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Abstract

We study the pruning process developed by Abraham and Delmas (2012) on the discrete Galton—Watson
sub-trees of the Lévy tree which are obtained by considering the minimal sub-tree connecting the root and
leaves chosen uniformly at rate A, see Duquesne and Le Gall (2002). The tree-valued process, as X increases,
has been studied by Duquesne and Winkel (2007). Notice that we have a tree-valued process indexed by two
parameters: the pruning parameter 6 and the intensity A. Our main results are: construction and marginals
of the pruning process, representation of the pruning process (forward in time that is as 0 increases) and
description of the growing process (backward in time that is as € decreases) and distribution of the ascension
time (or explosion time of the backward process) as well as the tree at the ascension time. A by-product of
our result is that the super-critical Lévy trees independently introduced by Abraham and Delmas (2012) and
Duquesne and Winkel (2007) coincide. This work is also related to the pruning of discrete Galton—Watson
trees studied by Abraham, Delmas and He (2012).
© 2014 Elsevier B.V. All rights reserved.

MSC: 05CO05; 60J80; 60J27

Keywords: Pruning; Branching process; Galton—Watson process; Random tree; CRT; Tree-valued process; Girsanov
transformation

* Corresponding author.
E-mail addresses: romain.abraham @univ-orleans.fr (R. Abraham), delmas@cermics.enpc.fr (J.-F. Delmas),
hehui@bnu.edu.cn (H. He).

http://dx.doi.org/10.1016/j.spa.2014.11.008
0304-4149/© 2014 Elsevier B.V. All rights reserved.


http://crossmark.crossref.org/dialog/?doi=10.1016/j.spa.2014.11.008&domain=pdf
http://www.elsevier.com/locate/spa
http://dx.doi.org/10.1016/j.spa.2014.11.008
http://www.elsevier.com/locate/spa
mailto:romain.abraham@univ-orleans.fr
mailto:delmas@cermics.enpc.fr
mailto:hehui@bnu.edu.cn
http://dx.doi.org/10.1016/j.spa.2014.11.008

1570 R. Abraham et al. / Stochastic Processes and their Applications 125 (2015) 1569—-1604
1. Introduction

The study of pruning of Galton—Watson trees has been initiated by Aldous and Pitman [9].
Roughly speaking, it corresponds to the percolation on edges: an edge is uniformly chosen at
random in a Galton—Watson tree and is removed, and the connected component containing the
root is kept. This procedure is then iterated. This process can be extended backward in time. It
corresponds then to a non-decreasing tree-valued process. The ascension time A is then the first
time at which this tree-valued process reaches an unbounded tree. In [9], the authors give the
joint distribution of A as well as the tree just before the ascension time (in backward time).

The limits of Galton—Watson trees are the so called continuum Lévy trees, see [6,7,20,13];
they are characterized by a branching mechanism 1 which is also a Lévy exponent. The result
for the pruning process on Galton—Watson trees was then extended by Abraham and Delmas [1]
to a process indexed by time # whose marginals are continuum Lévy trees. In the setting of the
Brownian continuum random tree, which corresponds to a quadratic branching mechanism, the
pruning procedure is uniform on the skeleton, see also Aldous and Pitman [8] for a fragmentation
point of view in this case. This is the analogue of [9]. However in the general Lévy case, one has
to take into account the pruning of nodes with a rate given by their “size” or “mass”, which is
defined as the asymptotic number of small trees attached to the node. This result in the continu-
ous setting motivated a new pruning procedure on the nodes of Galton—Watson trees, which was
developed by Abraham, Delmas and He [2]. In this case, the pruning happens on the nodes with
rate depending on the degree of the nodes.

In the present work, we study the pruning process developed in [1] on the discrete Galton—
Watson sub-trees of the Lévy tree. The discrete Galton—Watson sub-trees of the Lévy trees are
obtained by considering the minimal sub-tree connecting the root and leaves chosen uniformly
with rate A > 0, see Duquesne and Le Gall [13]. The tree-valued process, as A increases, has been
studied by Duquesne and Winkel [14], in particular to construct super-critical Lévy trees. Notice
that super-critical Lévy trees have also been defined in [1]. One of the by-product of our results is
that the two definitions coincide, see Section 5. Notice that we have a tree-valued process indexed
by two parameters 6 (as in [9,1]) and X (as in [14]). The other main results are: construction and
marginals of the pruning process in Section 4, representation of the pruning process (forward
in time that is as 6 increases) and description of the growing process (backward in time that is
as 0 decreases) in Section 6, some remarks on martingales related to the number of leaves in
Section 7, distributions of the ascension time and of the tree at the ascension time in Section 8.

Now, we present more precisely our results. Let i be a branching mechanism satisfying the
Grey condition (see (6) in Section 2.6). A priori, the branching mechanism i is defined on
[0, +00) but we may extend it on a part of (—oo, 0) using formula (5). For every 6 such that
¥ (0) exists, we define the branching mechanism 1y by:

Vo(q) =¥(q+6)—¥() forallg >0,

and denote by O the set of 6 for which ¥/ (6) exists. Note that vy satisfies the Grey condition (6).
We consider the tree-valued process (7g, 0 € ©) introduced in [1], corresponding to a uniform
pruning on the skeleton and to a pruning at nodes with rate depending on its size. We recall
that 7y is a Lévy tree with branching mechanism . Let m7% be its mass measure, which is a
uniform measure on the set of leaves. Let t79(A) be the minimal sub-tree of 7y generated by the
root and leaves chosen before time A according to a Poisson point measure P% on R x 7 with
intensity dt m”, Let M, be the number of chosen leaves: M; = PY([0, 1] x Tp), so that To(}) is
well defined for M; > 1. And we set 1g(A) = Ty [ ) 70(A) for 6 > 0. So we get a two-parameter
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family of sub-trees (7p(1), A > 0,6 > 0). Let P¥* be the conditional probability given the event
{M, > 1}. We will be interested in the process A — 79 (1) which was studied in [14] and in the
pruning process 8 — 19(X) where the case of A = 400 was studied in [1].

Notice that the leaves of 7g(X) correspond to marked leaves belonging to 7y as well as
roots of sub-trees of 7y with marked leaves which are removed to get 7y. If one is interested
only in %y(A), the minimal sub-tree containing the root and the marked leaves belonging to
Ty, then one would get a process such that 7yp(1) has the same distribution as t5(Ag) with
ro= U (Yy ! (1))). This would lead to another natural process indexed by the level-set of the
function (0, 1) — Yo (¥~ (1)).

Theorem 3.2.1 in [12] in the sub-critical case and Corollary 4.5 in our paper in the general
case give that the sub-tree ty(A) is distributed as a Galton—Watson real tree; its reproduction
law has generating function gy, .y, see definition (32), with n = ¥ ~! (1) and exponential
individual lifetime with parameter ¥, (n). If we endow 7y with its mass measure and 7 (1) with
a discrete mass measure defined by

e — L 5.,

Yo (1)

x a leaf of 79 (1)

then we show in Theorem 5.1 the convergence for the Gromov—Hausdorff—Prohorov distance
defined in [4] of 5(X) to Ty as A goes to infinity. This result was already in [14] (with the
Gromov—Hausdorff distance instead of the Gromov-Hausdorff—-Prohorov distance), and this
ensures that in the super-critical case the Lévy trees introduced in [14] and in [1] are the
same. We give in Theorems 6.1 and 6.6 a precise description of the process (tg(A), 0 > 0) in
forward (decreasing tree-valued process) and backward (increasing tree-valued process) times.
By considering the backward process, we see that it is possible to extend the process up to 6
backward in time, with 6, defined roughly by g, (¥ ~1 (L)) = 0 (see (45) for a precise definition).
Usually 6y, is not the lower bound of ©. Intuitively, when 6 decreases, the tree grows and in order
to balance the number of leaves, the intensity for choosing them has to decrease; this can be done
up to the lower bound ;.

By considering Lg(A), the number of leaves of t5(1), we shall show that the process 6 +—
V' (0)Lg(L)/¥a (¥~ (1)) is a backward martingale, see Proposition 7.2. By taking the limit as A
goes to infinity, and since the total mass of m™ @) that is Lo (A) /We (¥ 1 (1)), converges to the
total mass of m%, say oy, we get in Proposition 7.1 that ¥'(9)oy is also a backward martingale.

Then we consider the process (tp(A), 0 > 6) backward in time and consider its ascension
time A, defined in (52) as the first time 6 at which the tree 79 ()) is unbounded. Of course, this
corresponds to the ascension time of (7g, 6 € ©) when it is larger than 6. We give in Proposi-
tion 8.1 the distribution of (t9(1), & > A,) and identify it in Proposition 8.11 using the pruning
of a tree 7 (1) with an infinite spine defined in Sections 8.2 and 8.3. We also prove the conver-
gence, as A goes to infinity of the tree 7 (1) toward the CRT 7 with infinite spine introduced
in [1]. The latter can be seen as a sub-tree of Lévy trees with immigration, see [10] for a further
work in this direction.

2. Lévy trees and the forest obtained by pruning
2.1. Notations

Let (E, d) be a metric Polish space. We denote by M ¢ (E) (resp. /\/llj‘?“(E )) the space of all
finite (resp. locally finite) Borel measures on E, where a Borel measure u is locally finite if
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for any x € E, u(B(x,r)) < oo for all sufficiently small r. For x € E, let §; denote the
Dirac measure at point x. For u € MIJE?C(E ) and f a non-negative measurable function, we set

(. f) = [ fx) udx) = u(f).
2.2. Real trees

We refer to [15] or [19] for a general presentation of random real trees. A metric space (7, d)
is a real tree if the following properties are satisfied:

(1) For every s,t € T, there is a unique isometric map f;; from [0, d(s,?)] to T such that
£10) = s and fy,(d(s, 1) = 1.

(2) Forevery s, t € T, if g is a continuous injective map from [0, 1] to T such that g (0) = s and
q(1) = t,then g ([0, 1]) = f;.,([0, d(s, 1)]).

Ifs,t € T, we will note [[s, ¢]] the range of the isometric map f; ; described above and [[s, ¢[ for

[Ls, 1\ {z}.

We say that (T, d, ¥) is a rooted real tree with root ¥ if (T,d) is areal treeand ¥ € T is a
distinguished vertex.

Let (T, d, ?) be a rooted real tree. The degree n(x) of x € T is the number of connected
components of 7 \ {x}. The number of children of x # @ is xy = n(x) — 1 and the number of
children of the root is kg = n(#). We shall consider the set of leaves Lf(T) = {x € T, xx = 0},
the set of branching points Br(T) = {x € T, kx > 2} and the set of infinite branching points
Broo(T) = {x € T, kx = 00}. We say that a tree is discrete if {x € Lf(T) UBr(T); d(@, x) < a}
is finite for all a. The skeleton of 7 is the set of points in the tree that are not leaves:
Sk(T) = T \ Lf(T). The trace of the Borel o-field of T restricted to Sk(7") is generated by
the sets [[s, s']l; s, s’ € Sk(T'). One uniquely defines a o-finite Borel measure £7 on T, called the
length measure of 7', such that:

CTLET)) =0 and €7 ([s, s']) = d(s, s).

