'(y)

E [Ung,o
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K0\2] 2 [ 1 b,

Finally, we get that Var(y,) = Z(y, y) where X is given in Remark 8.2. However, the proofs of Theorems
A and 8.1 require different approaches.

Similarly to Theorem 8.1 and in the spirit of Theorem 3.4, it could be interesting to consider the
convergence of CDF for triangles or more generally for simple finite graphs F, V(F) = [p], and £ €
Sp,kl

1
<|5 il Z oy Gostarmy X €O, 1)k> ,

aES,

where t.(F/, W) = E[tinj (Ff, GE,k])| X1y, Xp) = x] , see (31) and the second equality in (35).

1.4 | Organization of the paper

We recall the definitions of graph homomorphisms, graphons, W-random graphs, and U-statistics in
Section 2. We present our result about the almost sure convergence for the random measure I" 5  asso-
ciated to homomorphism densities of sampling partially labeled graphs from a graphon in Section
3.2, see Theorem 3.2. The proof is given in Section 5 after a preliminary result given in Section 4.
The associated fluctuations are stated in Theorem 3.4 and proved in Section 6. The multidimensional
version of Theorems 3.2 and 3.4, see Theorem 7.4, is given in Section 7 with Corollary 7.9 on the
density of induced homomorphisms. Section 8 is devoted to the asymptotics for the empirical CDF of
degrees I1,,, see Theorem 8.1 for the fluctuations corresponding to the almost sure convergence. The
proof of Theorem 8.1 is given in Section 8 and relies on Lemmas 8.4 and 8.5 . After some ancillary
results given in Section 9, we prove Lemma 8.4 in Section 10 and Lemma 8.5 in Section 11. We add
an index of notation at the end of the paper for the reader’s convenience. We postpone to the appen-
dices some technical results on precise uniform asymptotics for the CDF of binomial distributions, see
Appendix A, and a proof of Proposition 9.3 on approximation for the CDF of multivariate binomial
distributions, see Appendix B.

2 | DEFINITIONS

2.1 | First notations

We denote by |B| the cardinal of the set B. For n € N*, we set [n] = {1, ...,n}. Let A be a nonempty
set of characters, called the alphabet. A sequence f = f ... fr, with f; € A forall 1 <i <k, is called
a A-word (or string) of length || = k € N*. The word g is also identified with the vector (8, ..., fx),
and for g € A, we write g € f if g belongs to {f, ..., fr}. The concatenation of two .A-words a and
p is denoted by a f.

We now define several other operations on words. Let § be a .A-word of length p € N* and k € [p].
For a a [p]-word of length k, we consider the .4-word f,, defined by

B = ﬁal ﬂak~ 4
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The word fj = fi ... Pr corresponds to the first k terms of f#, where by convention, [k] denotes the
N*-word 1 ... k. We define, for i,j € [p], the transposition word 7;(f) of f, obtained by exchanging
the place of the ith character with the jth character in the word g: for u € [p],

B ifué {ij},
(P =B ifu=j, )
g ifu=i.

Finally, for g € A and i € [p], we define the new .A-word R;(f, q), derived from f by substituting its
ith character with g: for u € [p],

L ifu#i,
&w””={§ s ©)

ifu=1i.

Let n € N* and p € [n]. We define the set S,,, of all [n]-words of length p such that all characters
are distinct:

Sup={B=P1...8, : B; € [n]foralli € [p] and B, ..., B, are all distinct} . (7)
Notice that |S,,| = A, = n!/(n — p)!, and that S,,; = [n]. Moreover, for n € N*, S,,, is simply the

set of all permutations of [n] which will be also denoted by S,,. With these notations, for n € N*, we
define the set M,, of all [n]-words with all characters distinct:

M, = U Sn,p- (®)

PEln]

Letn>p>k>1and ¢ € S,;. For a € S, , we define the set S,i},“ of all [n]-words of length p such
that all characters are distinct and for all i € [k], the #;th character is equal to «;:

Six={peSu,: hr=a}. 9)
We have |5',Z’D"| = AZ:I; As Al = A’;AZ::, that is | S| = | Sl |S,‘:},f| for any @ € S, , we get that for

all real-valued functions f defined on S, 4:

1
| Snpl

Y fp=—=— Y f@. (10)

pES,, | Sl a€S,;

Let d € N*. For x,y € R?, we denote by (x, y) the usual scalar product on R? and |x| = 1/(x, x)
the Euclidean norm in RY.

We use the convention [], = 1.

2.2 | Graph homomorphisms

A simple finite graph G is an ordered pair (V(G), E(G)) of a set V(G) of v(G) vertices, and a subset
E(G) of the collection of (V(ZG)) unordered pairs of vertices. We usually shall identify V(G) with [v(G)].
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The elements of E(G) are called edges and we denote by e(G) = |E(G)| the number of edges in the
graph G. Recall a graph G is simple when it has no self-loops, and no multiple edges between any pair
of vertices. Let F be the set of all simple finite graphs.

Let F, G € F be two simple finite graphs and set p = v(F) and n = v(G). A homomorphism f from
F to G is an adjacency-preserving map from V(F) = [p] to V(G) = [n] that is, a map from V(F) to V(G)
such that if {i,j} € E(F) then {f(i),f(j)} € E(G). Let Hom(F, G) denote the set of homomorphisms
from F to G. The homomorphism density from F to G is the normalized quantity:

|[Hom(F,G)|

nP

HF,G) = arn

It is the probability that a uniform random map from V(F) to V(G) is a homomorphism. We have
a similar definition when f is restricted to being injective. Let Inj(¥, G) denote the set of injective
homomorphisms of F into G and define its density as:

Inj(F. G)
i (F. G) = |JA—P|' (12)

For p € S, ,,, we set, with V(F) = [p] and V(G) = [n]:

Y/(F,G) = H {55156} (13)
{ij}€E(F)

When there is no risk of confusion, we shall write Y# for Y#(F, G), and thus we have:

tnj(F, G) = ! YA, (14)
|Sn,p| ﬂes,l_,,
We recall from Lovasz [23], Section 5.2.3, that:
lL(p
|tinj(F, G) — 1(F, G)| < ) (15)

In the same way, we can define homomorphism densities from partially labeled graphs. See
Figure 1 for an injective homomorphism of partially labeled graphs. Assume p > k> 1. LetZ € S,
and @ € S,;. We define Inj(F”, G%) the set of injective homomorphisms f from F into G such that
f(Z;) = a; for all i € [k], and its density:

Inj(F?, G*
tin'(Ff,Ga) _ [Tnj( )] _ 1 Z " (16)
J Ap—k Sf,a
n—k 1S | pesLy

Denote FI?1 the labeled subgraph of F with vertices {Z1, ..., £} and edges:
E(F) = {{i,j) €E(F) 1 i,j € ¢}, amn
In what follows, the notation” (such as ?“, T., or 7) is used for quantities that concern the labeled

part of the graphs or graphons and the notation” (such as Y?, an, Z, or'7,) is used for quantities that
concern the unlabeled part of the graphs or graphons.
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4

Y Ga

FIGURE1 Example of an injective homomorphism from partially labeled graphs [Colour figure can be viewed at
wileyonlinelibrary.com]

For a € S, we set:

Yo(F?,G*) = Y*(F'),G) = H 1 005G} (18)
{ij)EEFIY)

For f € S&t, we set Y/(F/,G*) = Y*(F',G*) Y/(F’, G%) with:

VYFE,6 = [ lwseson (19)
(i) EEN\EF)

Notice that Y#(F?, G%) is equal to Y? defined in (13) for § € S,i -. When there is no risk of confusion,
we shall write Y*, ¥# and Y? for Y*(F¢, G%), Y/(F¢,G%) and Y?(F’, G%). Remark that Y is either 0 or
1. By construction, we have:

i (F7, G%) = V" Ti(F*, G with Ty (F*, G") =

Z Y. (20)

Z, a
[Sn pesis
Summing (16) over a € S, 4, we get using (10) and (12) that:
1 £ ay
5o Y. 1w (F7,G") = ti(F, G). @1

a€ES,

We can generalize this formula as follows. Letn > p > k> k' > 1,£ € Sy4, 7 € S, and @’ € S, p.
We easily get:

| ya, D (7, G*) = ti(Fr, G). (22)

nk aeSZ“

Remark 2.1. Let K; (resp. K3) denote the complete graph with two vertices (resp. one of them being
labeled). Let G € F with n vertices. We define the degree sequence (D;(G) : i € [n]) of the graph G
by, for i € [n]:

. i 1
Di(G) = iy (K3,G') = — Z 1i(ijieEG))- (23)

T jeln\i
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F G

FIGURE 2  An example of an injective homomorphism but not an induced homomorphism [Colour figure can be viewed at
wileyonlinelibrary.com]

Remark 2.2. Let F' € F be a simple finite graph with V(F) = [p]. Let £ € S, for some k € [p].
Assume Fj is obtained from F by adding p’ isolated vertices numbered from p + 1 to p + p’. Assume
n>p+p andlet @ € S,;. Then, it is elementary to check that:

tnj(F5, G*) = tuj(F*, G").

In conclusion adding isolated nonlabeled vertices does not change the homomorphism densities.
Finally, we recall an induced homomorphism from F to G is an injective homomorphism which
preserves nonadjacency, that is: an injective maps f from V(F) to V(G) is an induced homomorphism
if {i,j} € E(F) if and only if {f(i),f(j)} € E(G). See Figure 2 for an injective homomorphism which is
not an induced homomorphism. Let Ind(F, G) denote the set of induced homomorphisms; we denote
its density by:
[Ind(F, G)|

AP

tina(F, G) = 24)

We recall results from [23], see Section 5.2.3., which gives relations between injective and induced
homomorphism densities.

Proposition 2.3. For F,G € F, two simple finite graphs, we have:

i (F,G) = Y tna(F,G) and  t0a(F,G) = Y, (=)D (F', G), (25)

F'>F F'>F

where F' > F means that V(F) = V(F'") and E(F) C E(F'), that is F' ranges over all simple graphs
obtained from F by adding edges.

2.3 | Graphons

A graphon is a symmetric, measurable function W : [0, 1]> — [0, 1]. Denote the space of all graphons
by W. Homomorphism densities from graphs can be extended to graphons. For every simple finite
graph F and every graphon W € W, we define

HF, W) = £ (F, W) = / I weex [T au (26)

[0.11V® (; AeEF) kEV(F)
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and

tina(F, W) = / T weexy T a-wewx) [T du @7
(0.1 i j eE(F)

{ij}EEWF) keV(F)

A sequence of simple finite graphs (H, : n € N*) is called convergent if the sequence (¢#(F, H,) :
n € N*) has a limit for every simple finite graph F. Lovasz and Szegedy [24] proved that the limit of a
convergent sequence of graphs can be represented as a graphon, up to a measure preserving bijection.
In particular, a sequence of graphs (G, : n € N¥) is said to converge to a graphon W if for every
simple finite graph F, we have

lim «(F, H,) = t(F,W).

As an extension, we can define homomorphism densities from a k-labeled simple finite graph F to
a graphon W which are defined by not integrating the variables corresponding to labeled vertices. Let
F € F be a simple finite graph, set p = v(F) and identify V(F) with [p]. Letp > k> 1 and £ € S,.
Recall E(F“!) defined in (17). We set for y = (y1, ..., ,) € [0, 1]7:

Zw= I wosw (28)
{i/YEE(F)\E(F!“T)
and for x = (xi, ..., x;) € [0, 17¥ we consider the average of 2()/) over y restricted to y, = x:
T(F W) = / Z») [T dvm [] 60 @), (29)
[0.1¥ melp\¢  m'€lk]

as well as the analogue of Y for the graphon:

wEw = [ Woex) and W) = / L(F Wy dx = o(FL W), (30)
{¢,,¢;}EEF)) (0,13

Similarly to (20), we set for £ € S, and x € [0, 17%:
L(FC W) = T(F W) T(FY, W), €20
Let g and B’ be [k]-words such that fp’ € S;, with k' = || and 1 < k' < k. We easily get:

A y 1(F°, W) dxg = 1, (F0, W). (32)

The result also holds for k¥’ = k with the convention b, (F ‘s, W) = t(F, W) when g = 0.

Remark 2.4. The Erdos-Rényi case corresponds to W = p with 0 < p < 1, and in this case we have
H(F, W) = t.(F/, W) = p¢®) for all x € [0, 1].