For every x € T, [[4, x] is interpreted as the ancestral line of vertex x in the tree. We define
a partial order on 7 by setting x < y (x is an ancestor of y) if x € [(, y]l. If x,y € T, there
exists a unique z € T, called the Most Recent Common Ancestor (MRCA) of x and y, such that
2, x1 N [I9, yI =19, z1.

2.3. Measured rooted real trees

A rooted measured metric space X = (X, d, @, ) is a metric space (X, d) with a distin-
guished element ¢} € X and a locally finite Borel measure p € MI}’C(E ). Two rooted measured
metric spaces X = (X,d, @, n) and X’ = (X', d’, ¢, u') are called GHP-isometric if there ex-
ists an isometric bijection @ : X — X’ such that ¢(#) = ¢ and P, u = 1/, where P, is the
measure p transported by @.

We will denote by T the set of (GHP-isometry classes of) measured rooted real trees (7, d,
@, m) where (T, d, ¥) is a locally compact rooted real tree and m € MIJ?C(T) is a locally finite

measure on 7. Sometimes, we will write (T, dT g7, mT) for (T, d, ¥, m) to stress the depen-
dence in 7. Sometimes, when there is no confusion, we will simply write T for (T, d, ¥, m) and
T for (T, d, ¥).

The set T can be endowed with the so-called Gromov—Hausdorff-Prohorov metric which
first appeared in [22] for compact trees endowed with a probability measure (which leads to the
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same topology as in [16]) and which was extended to the set T in [3] (see also [17,21] for other
distances on the set of measured trees). This metric is defined as follows.
Let (X, d) be a Polish metric space. For A, B € B(X), we set:

dy(A, B) =inf{e > 0, A C B and B C A®},

the Hausdorff distance between A and B, where A® = {x € X, inf,c4 d(x, y) < €} is the g-halo
setof A. If u, v € M ¢(X), we set:

dp(u, v) = inf{e > 0, u(A) < v(A®) +¢eand v(A) < u(A®) + ¢ for all closed set A},

the Prohorov distance between & and v.
Let X = (X,d, ¥, u) and X' = (X', d’, @, ') be two compact rooted measured metric
spaces endowed with finite measures u and w1/, and define:

dGup(X, X) = inf (dﬁ ((X), (X)) +d” (D), &' W) + dif (Pupt, @;m) :

where the infimum is taken over all isometric embeddings @ : X < Z and ¢’ : X’ < Z into
some common Polish metric space (Z, d%).

IfX = (X,d,®, n) is a rooted measured metric space, then for r > 0 we will consider its
restriction to the ball of radius r centered at ¥, X = (X®) 4" ¢, u")), where

X0 ={xeX:d@ x) <r},

the metric d) is the restriction of d to X, and the measure 1 (dx) = 1y (x) pu(dx) is the
restriction of u to X,
We define the following function on T2, for Ty, 7> € T:

o)
dgup(T1, 1) = / e’ (l A déHP (Tl(r), Tz(r))) dr.
0

According to Corollary 2.8 in [3], the function dggp is well defined and (T, dggp) is a Polish
metric space.

Remark 2.1. In that paper, we always handle elements of T. However, our objects or transforma-
tions are a priori only defined on a tree 7' and not on an equivalence class. To be totally rigorous,
we should prove that everything is well defined on T, i.e., that given two representatives of the
same equivalence class, the construction leads to two trees that still belong to the same equiva-
lence class. This will be done once for the definition of the grafting procedure in the next section
as an example.

2.4. Grafting procedure

We will define in this section a procedure that consists in grafting measured rooted real trees
on an existing measured rooted real tree. More precisely, let T be a measured rooted real tree
and let ((7;, x;),i € I) be a finite or countable family of elements of T x 7. We define the
real tree obtained by grafting the trees 7; on T at point x;. We set T = T U (Uie[ T; \ {gTi })
where the symbol LI means that we choose for the sets (7;);<; representatives of GHP-isometry
classes in T which are disjoint subsets of some common set and that we perform the disjoint

union of all these sets. We set @T = @T. The set T is endowed with the following metric d T
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ifs,tef,
dl (s, 0 ifs,reT,
7 d" (s, xj) +dTi @l 1) ifseT, teT;\ (g7},
d' (s,t) = T: . T;
d'i(s,t) ifs,t e T\ {0},

d" (i xp) +dT @, s) +dT@" ) ifi £ jands e T\ {977}, e T\ {97,
We define the mass measure on 7' by:

m’ = m 43 (L rym" +mT (@7, ).
iel

It is clear that the rooted metric space ( f", dT, g7 is still a rooted real tree. (Notice that it is not

always true that T remains locally compact or that m” defines a locally finite measure on T.)We
will use the following notation for the grafted tree:

T @ic1(Ty, x;) = (T,d", ¢, m"), ey
where we make the convention that T ®;¢;(T;, x;) = T for I = 0.

Remark 2.2. We detail here how to justify that this grafting procedure is well defined on T. Let
T and T’ be two GHP-isometric trees and let ¢ be an isometry from T onto T’. Let (T;);<; and
(T))ier be two families of trees such that, for every i € I, T; and 7; are GHP-isometric and we
denote by ¢; an isometry that maps 7; onto Tl./. Then T ®;c;(T;, x;) and T’ ®,~el(Ti/, @(x;)) are
also isometric. It suffices to define ¢ on T ®;¢ (T}, x;) by

wlTi = @i and wl"r =@.

In Section 3.2, we shall use the grafting procedure for rooted real trees but without mass
measure. Recall that T = (T, g7, d T). We shall use the following notation:

Téie/ (T x) = (T, dT, gT), @)

where we also make the convention that T@ie I(f}, X;j) = T for I = ¢.
2.5. Sub-trees above a given level

For T € T we set Hyax(T') = sup,cr dT (p", x) the height of T and for a > 0:

TW = (xeT,dW,x)<a} and T(@) ={xeT,dW@ x)=a} 3)

the restriction of the tree 7' under level a and the set of vertices of T at level a respectively. We
denote by (T%°, i € I) the connected components of 7\ T‘¥. Let (3; be the MRCA of all the ver-

tices of T%°. We consider the real tree 7! = T°U{g;} rooted at point ¢J; with mass measure m’’

defined as the restriction of m” to 7%° (hence m”" (¢;) = 0). Notice that T = T®@ ®;c; (T}, ¥;).
We will consider the point measure on 7 x T:

NaT == ZS(@ivTi)' (4)

iel
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2.6. Excursion measure of a Lévy tree

Leta € R, 8 > 0 and 7 be a o-finite measure on (0, +00) such that f(o +o0) (r Ar¥)m(dr) <
~+o00. The branching mechanism v with characteristic («, 8, ) is defined for every A > 0
by:

YA =ak+ BrT+ / (7 — 1+ ar)m(dr). (5)
(0,+00)
Notice that ¥'(0) = « in this case. The branching mechanism v is said to be super-critical,
critical, sub-critical if ¢ < 0, ¢ = 0, @ > 0. We say v is (sub)critical if &« > 0. We assume that
the Grey condition holds:

/+00 A < +00 (6)
V(X

This assumption is used to ensure that the corresponding Lévy tree is locally compact. The Grey
condition also implies that 8 > 0 or f ©.1) L (df) = +oo which is equivalent to the fact that the
Lévy process with index v is of infinite variation.

Let v be the unique non-negative solution of the equation:

/+oo dn
v(a) W()») B

Results from [13] in the (sub)critical case, using the coding of compact real trees by height
function, can be extended to the super-critical case, see [3]. They can be stated in the following

form. There exists a o-finite measure N¥[d7] on T, called the excursion measure or the
canonical measure of a Lévy tree, with the following properties.

(i) Height. For all a > 0, NY [Hpa (T) > a] = v(a).
(ii) Mass measure. The mass measure m” is supported by Lf(7), NV [dT -a.e.
(iii) Local time. There exists a 7 -measure valued process (A,,a > 0) cadlag for the weak
topology on the set of finite measures on 7 such that N¥ [d7 J-a.e.:

m? (dx) = / Ag(dx) da, (7)
0

Ag = 0,inf{a > 0; 4, = 0} = sup{a >
a>0,NY[dT]-ae.

e The measure A, is supported on 7 (a).

e We have for every bounded continuous function ¢ on 7:

W 9} = ¢o ()/mx)l{ﬂmax(”f’m}/\/ (dx,dT")

= liO v( ) /d)(x)l Hmax(T/)>€}N (dx dT) ifa > 0.

Under NV | the real valued process ({A4, 1), a > 0) is distributed as a CSBP with branching
mechanism ¥ under its canonical measure (which intuitively represents the contributions to
the CSBP of the descendants of one single individual).

(iv) Branching property. For every a > 0, the conditional distribution of the point measure
N7 (dx,dT") under NV [dT|Hpax(T) > al, given T@, is that of a Poisson point measure
on 7 (a) x T with intensity A, (dx)N¥[d7T"].

0; Ay # 0} = Hpax(7) and for every fixed
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(v) Branching points.
e NY[dT]-a.e., the branching points of 7 have 2 children or an infinite number of children.
e The set of binary branching points (i.e. with 2 children) is empty N¥-a.e if # = 0 and is
a countable dense subset of 7 if 8 > 0.
e The set Broo(7) of infinite branching points is nonempty with N -positive measure if
and only if w # 0. If (;r, 1) = +o00, the set Broo(7) is NY-a.e. a countable dense subset
of 7.

(vi) Mass of the nodes. The set {d(#, x), x € Broo(7)} coincides NV -a.e. with the set of dis-
continuity times of the mapping a +— A,. Moreover, N¥ -a.e., for every such discontinuity
time b, there is a unique x;, € Broo(7) N7 (b) and A, > 0, such that:

Ap = Ap— + Apby,,

where A, > 0 is called the mass of the node x;. Furthermore A; can be obtained by the

approximation:
1
Ap = lim — ,€), 8
p = lim v(g)n(Xb €) ®)

where n(xp, &) = fl{xl,}(x)l{Hmax(T’)>£}N};T(dx’ d7T') is the number of sub-trees with
MRCA x;, and height larger than €.