Remark 2.5. The normalized degree function D of the graphon W is defined by, for all x € [0, 1]:

1
D(x) = / W(x, y)dy. (33)
0
We have for W € W and x € [0, 1]:

1 1
LK, W) = / W(x,y)dy = D(x) and #(Ka, W) = / D(x)dx.
0 0
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2.4 | W-random graphs

To complete the identification of graphons as the limit object of convergent sequences, it has been
proved by Lovész and Szegedy [24] that we can always find a sequence of graphs, given by a sampling
method, whose limit is a given graphon function.

Let W € W. We can generate a W-random graph G, with vertex set [n] from the given graphon
W, by first taking an independent sequence X = (X; : i € N*) with uniform distribution on [0, 1],
and then, given this sequence, letting {i,j} with i,j € [n] be an edge in G,, with probability W(X;, X;).
When we need to stress the dependence on W, we shall write G,,(W) for G,,. For a given sequence X,
this is done independently for all pairs (i,j) € [n]* with i < j.

The random graphs G, (W) thus generalize the Erdos-Rényi random graphs G,(p) obtained by
taking W = p with 0 < p < 1 constant. (We recall that the Erdos-Rényi random graph G, (p) is a
random graph defined on the finite set [n] of vertices whose edges occur independently with the same
probability p, 0 < p < 1.) Moreover, (G, : n € N*) converges a.s. towards the graphon W, see for
instance [23], Proposition 11.32.

We provide elementary computations which motivate the introduction in the previous section of
T.(F°, W) and T.(F’, W). Recall that X, = (Xy,,...,X,,) with y a N*-word of length |y| = r. Let
n>p>land F € F with V(F) =[p]and £ € S, . We set for x = (x1, ..., x,) € [0, 1]7:

Z(x) = H W(x;, x;).

{ij}€EF)
Leta € S, and p € S,i },“. By construction, we have:
Z(Xp) =E [Y/(F,G,) |X] =E [Y"(F*,G) | X] .

Lemma 2.6. Let W € W be a graphon, F € F be a simple finite graph, v(IF) =p >k > 1, n > k,
£ € Sy, and a € S, . We have:

. (F/, W) =E [?“(Ff, G?) |X] = E [y*(F'), %) | X] (34)
T, (F', W) =E [fj(F".G}) | Xo| and tx,(F", W) =E [tuj(F",G3) | Xa] - (35)

Proof. By definition of 7,(F/, W) in (30) and 7.(F”, W) in (29), using (13), (16), (18), and (20), we
get (34) and

T (W) =E|Z0) | X, | = E ['(F . 61 X, (36)
tx,(F" W) =E [ZXp) | Xo| = E [Y/(F’,G3) | X] . (37)
By summing (36) and (37) over § € S,i’p" and using (20) and (17), we get (35). [

Remark 2.7. Taking the expectation in the second equality of (35), we deduce that:
1(F, W) = / H(F, Wy dx = E [1x, (F, W)| = E [t (F, G)] .
[0,17%

Thanks to (21), we recover that

1(F, W) = E [t(F. G,)] .
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see also [23], Proposition 11.32 or [25], Proposition A.1. We also have:
HF, W) =E|ZXp)]| =E [Y/(F,W)].
By definition of 7(F/, W), we get:
AF W) = E [ix (F, W)] = E [7°(F, Gp)| = E [y*(F),G,)] = (), W),
Since Y* (F?, GY) and VY (F?, G;) are, conditionally on X or Xy or X,, independent, we deduce that:

b, (F/ W) = B |20, GOV (.G | X
=E P0G X | E [V, 60 1 X,

=T, (F*, W) Ty, (F',W).

This latter equality gives another interpretation of (31).

2.5 | Some classical results on U-statistics

Letk > 1 and (X}, ..., X}) be a sequence of independent and identically distributed random variables
with values in a measurable space (S, S). Given a kernel ¢, that is, a function ¢ from S into R,
symmetric in its arguments, the U-statistics with kernel ¢ is defined by

U@ = o Y ¢Kays s Xey).

|Sn,k| a€S,;

Assuming that E [|¢(X1, ..., Xp)]] < +oo, Hoeffding [19] or Berk [3] proved the law of large
numbers for U-statistics with 0 = E [¢(X1, ..., X)]:

Un(®) —— o. (38)

Hoeffing (1948), see Theorem 7.1 in [18], also proved that if Var (¢(Xj, ..., Xi)?) < +oo then, with
o? = Var (E[¢(Xi, ... Xp)| Xi]):

ViU, (@) = 0) —— N0, K. (39)

2.6 | Notations

Letd > 1 and I = [0, 1]%. We denote by B(I) (resp. B*(I)) the set of all real-valued (resp. nonnega-
tive) measurable functions defined on /. We denote by C(I) (resp. C»(1)) the set of real-valued (resp.
bounded) continuous functions defined on /. For f € B(I) we denote by ||f||« the supremum norm
of f on I. We denote by C*(I) the set of real-valued functions f defined on I with continuous k-th
derivative. For f € C'(I), its derivative is denoted by Vf = (V\f,...,V,f) and we set ||Vf|l, =

SNV oo
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3 | ASYMPTOTICS FOR HOMOMORPHISM DENSITIES OF SAMPLING
PARTIALLY LABELED GRAPHS FROM A GRAPHON

3.1 | Random measures associated to a graphon

Let G, = G,(W) be the associated W-random graphs with n vertices constructed from W and the
sequence X = (X; : i € N*) of independent uniform random variables on [0, 1]. Let F € F be a
simple finite graph. We shall write p = v(F). Let £ € M,, (where M,, is the set of all [p]-words with
all characters distinct, given by (8)) and set k = |£]|.

We define the random probability measure Fg’f on ([0, 1], B([0, 1])) by, for g € B*([0, 1]):

1

I (g) = Sl

> g (tmi(F*,GY) (40)

aE€S,

_ 1
|Sn,k|

Y Vg (Ti(F7, G) + (1 = Y)g(0),

€S,

where we used that Y* takes values in {0, 1} for the second equality. For k € N* and a« an N*-word of
length k, we recall the notation X, = (X, ..., Xs, ) and Xy = (X1, ..., Xi). Recall (29) and (30). We
define the auxiliary random probability measure Iq,f “ on [0, 1] by, for g € B*([0, 1]):

1

(g =
|Sn,k|

> i, (F W) g (i, (F, W) + (1 =T, (F7, W) g(0). (41)

aE€S,;
and the deterministic probability measure I'"**, by, for all g € B*([0, 1]):
(9 =E |/ 0) “2)

- / TF W) g ((FY, W) dx + (1 —?(Ff,W)> £(0).
[0,1]*

Remark 3.1. If g = 1d, then we have thanks to (21) that:

1
|Sn,k|

Iy (1d) = D tni(F7, G) = ti(F, Gy)

aES, ;
and, thanks to (31) and (32):

r7(1d) = / t(F°,W)dx = t(F, W).
[0,1]F
Notice that F,f "f(Id) and I'"¢ (Id) do not depend on #.

3.2 | Invariance principle and its fluctuations

We first state the invariance principle for the random probability measure Ff,  The proof of the next
theorem is given in Section 5.

Theorem 3.2. Let W € W be a graphon. Let F € F be a simple finite graph with V(F) = [p],
¢ € M,,. Then, the sequence of random probability measures on [0, 1], <F5’f ‘ne N*) converges

a.s. for the weak topology towards Tt .
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The convergence of (Ff"’ﬂ(ld) : n € N* ) can also be found in [23], see Proposition 11.32.

Remark 3.3. By Portmanteau Theorem, we have that a.s. for all bounded measurable function g on
[0, 1] such that T/ (D,) = 0 where D, is the set of discontinuity points of g, lim,_, I (¢) = [/ (g).

(i) For F = Ky and |£] = 1, we get [%>*(g) = [ g(D(x)) dx, that is [¥*(dz) = [; 6pg(dz) dx.
Recall that IT,(y) = Ff’f(l[()yl)(y)]). For y € [0, 1], such that {x € [0, 1], D(x) = D(y)} has zero
Lebesgue measure, we deduce that a.s. lim,_ I1,(y) = fol 1{pw<p(y)) dx. Notice this results
holds even if D has no monotone regularity, which is a generalization of Theorem 5 in [5]. If
furthermore D is nondecreasing then we get /01 1pw<py)) dx = D(y).

If D is increasing, then the measure ' 2* which is the distribution of D(U), with U uniform
on [0, 1], has no atoms and thus a.s. lim,_ ,, I1,,(y) = y for all y € [0, 1]. Using Dini’s theorem,
we get that if D is increasing on [0, 1], then the function II,, converges a.s. towards Id, the identity
map on [0, 1], with respect to the uniform norm.

(ii) Consider the case W = p with 0 < p < 1. Let &(F) denote the cardinal of E(FI“1). Because
T = PP iz + (1 — pPI)8y, with k = |£], then if g is continuous at p*® =) and at 0, we
get that a.s. lim,_e [ (g) = TF4 ().

The next theorem, whose proof is given in Section 6, gives the fluctuations corresponding to the
invariance principle of Theorem 3.2. Notice the speed of convergence in the invariance principle is of
order \/ﬁ See Theorem 7.4 for the multidimensional version of Theorems 3.2 and 3.4.

For y € R and 6 > 0, we denote by N (i, 6%) the Gaussian distribution with mean y and variance
o’

Theorem 3.4. Let W € W be a graphon. Let F € F be a simple finite graph with V(F) = [p],
¢ € My, withk = |£|. Then, forall g € C2([0, 1]), we have the following convergence in distribution.:

Vi (T @ =T () == N (0.6"(¢?).

n—

with 6¥% (g)? = Var(‘l/'gFf) and
k
vl =y / TR W) (8(Tr o (F W) = 8(0) d
(0,1

i=1

+ Z / tw(F7, W) g (T(F7, W)) dx, 43)
qelpl\¢ /1011

where U is a uniform random variable on [0, 1], and [p]\¢ = {1, ... ,.p}\{Z1,.... € }.

Remark 3.5. Let U be a uniform random variable on [0, 1] and F € F.

(i) In the case g = Id, the central limit theorem appears already in [16]. In this case, we have
Fff(ld) = tinj(F, Gy), ' (Id) = «(F, W) and, thanks to (59) (withd = 1 and a = 1):

p
ol (1d)? = Var( ty (F4, W)) ) (44)

g=1

Let F,F' € F be two simple finite graphs, let i € V(F) and i’ € V(F'). We define a new
graph (F X F')(i,i") = (F U F")/{i ~ i’} which is the disjoint union of F and F’ followed by a
quotient where we identify the vertex i in V(F) with the vertex i’ in V(F"), see Figure 3.
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F G (F 1 G)(2,4)
FIGURE 3 Example of two graphs connected by two vertices [Colour figure can be viewed at wileyonlinelibrary.com]

With this notation, we have:

14 2 14 2
cFf1d)? =E <ZtU(F4,W)> -E thU(Fq, W)]

g=1 g=1

P 1 P 1
D / tx(Fq,W)zx(Fq’,W)dx—<z / 1 (FY, W)dx>
0 g=170

9.4'=1
)4
Y t((F M F)q.q), W) = p* t(F, W)™, (45)

q.9'=1

2

Thus, we recover the limiting variance given in [16].
(i) We consider the two degenerate cases where no vertex is labeled (k = 0) or all vertices are
labeled (k = p):

(a) for k =0, we apply the 6-method to (44), to get that

Vi 80 (F. G,) = gG(F, W)] —— N (0.6"(2)?).

where

c"(9)* = g (t(F, W))*c™* (1d)>. (46)

(b) fork = p,wehave I, (g) = (g(1)~g(0))tinj(F, G,)+g(0), T (g) = (g(1)—g(O)t(F’, W)dx+
g(0) and

" (9)* = (g(1) — g(0))*e" (1d)*. 47

(iii) Let F = K». We have ">’ (Id) = #(K,, G,) and we thus deduce from (44) that ¢¥2(Id)> =
4Var (D(U)).

(a) If k = 1, then we have ng’f(g) = % > g(Df.") ) with Dl(.”) = D;(G,) the normalized degree
of i in G, see (23). We deduce from (58) that:

1
o3 (g)? = Var <g(D(U)) + / W(x, U)g'(D(x)) dx) :
0
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(b) If k =2, using (ii)-(b), we get from (47) that:
o™ (g)? = 4(g(1) — g(0))*Var (D(V)),

where K7* denotes the complete graph K with two labeled vertices.
(c) Finally, if k£ = 0, using (ii)-(a), we get from (46) that

2

1
ok (g =4g < / D(x)dx) Var (D(U)) .
0

(iv) It is left to reader to check that Theorem 3.4 is degenerate, that is ¢“(g) = 0, in the
Erdos-Rényi case, that is W = p for some 0 < p < 1 (in this case U'gF ‘s constant),
or when /[0, Hk/t\x(F ,W)dx = 0 and in particular when #(F, W) = 0. (This also holds in the
multidimensional setting of Section 7.)

(v) Thanks to (15), we get that Theorems 3.2 and 3.4 also hold with #,; replaced by ¢. (This also
holds in the multidimensional setting of Section 7.)

4 | APRELIMINARY RESULT

Let F € F be a simple finite graph with p = v(F), £ € M,, with |£| = k. Let W € W be a graphon
and X = (X; : i € N*) be a sequence of independent uniform random variables on [0, 1]. Let n € N*
such that n > p. Let G, = G,(W) be the associated W-random graphs with vertices [n], see Section
2.4. Recall the definitions (13) of Y#(F, G), (18) of /Y"’(Ff, G%), and (19) of IN/ﬂ(Ff, G?*) for a simple
finite graph F'. Notice that fora € S, x and § € S,’f p“, we have that, conditionally on X, XA”’, and Y7 are
independent, Y is a Bernoulli random variable and:

YP =y YP,

Recall Equation (20) that is for £ € M, with || = kand & € S,

twj (F7.GY) = YP = Y% (F/,G2), (48)
J |S£a| ﬁezs;,, i)
with
T (F.GE) = —— D, V. (49)
|S | ﬂGSf“

We also set Z# = E[Y?|X] and Z# = E[Y”|X]. Recall (28). We have:

ZP = H W(Xp.X;) and Z' = H W (X5, Xp) = Z(Xp).
{ij}EE(F) {ijY€EF?)

We recall that?xa FC W) =E [?“| X] =E [?a| Xa] , see (34), to deduce that:

7P =7 (F, W) Z’. (50)
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Lemmad4.1. Let F € F be a simple finite graph withp = v(F), £ € M, and W € W be a graphon.
Let (Mg . B € S,p) be a sequence of 6 (X)-measurable R-valued random variables and n > p. Assume
that there exists a finite constant K such that for all f € S, , we have E [|Mﬁ|2] < K. Then we have:

2

2(n 1 2
Z (Yﬂ—Zﬁ)Mp SKP(P—).
pEs,, 8n(n—1)

1
|Snpl

Proof.  We denote by Cov(.| X) the conditional covariance given X. We have:

2
1
[Snpl

(Y =2") My
peSs,,

_ 1
|Snpl?

_ 1
|Snpl*

< L 5
[Snl

Z Z E[]E[(Yﬂ—]E[Yﬂ|X])(YV—E[Y7|X])MﬂM7|X”

PES,, YES,,

Y D E[MpM,Cov(y’,¥"| X)]

BES, , YES,,

Z Z E [IMsM, | |Cov(Y?, Y| X)|] .

PES, yGS,w,

n.p

If the [n]-words f and y have at most one character in common, that is |#[ 7| < 1, then, by
construction, Y and Y are conditionally independent given X. This implies then that Cov(Y”, Y7 | X) =
0.If [ 7| > 1, then as Y? and Y” are Bernoulli random variables and we have the upper bound
|Cov(Y?, Y7| X)| < 1/4. The number of possible choices for f,y € S,, such that [ y| > 1is

bounded from above by 2A” (Z)zAi :i We deduce that:

2

2
! (Y - 22) My | | < —2— 247 <p> AP E [IMgM, ||

1Surl & =42 T2
PPp=17
8n(n—1)"
where we used the Cauchy-Schwarz inequality for the last inequality to get E [lM M, |] <K. [

The proof of the next lemma is similar and left to the reader. We recall that ?XE(F ‘W) =
E [?m x] _E [?m x] see (34).

Lemma 4.2. Let F € F be a simple finite graph with p = v(F) and W € W be a graphon. Let
k € [pland My, : a € S,x) be a sequence of o (X)-measurable R-valued random variables and
n > p. Assume that there exists a finite constant K such that for all a € S, ;, we have E [lMalz] <K.
Then we have:

2
1 PN K2(k —1)2
E xY* =7 (F',W)M, | |< K——.
<|Sn,k| Q;SM Ko 8n(n — 1)
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We also state a variant of Lemma 4.1, when working conditionally on X, for some & € S, 4.

The next result is a key ingredient in the proof of Theorems 3.2 and 3.4. Recall 7, defined in (29).

We recall, see (35), that for all § € S,’fp"

Ty, (F.W) = [Z1X,| = E (7. GoIX]

Lemma4.3. LetF € F be a simple finite graph withp = v(F), ¢ € M, withk = ||, « € Sy, and
W € W be a graphon. Then, we have:

E [| Ting (FK,GZ) -, ( | |X”’ ] - é(llZn_—k;:)'

Proof.  Recall the definition of 7y (F7, G¥) given in (49). Set:

A=E |5f1“|2( > (7% (Ff,W))>2|Xa,)7“ .

Z
ﬂesn,pa

Following the proof of Lemma 4.1 with M = 1, and using also that E [)7/’ | X, ?"’] =Tx, (F/,W),

and that Y# and Y are conditionally on X, independent of Y for b,y €S, , we get:

np’

A<t DD ICov(YE Y| Xa)l.

1S pasts yasts
If § and y have no more than « in common, that is f ﬂ y = a, then Y? and Y” are conditionally
independent given X, and thus Cov(Y?, Y7| X) =
If | 7] > lal|, then as Y? and Y7 are Bernoulli random variables, we have the upper bound
|C0V(1~//’,1~/7| X)| < 1/4. The number of possible choices for g,y € S,’i;," such that |f () y] > |l is
bounded from above by A” :]]i(p — k)*A? :],:i. We deduce that:

- k)?
n—k— 1 - 4(n k)

I
AT k)2 o

(- kAP

5 | PROOF OF THEOREM 3.2
We first state a preliminary lemma.

Lemma 5.1. Let F € F be a simple finite graph with p = v(F), £ € M, withk = ||, and W € W
be a graphon. Then, for all n > k and g € C'([0, 1]), we have:

|

F.l _ nNF.C k(k - l) ” / ” ) 2 k

“ \2n(n = 1) Vi—k

<ligll
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Proof. Let g € CI([0, 1]). We first assume that g(0) = 0. Then, we deduce from the definition (40)
of Ff’f and from (48) and (49), as Y* € {0, 1}, that:

I (g) =

Y, Vg (@ (FO.GY)).

aES,

ISn,k |

And thus, using definition (41) of T}, we get [T5 () — T4 (¢)| < Bi + B, with

Bi=—| 3 (P =i W) g (7 W) |

|Sn,k| a€S,

and

_ 1 Ta
B 27

2
aES, ;

¢ (Eui(F*.GD) = g (B, (F', W) |.

Thanks to Lemma 4.2, we get E[B]] < ||g |12, k2(k — 1)2/8n(n — 1). Thanks to Lemma 4.3, we get
using Jensen’s inequality that E[B}] < || ¢/ I1%,(p — k)2 /A(n — k). This gives the result when g(0) = 0,
except there is a 1/2 in front of || g ||, in the upper bound of the Lemma. In general, use that I';  and
ff’f are probability measures, so that (Fﬁf - ff’f> (9= <F5’f - fﬁ’f) (), with g = g — g(0). Then
use thatand || ||, <21/ gll to conclude. [

We can now prove Theorem 3.2.
Proof of Theorem 3.2.  Let g € C'([0, 1]). Using Lemma 5.1 and the first Borel-Cantelli lemma, we

get that a.s. lim,, (ng)(g) - f{;’(i)(g)> = 0, with ¢(n) = n*. We notice that lA“f"’p(g) is a U-statistic
with kernel @, (X;) where for x € [0, 1]*:

1 (0) =7 g (&) + (1 =) 8(0),

with #, = t,(F?, W) and the obvious variants for 7, and 7.
Moreover, because g is uniformly bounded on [0, 1], we get that Var (<1>1(X[k])) < 400 and we

can apply the law of large numbers for U-statistics, see (38), to obtain that a.s. lim,_, ff"f(g) =
E[®(X[y)] = 7 (g). We deduce that a.s. lim,,_ Fg’(i)(g) =T’ (g).

Letn' 2 n > k. We have Syx C Sy and S, C 5% for @ € Sy Recall [S,7| = AV We
deduce that for a € S, 4:

¢ ¢ 1 —k —k 1 1 “k
g (F7, G = tng (7, Gl)| < —— AL, = A7} +|Ap_k -7 |4
n'—k n'—k n—k

p—k
()

p—k

An’—k
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We deduce that:

Fé, N Fe A oak gk LR N
I @ =T @l < o I - 4] ||g||m+|Az/ 2 A gl

+ Y e (aniF".GD) = g (1P, G2) |

aES,
_k k n— p=k
<2l <1 - (=) ) 211 Il <1 - <n _’;) >

S . F.t F.t
This implies that a.s. lim, e SUP,ye (g, pnt1)) |F¢(n)(g) -I ()] =0.

|Sn,k|

With the first part of the proof, we deduce that for all g € C!([0,1]), a.s. lim,_ Fff(g) =
'/ (g). Since there exists a convergence determining countable subset of C!([0, 1]), we get that a.s.
lim, o Ff “ = TF< for the weak convergence of the measures on [0, 1]. n

6 | PROOF OF THEOREM 3.4

Let £ € M,, with k = |#]. Recall the random probability measures Ff"f, f,f  and T are defined in
(40), (41), and (42). Let g € C*([0, 1]). We define the U-statistic

1
Un(@) = e— D, ©a(Xp), (51)
|Sn,]7| ﬂesnw
with kernel @, (X)) given by, for x € [0, 1]7:
D) =1, g(0,) + (1-%,) g0 +7, &' (7, ) Zx) - T,,), (52)

with %, = 3,(F, W), 7, =7,(F/, W) for y € [0, 1] and Z(x) defined in (28). Notice that:

E[U.(9)] =" (g). (53)
We define the random signed measure AL = \n [F he _rre ] )
Lemma 6.1. Let W € W be a graphon. Let F € F be a simple finite graph withp = v(F), £ € M,,
with k = |¢|. Let g € C*([0, 1]). Then, we have that lim,_, A,f’f(g) - \/Z(U,,(g) —E[U,(g)]) =0in
L'(P).

Proof. Recall (49). We write:

AL (8) = Vn(Un(g) = E[Un(9)]) = Ri(n) + Ra(n) + R3(n) (54)
with
_ \/’_l Pa
Ritn) = 5 S 25‘, Y Hi(a),
Ry(n) = Vi Y, (Y =%,) o),

|Sn,k |

aES,
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\/ﬁ

Rs(m) = 75— PCLEVAYLCH
p ﬂesn,p
Vn < ~
_ ay ol ay /(7 _ > Ir>d
=5 Y VGn(F, G g (x,) ] Y i, Z(Xp) ', ),
nk aES, mPlopes,,

(where we used (48) and (50) for the last equality) and

Hy(a) = g(nj(F*. G})) — g(tx,) — Gng(F*. G) —Tx,) &' (i, ))-
Hy(a) = g(7x,) — g(0) —7x, &' (ix, ).
According to Lemma 4.1, we get that lim,_, R3(n) = 0 in L*(P). According to Lemma 4.2, and

since |Ha(a)| < 2|1gllo, + 1€ |l We get that lim,_. Ra(n) = 0 in L?>(P). Since g € C>([0, 1]), by
Taylor-Lagrange inequality, we have that for all x,y € R,

Ig(x) —g(») — (x —y) g’ )| < % 8" Il Ix— I

lim,_.o R1(n) = 0 in L'(P). This ends the proof. "

This gives |Hi(a)| < %Hg””oo [finj(F?, G2 — 7Xa|2' According to Lemma 4.3, we get that

We give a central limit theorem for the U-statistic U, defined in (51).

Lemma 6.2. Under the same hypothesis as in Lemma 6.1, we have the following convergence in
distribution:

Vi (Ud9) =T (9) == A" (0,654 (7).

with 677 (g)? = Var(U') and, U being a uniform random variable on [0, 1]:

k

U= / T W) (8 W) = 8(0)) d
i=1 710.1]

+ ) / tu(FC9,W) g (T(F7, W))dx.
gelpl\e /1011

Proof.  Recall the definition of 7;;(f) given in (5). The random variable U,(g) is a U-statistic with
bounded kernel. Since E[U,(g)] = I'"“(g), we deduce from the central limit theorem for U-statistics,
see (39), that \/ﬁ (U,,(g) —TFs (g)) converges in distribution towards a centered Gaussian random
variable with variance Var(U”) and U” = Zz - E [(I)z(rlq(X))| X 1], and @, given by (52). We first
compute £ [Qz(rlq(X))l Xl] for g € [p]. We distinguish the cases g ¢ £ and g € Z.