In order to stress the dependence in 7, we may write A, 7 for A,. We set o7 or simply o
when there is no confusion, for the total mass of the mass measure on 7 :
o =m” (7). ©)

Notice that (7) readily implies that mT({x}) =O0forallx € 7.
2.7. Related measure on Lévy trees

We define a probability measure on T as follows. Let 7 > 0 and ) - 87« be a Poisson point
measure on T with intensity N . Consider  as the trivial measured rooted real tree reduced to
the root with null mass measure. Define 7 = @ ®ycxc (75, 9). Using Property (i) as well as (11),
one easily gets that 7 is a measured locally compact rooted real tree, and thus belongs to T. We
denote by IP’;// its distribution. Its corresponding local time and mass measure are respectively
defined by A, = Y yexc Ag 7t fora > 0,and m? = 3, i m7". Furthermore, its total mass
is defined by 0 = > ;i o7t By construction, we have ]P’;/' (dT)-as. ¥ € Broo(7), Ay = r
(see Definition (8) with b = 0) and Ay = réy. Under ]P’;// or under N¥, we define the process
Z = (Z4,a > 0) by:

Za = (Aav 1)'

According to Property (iii), under ]P’;p , the real valued process Z is distributed as a CSBP with
branching mechanism v with initial value r. This remark also holds under NV, the corresponding

measure for CSBPs being the canonical measure. Notice that (under N ¥ or IP’;”):

+00
o= f Z, da =m? (7). (10)
0
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In particular, as o is distributed as the total mass of a CSBP under its canonical measure, we have
that N¥-a.s. ¢ > 0 and for ¢ > 0 such that ¥ (g) > 0:

1
V[ _av@o] — V[ aV@o] —
N [1 e ] g and N [oe ] S (11)
The last equation holds for ¢ = 0 if ¥/(0) > 0, i.e. « > 0.
We will consider the following measures on T:
NY1dT) = 286N [dT] + f n(dr)(1 — e )PY (dT) (12)
(0,+00)
and
9 +oo
NY[dT] = o NS 14TV, = 28NV [dT] + / ra(dr) PV (dT). (13)
0
Elementary computations yield for ¢ > 0 such that ¢ (g) > O:
N [1 =D | = g0 +9) — $(0) — ¥(g) and
NY[1= eV @7] = y'(g) ~ /0). (14)

2.8. Definition of ¥~

Let 6* be the root of v in [0, +00) if it exists (as ¥ is a convex function, there exists at
most one such root). Notice that 6* = 0 if v is critical and that 6* exists and is positive if ¥ is
super-critical. If v/ is everywhere positive, we set 8* = 0. The function ¥ is then a one-to-one
mapping from [0*, +00) onto ¥ ([6*, +00)). We write w_l for the inverse of the previous
mapping. In particular, if ¥/(6) > 0 then we have ' (¥ (8)) = 6; and if ¥'(8) < O then
we have 6 < 6* < ¥~ (¥ (0)). We set:

q0=v""0). (15)
Note that if ¥ is super-critical, then gg > 0 and, thanks to (11), NY[o = 4+o00] = 1//_1(0) > 0.
2.9. Girsanov transformation

In Eq. (5), the branching mechanism v is defined on [0, +00). However, the definition may
remain valid for negative A. Therefore we here extend the definition of v for such A.
For 6 such that ¢ (0) is well defined, we consider the branching mechanism

VA >0, Ye(l) =vy(+0)—y(O), (16)
with characteristic
(¥'(©), B, e " m(dr)). (17)

We denote by © the set of 6 such that yr(6) is well defined and such that vy satisfies the Grey
condition (6).
Notice that 0* € @ and that g+ is a (sub)critical branching mechanism.
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We recall the Girsanov transformation from [1], which sums up the situation for any branching
mechanism 1. Let ¢ be a branching mechanism satisfying (6). Let 6 € © and a > 0. We set:

a
M;/”G = exp {QZO —-0Z, — W(Q)/ ngs} .
0

Recall that Zy = 0 under N For any non-negative measurable functional F defined on T, we
have for & € © and a > O:

EVIF(TON =) [FATOMP] and NPT =N [FT@m].(18)

Furthermore, if & > 6*, then we have:

EYLF(D] =Ef [FDe" VO o). (19)
NV [F(T)] =N [F(De™ O g o) (20)
NYLF(T)] =N [FTDe VO 1y ]. 1)

We have that under IP’}” (dT), the random measure /\/'OT (dx,dT"), defined by (4) witha = 0,
is a Poisson point measure on {#}} x T with intensity r8y(dx)N¥[d7"]. Then, using the first
equality in (18) with F = 1, we get that for 6 > 6* and a > 0,

NVe [1 —exp {eza + w(e)/a sts}:| = —6. (22)
0

2.10. Pruning Lévy trees and CRT-valued processes

A general pruning of a Lévy tree has been defined in [5]. Under N¥ [d7 ] and conditionally
on 7, we consider a mark process M T(d@, dy) on the tree which is a Poisson point measure on
R, x 7 with intensity:

Lo, 100)@)d0 [ 2867 @)+ D Acbi(dy)
x€Broo(T)

The atoms (6;, y;i)ies of this measure can be seen as marks that arrive on the tree, y; being the
location of the mark and 6; the “time” at which it appears. There are two kinds of marks: some
are “uniformly” distributed on the skeleton of the tree (they correspond to the term 2867 in the
intensity) whereas the others lay on the infinite branching points of the tree: an infinite branching
point y being first marked after an exponential time with parameter A,.

We define the pruned tree at time ¢ as:

T, ={x €T, M7 ([0, q] x [, xI) = 0}

with the induced metric, root ¥ and mass measure the restriction of the mass measure m? . For
6; < g, if one cuts the tree 7 at time 6; at point y;, then 7, corresponds to the resulting sub-tree of
T containing the root at time g. According to [5, Theorem 1.1], for fixed ¢ > 0, the distribution
of 7, under NY is N¥2. We set:

o, =m% (7). (23)
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Because of the pruning procedure, we have 79 C 7, for 0 < g < 6. The tree-valued process
(7;, q > 0) is a Markov process under NY, see [1]. The process (7, g > 0) is a non-increasing
process (for the inclusion of trees), and is cadlag. We recall the transition probabilities for the
time reversed process which are given by the so-called special Markov property (see [5, Theorem
4.2] or [1, Theorem 5.6]).

Theorem 2.3. Let W be a branching mechanism satisfying (6). Let 0 < g < 0 and Ty distributed
according to NV¢. Conditionally on Ty, let Y iciba S(Xi"];i) be a Poisson point measure on Ty x T

with intensity:
m?% (dx0)N? [dT].
Then, under NV, (Tp, 1,) is distributed as:

(Tg, To ®ieroa (T, xi))'

According to (17), the intensity /\/;//f 4 is given by (12) with v replaced by ¥, and 7 (dr)
replaced by e~ 9" 7 (dr), that is:

N2 1dT) =280 — g)N"4[dT] + / eV ndr)(1—e NP @T).  (24)
(0,+00)

The time-reversed process is a Markov process and its infinitesimal transitions are described

in [3].

3. Sub-tree processes

3.1. Sub-trees of the Lévy tree

Following [14], we define a sub-tree process obtained from pruned CRTs and Poissonian se-
lection of leaves. Let ¥ be a branching mechanism satisfying (6). Recall the definition of ! in
Section 2.8. We set:

n=v"'() fori=>0. (25)
Notice that ¥r () = A and, with go defined by (15), n > go if A > 0.
Conditionally on the tree-valued process (Zp, 6 € ©), let
POdtdx) = Z 8ty xy (dtdx) (26)
iEIO

be a Poisson point measure on R x 7y with intensity measure dt m70(dx). We shall refer to x;
as the marked leaves. We denote by

M, = 730([0, Al x7y), foriA>0, and My= }ir%M;h

the number of marked leaves in 7y. Notice that M( € {0, +o00}. We shall be working on {M; > 1}
and consider the probability measure:

PY*dT)=NY[dT | M, > 1], 1> 0. (27)
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When v is super-critical, we define the probability measure
PY0dT) = NV [dT | My = +00]. (28)

Notice that n = NY[M, > 1]. We might write P?(dt,dx) = Yo}, 8(:.x,)(dt, dx) for the
restriction of P° to R4 x Ty for 6 > 0. On {M; > 1}, for 6 > 0, we define the pruned sub-tree
79 (A1) containing the root and all the ancestors in 7y of the marked leaves of 7j:

)= |J Mxl and () =100)NT. ifr>0, (29)

iely.t;<i

and if A = 0, we set:

7% (0) =) =10)NT. (30)
A>0
Notice that 79 (0) = @ if 7y has finite mass measure (and My = 0), whereas 74 (0) # @ if 7y has
infinite mass (and My = +00). By construction, we have a.s. that 7y (A) is compact if and only
if 7y is compact (that is 7y has finite mass measure). The sub-tree 75(A) of 7y and thus of 7y is
endowed with the obvious metric. We shall consider the following mass measure on 75 (1):

me® — L

) G1)
Yo (n) xeLf(zy (L))

where we make the convention that m*® = 0 if Yg(n) = 0. As 6 varies, we obtain a sub-
tree process with parameter A: T(X) = (1p(A), 0 > 0) which is a non-decreasing tree-valued
stochastic process, that is for g < 0, T9(1) C 745(A).

Remark 3.1. One may want to define the subtree process on ©. However, for our purpose, 75 (A)
may not make sense for some 6 € O (»(n) may be negative.) We will discuss this problem in
Section 6.2.

3.2. Reconstruction of the Lévy tree

Let g be the generating function of a distribution p = (p(n), n € N) such that g’(0) = 0 (i.e.
p(l) = 0) and let ¢ > 0. We shall define by recursion a Galton—Watson real tree with repro-
duction distribution p and branch length distributed according to an exponential random variable
with mean 1/c.

Recall Notation (2) for the grafting procedure of trees without mass measure.

Definition 3.2. We say that a discrete rooted real tree G is a (g, ¢)-Galton—Watson real tree if G
is distributed as:

19, x1®1<k<k (Gk., x),
with:

e [[@, x]] areal tree rooted at ) with no branching point and such that Eg = d (@, x) is a random
exponential variable with parameter c,

e K has generating function g and is independent of Ejy,

e (Gi, k € N*) is a sequence of independent rooted real trees which have the same distribution
as G and are independent of Ey and K.
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Let A > 0 and n = ¢! (1) such that > 0. We consider the following generating function:

YA =ny'e)) n Y —rmn)

= = 32
Sen =t o T wm G2
Notice that:
/ / 1/f (0)
g(l/,,)h)(o) =0 and g(w‘)h)(l) = w T ) (33)

We write G(y, 1) for the (gy. 1, ¥ (1))-Galton—Watson real tree. According to Theorem
3.2.1 in [12], if ¥ is (sub)critical, then the discrete tree 7o(1) under P¥-* is distributed as a
Galton—Watson tree G (i, A) with mass measure given by (31). Furthermore, we can reconstruct
the Lévy tree 7 from 7o (1), thanks to [14]. For this, recall Definition (13) of N¥ and define the
following probability measure on R :

d —rn

ry,dry= N

dr). 34
2y () |MWN“” G

Theorem 3.3 (Theorem 5.6 of [14]). Assume that v is (sub)critical and (6) holds. Let A > 0 and
n= I/f_l (A). Under P¥* and conditionally on to(A), Ty is distributed as:

(M) ®icr(Ti, Xi) ®xeBr(ron)) (Z75 X),
with:
e 7o(1) as to(A) but with 0 as mass measure,
® Y ic1 8,75 is a Poisson point measure on to(1) x T with intensity 0N (dx) NV [dT],
e conditionally on Y ; ;8 1) the trees (’Z;’ X € Br(ro(k))) are independent with T/
distributed as

/ Y o (dr) PYd T,

Remark 3.4. In fact, in Theorem 5.6 of [14], ¥ can be super-critical and A > 0 with n =
¥~1(1) > 0. But it is not obvious that in this case the super-critical Lévy tree distribution defined
in [14] and the super-critical Lévy tree distribution defined in [1] and recalled here in Section 2.6,
are in fact the same. However, we deduce from Remark 5.2 that this equality indeed holds.