The case g & {71, ...,0}
Noticing that 71,(X), does not depend on X;, we deduce that:
E [@2(71,X)| X;] =E Frh,m,, 8(te,,) + (1 =7, 00, ) 80)] Xi]

+E [?rlq(X)f g trlq(X)/) Z(r1,X) —7T,q(X)f)| Xl]
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= C+/ T8 (1) Tox, (F9, W) dx
[0,17%

= C+/ g, tx) txXI(qu» W)dx,
[0,1]%

where C is a constant not depending on X; (which therefore will disappear when computing the
variance of U”).

The case g € {7, ..., )}

Let g = ¢; for some i € [k]. Since E [Z(rlq(X)[p])l T]q(X)f] =7,1q(x)t,, we deduce that:

E [@,(r1,))| X1| = E [tr,, ), &(Tr,00,) + (1 =72, ), ) 80)] X4 ]

= 8(0)+ / Ty (8 () = 8(0)) dx
[0.1]

Thus, we obtain that U/ = U + C’ for some constant C’ and:

k
= Z/ TR (o)) <g(?R‘-(xX1 ) — g(O) dx+ Z/ te, (F7, W) g () dx
—1 7 [0,1]F [0,1]%

qEl

This gives the result. u

Theorem 3.4 is then a direct consequence of Lemmas 6.1 and 6.2 and (53).

7 | MULTIDIMENSIONAL SETTING FORASYMPTOTICS OF
HOMOMORPHISM DENSITIES

In this section, we explain how the results of Theorems 3.2 and 3.4 are extended in a multidimensional
setting. We keep notations from Section 3.

Let F = (F,, : 1 <m < d) € F? be a finite sequence of simple finite graphs with the same
number of vertices p. We shall write p = v(F). Let £ € M,, (where M,, is the set of all [p]-words with
all characters distinct, given by (8)) and set k = |£|. We denote:

tij(F*, G) = (tinj(F1y. G) : m € [d]) €10,1]%,

and similarly for?inj (F¢, G%). Let W be a graphon and x € [0, 1]*. Similarly, we define #,(F ? W), and
T(F?, W), so for example:

L(F, W) = (t.(F,,, W) : m € [d]) € [0, 1]“.

Notice that relabeling F,, if necessary, we get all the possible combinations of density of labeled
injective homomorphism of F,, into G for all m € [d] (we could even take £ = [k]).

Remark 7.1. We can also consider a finite sequence of simple finite graphs F = (F,, : 1 <m <d) €
74 having different number of vertices. We take # € M, with p = min(v(F,,) : 1 < m < d). This
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case can be handled in the framework of sequence of simple finite graphs with the same number of
vertices p’ = max(W(F,,) : 1 <m < d).

Recall F,[f] is the labeled subgraph of F,, with vertices {¢, ..., ¢} and set of edges E(F,[f]) =
{{i.,j} € E(Fy) : i,j € ¢} see (17). For simplicity, we shall assume the following condition which
states that F’ ,[f I does not depend on m:

Form,m’' € [d],i,i € ¢, wehave: {i,i'} € E(F,) <> {i,i'} € E(F ). (55)

Under condition (55), for @ € S, and x € [0, 1]¥, we have that Y*(F%, G%) and 7.(F%,, W) do
not depend on m € [d]. We set Y*(F, G%) and 7,(F?, W) for the common values. When there is no
confusion, we write Y for Y*(F/, G%). In particular, we deduce from (20) that:

iy (F,G2) = Y* Ti(F7,G%) with T (F’, G2) = (T (F5p, G2) = m € [d]) . (56)

Remark 7.2. If |£| = k = 1, then Condition (55) is automatically satisfied and we have by convention
that Y2 = 7.(F¢, W) = 1 fora € S, andx € [0, 1]¥.Ifd = 1, then, Condition (55) is also automatically
satisfied.

We define the random probability measure, still denoted by Ff ’f, on ([0, 114, B([0, 1]19)) by, for
g € B*([0,1]9):

1
|Sn,k|

3 g (1 GD) = o 3 P (G (F. G) + (1 = P)500),

a€ES, |S"’k| €S,

IO

where we used (56) and the fact that Y takes values in {0, 1} for the second equality. Similarly to (42),
we define the deterministic probability measure, still denoted by I'"**, on ([0, 1], B([0, 1])) by, for
g € B*([0,1]9):

I (g) = / LF, W) g (L(F W) dx + (1 ~(F, W)) 8(0).
[0,1]%
Remark 7.3. If |£| = 1, then according to Remark 7.2, we get:

I (g) = / g (L(F", W) dx.
[0,1]

We state the invariance principle and the corresponding fluctuations for the random probability
measure I . see Theorems 3.2 and 3.4 for d = 1. Taking into account (55), the proof is an easy
adaptation of the unidimensional case, see [13] for a detailed proof.

Theorem 7.4. Let W € W be a graphon. Let F € F? be a sequence of d > 1 simple finite graphs

with V(F) = [p], £ € M,,. Assume that Condition (55) holds. Then, the sequence of random probability

measures on [0, 119, (F,f"f :neN *) converges a.s. for the weak topology towards T'F*. And for all

g € C%([0, 11%), we have the following convergence in distribution:

Vi (T @ =T (@) == N (0.6"(g).

n—
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with 7 (g)? = Var(U'gF’f) and
k

vyl =3 / R @o(F W) (&(k0u)(F', W) = 8(0)) dx
i=1 J 0.1

+ ) / dx (ty(FC1, W), Vg (L(FC, W))), (57)
gelpl\¢ 7 1011

where U is a uniform random variable on [0, 1], and [p]\¢ = {1, ...,p}\{Z1,.... € }.

Remark 7.5. Let U be a uniform random variable on [0, 1]. Assume that |£| =k = 1.

(i) Using Remark 7.2, we get for £ € [p]:

677 (g)? = Var <g (tu(F", W)) + (L (F 9, W), Vg (t(F",W))) dx) . (58)

gelpi\¢ 7 10.1]

(i) Let F € F¢ withp = v(F). Leta € R? and consider gx) = {a,x) forx € R?. We deduce from (58)
and (32) that:

P
o™ (g)* = Var <(a, Dy (F, W))> : (59)

g=1
The next corollary gives the limiting Gaussian process for the fluctuations of (#;,;(F, G,) : F € F).

Corollary 7.6. We have the following convergence of finite-dimensional distributions:

(\/Z(zmj(F, G —H(F.W)) : Fe F) D o,

n—>+oo

where Oy = (B (F) : F € F) is a centered Gaussian process with covariance function Kiy; given,
for F,F' € F, with V(F) = [pl and V(F") = [p'], by:

P )
Kinj(F, F") = Cov (Z tw(F9, W), Yt (F", W)> (60)
gq=1 g=1
p 0
=Y Yt (FXF)g.q) W) = pp' t(F, W)(F',W). 61
g=1g¢'=1

Proof. We deduce from (59) and standard results on Gaussian vectors, the convergence, for the
finite-dimensional distributions towards the Gaussian process with covariance function given by (60).
Formula (61) can be derived similarly to (45). [

Remark 7.7. Notice that Ki,(F,F) < v(F)? ||W||z.f(F)_1. We deduce that, in probability,
limy()— 00 Opj(F) = 0if || W |, < 1.

Remark 7.8. In particular, Corollary 7.6 proves a central limit theorem for quantum graphs (see Lovasz
[23], Section 6.1). A simple quantum graph is defined as a formal linear combination of a finite number
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of simple finite graphs with real coefficients. This definition makes it possible to study linear combi-
nation of homomorphism densities. For F = (F,, : m € [d]) € F¢ and a = (a,, : m € [d]) € RY,
we define the homomorphism density of & = Zizl anF,, for a graph G and a graphon W € W as
tinj(F, G) = (a, tinj(F, G)) and «(F, W) = (a,t(F, W)). We deduce from Corollary 7.6 the following
convergence in distribution:

Vi (608, G) = 1§, W) —— N (0,0(3F), ()

where o(g)? is given by (59) or equivalently o(F)* = X, . e(a) @' Kinj(Fins Fur).
We also have the limiting Gaussian process for the fluctuations of (#,4(F, G,) : F € F).

Corollary 7.9. We have the following convergence of finite-dimensional distributions:

dd)
(Vi G, G) = g F. W) - F € F) =2 @y,

n—>+o0o

where Opg = (Oia(F) : F € F) is a centered Gaussian process with covariance function Kiyq given,
Jor Fi,Fy € F, with V(F1) = [p1] and V(F?) = [p2], by:

P P2
Kina(F1, Fy) = Cov| Y (=10 Y 1y (FDL W), Y (=12 Y 1y ((F5)7, W)

F|>F, g=1 F)>F, g=1
P P2
= D RN N ((F MG q), W) = pips 1(Fy WES W) |,
F{ZF,,F;ZFZ q=1 ¢'=1

(63)

where F' > F means that V(F) = V(F'") and E(F) C E(F'), that is F' ranges over all simple graphs
obtained from F by adding edges.

Proof. Notice that t;,4(F, G,) is a linear combination of subgraph counts by Proposition 2.3. We
deduce from (59) and standard results on Gaussian vectors, the convergence, for the finite-dimensional
distributions towards the Gaussian process with covariance function given by the first equality in (63)
which is derived from the second formula of (25) and (59). The second equality of (63) can be derived
similarly to (61). [

8 | ASYMPTOTICS FOR THE EMPIRICAL CDF OF THE DEGREES

Let W be a graphon on [0, 1] and n € N*. Recall the definition of the normalized degree function
D of the graphon W given in (33), D(x) = f[o’” W(x,y)dy = t,(K3, W). From Section 2.4, recall that
G, = G,(W) is the associated W-random graph with n vertices constructed from W and the sequence
X = (X; : i € N*) of independent uniform random variables on [0, 1]. Recall the (normalized) degree
sequence of a graph defined in (23), and set

D" = Di(G,) = tini(K3, G})
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the normalized degree of the vertex i € [n] in G,. By construction of G,, we get that conditionally on
X, (n— l)DE") is for n > i a binomial random variable with parameters (n — 1, D(X;)). We define the
empirical CDF I1,, = (II,,(y) : y € [0, 1]) of the degrees of the graph G, by, for y € [0, 1]:
1 n
o) == Z:, U om<om) (64)

i=

According to Remark 3.3(i), for y € [0, 1], such that {x € [0, 1], D(x) = D(y)} has zero Lebesgue
measure, we have that a.s. lim,_ o [1,(y) = /01 1(pw<p(y)} dx. If D is increasing, then the function II,,
converges almost surely towards Id, the identity map on [0, 1], with respect to the uniform norm.

To get the corresponding fluctuations, we shall consider the following conditions:

W e C3([0,11%), D' >0, W< 1—¢gpand D > ¢, for some &y € (0,1/2). (65)

If (65) holds, then we have that D is increasing, D € C!([0, 1]) and D([0, 1]) C [eg, 1 — &o]. Notice
that even if (65) holds, the set {W = 0} might have positive Lebesgue measure; but the regularity
conditions on W rules out bipartite graphons (but not tripartite graphons).

Theorem 8.1. Assume that W satisfies condition (65). Then we have the following convergence of
finite-dimensional distributions:

(VaaLm-»:yeon) == 4

where y = (y, : ¥y € (0,1)) is a centered Gaussian process defined, for all y € (0,1) by:

1
= /O (p(y, u) = p(y))dBy, (66)

with B = (By,u >

> 0) a standard Brownian motion, and (p(y,u) : u € [0, 1]) and p(y) defined for
y € (0,1) by:

W 1
P, 1) = 1p0,(0) — % and  (y) = / oy, 1.
0

Remark 8.2. The covariance kernel of the Gaussian process y can also be written as £ = X + X, + X3,
where for y, z € (0, 1):

Z1(.2) =yAz—yz, (67)

%,z2) = / W(y, x)W(z, x)dx — D(y)D(Z)> (68)

D'(y )D’( ) <
S5(y.2) = D,l( ) <D(y)z— / W, x)dx) D}( ) (D(z)y / W(z,x)dx> (69)

Thus, for y € (0, 1) the variance of y(y) is:

v
Z(y,y) =y(1 =y + / W(y,x)*dx — D(y)2> ,2 <D(y)y —/ W(y,x)dx> .
D'(y) 0

D (y)2 <
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Remark 8.3. We conjecture that the convergence of Theorem 8.1 holds for the process in the Skorokhod
space. However, the techniques used to prove this theorem are not strong enough to get such a result.

Proof of Theorem 8.1.  Recall X = (X,, : n € N¥) is a sequence of independent random variables
uniformly distributed on [0, 1] used to construct the sequence of W-random graphs (G, : n € N¥).
Recall I1,,(y) is given in (64).

Forally € (0,1), wesetc,(y) = E [HnH(y)]. In Section 9.1, see Proposition 9.1, we prove that for
ally € (0, 1),

cn(y) =y +0(/n). (70)
We define the normalized and centered random process f[,,+1 = (ﬁn+1 O : ye(0,1)) by:
01 () = Vi + 1 [ () — eay)] - (71)

Let Uy = (Upt1(y) © y € (0, 1)) be the Hajek projection of ﬁn+13

n+1
Uni) = Y B [ 09| X1 )
i=1
The proof of Theorem 8.1 is then a direct consequence of Lemmas 8.4 and 8.5 and (70). [

The proofs of the two following lemmas are given in Sections 10 and 11.
Lemma 8.4. We have the following convergence of finite-dimensional distributions:

(fdd)
Unr1 ) 1y €0, 1) —— .

n (&)

where y = (y(y) : ¥y € (0,1)) is a centered Gaussian process with covariance function X given in
Remark 8.2.

Lemma 8.5. We have the following convergence in L*: for all y € (0, 1),

2

~ L
Iy 1Y) = Uny1(») m’ 0.

9 | PRELIMINARY RESULTS FOR THE EMPIRICAL CDF OF THE
DEGREES

9.1 | Estimates for the first moment of the empirical CDF

Recall X = (X,, : n € N*) is a sequence of independent random variables uniformly distributed on
[0, 1] used to construct the sequence of W-random graphs (G, : n € N*). Recall I1,(y) is given in
(64). Forall y € (0, 1), we set ¢,(y) = I [I1,.41(y)] that is

&) =P (D < D)), (73)



DELMAS ET AL. WI LEY 31

where D(1"+1) is a binomial random variable with parameter (n, D(X;)). We set:
gy =x(1-x) forxel0,1], (74)
and with [x] the unique integer such that [x] — 1 <x < [x],
Sx) = [x] —x— % for x € R. (75)

The next proposition gives precise asymptotics of ¢, defined in (73).

Proposition 9.1. Assume that W satisfies condition (65). For all y € (0, 1), there exists a constant
C > 0 such that for all n € N*, we have with d = D(y),

2
D"(y) ®w 1 1-2d
nea) —n =~ 20y L )+ R

Doy 2 "o\ T

with

‘R?,J’ <Cni.

In particular, because |S(x)| < %, for all x € R, we have that for all y € (0, 1):
() —y=0(n"). (76)
Proof. LetneN*, de|0,1],6 € R, and p € (0, 1). We consider the CDF:
Hyas(p) =P (X <nd +6), 7

where X a binomial random variable with parameters (n, p). Let y € (0, 1). We have:

1
() —y= / (Hpa0(D(x)) = 11y ) dx.
0

By Proposition A7 applied with G(x) = 1 and 6 = 0, we obtain that:

2
D"(y) %u) 1 (1 —2d

1
~ . %a) 9.1
n/o (M0 (D)) = 1y ) dx = Dy} 2 D) 2 S(nd)> R

1

with R)' = RA(1) and |R)| < Cn™4. .
Fory € (0,1) and u € [0, 1], we set, with d = D(y),

H,(y,u) =n <E [I{D(l”“)sd} X, = ”] - Cn()’)) (78)

and

Hy(y,u) = E [1 {opea)| X1 = u] — ). (79)
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Proposition 9.2.  Assume that W satisfies condition (65). For all y € (0, 1), there exists a positive
constant C such that for alln > 2 and u € [0, 1], we have with d = D(y):

Hy(y 1) = D%y) (d = W(y, ) + RO2(u),

with

R2-2(u)| <Cni. (80)
Forally € (0,1) and u € [0, 1] such that u # y, we have
|[Hy,w)| <1 foralln>2,and  lim Hy(y,u) = 1<y — y- (81)
n—oo

Proof.  In what follows, C denotes a positive constant which depends on g9, W, and y € (0, 1), and
it may vary from line to line. Recall that X5} = (X1, X»). We define the function ¢, by:

a0 =P (D™ <d | Xpy = (1)) = 1pesyy forx,u e [0,1] (82)
Then we have for u € [0, 1]:

Hy(y,u) = nE [@n(X1, w)] — n(ca(y) — y). (83)

Conditionally on {Xp; = (x, )}, D(I"H) is distributed as Y 12+1~9(”), where Y, and Bare independent,
Y1, is Bernoulli W(x, u) and B is binomial with parameter (n — 1, D(x)). Thus, we have:

@n(x,u) =P (Y12 +B< nd) — 1<y
=We,u) [P (B<nd —1) = Liey| + 1= W) [P (B < nd) — 1jgy]
= W(x,u) [Hn—l,d,d—l(D(x)) - l{xSy}] + (1 =W, u) [Hn—l,d,d(D(x)) - l{xsy}] . (34)

Let Wy (x,u) denote 0W(x, u)/0x. We apply Proposition A7 with G(x) = W(x,u), 6 = d — 1 and n
replaced by n — 1 to get that:

(n—DE [W(Xl,”) [H"‘l’d'd_l(D(Xl)) B l{Xlﬁy}”
2

__‘w WD ()
REDIOR [W‘(y’ TS ]

WQ,u (1 -

D'(y) (=3 St = 1)) + RY, V() (85)

and with G(x) = 1 — W(x,u), 6 = d and n replaced by n — 1, to get that:

(n—DE [(1 - W(X1,u) [Hn_l,d,d(D(Xl)) - l{x,g}”

2 /!
%) [_Wl( Ly~ A= Wo 0D (y)]

RECIOR o)
1-W(y,u) (1 -
D’—(y) (E + S(I’ld)) + Rn—l(1 - W(, ). (86)
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By Equations (84), (85), and (86) and since S(nd — 1) = S(nd), we get that:

2
oDy 1 (1 (n
> oor T Do) (5 -Wonw + Sty ) + R w,

(n = DE [@,(X1,u)] =
where Rf,l)(u) = Rﬁz L(W(,u) +RnA_71(1 — W(.,u)). Because W satisfies condition (65), we deduce from

(A28) that Rfll)(u) < Cn~'/% for some finite constant C which does not depend on 7 and u € [0, 1].
Using Proposition 9.1, we get that

d — W(y,u)

(2)
Dy HR @, 87)

(n—DE[@,(X1,w)] — (n— D(c,(y) —y) =

where R (u) = R () + Ry + (c,(y) — y) and
and (87), we deduce that:

Rﬁlz)(u)| < Cn~'/* because of (76). By Equations (83)

d—-W(QO,u)
D'(y)

n d—W(y,u)+ n

R9.2
_ 1 D,(y) n— + n (u)’

H,(y,u) = RPu) =
n 1

with [RS2(y,u)| < Cn™. This gives (80).
For the second assertion (81), we notice that
Hy (y,u) = Hya0(Dw)) = cu(y),
with H, 40(D(u)) € [0, 1] and ¢,(y) € [0, 1]. By the strong law of large numbers, we have for u # y:

’111210 Hpa0(D@) = 1<y

Using (76), we get the expected result. n

9.2 | Estimates for the second moment of the empirical cdf

Fory = (y1,y2) € [0, 1]%, let M(y) be the covariance matrix of a couple (Y}, Y») of Bernoulli random
variables such that P(Y; = 1) = D(y;) fori € {1,2} and P(Y; = Y, = 1) = /[0 1 W1, 2)W(y2,2) dz.
Let K be the set of all convex sets in R, For K € K, we define its sum with a vector X in R? as

K+x={k+x:keK}
and its product with a real matrix A of size 2 X 2 as
AK = {Ak : k € K}.

Recall that for x € R?, |x| is the Euclidian norm of x in R?. Recall X = (X1,X2). We define
DD = (D(l"“),D(Z"H)), where for i € (1,2}, DE"H) is the number of edges from the vertex i to the

vertices {k,3 < k < n+ 1} of G,4; it is equal to nD§"+1) if the edge {1,2} does not belong to G,
and to nDE"“) — 1 otherwise. The proof of the next proposition is postponed to Appendix B.
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Proposition 9.3.  Assume that W satisfies condition (65). There exists a finite constant Cy such that
for all x = (x1,x2) € [0, 11> with x; # xo, we get for all n > 2:

sup P(ﬁ’”l € K| X = x) -PlZe Moo : (K—ux) )| < &,
KeK Vn—-1 \/Z

where u(x) = (n — 1)(D(x1), D(x2)) and Z is a standard 2-dimensional Gaussian vector.

For y1,y, € (0, 1), with d; = D(y,) and d, = D(y,), we set with § € R and x = (x1,x;) € [0, 1]?
such that x; # x;:

ql”’é (X) =E l H (I{BE"H)Sndﬁﬁ} - I{Xiﬁ)’i}> ‘X[Z] = X] .
ie{1,2}

Recall %, defined in (68) and that X[7; = (X1, X»).

Lemma 9.4. Assume that W satisfies condition (65). For ally = (y1,y2) € (0,1)%, § € [-1,0] and
G € CI([0, 11%), we have:

lim nE [G (X[g]) Y,s (X[z])] = G(y)Za(y).

n—oo

Proof. LetA =44/log(n—1).Forn >2andé € [—1,0], we set:

2
P =00 []1 (ViTTiDty—dj<t) a0 P2 (x) = Was(x) — P 0.
i=1

Then we have
E[G (Xar) ¥as (Xi2)] = Y, E |G (X)) ¥, (X)) | (88)
ie{1,2}
Study of E [G (X[Q]) lPizzz)S (X[z])]

Recall that for i € {1,2}, conditionally on X; = x;, ﬁf.”l) is distributed as a Bernoulli random variable
with parameter (n — 1, d;). We get that:

(2) —
‘Pn’é(X)‘ < 2 2 E |:|1{l3i-’l+l)$ndi+5} - I{Xisyl}' 1{ /) |D(x[)—d[|2A}|X[2] = X]
i€{1,2}

= 2 2 |Hn—l,di,5+di(xi) - l{xigy’.}| 1[ /n—l |D(xi)—di|2A}'
ie{1,2}

By Lemma A6 (with n replaced by n — 1), we deduce that:

lim nE |G (X)) ¥ (xm)] =0. (89)

n—-oo
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Study of E [G (X[z]) \PLI; (X[z])]

This part is more delicate. For 3 = (z1,22) € [0, 112, set H(3) = —D,(ZG)(L‘;),(Z S and t,,(3) = (t,(21), t2(22)):
1 2
to(z;) = D! <di + G ) fori e {1,2}.
n—1

Using the change of variable z; = v/n — 1(D(x;) — d;) fori € {1,2} with x = (x1, x), we get:

(1= DE [G (Xe) ¥ (Xe)| = 0= 1) | 600%s00 TT 1, yiijorey g jndx

[0,1]? i€(1.2}

= / H(1,(3)) W5 1:(3)) d3. (90)
[-A.A]?
Notice that:

W5 (t(3) = E l IT (16 cnas) = Liweo ) | Xiar = tn<s>] :

i€(i2)
Set 5 = (5,6) and DD = (DY, DU"*Y). We define the sets for 3 and D"+D:

1D =10,A and C" =5+ n(—c0,d;] X (~00,d],

1P =[0,A]x[-A,0) and C? =35+ n(—c0,d]X (da, +0),
1® =[-A,0)x[0,A] and C® =35+ n(d,, +o0) X (—00,d>],
19 =[=A,0% and C¥ =5+ n(d;, +0) X (da, +0).