4. Marginal distributions

The main goal of this section is to study the one-dimensional distribution of the sub-tree pro-
cess T(A) = (tg(A), 8 > 0), see Corollary 4.5. We first give an application of the special Markov

property.

Proposition 4.1. Let y be a branching mechanism satisfying (6). Let ». > 0 and n = ¥~ ().
Under NV, the couple of trees (Ig, to(A)) on {M, > 1} is distributed as (g, To(Ye(n))) under
NY6 on {M1//9(71) > 1}

Proof. We first assume A > 0. From the special Markov property of Theorem 2.3 for the process
(T(6),6 > 0) under NV, we get:

To=To®;cp00(Tg . v)), (35)
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where ) jegoo 1) ( is, conditionally on 7y, a Poisson point measure on 7y x T with intensity

yj,%j )
m% (dy)N) [dT1.
Recall that P(dtdx) = Zielo 8(1.x)(dtdx) is a Poisson point measure on Ry x 7 defined
in (26) and P? is the restriction to R x Ty of P°. Thus 7719 =3
measure on 7y with intensity am7o (dx). '
For j € J%9, lets; = inf{t;; x; € 7 fori € Iy}. Notice that conditionally on 7/, s; has an

ic1, Ox; 1{t;<x) 1s a Poisson point

exponential distribution with parameter am70 (’ZE)J ). We deduce that, conditionally on 7, PZ(’ =
> jeso0 8y;1is; <1y is a Poisson point measure on 7p x R with intensity:

m% @oNY [1—e ] = [y(6 +n) — ¥(6) — v (] m% @dx),

where we use (14) to get the equality. By construction Pf and Pg are independent Poisson point
measures. Therefore, 7719 + Pg is a Poisson point measure with intensity:

m” (dx) [A + ¥ (0 +n) = ¥(©0) — ¥ (D] = Ye(mm” (dx).
To conclude, notice that 7y (L) is the sub-tree generated by the marked leaves before time XA of
Ty, which are given by the atoms of P?, and the roots x ;j of the trees ’ZEJj having marked leaves
before time A, that is the atoms of Pg . Then use that 7y under NV is distributed as 7o under N¥¢

to conclude. )
If A = 0, then n = go. We have 7310 = 0 and ’]6] contributes to 75 (0) if and only if it has

infinite mass. So, in the previous argument, one has to replace 7320 by Y jese.0 8y 11{0 7 o)
which is a Poisson point measure with intensity:

m% (dx)N [0 = +00] = Y5 () m” (dx).

Hence the conclusion follows. [

Remark 4.2. Assume A > 0. Using the notation from the previous proof, for k € N*, we let:
Yi = Card {j € J%; Card (Lf(ro(,\)) n Tof) — k)

be the number of trees grafted on 7y having exactly k leaves marked at time A and Yy =
(7319, 1) = Card (Lf(rg(A)) NLf(7)) be the number of marked leaves on 7y. We get that under
NV, conditionally on 7y, the random variables (Y, k € N) are independent, Y is Poisson with

parameter Aoy, and for k € N*, Y, is Poisson with parameter crg/\/;/f [(ho)ke ] /k!, where
o9 =m% (Ty).

Using the Girsanov transformation from Section 2.9, we will give a Girsanov transformation
for 6 — t9(1).

Recall first Notation (3) for the truncated tree at height a. For 7 € T, let L(7") = Card Lf(7)
be the number of leaves of the tree 7 and let

La,T)=La,T9) =Card {x € T; d¥ @, x) = a} (36)
be the number of elements of 7 at distance a from the root. Note that:
n=v"'0) =qo+ v, (W), and ¥ () =y @ W) =y, W ). (37)

We first state a preliminary Lemma. Let PY*(dG) denote the distribution of the Galton—
Watson tree G(y, ) defined in Section 3.2.
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Lemma 4.3. Let  be a branching mechanism satisfying (6). Let . > 0 and n = (1) > 0.
For any non-negative measurable function F on T and a > 0, we have:

L(a,G)-1
EVHF(G)] = EVo* | F(G“) (L) '
=40
Proof. Let (p(y,»)(n), n € N) be the probability measure determined by gy, ) defined by (32).
Then py,5)(1) = 0 and for n # 1, we have:

(n) _
8y @ _ w™amit
n! Y (mn!
Thanks to (37), we have ¥/;'(1) = 5 — go and for n > 0,9 () = ¥y (1 — qo). Set

u = (n — qo)/n. Then, we have forn € N:

Ve (Vg O (g ()"~

(38)

Py,n(n) =

Py, () = — | P
" 1o (W Q! "
AT _
Tt = P @) (39)

PY0*(dG)-a.s. for fixed a, Card(Lf(G@) N Lf(G)) = Card{x € L{G):d9@, x) < a} =
L(G“) — L(a, G). Thanks to (37), the individual lifetimes under P¥** and P¥%'* have the same
distribution. Recall that k. is the number of children of x. Therefore, we have:

B ) L(G“)~L(a.G) 2
EVHF(G@)] = BVt | F(G@) Py Py, (Kx
Py (0) £ eBr(G@) P gy (Kx)
r LG)~L@.G— X (-1
= E%0* | F(G@)u xeBr(G(@)

— EVao 'F(g(a))ul—ua,@] ,
where the last equality is a consequence of the following fact for finite discrete trees G:

I+ ) =D =LG. O

x€Br(G)
Recall (36). We shall consider the following processes:
0% ={5"(@).2 24}, L. 1,) = L. 5y9) = {La. 1,"()). 2 = A}.
We have the following Girsanov theorem.

Theorem 4.4. Let  be a branching mechanism satisfying (6). Let A > 0 and n = ¥~ (A). If
Y is super-critical, then for any non-negative measurable functional H on the Skorokhod space
D([A, +00), T), we have:

@ n L(a,to(0)) @
N¥ [H(Toflx)l{MAZI}] = NYa0 ( ) H(TOTJ)L)I{MAZH . (40)

n =40
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Proof. Recall that the random measure J\/'aT defined in (4) which, according to the branching
property (iv), conditionally on 7@, is a Poisson point measure with intensity £¢(dx)NY[dT].
Since the sub-trees are determined by marked leaves of Lévy trees according to a Poisson
point measure, we will deduce the desired result by counting the number of marked leaves
and using Girsanov transformation (18). We deduce that, conditionally on 7@, L(a, to(1)) =
L(a, IO“) (1)) is a Poisson random variable with parameter:

NV [1-e ]2, =nZ,.

Let P be, conditionally on 7@ and Téa) (1), a Poisson point measure on [A, +00) with intensity
Z, (¢")' (2) dz. We consider the family of random variables:

PY =PV (I, 2]), 2 > A).

Using again the branching property (iv), we get that, under N¥ and conditionally on 7@ L
(a, 70,5.) is distributed as L (a, 1o(A)) + P;Lp = {L (a, o(})) + PY([*, z]), z > A}. Then notice

that the first equality of (37) implies that P}’ under NV [-17@] is distributed as Pf “ under
NV [ |’T(“)]. We set:

F(TY, L(a, téax))) =N/ [H(To D=1y | T, L(a, f(g,ax))]'

We deduce that:
NV [H(réf‘f)l{mzl}] = NV _F(T(“>,L(a, ré,“f))]

=N [FT@, L@, 7”0 + P))]

(n a) _nZ
=NV ZF(T(“) k+ Py e }
L k=0

00 k
Vo, MZa)" -
— NV |:k§ ) F(’T(“), k+P, qo)k—fe (n tIO)Za] ,

where we used the conditional independence of P¥ and réa) (1) given T for the third equality,
the Girsanov transformation (18) for the last equality (and that ¥ (g9) = 0). Using 1/1;01 )

= n — go, we notice that L(a, to(})) is under NV [ |T(“)] a Poisson random variable with
parameter:

NV [1 —e™7] 2, = (1 = q0) Za-

Therefore, we obtain:
= k!

[\ —4q0

[ oo k
Vg, (0 —q0)Z2a)” _(—
NV [H(réi\))l{mzll} =N | (n-%) F(T(”),k-i-ﬂqo)iqo e qO)Z"}

L(a,7p(1)
= N"’qo >

FIT®, Lia, 1) + P} q“)}

=

—4q0

= N%0

L(a,79(1))
) F(T@, L(a, ré“{))} :
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where we used for the last equality that under NY%0 and conditionally on 7@, L (a, réak) ) is

distributed as L (a, 1o(X)) + P)tp .
(@) (a)

By construction, the distribution of To.x conditionally on 7° @ and L(a, T, ;) is the same under
N¥ and NY¢ for any # > 0 and in particular for # = go. We deduce (40). O

We immediately deduce the following corollary.

Corollary 4.5. Let \ be a branching mechanism satisfying (6). Let A > 0 and n = ¥y~ '(}).
Under PV, for each 6 > 0, the sub-tree ty(A) is distributed as the Galton—Watson real tree
G (Yo, Yo (n)) with mass measure given by (31).

Recall that P¥**(dG) denotes the distribution of the Galton—Watson tree G (Y, 1) defined in
Section 3.2.

Proof. If ¢ is (sub)critical, then this is a consequence of Theorem 3.2.1 in [12] and Proposi-
tion 4.1. Now we assume that v is super-critical. Notice that:

n N[M,=1]
n—qo NYo[M;, > 1]

Using Theorem 4.4, this gives that for a > 0 and G a non-negative measurable functional defined
onT:

EV-* [G(ré“)(k))] = EVao-* [<—”

L(a,to(2)—1
n— 6ZO)

G(ré“)m)} :

Recall that if (7, @, d, m) is a measured rooted real tree, then we denote by T the real
tree (7,9,d). Since Yy, 1s sub-critical, thanks to Theorem 3.2.1 in [12], we get that under

]P"”‘fO’)‘, To(A) has distribution PY40*, Then by Lemma 4.3, we get that under PY-* £,(1) has
distribution P¥**. Then use Proposition 4.1 to get that for each 6 > 0, 7p(1) under PY-* has
distribution P¥¢-¥e(m O

The following corollary is another direct consequence of Theorem 4.4.

Corollary 4.6. Let & > 0and a > 0 be fixed. Under NY% on {M; > 1}, the process (Q;,z > A)
defined by:

—1 L(a,7(2))
QZ:( (G )
Y= 2) —qo

is a backward martingale with respect to the filtration (Q;, z > L) with @, = o (10(z); 7 > 2).

We present another Girsanov transformation for sub-trees.

Remark 4.7. Let ¢ be a branching mechanism satisfying (6). Forany g > 6 > 0,a > 0 and F
a non-negative measurable functional, we have:

BV [FEO0) | =BV [FE 0N 1 k)], (41
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where Ng’f is defined for discrete trees by:

L(T@)—L(a,T) (k)
NP (T) = <Wq(’7)> WG @) T Yo M
a n )
W@(’?) x€Br(T@) 1/f9(K )(77)

with the convention [],.; = 1. Under P¥-*, the process Nf’q = (Nf”;’(fg()»)), a> O) is a

martingale with respect to the filtration (G(fe(“) ), a > 0).

5. Convergence of the sub-tree processes

We provide an alternative proof of the convergence of the sub-trees to the Lévy tree from
[14] using the Gromov-Hausdorff—Prohorov distance on T which relies on the Girsanov
transformation. Recall that for simplicity, we identify T and (7, dT, g7, m”) € T. And, under
IP’;# or NV, the mass measure on 7o(1) is given by (31).

Theorem 5.1. Let y be a branching mechanism satisfying (6). We have N¥ -a.e. or P}”—a.s. :
lim dGup(T, 1o(2)) = 0. (42)
A——+00

Proof. Under NV, the convergence (42) is a consequence of Lemma 5.4 (see also Proposition
2.8 in [4] to get the dgpp convergence from the déHP convergence) for the (sub)critical case and

Lemma 5.5 for the super-critical case. Then the ]P’;p-a.s. convergence is a consequence of the
representation of IP’}/’ from Section 2.7. O

Remark 5.2. Notice in particular that Theorem 5.1 asserts that (F, (F(A), > > 0)) in [14] and
(7, (to(1), A = 0)) have the same distribution. In particular, this implies that the distribution for
super-critical Lévy trees defined in [14] based on a coloring leaves process and the one defined
in [3] based on a Girsanov transformation are the same. Therefore, Theorem 3.3 is also valid for
¥ super-critical and A > 0 with ¥ ~1(1) > 0.

Lemma 5.4 is stated in Section 5.2 and Lemma 5.5 is proved in Section 5.3. Section 5.1
presents preliminaries on approximation of trees by discrete sub-trees.

5.1. Distance between trees and discrete sub-trees

In this section, we present an immediate convergence result from sub-trees to trees which
could be coded by functions.

Let f be a non-negative continuous function with compact support s.t. f(0) = 0. We seto =
sup{z; f(t) > 0}. We define:

A, y)=fO+ f)—2 inf  f(u)
uelxAy,xVvyl

and the equivalence relation: x ~ y if d/(x,y) = 0. We set T/ = [0,0]/ ~. Let p/ be the
projection from [0, o] to T/, with p/ (x) the equivalent class of x in 7/. Let m/ be the image
of the Lebesgue measure on [0, o] by the projection p/. Set ¢/ = p/(0) and we still denote by
d/ the distance on T, image of dr by pf. It is well known that (Tf, dr, g/, mf) is a measured
rooted compact real tree.
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Let A = {yo,....,yn,}, Wwithl < No < 4+o0oand 0 = y9p < --- < yy, < 0, bea
finite subdivision of [0, o]. Let |A| = SUPg<j <N, Yi+l — i be the mesh of the subdivision. For
0 <i < Na,lety; €[y, yi+1] such that f(y;) = infy,efy,.y,, ) f(u). We consider fx the linear
interpolation of the points {(y;, f(yi)), (i, f(3i)); 0 <i < NA} U{ONa> FONIDI-

Denote T/4, the tree coded by fa. Let ay > 0 and m/4 be the image of the measure
UA = aa Zye A,y+0 0y by the projection p!. We consider the measured rooted real tree

Tf’A = (T/2,d72, ¢/, m/4). Then we have

Lemma 5.3.
dgp(TT . T2 < sup | £(0) = FO)I +d T (Leb, ), (43)
lx—y[<IA]
where Leb is the Lebesgue measure on [0, o], and the space [0, o] is endowed with the usual
distance.

Proof. By construction TlfA is the smallest sub-tree of T/ containing {p/ (y;),0 < i < Na}.
Thatis T2 = Uy,-eA[[@f’ p/ (y1)1. Note that f(r) > 0 fort € (0, ). Then

dl (!, Tf2) < max sup{d’ (p! (). x). p’ ) € 197 xT}

O<i

sup [ f(x) = fFI.

Ix—y|<|A]

IA

On the other hand, let A be a Borel set of /. We can also regard m/ -4 as a measure on T/ by
m/A(A) = m/A(ANT/2). Set I = {t € [0, a] pf (1) € A}. By definition of m/, we have
m/ (A) = Leb(I). Set A2 = pfA(I). We have A4 = ANT/2 andm/2(A%) = m/4(A) =
ua(l). Thus dp rf (m/, m/ A) ato- G](Leb i A). Then the desired result follows from the def-
inition of dg; ;. O

5.2. The (sub)critical case
The main result of this section is the following lemma.

Lemma 5.4. Let  be a (sub)critical branching mechanism satisfying (6). We have NV -a.e. for

all ag > 0:
lim d&yp(T,700)) =0 and  lim sup dipup(T@, 7\ (1) = 0. (44)
A—+00 A—>+00 g<qy

Proof. According to [12], there exists a continuous stochastic process &, called the height
process, such that under its excursion measure it has compact support [0, o"] and (T, o") is
distributed at (7', o) under N . Notice that the continuity of the height process is a consequence
of (6).

Conditionally on £, let P = )., 8(y, ;) be a Poisson point measure on [0, 0] x Ry with
intensity dydt. For A > 0, we set:

1
Ay ={yiieland; <A)U{0} and pp, =— Y 6.
yeA;,y#0
By construction, we get the following equality in distribution:

(" (1" 3 > 00) L (T, (). = 0)).
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The properties of the Poisson point measures imply that a.e. under the excursion measure of

h
B, im0 | A ] = 0 and limy, oo d5 (Leb, j2.4,) = 0. Thus, we deduce from Section 5.1
and (43) that a.e. under the excursion measure of /,

lim dSp(T", TH44) = 0.
)LHIIJIrloo GHP( )
Thus, we obtain the first part of (44).

We set ¢ = déHp(’T, 79(A)). According to the proof of Proposition 2.8 in [4], we have, for
a=>0:

dg}HP(T(a)’ ‘L'éa) (V) < 3e; + mZ (T(““W \T(a—a,\)) .

Using (7) and the definition of Z, we deduce that for ag > 0:

sup dp(T9, r(g“)(k)) <3 <1 + sup Za) ).

a=agp a<ap+2e)

We deduce then the second part of (44) from the first part of (44). This ends the proof of the
Lemma. [

5.3. The super-critical case

The main result of this section is the following lemma.

Lemma 5.5. Let y be a super-critical branching mechanism satisfying (6). We have NV -a.e.:
lim deup(T, 1o(2)) = 0.
A—400
Proof. Recall that v, is (sub)critical. We deduce from Theorem 4.4 that for a > 0:

a
NY |:lim inf / e (1A dgp (T, 7)) dr > 0, M, = 1]
0

A——+00

1 L(a,to(1)) a
1
= NV v , liminf / e’
v=1(1) — qo A—+00 Jo

x (1A dgap (T 77 G0) ) dr > 0, M5 = 1}.

Then use (44) to get that the right hand-side in the previous equality is O for all @ > 0. This
implies that N¥ [liminf;— 400 donp(7, T0(1) > 0, M), > 1] =0. O

6. Pruning and growth of the discrete sub-trees

6.1. The pruning process

Recall that n = ¥ ! (%) and ¥ ~'(0) = go which is the largest root of ¥ (s) = 0. We assume
that n > 0 which is equivalent to A > ¢o.
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We define the following pruning procedure for the discrete sub-trees. Under PY-*, let ¥ be
distributed as 7g(A). Conditionally on ¥, we consider a Poisson point measure MK (4o, dy) on
R x ¥ with intensity:

Y (1 + 0) 1[0, +o0) (0)dO £* (dy)

and an independent family of independent random variables (&;,x € Br(%)), such that the
distribution of &, has density:

yetm+ o)
AR O))

Recall that M5X(d6, dy) is defined above. We define the following random measure:

M0, dy) = M6, dy) + Y 8,.0)(df, dy).
x€Br(%)

1i:~0ydz.

We define the pruned tree at time g > 0 as:
Ty = {r € T, M¥(0, g1 x [0, x]) = 0)
equipped with the induced metric, with the root ¥ and with the measure

1
mY =

X

V() | ir,)
where we make the convention that m%¢ = 0 if ¥4 (n) = 0. Then we have the following theorem.

Theorem 6.1. Let  be a branching mechanism satisfying (6). Let A > 0. We assume that
v~Y(A) = n > 0. Then under PV*, the two processes (t9(1),0 > 0) and (Tg,0 > 0) have
the same distribution.

Proof. The proof is based on Theorem 3.3 and Remark 5.2. Notice that the processes (g (1), 6 >
0) and (%p, 0 > 0) are by construction Markov and right continuous. Therefore, it is enough to
check that the two-dimensional marginals have the same distribution.

Let & > g > 0. Recall the pruning procedure defined in Section 2.10. On one hand, a mark
appears on the skeleton of 7, (1) before time 6 is either on the skeleton of 7, or at a branching
point of 7;. Those marks appearing before time 6 that are on the skeleton of 7, are distributed as
a Poisson point process with intensity 28(6 — ¢)£%™ (dy). A node of 7, with mass r has a mark
before time 6 with probability 1 — e~ @~9”_ And the nodes of 7, with mass r which lie on the
skeleton of 7, () are, thanks to Theorem 3.3, distributed on 7, (1) according to a Poisson point
measure with intensity re 7"4 7 (dr) £%* (dy). This implies that the marks on the skeleton of
74 () before time 6 are distributed according to a Poisson point measure with intensity:

[zme -9+ / (- e—“’—@’)re—*"—’qﬂ(dr)] 7 (dy)
(0,400)
= [vion - vy 9@ ay)

0
= [ f v (n —i—z)dz} P (dy).
q
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On the other hand, if x is a branching point of 7,(A) with number of children «y, then a
mark appears on it before time 6, if it appears before time ¢ on 7. Recall P¥-* from (27) and
(28). Also recall that we assume n = ¥~ !(A) > 0. Proposition 4.1 applied to & = ¢ entails
that (7, 7;(1)) under PY-* has the same distribution as (7, 70(¥4 (1)) under PYa-¥a(D By
Remark 5.2, Theorem 3.3 is also valid for ¢ super-critical and A > 0 with w_l (A) > 0. Then we
apply Theorem 3.3 under P¥4-¥4( with  and A replaced by Y, and ¥4 (), respectively. This

implies that conditionally on 7o(v, (17)) the mass A, is distributed according to FK " Vo) defined

by (34). Therefore a mark appears on the node x of 7, (1) before time 6 with probability:

v 6 vy ()
L, @ —e @m0 =1 - =2 — P, < 60l& > q).
Kx s Yq (1) (Kx)
q ()

By construction of Ty from T, we deduce that if T, has the same distribution as 7, (%), then
(%4, Tp) has the same distribution as (z, (1), T9(A)). Use that T is distributed as 7o(1), to deduce
that g has the same distribution as 7y (1). Thus, we get that the processes (t5p(1),8 > 0) and
(%, 6 > 0) have the same two-dimensional marginals distribution. [

Remark 6.2. Recall the definition of P¥-* (27) and (28). Assume that n = ¥ ~!(1) > 0. By
construction of T and thanks to Proposition 4.1, we get that (tg4+4(%), 6 > 0) under PV* is
distributed as (tg(1), & > 0) under P¥a-¥a (1)

6.2. The growth process

Let A > 0. Theorem 6.1 gives the pruning procedure of the sub-tree process. Conversely, we
will also give a growth procedure for the time reversed sub-tree process. The process 6 +— 7y
can be defined on ©@. However, this is no more the case for 79 (1) (g (1) may be negative). Note
that 6 — ¥y (A) is increasing for all A > 0. Recall that ¥y (n) > A > 0 for 6 > 0. We define:

0, = inf{6 € O; Yy(n) >0} and vt = [0y, +00) N B. 45)
Notice that 6, < 0.