For1 <i <4, we set:

00 =P (D™ € CP X =ta(a)) and AV = | H(t.() 0 ()ds.
)G

By construction, we have:
4
1 i
(n—1E [G (X21) ¥ (xm)] =Y af. 1)
i=1
We now study Ai,l). By Proposition 9.3, we get that

-2,
AV = [ Ha,G)P <z e MtG) (e - u(tn(s)))> dz+ R,

[0.AT? Vn—1

where u(x) = (n — 1)(D(x1), D(x3)) and |R;1)| < ||H ||« 8Coy/1log(n)/n so that lim,,_, o, R;l) = 0. Set
d = (d1, dy). Since t,(3) converges towards y, we get:

lim H(t,(3)) = H(y) and  lim M (t,(3)) = M(y)
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and, with J(3) = (-0, —z1] X (—00, —22],
1

=

Since lim, o, M (1,(3)) = M(y) and M(y) is positive definite, we deduce that dx-a.e.:

(T = hta@n) = (1= D@+ D + I, 92)

lim 1 —1/2
oo M)

n—1

(&= (5)))(;() = s (9

and thus (by dominated convergence):

-2,
lim P <Z e Yh&) (@ - u(tn<a>>)> =P (M(y)'/*Z€J@)).

n—-oo n—l

For 3 € [2,+00)? and n > 2, we have:

M (t, -2,
{Z e HEMD_ (- u(tn(s))>} C {2M t,G)'"Z € J@)

n—1
c {2221z] > 151},

where we used (92) and that for all i € {1,2}, |(n — 1)"1/2(6 + d;)| < z;/2 for the first inclusion and
for the second that [Mx| < V2 M|l Ix, 1M, < V2IM|YZ and |M )|, < 1/2 for all
x € [0, 112 so that [M (t,(3))/% Z] < V/2|Z|. Since JrP(2>%|Z] > |31)d; is finite and H is bounded,
we deduce from dominated convergence that:

. M &GN =
lim Ht,) P ze —222— (C — uta3))) | ds
e Joare ( vn—1 < >

= H(y) P (M(y)'*Z € J(3)) ds.

[0,+00)2

Recall x* = max(0,x) and x~ = max(0, —x) denote the positive and negative part of x € R. With
Z=M®y)'\?Z = (Z,,2,), we get:

/ P (M(y)'/*Z € J(3)) d3 = E [2;22-]
[0,400)?

and thus
lim AL = H(y)E [2;22—] .
Similarly, we obtain:

lim A? = —_H(y)E [2;2;]

. 3 _ T+ -
lim A = ~H(y)E [Z;’Zz]

lim A% = Hy)E [2;2;] .
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Using the definition of Z,(y) and M(y), notice that D' (y;)D’(y2)Z,(y) is the covariance of 7, and Z,.
Thus, we obtain:

4
lim ¥ AP =HOE |(ZF -7 ) (Z -7 )| =HOE [2Z] = 6omm).  ©3)
i=1
Conclusion
Use (88), (89), (91), and (93) to get the result. [

The next proposition, the main result of this section, is a consequence of Lemma 9.4.

Proposition 9.5.  Assume that W satisfies condition (65). For all y,,y, € (0, 1), we have with d| =
D) and dy = D(y>):

nll»rgnnE |:<1{D(ln+])ﬁd1} B 1{X1S)’1}> <1{D(2n+])ﬁd2} B 1{X2S)’2}>:| - 22(}’1,)’2)-

Proof.  Using the comment before Proposition 9.3, we get:

E[ H (1{D§"+”Sd,-} - l{X,Syi} ) ]
ie{1,2}
=E [WXp)¥-1Xp2)]| +E [(1 = WX2)ProX2)] -

We apply Lemma 9.4 twice with G = W and G = 1 — W to get the result. [

10 | PROOF OF LEMMA 8.4
Recall the definitions of U,.+; and X given in (72) and in Remark 8.2.

Lemma 10.1. Forally,z € (0, 1), we have:
lim E [Up1 () U1 @] = 202).

Proof.  Recall (78) and (79). With d = D(y), we notice that for y € (0, 1):

1 e
TH(.X)  ifi#],
P(Dl(-"ﬂ)sd‘Xj)—cn(y): ~H, (v, X)) l?éj
Hr(y.X)) ifi=j.

We have:

n+1 n+1
Ui =i+ 75 Y)Y [P (D0 <] %)) - )
i=1 j=1
] n+l j
=+ 173 ) [Hr g, X) + Ha(0, X)) (94)

=
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Let y,z € (0, 1). Since H, and H); are centered and (X; : i € N*) are independent, using (94), we
obtain that:

E [Unt1 ) Un1@)] = E [Hr (v. X)Hy (2. XD)| + E [Ha(y. X1)H, (2. X1)]
+E [Hy (. X0)H, (2. X1)| + E [Hy (2. XDH, (v, X1)] .

Recall £ = X + X, + X3 defined in Remark 8.2.

Study of E [H; (v, X1)H} (z, X1)]

By Proposition 9.2, see (81), and by dominated convergence, we get that:

lim E [H7 0 X0H; @ X0] = E | (1,0 =) (s —2)| = 21002, 95)

Study of E [H,(y, X))H,(z, X))

By Proposition 9.2, we have:

_ D(y) - W(y, X1) 9.2 D(z) — W(z, X)) 9.2
]E [Hn(yvxl)Hn(Z7X1)] —]E [( D,(y) +Rn (YvX1)> < D’(Z) +Rn (Z7Xl)>]

Do) D’(z)E [(DG) = W, X))(D(2) = W(z, X1))| + R,

= (1, y2) + R

where, because of (80), R;l) < Cn_i for some finite constant C. We obtain that
lim E [H,(y, X0)Ha(z. X0)] = Za2(0.2). (96)

Study of E [H (v, X0)H,(z, X1)| + E [H; (2. X)) H,(, X1)|

By Proposition 9.2, we have that:

1
D'(z)

E [Hy (v, X)) Ha(z. X1)| = E [Hi(y, X1)——(D(z) - W(z. X)) + Hn*(y,Xl)R%z(z,Xl)] -

Thanks to (80) and (81), we have |H}(y,X))| < 1 and E [|R)*(z, X1)|] = O (n~'/*). We deduce
from Proposition 9.2 and dominated convergence, that:

lim E [H7 (. X)H,(. X0)] = E [(l{xlsy} -3) 55 P@ - W X1>>]

— 1 _ Y
= RIE) <yD(z) /0 W(z,x)dx> .

By symmetry, we finally obtain that

lim E [H; (v, X0)Hy (2. X0)] + E [Hy (2. XDHA (. X))] = T30 2). (97)
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Conclusion

Combining (95), (96), and (97), we get that

1im E (U ) U1 @)] = £02).

We can now prove Lemma 8.4.

Proof of Lemma 8.4. Letk € N* and (y1,...,y) € (0,1)*. We define the random vector Ui’fl =
(Un1(y) @ i € [k]). Forally € (0,1) andj € [n + 1], we set g,(», X)) = [Hy(y. X)) + H, (3, X))|.
Using (94), we have:
. n+1
k) _ - (n+1)
UP =m+1)2 sz ,

n+1
J=1

where Z;”H) = (gn(vi,X;) : i € [k]). Notice (Zj("“) : j € [n+ 1]) is a sequence of independent, uni-
formly bounded (see Proposition 9.2) and identically distributed random vectors with mean zero and
common positive-definite covariance matrix V,;; = Cov (Zf”“) ) According to Lemma 10.1, we have

that lim, e Vus1 = =W, with Z® = (Z(y;, ;) : i,j € [k]). The multidimensional Lindeberg-Feller
condition is trivially satisfied as (Z;"H) : j € [n+ 1]) are bounded (uniformly in ) with the same dis-
tribution. We deduce from the multidimensional central limit theorem for triangular arrays of random
variables, see [4] Corollary 18.2, that (Uflk: L inz 0) converges in distribution towards the Gaussian
random vector with distribution N'(0, Z®). This gives the result. "

11 | PROOF OF LEMMA 8.5

Recall ﬁn(y) defined in (71). Because ﬁn+1 and U, are centered, we deduce from (72) that:
A 2 A
E [(Hrm@) ) ] = B[ 0] - E [Upni 07

By Lemma 10.1, we have E [U,,+1(y)2] — 2(y,¥). So we deduce that the proof of Lemma 8.5 is a

complete as soon as the next lemma is proved.

Lemma 11.1. Forally € (0, 1), we have
T Ly E

Proof. Lety e (0,1)and d = D(y). We have
R 1 n+1
E [Hn+1()’)2] = m i; E |:(1{D£n+l)sd} - Cn()’)) (I{D;"H)Sd} - Cn()’))]
=FE [I{D(l"“)ﬁd}] - Cn(}’)z +n {E [I{Dﬁ”"”sd}I{D(Z”“)sd}] - Cn(Y)z}

= () = (1+ D&, (0) +nE [I{Dﬁ"*"Sd}l{D‘z"*"sd}] '
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So we get that
E[fn07| =B+ BY + B + B,
where

B = ¢,(y) — ca)?,
BY = —n(c,(y) — )%,

ey 1) ()]
B§l4) =2nk [I{X,gy} <1{D("+“Sd} - Cn()’))] .

By Equation (76), we get lim,,_ Bf,l) = 2i1(y,y) and lim,— Bflz) = 0. By Proposition 9.5, we
get limy.es BY = %5(y, y). Using (78), we get BY = 2 [1 (2} a1, Xl)]. By Proposition 9.2 and

dominated convergence, we get that:

E [I{XISy}Hn(y’Xl)] =E [l{m} (L (D) = W, X1)) +R3’2@,X1>>]

D'(y)
. < 0 - [ W
e yD(y) — / W@, x )
n—co  D'(y) 0
This gives lim,_e B = £5(y, y). Then, we get that lim,_, o E [ﬁ,,+ 1(y)2] = ¥, ). n

Index of notation

|A| cardinal of set A

[n]={1,...,n}

|| length of [n]-word f

M,, set of [n]-words with all characters distinct
Sip={BEM, :|pl=p)

|Sn,p| =Al,], =n!/(n—p)!

Be=Pe ...Pe for € S,pand p € S,

Sri}ca = {ﬂ €Sy Pr= (x} fora € S,,
IS/ = ALy = (1= 01/ (n = p)!

F set of simple finite graphs

F asimple finite graph (and a finite sequence of simple graphs in Sections 3 to 6 satisfying condition
(55))

E(F) set of edges of F

V(F) set of vertices of F'

v(F) = |V(F)| number of vertices of F

G, = G,(W) W-random graph with n vertices associated to the sequence X = (X, k € N*) of i.i.d.
uniform random variables on [0, 1]
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t(F, G) density of hom. from F to G

tinj(F, G) density of injective hom.

tind(F, G) density of embeddings

YIF, G) = [Ljijyer Yinniero)

inj(F. G) =[S, Lpes, Y/(F.G)

\f € M, and a € S, with k = ||

tinj(F “, G%) density of injective hom. such that the labeled vertices £ of F, with V(F) = [p], are sent
on the labeled vertices « of G, with V(G) = [n]
F!“1 subgraph of the labeled vertices £ of F
Z/’(Ff, G*) = YP(F,G) for p € S

YOF, G = [Tiperaen L ia.a)ere)
YP(F?,G% = Y*(F/,G*) YP(F?,G) that is:

~ £y~ ~
fnj(F*.G") =18, Zpesen ¥’

tinj(F¢, G%) = Y T (F*, G%)

t(F, W) hom. densities for graphon W

tina(F, W) density of embeddings

Xo = (Xa,» .- » X)) and simil. for X

7P = Z(Xp) = E[YP(F’,G%)|X]

7P = E[YA(F?,G%)|X]

ty = t,(F’, W) = E[Z#|X, = x] and

ty = E[tinj(Ff, GZ)lxa = )C]

7. =T(F’,W) = E[Z’|X, = x] and

T = Elfinj(F*, G| X, = x]

T =0(F W) = E[Y*(F, GI)|X, = x]
for x € [0, 1]¢

(F W) = [0y tedx = Eltii(F, G,)]

WF?, W) = f[o,l]k?x dx = E[tyyj(F'), G,)] and (F?, W) = t(F“), W)

Ff  random probability measure:

(@) = 1Sul™ Y, g (twi(F7, G))

aES,

A4 (dx) = E [rf f(dx)]

o4 (g)? asymptotic variance of

Vi (T @ - T (9))

nDl(,") degree of i in G,
IT,, empirical CDF of the degrees of G,
D) = [, W(x,y)dy degree funct. of W

H,q50p) =PX < nd + 6) for X ~ B(n, p)
a(zx) =x(1-x)
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Sx) = [x] —x— %
® the CDF of M(0, 1)
@ probability distribution density of N (01)

_ (n+1)
() =PD) " <d)