Remark 6.3. If 6, € ©Y-*, then we have Y, (n) = 0. And since n > 0, we further have that
Vg, is super-critical. Then Theorem 6.1 and Remark 6.2 are applicable with v and A replaced by
Vg, and Yrg, (), respectively. Typically, under IP"”"A’O, (19(0), 6 = 0) is well defined.

Recall Definition 3.2 and (32). Then Theorem 6.1, Remark 6.2, Corollary 4.5 and the
Kolmogorov extension theorem ensure the following proposition.

Proposition 6.4. Let A > 0 and let \ be a branching mechanism satisfying (6). There exists a
process (tg(1), 0 € OV*) under PY*, such that for all g € OV"* the process (to+4 (1), 60 = 0)
is distributed as (to(Y4(n)), 0 > 0) under PYa-¥eM  Furthermore, under PV-%, for each
0 € OV* 140\ is distributed as the (8o, w0 (0)s 1//6’) (n))-Galton—Watson real tree with mass
measure given by (31).

Remark 6.5. Note that OV-* = [6;, +00) or (05, +00). In the first case we could define the
process {tg(A), 0 € ©Y*} under PYe:-0 according to the arguments in Section 3.1 (we need to
shift the time by 6 — 0,, 6 € ©Y-*). However in the second case, NY6. does not make sense. We
have to use the Kolmogorov extension theorem to show the existence of a tree-valued Markov
process {tg(1), 0 € OV*).
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. . 0
We consider the function gZ’p ») defined for g € OV and > g by:

Yo —1r)) — Yy —1))
Yo (n)

Notice that ¥ (5) > 0 for & > ¢ and thus g&ek)(l) =1, g?]/’fel\)(O) = ¥, (n)/¥s(n) and for
k € N*:

gl =1- (46)

0 k) (_l)kJrlnk
(s6%) ©= W(W)(@ +m) =P +n) = 0.

Since ¥ is analytic at least on (6, +00), we deduce that g?f)t) (r) is the generating function of a

random variable K taking values in N. Let (7%, k € N*) be independent random trees distributed
as 7, () under P¥** and independent of K. We set:

Ggo(W, M) =9 ®1<k<k (75, 0),

with the convention that ## ®1<x<x (tX, @) = @ if K = 0.

Theorem 6.6. Let  be a branching mechanism satisfying (6). Let » > 0 and n = ¥~ '()). Let
0 > qwithq € OV-*. Then under PV+*, conditionally on t9 (1), T4 (A) is distributed as

79 (L) ®xeLi(ry (1) (Gy » X),
with mass measure given by (31) (with 0 replaced by q) and where (GX, x € Lf(tg(X))) are
independent and distributed according to Gy o (Y, 1).

We first state a preliminary lemma.

Lemma 6.7. Under the Hypothesis of Theorem 6.6, the sub-tree to(V4(n)) is distributed under
j\/;//fq[' |My, ) = 11 as Gg.0(¥, 1) conditionally on Gg o (Y, ) # 0.

Proof. By construction of G, ¢ (1, 1), the lemma will be proved as soon as we check that the
?egree](;f the root of 7o(1,4 (1)) under J\/';//_”]q [ I My, ) > 1] is distributed as K conditionally on
K > 1}.
We only need to prove the lemma for (sub)critical ¢, A > 0 and 6 > 0, which therefore
applies to ¥, ¥4,(n) and 6 — q. Let Ny be the degree of the root  in 7o(A). Notice that

{M;,, > 1} = {Ny > 1}. We set h(u) = /\/g” [4™?1{n,=1y]. Notice that, under NV, Ny is 0
or 1 and that, under ]P’}b, Ny is a Poisson random variable with mean rNY (M, > 1] = rn. We
deduce that for u € [0, 1]:

h(u) = 2B6uNY [M; > 1] +/
(0,400)

= 2B0nu + / (dr)(1 —e ) (e MU= _ 71y,
(0,4-00)

7(dr)(1 — e")EY [uN"’l{Nwzl}]

Let go = g?l’/f ,) be the generating function of K and g; be the generating function of K condi-
tionally on {K > 1}. Elementary computations yield go(u) = go(0) + h(u)/v¥e(n). We deduce
that g1 (u) = h(u)/h(1). This readily implies that Ny under ./\/Hw [-| M, > 1] is distributed as K
conditionally on {K > 1}. O
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Proof of Theorem 6.6. The proof is very similar to the proof of Proposition 4.1. From the special
Markov property Theorem 2.3, we get:

Ty =To® jejoa (T, xp),
where ) jesba 6 (xj’,];j ) is, conditionally on 7y, a Poisson point measure on 7y x T with intensity
m7 (dx)./\/ewfq [dT]. Notice that Z]j gives a contribution to 7, (1) (that is I]j Nt (L) # 9)if
there is at least one marked leaf on ’qu . Furthermore, if there is a contribution, then ’];J Nty ()
is distributed as 7o (4 (1)) under ./\/gb_"q[ . |M¢q (p = 1] (note that the root of ’]:Ij N1y (A) is x;).
This distribution is given in Lemma 6.7. Thanks to (14), we have:
N DMy = 11 = N [ = V07
=vO+n) - — Y =ve(n) — Yg(n). (47)
Standard results on marked Poisson point process imply that the point measure on the
leaves of 7,(A) which are still in 79 (A), that is erLf(w(k)mLf(rq () Sx(dy), is, conditionally
on 7Ty, a Poisson point process on 7y with intensity v, (mm7¢ (dy), and is also independent of
Zjeﬂq 5(x,«,7;,f)'

Using standard results on marked Poisson point measures, we get that 7, (A) can be recovered
from tp (1) by grafting independently on each leaf x € Lf(zy(X)):

o Nothing with probability v, (1) /¥o ().

e A sub-tree distributed as G, ¢(1/, A) conditionally on G, ¢(¥, A) # @ with probability
L=y (m)/ Yo ().

Then use that P(G, (¥, 1) = ¥) = P(K = 0) = v¥4,(n)/¥(n) and that the mass measure of

74(2) is given by (31) (with 6 replaced by q) to end the proof.  [J

Remark 6.8. We deduce from Theorem 6.6 that the transition rate (for the backward process) at
time 6 from 79(1) to 79 (A) ®1<k <k, (7%, x), with x a leaf of 74 (1), is given by:

(—1)k0+177k0 1p(k()—l—l)(e_’_n)
ko! Yo (1)

with g the distribution of 79 (1) under PY-*. The mass measure process is always defined by (31).

pe(dzhy - - pg(dcho),

7. Study of leaves

Recall the definition of oy from (23). We first present a martingale based on the total mass of
the pruned process.

Proposition 7.1. Let v be a branching mechanism satisfying (6). Then under IP}II and NV, the
process (Rg, 0 > qq), with:

Ry = ¥’ (0)oy,

is a backward martingale with respect to the filtration (Fy, 0 > qo) where Fy = o(1;,q > 0).
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Proof. Let gp < g < 6. According to the special Markov property, we have:
@ i
(T o) @ (7—9,@ +ZGT>,
iel

where ) ;; 87i is conditionally on 7y a Poisson point measure on T with intensity:

m?% ()N [dT].
Using (14) with ¥4, and 6 — ¢ instead of ¥ and g, respectively, we have:
/
i ®)
EY[og|Fs] = EY |:09 + ZGT fe] =0y +09J\/'9¢_qq [o] = :Z,(q)ﬁe-
iel

This gives the result under IP’;/' . The proof is similar under N¥. [

Notice that Proposition 7.1 is also a direct consequence of the infinitesimal transitions of the
time-reversed process (7p, 0 € ©) given in [3].

Now we present a result on the number of leaves for the sub-tree process. Let A > 0. We
consider the leaves process of the sub-trees L(X) = {Lg (1), 0 € eV

Lg(A) = L(t9(2)) = Card (Lf(z9(2))).

Proposition 7.2. Let y be a branching mechanism satisfying (6). Let . > 0 and n = ¥~ (L) >
0. Under PV, the process (Rg(X), 6 > qo) with:

v'(0)

Vo (1)

is a backward martingale with respect to the filtration (Hg,0 > qo), where Hyg = o (14(}),
q=0).

Ro(A) = Lg(A),

Remark 7.3. Notice that Lg (1) /() is the total mass of m®®) which converges to the total
mass of m?% that is oy as A goes to infinity. Thus Proposition 7.1 appears as a consequence of
Proposition 7.2.

Recall the definition of g(y ) (32) and of g?{’fk) (46). For § > g and ¢ € OV*, we set:
0
84(r) = gy, () and  g(r) = g{;, (). (48)

Proof of Proposition 7.2. We write Lg for Lg()). Let g9 < g < 6. By Theorem 6.6, we have:

EV* [Lylte(W)] = Log(0) + Log' (DEY* [L,]. (49)
Thanks to Corollary 4.5 and the branching property, we have:

EV* [Lg] = 84(0) + BV [Lg] g/, (D). (50)
This gives:

Py [L ]_ gq(o) _ Iﬂq(n) )
T - @)
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Then use that:

Vg () / n / /
O = s 1 = — 9 —_ s
8(0) Vo (n) g () To(n) (W'®) —v'(@)
and (49) to get that:

Ve () ¥'(0) L.

Y [Lalro ] = 55 o

This gives the result. [

Remark 7.4. A similar result for the leaves process of the discrete time Galton—Watson tree-
valued process was proved in Corollary 3.4 of [2] using a quantity similar to (1 — g(/](l)) /84(0)
which comes from (50).

For 6 > 6,, the function gy is convex positive with go(0) > 0 and gg(1) = 1. Hence, for
¢ € [0, 1), the equation:

x =go(x)+go0)( — 1)

has a unique solution x € [0, 1], which we denote by &g (¢). By construction the backward
process (Lg(1),0 > 6;) is Markov under PY-*. The next proposition gives its one and two-
dimensional marginals.

Proposition 7.5. Let v be a branching mechanism satisfying (6). For 6 > g > 0, and £,z €
[0, 1), we have:

BV [cb® ] = ho@), and BV [¢H0 WD | =y cut 2)), 1)

with w??(z) = g(hg(2)) + g0)(z — 1).

Proof. We write Ly for Lg()). Conditioning on the number of children of the lowest branching
point and using the branching property of the Galton—Watson trees 1y (1), we get:

B¥ [¢4] = o) + Y B4+ [c0] @ = g0 (E*[¢%]) + 8006 = D).
k=1 :

This gives the first part of (51). Recall G, ¢ (¥, 1) defined in Section 6. Using again the branching
property, we have:

Then, by Theorem 6.6, we have:

> LG aa)
EY-* I:CLQZL‘I] — RV é-LoneLf(rg(k))

= B ¢4 (2(hy ) + 2O — 1]

= ho (£ (g(hy () + (O)(z = 1))
This ends the proof. [
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Example 7.6. Assume (1) = Bu?, with > 0, so that © = Rand gg = 0. Let A > 0. We
have n = /A/B, 65 = —n/2 and OV* = [, +00). For 6 > 6; and ¢ € [0, 1), we have:

BV [ o] = n+6—/6% + (1) +n)?
n

and for 6 > 0:
n+ 26

2101
When 6, < 6 < 0, PY* (Lg(X) = +00) > 0. Then we deduce in (59) below for a related result.
For 8 = 6;, we have gy, (0) = 0, and the tree 74, (1) is a Yule tree which has no leaf (formally,
we have EV-* [Q‘Lgk (’\)] =0).

EV* [Lo(W)] =

8. Ascension time and tree at the ascension time

For convenience, we assume in this section that v is a critical branching mechanism satisfying
(6). Then 79(A) (or 7y) is super-critical, critical or subcritical for &8 < 0,6 = O or 6 > 0,
respectively.

8.1. Ascension process and ascension time

Let & > 0. Recall 6, and @¥+* defined in Section 6.2. From now on, we shall always assume
that

QA < 0,
which implies that inf © < 0. Define the ascension time on {M; > 1}:
A, = inf{f € 9‘”’)‘; 79 (A) is a compact tree}. (52)

P¥-*.as., we have A, < 0. Since, by construction, tg(A) is a compact tree if and only if 7y is a
compact tree, we have A, = inf{f € OV* 1 oy < oo}. Forf € O, we set & = ¥~ (9)), so
that 6 is the unique positive number such that:

V(O) =9 (0). (53)
By Theorem 6.5 of [1] and its proof, we have for all 8 € O:
0 —0=y;"0). (54)

Recall gg(r) from (32) and (48). Notice that 1 — 5%9 is the minimal solution of the equation

r = gp(r). Since 19(X) is under PY-* a Galton—Watson tree whose reproduction law has gener-
ating function gy, we deduce that for 8 € (6,, 0):

0—6
PY* (A, < 6) = PV (15(1) is compact) = 1 — ——- (55)
n

Since d0/d® = ' (9) /¥’ (0), we have for 0, < 6 < 0:

1 v'(0)
PV (A, € df) = — (1 - )d@. 56
(s e df) = o (56)
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Thanks to Corollary 4.5 and Theorem 6.1, for 6 € OV-* the process (Tg+4(A), ¢ = 0) under
PY-* is distributed as the process (t4(¥9(1n)), g = 0) under PV Yo (n),

The next proposition gives the distribution of the sub-tree process starting from the ascension
time. The result will be used to deduce the representation of the ascension process whose
conditional law given {A; = 6} is absolutely continuous with respect to the law of the initial
process starting from y (1).

Recall that Lg(A) denotes the number of leaves of the tree 1o (1) and that A, is the ascension
time of the process (tg(1), 0 € OV-*).

Proposition 8.1. Assume that v is a critical branching mechanism satisfying (6). Let A > 0 and
n = v~ (L). Suppose that 6, < 0. Then for 0, < 6 < 0 and any non-negative measurable
function F, we have:

EVAF(Ta,14(0), g > 0)|A; = 6]

_ mﬂ/(é)Ew,x

oo = [FG4g (.4 2 0) Lo Lizyy<cal]

Proof. By considering EV* [ F (1914 (), ¢ > 0)|79(1)] instead of F(tg44 (1), g = 0), one can
assume that F is a measurable functional defined on T (instead of the set of T-valued processes).
Assume that F(T) = 0if T is non compact. For 6, < g < 8 < 0, we have:

EV* [F(to(M)1(a, >} = EV* [F(19(1)PY** (74(2) is non compact|zg(1))] . (57)

We write Lg for Lg(A). On {t9(A) is compact} that is {Lg < oo}, we get that 7,(A) is compact
if and only if the trees grafted on 79 (1) to get 7, (A) are compact, see Theorem 6.6. Using (55),
(46) and Notation (48), we get on {Lg < oo}:
a—q\"
PY"*(z, (1) is non compact|tg(A)) = 1 — g (1 — —) . (58)
U]

A simple calculation (recall that g depends on ¢) based on the computation of (56) yields on
{Ly < 00}:

d = \Lo 2 _a\Lo—1 g4 i
7g<1_u) Leg(l_u> 7g(1_u>
dq n/Jiq=6 n /Jig=0 44 n/iq=6

= - /
R HE)
dq " noJn V(@) /) ljg=
V'O
Vo ()
Then by (57) and (58) and thanks to the regularity of g and g in g, we have:

EVA[F(t9(R)), Ay, € dO d
[F(t9(1)), Ay € ] _ ——Ew’A[F(fe(K))I{szq}hq:a

do dq
V' (0)

=EY* | F(zg(L))Lg —=1 <oo]
[ (to(A)) 0%(7’/) (Lg <o)

0

Meanwhile, by Proposition 7.5, we have:

gom©) ()
1—gh(ho(1-) ~ ny'(0)’

. a
BV Lolizy<col = Nim —-ho(¢) = (59)
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where we use the fact that hg(1—) = 1 — T which is the minimal solution of the equation
r = go(r). Thus, we get:
EVA[F(1a())), Aj € db]

PV-A(A; € db)
_ EVMF(t9(M)) Lol{ry <too)]

EV-*[Lol{Ly)<+o00)]
ny' () RV
Yo (n)

EV [ F(tg(2)|A; € df)] =

[F(to())Lol(Ly<o0}] -

This ends the proof. [J
We give an immediate corollary.
Corollary 8.2. Assume that  is a critical branching mechanism satisfying (6). Let A > 0 and

n = ¥~ (L). Suppose that 0. < 0. For 6, < 6 < 0 and any non-negative measurable function
F, we have, withng =n—60 +6:

EVMF(Ta,14(A), ¢ > 0)|A; = 6]
_ new’(é)El,,,A
Ya(ne)

Proof. Let us denote Sp(1) = (7944(A), g > 0). Then similarly to Proposition 4.6 of [2], we
have:

[ F (W) a = 0Ly

'@
EYH[F(Sa, )1As = 6] = %Ew’k [F(So(M) Lo (M {1,()<o00} ]
7
:ZE )) Y [F(So (Lo (M 1=Ly0<o0)]
7
z i ))Nwe [F (oo ) Lo ()L 1<Lasr o]
j E ))N% [F(So(Ws (D) Lo(s (ML Loty r=1)]
¥ (@) ) )
= [FS30 01 =8+ 0N LaWn =0+ Oy, s asan=n)

_ =010V O) Ly,
Va1 —0+0)

where we used Proposition 8.1 for the first equality; definition (27) of P¥>* and {M; > 1} =
{Lg(A) > 1} for the second; Proposition 4.1 for the third; Girsanov transformation (20) and
Ve — 0) = 0 as well as the fact that the number of the leaves are finite under NVé as Yy is
sub-critical for the fourth; Proposition 4.1 as well as the equality y5(n — 0 +6) = Vg (n) for the
fifth and sixth equalities. [J

[FS;(y(n—0+0)))Li(W(n—6+060)],

8.2. An infinite CRT and its pruning

Kesten in [18] constructed an infinite Galton—Watson tree which arises as a (sub)-critical
Galton—Watson tree conditioned to be infinite; see also [9]. Inspired by the structure of the
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infinite Galton—Watson tree in [18], Abraham and Delmas constructed an infinite CRT 7 * in [1]
which could be regarded as a (sub)critical Lévy CRT conditioned to have infinite height. It can
also be obtained as the genealogical tree associated with a CSBP with immigration, see [11].
Furthermore, in [1], motivated by the result on Galton—Watson trees in [9], Abraham and Delmas
showed that, under a mild condition on /, the law of the process {7y, 6 € O} after the ascension
time can be represented by another tree-valued process obtained by pruning 7 *. In the following
part of this work, we are devoted to proving that a similar result also holds for {tg (1), 6 € e+
and the subtree process obtained from 7*.

We first recall the construction of 7. Assume that v is critical satisfying (6). Notice that since
¥ is critical the event of infinite height is of measure zero. Before recalling its construction, we
stress that under IP’;#, the root ¥ belongs to Bry, and has mass Ay = r. We identify the half real
line [0, +00) with a real tree denoted by [0, oo[[ with the null mass measure. We denote by dx
the length measure on [[0, oof[. Let }; ;« 8()(1.*’T*,i) be a Poisson point measure on [0, co[ xT
with intensity dx NY[dT], with N¥[dT] defined in (13). The infinite CRT from [1] is defined
as:

T* = [0, coll®ier+(T*, xF). (60)

i
We denote by P*V (dT*) the distribution of 7*. Following [1] and similarly to the setting in

Section 2.10, we consider on 7* a mark process M T (do,d y) which is a Poisson point measure
on R} x 7* with intensity:

Ly 1o @)d0 [ 2867 @)+ > > Adidy) |,

i€1* xeBroo (T*1)

with the identification of x" as the root of T In particular nodes in [@, oo[[ with infinite degree
will be charged by M7 " . Then we define the pruned tree at time g as

T ={x e T, M7 (10, q] x [4. xI) = 0}
with the induced metric, root ¥ and mass measure the restriction to ’]:]* of the mass measure m? .
Since {T*} are all compact trees and for any ¢ > 0, PY-* (MT*([O, ql x [0, o) = 0) =0,

then for any g > 0, 7.° is compact.
Given 7%, let P*(dtdx) = Y_ .« 8¢+ 4+ be a Poisson point measure on [0, 00) x 7* with
VARG

intensity dt m”?” (dx).For® > 0 and A > 0, define the pruned sub-tree (1) containing the root
and all the ancestors in 7, of the marked leaves of 7

() = U [9.y51 and r;(x)zrg(,\)ﬂ%*, A > 0. 61)

jEJ*,t}kfk

We define 7,7 (0) = (), 75 (1), and since ¥ is critical, we have that 7j(0) = [[#, oo[[ which has
no leaf. Similarly to (31), we define the mass measure of 7; (1) by:

X 1
miY=—— 3 5 (62)
VoD cr o

with 7 = ¥ ~1(1) and the convention the mass measure is zero if A = 0.
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We have a similar convergence result as Theorem 5.1.

Theorem 8.3. Assume that  is critical satisfying (6). Then for all § > 0, we have P*V -a.s.:

lim deup(7y, 7y (1)) = 0.
A—>—400

Proof. According to [1], there exists a family of random continuous functions (H @ g > 0) with
compact support such that: H@ takes values in [0, a]; for all0 < b < a and ¢ > 0, we have:

s
HO (1) = H(C, (1) with Cpa(s) = f 1@ (ry<p) A
0

and ((’2;*)(“) Ja > 0) under P*V is distributed as (T HO oS 0). Following the proof of
Lemma 5.4, we get that for all @ > 0, P*¥ as.