HE(y,u) = PO < d | Xy = u) — caly)
B0 — (D™ < d | X = 1) = 6400)
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APPENDIX A: PRELIMINARY RESULTS FOR THE CDF OF BINOMIAL
DISTRIBUTIONS

In this section, we study uniform asymptotics for the CDF of binomial distributions. We denote by @ the
CDF of the standard Gaussian distribution and by ¢ the probability distribution density of the standard
Gaussian distribution. We recall (74) and (75): a(zx) = x(1 —x) forx € [0,1], and S(x) = [x] —x — %
forx € R.
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We recall a result from [28], see also [36], Chapter VII: for all x € R, for all p € (0, 1) and n € N*

such that nofp) > 25, we have:

P (X <np+ \/ﬁa(p)x> =d(x) + LQ(p,x) + ! S(np +x\/;a(p))(p(x) + U,(p,x), (Al
n

\/— \/; O(p)

where

2p —1 2p—1

00 =2y = 2702 - e,

60y) 60(p)

and
02+0312p -1 3v/no,
U pol < 2EE R == ). (A2)
no )

We use this result to give an approximation of H,, 4 5 <d + L} )

Vi

Proposition Al. Let gy € (0, %) and Ky = (€9, 1 — &g]. Let a > 0. There exists a positive constant C
such that for all n > 2, s € [—ay/log(n), av/log(n)], 6 € [-1, 1], and d € K such that d + Ln € K,

VA
we have:
Hogs [ d+ =2 ) = 009 + == 29 265 0. d, 6) + RN (5,1, d, 5),
\/n \/n o@

where

—S 1- 2d 2

ys=—— and zn(s,n,d,56)= T(l +2y))+S(nd +6)+ 6 (A3)

0(d)

and
log(n)?

|RA'(S, nd,8)| <c .
n

Proof. In what follows, C denotes a positive constant which depends on gy (but not on n > 2,

s € [—a+/log(n), ay/log(n)], 6 € [-1,1] and d € Ky such that d + ﬁ € Kjp) and which may change
from line to line. We will also use, without recalling it, that ¢ is uniformly bounded away from 0 on
Kop.

For all 6 € (0, 1] such that d + 58 € (0, 1), we set

x,(0) = =599 (A4)

O(d+s0)

Let p = d + == and X be a binomial random variable with parameters (n, p). Because nd + 6 =

Vn
np + \/ZO'(p) X <ﬁ ), we can write

Hp.as <d+ﬁ> =P<X§np+ \/Za(p)xs (ﬁ)) (AS)
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Recall S is defined in (75). Using (A1), we get that:

o) () )

Lo (s L) v (a1 A6
\fQ<\f> < f(f)) "o

where for 8 € (0, 1] such that d + 50 € (0, 1),

(1) _2(d+S9)—1 2_

0, 5(5,0) = ~boure (x:(0)° — 1) @(x5(0)),
@) _ 1 -

Qusls:0) = ——§ (d67% + 8) o(x,(0)).

Study of the first term on the right-hand side of (A6)

Letd € (0,1/ \/E], and notice that | log(6)| > log(\/z) > 0. Recall the definition of x,(0) given by
(A4). By simple computations, we get that for all 0 < 6 < 1/\/5, Is| < a+/2|1og(®)], |6] < 1, and
d € Ky such that d + 56 € K,

(0] < Cllog®)]7, X0 < Cllog(®)], and [x/(0)] < C|log(®)]. (AT)

We define the function W,(8) = ®(x,(0)). Applying Taylor’s theorem with the Lagrange form of the
remainder for ¥ at 8 = 0, we have:

W,(0) = W,(0) + 6¥,(0) + RV (0),

where Rgl)(é?) = /09 P! (1)(0 — 1)dr. Recall the definition of y; = x4(0) given in (A3). Elementary
calculus gives:

@ (x5,(0)) = D(x,(0)) + 0 x,(0)p(x5(0)) + RV (0)

1-2d )
2Dy —] 0 () +R). (A8)
O(d) O(d)

=¢)(YJ)+H[

where R(9) = fo‘} (x;'(t) - x;(t)2xs(t)>qo(xs(t)) (6 — 1) dr. Using (A7) and that 7¢(z) is bounded, we
have:

R ()] < CO¥(110g0)]* + [log(®)*) < CO|log(®)]".

Study of the second term on the right-hand side of (A6)
We have 0'/)(s,0) = Gy(0)H(x,(6)) where
2(d +s0)— 1

G(0)==—""—— and H=(¥-1)pk.
66(4+50)
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For the first term, we have

2d -1

0(d)

Gy(0) = G,(0) + RP(0) = +R(0),

where R§2>(9) = f09 G/ (r)dt. We compute that:

1 [2(d +s5t) = 177
36(d+st) 1263

Gl(t) = s
(d +s1)

We obtain that < CO|s| < CO| log(H)I%. For the second term, we have

H(x,(0)) = Hx,(0) + RP(0) = (2 = 1) 0 (vy) + RO(6),

where R(0) = i x\(OH' (xy(1)dr = [ x}(t) [~x,(0)° + 3x,(0)] @(x,(1))dr. Using (A7) and that (|r|> +

1e(?) is bounded, we get that RE‘”(G)’ < CO|log(#)|. Finally, we obtain that

Q)5,0) = 22—

66( (2 =1) ety +RP6) (A9)

with

< CO|1og(0)|.

Study of the last term on the right-hand side of (A6)

We have
1

O (d+s6) ’

0% (s.6) = F,(6)S (% +5)@5(©O) with Fi(6) =
For the first term of the right-hand side, we have

Fy(6) = F4(0) + RY(0) = +R(0),
(d)

where RO(0) = [ Fli(ndr = /09 $CEHD=1) 4. We get that
(d s1)
last term of the right-hand side, we have:

R(S)(H)l < CO|s| < CO10g()|:. For the

P(5(0)) = p(x,(0)) + RY(0) = ¢ (v,) + R (0),

where RO©0) = [ X0@ (x)dt = — [ x,(Ox,(D(x,(1))dz. So, using (A7) and that 1(r) is
bounded, we get that )Rgﬁ)(6)| < CO|log(#)|. Finally, we obtain that

050:00 = 28 (G +5) 0 0 + R70), (A10)

where

< CO |log(#)], since S is bounded.
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Conclusion

We deduce from (A8), (A9), and (A10) that

(p(ys)ﬂ( 1

D (0)) +0.Q5(5.0) + 0 Q5(5.6) = @) + 07 = (5, 5.

d, 5) +RY(6),

where R§8>(9)| < CO?|10g(0)|*. We get the result by taking 6 = 1/ \/ﬁ and using (A6) and the obvious
bound on U, given by (A2) so that |U,| < C/n. u

We state a lemma which will be useful for the proof of Lemma A3.

Lemma A2. Lety € [0,1] and a > 0. For all n > 2, we have with d = D(y), A = a+/log(n), and
ys = —5/0),

A 1 +oo 1 +o0 ) 1
Ol —— | < -, s® (yy)ds < -, and sc@(ys)ds < =
a n2’ A an?e A an

Proof. For all t > 0, we have

+o0 +o0
D(—1) = / s@ds < 1 / sp(s)ds = l(p(t). (A1)
P s tJ; t
Because o(y) < 1/2, we get with ¢ = 2 the following rough upper bound:
O()
) <_i> < @(p (i) < 1 - (A12)
() A " \ow an

Using again (A11) and (A12), we get, for the second inequality that:

+oo +o0 A {
/ S@ (y;) ds < 0(d)/ p(=y)ds = op, @ <——> <
A A

o) an’@®

For the last inequality, we have:

+oo 202 +oo 2 462 +oo _ _s?
d 5 d o
/ s*p(yy)ds = ()/ SZ e Yods < ()/ e “ds
A VorJa 2 2z Ja

where we used xe™* < 2e”? for the first inequality and an inequality similar to (A12) with o4 replaced
by \/za(d) for the last one. L]

For f € C*([0, 11), we set [Ifll3.00 = Ilflleo + IIflleo + IIF" llco-
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Lemma A3. Assume that W satisfies condition (65). Lety € (0, 1) and a > 1. There exists a positive
constant C such that for all H € C*([0,1]), 6 € [-1,1], and n > 2 such that [d =+ %] C D((O, 1)),

with d = D(y), and A = ar/log(n), we have:

o) o 2) 1)

2
H'(y) "(d) —-2d A
_HO 5+ S(nd +6) ) + R,
Doy HHO (5 46+ 8(d ) + RV )
where
RY(H)| < Cl|Hlsn™"/? log(n)’. (A13)
Because of the assumption [ 7] C D((O 1)) we need to rule out the cases y € {0, 1}, so that

Lemma A3 holds only for y € (0, 1).

Proof. In what follows, C denotes a positive constant which depends on £y and W (but in particular
notonn > 2, s € [—ay/log(n), ay/log(n)], 6 € [—1, 1], and d € K such that d + ﬁ € Ky) and which
may change from line to line.

Let 6 € (0, 1/\/5] (we shall take 8 = 1/\/}3 later on) and assume that |s| < ay/2|log(f)| and
d + 50 € Ko. We set ¥(0) = H (D~'(d + s0)). Notice that ¥'(9) = H'(D7'(d + s0)). By

1(d+ 0)
Taylor’s theorem with the Lagrange form of the remainder we have:

P() = P(0) + 0¥ (0) + R () = Hy) + 6 H ) +RV(0) (A14)

D’(y)

where R{"(0) = [/ W (1)(60 — 1)dr. We have

W) - H'(D™\d +50)) _ H'(D™'(d +s6)(D"oD™\(d + 50))
~ 7 | (D'oD71(d + s6))2 (D' oD-1(d + 50))3
Thus, we get that |R<”(9)| C (IIHloo + |H" llo) s26% < CI|H||3 00 6%|10g(6)]. Choosing 6 =

1/ \/— n, we deduce from (A14) that:

oo o () o
n n

where |R (1/\/ﬁ> < C||Hll3. 10g(n)/n. Recall the definition of y, and z(s, n, d, §) given by (A3).
By Proposition Al and Equation (A15), we get that:

Pl o) elor )

_ 1 / B 1 e@y) ©0)
\/—< 0+ \/’D’(y)H ()’)> ((‘D(ys) 1(,<0)) + /i ow ﬂ(S,n,d,5)> + R, (5)




DELMAS ET AL. WI LEY 49

H'(y)

D'0y) (s) +

= VnH@)AD(s) + —= A(3)( )+ RY(5) + R (s), (A16)

where

AV(s) = (@) ~ 1<) s AP(s) = 5 (PO = 1js<0y) » AV = @(y)a(s,n,d, 6),

< VillHIo R 5., d, 8)] + V/nlR (1//n) 1+ ValRY (5, d ORD (1//n) |

log(n)?

< C|H|3.0 (A17)
\n
and
H' log(n)
L IO s d. )| < ClHIw . (AI8)
n o@D’ () Vn
A
Study of /. A(s)ds
Since AV is an odd integrable function on R*, we get that:
A
/ AD(s)ds = 0. (A19)
-A
A @
Study of [*, A@(s)ds
Because A is integrable and [ AP (s)ds = a(zd) /2, we get that
A 2d +00
/ AP(s)ds = <2) +R?,  with R?=-2 / s®(y,)ds. (A20)
A A
Using Lemma A2, we get that
IR?| < cn 2, (A21)

Study of [, A®)(s)ds
We have, using (A3), that:

AC(s) = p(yy) (—(1 +2y2) + 6+ S(nd + 5))

By elementary calculus, we have that:

/ @(y;)ds = / Vio(yo)ds = o(4).
R R
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We get that:

A
/ AP (s)ds = o4 [1 _22d +6+S(nd + 5)] +RY, (A22)
—A

where

1—-2d

+o0
RY = _2%< A > 1-2d

+ 6+ S(nd + 5)) @ <—— ol [ oh0ds. (A23)
0(d) 3 Ja

Using Lemma A2 and since |2d — 1| < 1, |6] < 1 and S is bounded by 1, we have that:

IR®| < cn. (A24)

Conclusion

Using (A16), (A19), (A20), (A22), we deduce that

L () )2

2
_H® @ 1-2d
T D(y) 2 2

+H() [ +5+S(nd + 5)] + RY(H),

where R (H) = [ RV (5)+ R () ds+(H' (/D' 0)RY +(H)/o(a)RS. Using the upper bounds
(A17) and (A18) (to be integrated over [—A, A]), (A21) and (A24) with a > 1, we get that |[R23(H)| <
C [|H][3,00 log(n)*/y/n. "

We give a direct application of the previous lemma.

Lemma A4.  Assume that W satisfies condition (65). Lety € (0, 1) and a > 1. There exists a positive
constant C such that for all G € CX([0,1]), 6 € [—1,1], n > 2 such that [d + \if] c D((0, 1)), with

d = D(y) and A = a+/log(n), we have:

1
n /0 G(x) (Hna.s (D)) — 1jqy) 1 { ﬁlD(x)—dlsA}dx

_ GOD0) - GOD"Y) % GO) [1=2d
DY 2 "m0

+5+S0d + 5)] + RMG),

where

RI(G)| < CllGlls0n™ log()’.

Proof. Let G be a function in C?([0, 1]). Define the function H on [0, 1] by H(z) = g% for all
z € [0, 1]. Use the change of variables s = \/ﬁ (D(x) — d) to get that:

1
/ G) (Hinas(DO)) = Liesy)) l{ﬁlD(x)—dlsA}dx
0
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_ ﬁ _:H (D—1 <d + ﬁ)) <H,,,0,,(S (d + ﬁ) — 1{@}) ds.

By Lemma A3, we obtain that:

1
HA G(x) (Hn,d,é (D) — l{xﬁy}) 1{ﬁ|D(x)_d|5A}dx
_H®Y) "(2d)
D'y 2

_ GOD0) - GOD'Y) % GO)
= DO 2 DG

—2d

H() [ +6+S0d + 5)] + RO (H)

[ ! _22d + 5+ Snd + 5)] + RAG/D)).

Set Ry*(G) = R:? (G/D') and use (A13) to conclude. n

Lemma AS. Lety € (0,1) and a > 0. Forallu € (0,1), 6 € [—-1,1] and n € N* such that
\/zlu —d| > Awithd = D(y) and A = ar/log(n), we have

|Hoa.s(w) = Tiuzay| < nr2,

Proof. Let X be a binomial random variable with parameters (n, ). Assume first that u > d + %.

Let A > 0. Using Chernov’s inequality, we get:
HyasW) — Lucay = P(X <nd +6) < E [e] =exp[A(nd + 8) + n¥(D)],  (A25)
with ¥(A) = log(1 + u(e™* — 1)). By Taylor-Lagrange equality, we have
W(A) = P(0) + AP (0) + R(A) = 0 — ul + R(A), (A26)

where R(1) = fO/l(A — )WP"(1)dt. Because ¥"'(f) > 0 and ¥"'(¢) = % < i (applying the

L withx = 1 —uand y = ue™*), we get that |[R(4)| < = < 2. Finally,

following inequality — + )2 =7

applying (A26) with A = k’g(") , we get that

nW(4) = —uy/nlog(n) + R?(n), (A27)
with |[R®(n)| < log(n). Using (A25) and (A27), we get that
Hiva 5(0) = Ljuzay < exp l 2 (nd + )  uy/rTogm + R<2>(n)]
= exp [\/rTg(n)(d —w+ R<3>(n)] ,
where |[R®(n)| < 2log(n), since |8] < 1. Because d — u < == with A = ay/log(n), we have that

7

Hn,d,&(u) _ l{usd} <e™ log(n)+R® (1) < e(—a+2) log(n) — n—a+2‘
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In the case where u < d — i, we have that
n

7

0>Hugs) —1pycay =PX <nd +6)—1
> _P(X > nd + )
= Pm-X<n(l-d)-35).

Since n — X is a binomial random variable with parameters (n, 1 — u), using similar argument as in the
first part of the proof (with u and X replaced by 1 — u and n — X), we get that, foru < d — A

n

Hya5) — Ljucqy > —n~ "

We deduce that |H,q,5(u) — 1{u<ay| < n7**2. .

The following lemma is a direct application of Lemma A5 with u = D(x).

Lemma A6. Assume that W satisfies condition (65). Lety € (0, 1) and a > 1. For all G € B([0, 1]),
6 € [-1,1], and n € N*, we have with d = D(y) and A = ay/log(n):

1
n / G() [Mua.s (D)) = Lixsy) | 1 fripg-aisay@x = Ra°(G),
0

where

RG] < Gllwn™*.

Combining Lemma A4 with Lemma A6 for a = 3, we deduce the following proposition.

Proposition A7. Assume that W satisfies condition (65). Let y € (0, 1). There exists a positive
constant C such that for all G € C*([0,1]), 6 € [-1,1] and n € N* such that [d + i] C D((0, 1)),

Vi
with d = D(y) and A = 44/log(n), we have:

1
n / G) (Huas (D)) — sz ) v
0

_ GOD'0) = GOD"0) % GO) [1=2
2

A7
DOy > Do) +5+50d +6)] + RV (G,

with

RY(G)] < ClIGlls.en ™. (A28)

APPENDIX B: PROOF OF PROPOSITION 9.3

We first state a preliminary lemma in Appendix B.1 and then provide the proof of Proposition 9.3 in
Appendix B.2.
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B.11 A preliminary result
Fory = (y1,y2) € [0, 1]%, let M(y) be the covariance matrix of a couple (Y}, ¥) of Bernoulli random
variables such that P(Y; = 1) = D(y;) fori € {1,2} and P(Y; =Y, = 1) = /[0,1] W1, 2)W(ys,2) dz.

Lemma B1. Assume that W satisfies condition (65). There exists € > 0 such that for ally € [0, 1],
we have det(M(y)) > €.

Proof.  Let M, be the set of matrices of size 2 X 2, and || - ||, be the norm on M, defined in (BY).
We consider the closed set on M:

F=r,JF where F.= {r(lzi <(1) é)); re [0,1/4]}

where I, € M, is the identity matrix. Notice F is the set of all covariance matrices of couples of
Bernoulli random variables having determinant equal to 0. Since the determinant is a continuous
real-valued function on M, to prove Lemma B1, it is enough to prove that for all y = (y,y’) € [0, 1]?
and all M, € F:

| M(y) — Mo ||, > €2/4. (B1)

We set p = D(y), p’ = D(y') and a = /10,11 W(y,z2)W(/,z)dz so that:

_(pd=p) a-pp

The proof of (B1) is divided into three cases. Recall that W satisfies condition (65). Without loss
of generality, we can assume that p < p’ and thus:

e<p<p <l-e (B2)

Since (1 — W(y, 2))(1 — W()', z)) is nonnegative, by integrating with respect to z over [0, 1], we get that
a > p+p' — 1. Using that W < 1 — ¢, we deduce, denoting by x* = max(x, 0) the positive part of
x € R, that:

p+p -Di<a<d-e)p. (B3)

The case M, € F,

Recall that p < p'. If |[r — p(1 — p)| > €2/4, then, by considering the first term on the diagonal, we
have || M(y) — Mo ||, > €2/4.
If |r — p(1 — p)| < €2/4, then, by considering the off-diagonal term, we have:

1 M(y) = Mo llo 2 | = pp" = 1l.
For 8’ = r—p(1 — p) € [-€2/4,€? /4], we get, using that @ < (1 — €)p and p < p':

a—pp —r<(l—ep—-p*—p(l—p)-¢
< —€24+€2/4=-32/4.

We deduce that (B1) holds if My € F,.
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The case |1 —p—p'| > e/2and My € F_
If [r—p(1—p)| > €2 /4, then, by considering the first term on the diagonal, we have || M(y) — My ||, >
£2/4.
Iflr—p(1-p)| < £2 /4, then, by considering the off-diagonal term, we have:
1M(y) = Mol 2 o = pp’ +71].
Assume first that 1 —p — p’ > /2. For §' = r — p(1 — p) € [—€2/4, €2 /4], we get, using a > 0, that:

a—pp' +r>2pl-p-pH+4d
> e2/2 —€2/4 = €2/4.

Assume then that 1 —p —p’ < —¢/2. For §' = r — p(1 — p) € [—€2/4, €2 /4], we get, using the lower
bound a > p + p’ — 1 from (B3), that:

a=pp'+r>1=p)p+p -1)+48
>e?/2 -6 /4 =¢€"/4.

We get || M(y) — My ||, > €2/4.
We deduce that (B1) holds if |1 —p — p'| > /2 and My € F_.

The case |1 —p—p'| <e/2and My € F_
Applying Lemma B2, with f = W(y,-), g = W(y/,-)and 6 = 1 — p — p’, we get that:

a>(1—-¢e)e—-9). (B4)

IM(y) = Mollo, > €2/4.
If |r — p(1 — p)| < €2/4, then, by considering the off-diagonal term, we have:

If [r — p(1 — p)| > €2/4, then, by considering the first term on the diagonal, we have

IM(y) = Mol = la—pp’ +1l.
For §' = r — p(1 — p) € [—€%/4,€%/4], using (B4), we get that:

a—pp+r=a—-p(l—-p—=8)+p(l-p)+¢
>(1-ge—-6(1—-e—p)+¢
>(—e)e—(1-26)e/2—€2/4>¢e%/4

We deduce that (B1) holds if |1 —p —p'| < &/2 and My € F_.

Conclusion

Since (B1) holds when My € F, when My € F_ and either |1 —p—p'| > e/2o0r |l —p—p'| <€/2,
we deduce that (B1) holds under the condition of Lemma B1. [
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Lemma B2. Lete € (0,1/2), 6 € [—€/2,¢/2], f,g € B([0,1]) such that 0 < f, g < 1 — ¢, and
/[0,1](f +g) =1—06. Then we have f[o‘l]fg > (1 — &)(e — 6), and this lower bound is sharp.

Proof.  Setfi = min(f,g) and g1 = max(f,g) sothat 0 < fy < g1 < 1 —eand [, \(i+g)=1-6
and /[0,1]f1 g1 = /[0,1]fg' Set h = min(f}, (1 —e — g;)) aswell as f, = fj — h and g, = g + & so that
0<fr<g<l-¢ fo,(b+g)=1-3and

fg= (fi—-m@+h= fig1— (h(g1 —fi) + h*) < fig1= f8.
0,11 [0.1] [0.1] [0.1] [0.1] [0,1]

Since by construction either f,(x) = 0 or g»(x) = 1 — €, we deduce that:

/ Jg = f2822(—¢€) f2=(1—6)<1—5—/ 82>2(1—5)(5—5)-
[0.1] 0.1] [0.1] [0.1]

To see this lower bound is sharp, consider g =1 — e andf =€ — 6. [

B.2 | Proof of Proposition 9.3
We set:

Z, = (= 1""2M) 2D - ux)),

which is, conditionally on {X};; = x}, distributed as the normalized and centered sum of n — 1 inde-
pendent random variables distributed as ¥ = (Y}, ¥»), with ¥} and Y, Bernoulli random variables such
that E[Y] = u(x)/(n — 1) and Cov(Y, Y) = M(x).

Using Theorem 3.5 from [10] or Theorem 1.1 from [2], we get that:

sup
Kek

IP’(Z, € K| Xp) :x> —IP’(ZEK)‘ <115v2y,

where

y=m—DEww4YWM@WﬂW—MHfl

Let || - ||, denote the matrix norm on the set M, of real matrices of dimension 2 X 2 induced by the
maximum vector norm on Rz, which is the maximum absolute row sum:

2
1Ml = max Z IM(,j)|, forall M € M. (B3)
P

Recall that || - ||, is an induced norm (that is || AB || < ||Alle | Blle)- For M € M, and x € R2, we
have |[Mx| < \/5 M|l IX]. If M € M, is symmetric positive definite (which is only used for the
second inequality and the equality), we get:

/2 1/2 1/2 -1 _ | M ”oo
1ML < 1M Pl < V2IMIL and  IM7' ) = (B6)
| det(M)]’
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We deduce that if M € M), is symmetric positive definite, then

1M~ I < V2l det@DI ™2 | M11L2
We obtain that for n > 2:

y <20 = )72 ME) 12 detM(x) 2 E [|Y - E[Y1]]
<2207 2 detM(x) 2 E Y1 — EI1P + |Y2 — E[Y2]P)
< 23207172 det(M(x)) /2,

where we used that || M(x) ||, < 1/2 for the second inequality and the convex inequality (x + y)’ <
2°=1(x? + yP) for the third and that |Y; — E[Y;]| < 1 so that E[|Y; — E[Y;]]*] < Var(Y;) < 1/4. We
deduce from Lemma B1 that there exists Cy > 0 such that for all x = (x1,x;) € [0, 1]> with x; # x»
and all n > 2:

sup
Kek

P <2 € K| Xp = x) _PZe K)‘ < Con 2.

1
To conclude, replace the convex set K in this formula by the convex set %(K — u(x)).
o