1' dc ( T* (a) , * A (a)) — 0
,om  danp (7). ()
This and the definition of dggp give the result. [
Remark 8.4. Similarly to Theorem 3.3, according to the argument in Section 3.2.2 in [10], we
could reconstruct 7* from z;(1). Recall (34). Conditionally on 7 (1), 7" is distributed as:
7o (M) ®ier (777, x7) ®xeprizz oy (I %),
with:

e 7;(A) as 7;(A) but with 0 as mass measure,

© ) ics S(X;k’y;*) is a random Poisson point measure on 7j(A) x T with intensity given by
2% M (dx) NV [dT],

e conditionally on Y
distributed as:

/ Y., dr) B dT].

il 5(){;«,7;*), the trees (Tx*,x € Br(fg(k))) are independent with 7*

8.3. Distribution of the sub-tree of the infinite CRT

Recall that PY+* is defined before Lemma 4.3 and recall that Ty()) is defined in Theorem 3.3.
Note that 7o (1) is under P¥+*, a Galton—Watson tree with distribution P¥**. We shall now describe
the distribution of 55‘()») under P¥+*, which can be seen as a Galton—Watson tree with distribution
PY-* conditionally on the non extinction event.

Let K be an integer-valued random variable with generating function gy ;) defined by (32).
Since ¥ is critical, we have géw’ @ =1 which implies that géw’ ) itself is the generating
function of an integer-valued random variable, say K*. Since géw’ 2 (0) = 0, K* is a.s. positive.
Notice that the distribution of K* + 1 is the size-biased distribution of K. Let (t¥*, k € N¥)
be independent random trees distributed as 7o(%) under P¥-* (that is with distribution P¥* and
mass measure given by (31)) independent of K*. We set:

G* = B @<k (7%, 0).



1600 R. Abraham et al. / Stochastic Processes and their Applications 125 (2015) 1569—-1604

Theorem 8.5. Assume that  is critical satisfying (6). Let . > 0 and n = ¥~ '()). Under
PV, t¥(X) is a rooted real tree distributed as:

[[ﬂv Oo[]:®l‘€10* (g*’l ’ -x;k)7
where Zielg 8.+ is a Poisson point measure on [@, oo[[ with intensity ¥’ (n)dx and conditionally
i
on this Poisson point measure, the real trees (G*',i € I) are independent and distributed as
g*.

Remark 8.6. If we do not consider the edge-lengths of 7 (1) and 7o(%), then 7 (}) is just 7o(A)
conditioned to be infinite; see Proposition 2 in [9] for related results on discrete Galton—Watson
trees.

Proof. By construction, thanks to (60), we have:

75 (W) = 19, ool @ier+ (T4 (1), x7),
with 75/(1) = JeTE A DA< [}, y%1 distributed as 7o(%) under NY[dT]. The marked
Poisson point measure ) ; ;s 1 [t ()20} xf is a Poisson point measure on [}, oo[[ with intensity
NV[M;. = 1]dx = y'(n) dx. _

Let I = {i € I";t"'(A) # @}. The sub-trees (t™'(A),i € Ij) are independent and
distributed as 7o(1) under NV [ - |M; > 1]. Let Ny be the degree of the root of 7g(A). The theorem
will be proved once we check that Ny under NY[-|M, > 1]is distributed as K*. Following the
proof of Lemma 6.7, we set h*(u) = N¥ [u™1{y,>1], and we have for u € [0, 1]:

h*(u) = 2BNY [M) > 1u +/

r(dr)EY [uNﬂl{Nwzl}]
(0,400)

= 2Bnu +/ ra(dr) (e_’"(l_“) — e"”) .
(0,+00)

Elementary computations yield géw,x) (u) = h*(u)/h*(1). Thus Ny under N¥[-|M; > 1]is
distributed as K*. This ends the proof. [

We give a similar representation formula for z;(A). Let K; be an integer-valued random
variable with generating function g, /gj (1), see definitions (48) and (32). Since g, (0) = 0, K/
is a.s. positive. Notice that the distribution of K + 1 is the size-biased distribution of Ky with
generating function gy. Let (ré‘ ¥,k € N*) be independent random trees distributed as 74 (1)
under PY+* (that is with distribution P¥¢-¥¢(D and mass measure given by (31)) independent of
K. We set:

Go =D ®1<k<k; (Tg’*, ).

Theorem 8.7. Assume that \ is critical satisfying (6). Let A > 0 and n = ¥~ (L). For 6 > 0,
under PV 7, (1) is a rooted real tree distributed as:

19, Eoll ®icry (G, %)),
where

e [, Eg]l is a real tree rooted at ) with no branching point and zero mass measure and such
that d(¥, Ep) is an exponential random variable with parameter x[ré (0),
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° ) i I (Sx;ﬂ is an independent Poisson point measure on (¥, Eqll with intensity [y, (n) —

v, (0)]dx,
e conditionally on Eg and Ziel(j‘ 8xi*, the real trees (Q*’i,i c 10*) are independent and
distributed as G.

Proof. Recall notations of the proof of Theorem 8.5. The distribution of d (@, Ey) is given in [1].
By construction, thanks to (60), we have:

(1) = 18, Egll ®icr+ (17 (1), 1),

with ‘L'G*’i()») = %)) (17, Let Ny (resp. Nj) be the degree of the root of 74(2) (resp.

70(Ye(n))). Notice that rg’i(k) is distributed as 7y (1) under NY [d7, Ny > 1] that is as to(yg
(7)) under NY¢[dT]. The rate at which sub-trees are grafted on the spine [J, Eg]] is given by:

NV [Nj = 1] = () — ¥5(0).
Then to end the proof, it is enough to check that Né under N9 [ - | Ny > 1] is distributed as K, ;‘.
Elementary computations give:

By = N [ 01,y | = o) = v (n(1 = w),
so that hj(u)/ hj; (1) = gy (u)/gy(1). Thus, N under NYo[ .| Ny > 1] is distributed as Ky O

We also provide a recursive distribution of the tree té"(k). Let ag(A) = Wé ©)/ Iﬂé ) =
1— gé(l).

Corollary 8.8. Assume that v is critical satisfying (6). Let > > 0 and n = ¥~ (1). For 6 > 0,
under PV, 7, (A) is a rooted real tree distributed as [, Eg(X)]| with probability ag (L) and with
probability 1 — ag (L) as:

9, Eo ()] ®o<i<1(Gy", Eo(1)),
where

e [0, Eg(M)] is a real tree rooted at ) with no branching point and zero mass measure and such
that d(9, Eg (L)) is an exponential random variable with parameter ‘ﬁé (n),

e conditionally on E; (0), g;‘ 0 and G*! are independent and distributed respectively as G; and
T (A).
0

Notice that the number of children of Ey(A) has generating function 1 — gé(l) +u gé (u).

Proof. This is a direct consequence of Theorem 8.7, when considering the decomposition of
7, () with respect to the lowest branching point and using the branching property. Notice that
there is no such branching point (and then z; (1) is reduced to a spine) if the point measure
Yic I 8y defined in Theorem 8.7 is zero. This happens with probability ap (). O

Remark 8.9. Notice that 7, (1) could be obtained from (1) by a similar pruning procedure as
the one defined in Section 6.1.
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8.4. Sub-tree process from the ascension time

We prove in this subsection that the ascension process can be represented using the process
obtained by pruning the infinite CRT.

We first need an absolute continuity property between the laws of the processes (7944, g > 0)
and (135, ,.q = 0).

Proposition 8.10. Assume that  is a critical branching mechanism satisfying (6). For 0 >
0, A > 0 and non-negative measurable functionals F, we have:

/
WO g (2, (1), g > Lo (] = EXV[F (g5, (M), q = 0)]. (63)
Vo (1)
Proof. We denote S5(1) = (t,,(»),q = 0). Recall that for 6 € OV Sp(h) = (944 (M),
q=0).

By considering EY** [F(Sy)|t9(2)] instead of F(Sp(1)) and E*V [F(S;(A))|7; ()] instead
of F (Sg)k (1)), one can assume that F is a measurable functional defined on T. Since the life
times of all individuals in 7y () and Te* (1) have the same distribution, we only need to consider
the distribution of the number of offsprings. This is equivalent to considering the corresponding
discrete (or size-biased) Galton—Watson tree described below.

Let G be a discrete sub-critical Galton—Watson tree starting with one root and with g as
the generating function of the reproduction law. Let L be the number of leaves of G. We have
E[L] = g(0)/[1 — g’(1)]. Let G* be distributed as the size-biased distribution of G with respect
to L, that is for any non-negative measurable function:

E[LF
E[F(G*)] = [ET(]Q)]‘

The distribution of G* is characterized as follows:
d ~
G* L) @12 v (G, ) ® (G, 1)

where N has generating function u — 1 — g’(1) + ug’(u) (N is the number of children of the
root, if N = 0, then G* is reduced to the root), the trees (g,.*) are i.i.d., independent of N, and

distributed as G, and C;* is a tree independent of the previous variables and distributed as G*. This
result can be proved inductively by decomposing the tree with respect to the children of the root.
The result follows then directly from this description. [

Recall that the function 6 > 6 is defined by (53). If 6;, € ©, then we deduce from (54) that:
é}h — Q)L =n.

In particular the function f defined by:

1 "(r)
firlr) = " (1 - %) Lire0,.0))

is a probability density. The corresponding cumulative distribution is F; defined on [6;, 0) by:

Py =1-""1—pria, <r).
n
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Proposition 8.11. Assume that  is critical satisfying (6). Let & > 0 and n = ¥~ (1). Assume
that 0, € © and 0, < 0. Under IP’*"/’,_let U be a random variable with density f, and inde-
pendent of S;(A). Recall the notation U = VY (U)). Then the process (TA,+q(AN), g = 0)

under PV has the same distribution as the process ((rl"-‘]+q W (mF U))),q > 0) under P*V.

Remark 8.12. This proposition can be viewed as a counterpart on Galton—Watson real trees of
Corollary 8.2 in [1]. It implies that the law of {z4,19(X) : & > 0} can be represented in terms of
{z; (M), 6 > 0}. Similar results for discrete Galton—Watson tree-valued processes have also been
explored in [9,2] for different pruning procedures.

Proof. Using Corollary 8.2, with 79 = n — 6 + 6, we get for any non-negative measurable
functionals F,

6y (0) 2
——EV [F(S; L;
Vo) [F(S;(¥(0)Ls (¥ (10))]

= E*Y[F(S; (¥ (10))].
Then by (56) and ng = nFj (), we have

EVAF(Sa, (M)A =6] =

0
EV*[F(Sa,(W)] = / EV*[F(Sa, (M)A = 01PV*(A; € db)

O

0
_ /9 E*Y[F(S; () (n0))1f3.(6) d6

A

0
_ / E*V[F(SEW (1F @) .(60) do

A
= E*[F (S5 F(U))))].
We have completed the proof. [
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