A WILLIAMS’ DECOMPOSITION FOR SPATIALLY DEPENDENT
SUPERPROCESSES

JEAN-FRANCOIS DELMAS AND OLIVIER HENARD

ABSTRACT. We present a genealogy for superprocesses with a non-homogeneous quadratic
branching mechanism, relying on a weighted version of the superprocess and a Girsanov the-
orem. We then decompose this genealogy with respect to the last individual alive (William’s
decomposition). Letting the extinction time tend to infinity, we get the Q-process by looking at
the superprocess from the root, and define another process by looking from the top. Examples
including the multitype Feller diffusion and the superdiffusion are provided.

1. INTRODUCTION

Even if superprocesses with very general branching mechanisms are known, most of the works
devoted to the study of their genealogy are concerned with homogeneous branching mechanisms,
that is, populations with identical individuals. Four distinct approaches have been proposed for
describing these genealogies. When there is no spatial motion, superprocesses are reduced to
continuous state branching processes, whose genealogy can be understood by a flow of subordi-
nators, see Bertoin and Le Gall [5], or by growing discrete trees, see Duquesne and Winkel [13].
With a spatial motion, the description of the genealogy can be done using the lookdown process
of Donnelly and Kurtz [11] or the snake process of Le Gall [22]. Some works generalize both
constructions to non-homogeneous branching mechanisms: Kurtz and Rodriguez [20] recently
extended the lookdown process in this direction whereas Dhersin and Serlet proposed in [10]
modifications of the snake.

Using the genealogy, it is natural to consider the corresponding Williams’ decomposition,
which is named after the work of Williams [32] on the Brownian excursion. After Aldous
recognized in [3] the genealogy of a branching process in this excursion, they also designate de-
compositions of branching processes with respect to their height, see Serlet [31] for the quadratic
branching mechanism or Abraham and Delmas [1] for general branching mechanism. Their in-
terest is twice: they allow to understand the behavior of processes at the top, see Goldschmidt
and Haas [18] for an application of this approach, and to investigate the process conditioned on
non extinction, or Q-process, see [31] and Overbeck [25].

For Markov processes with absorbing states, the Q-process is defined as the process condi-
tioned on non absorption in remote time, see Darroch and Seneta [9]. Lamperti and Ney [21]
found a simple construction in the case of discrete branching processes. Later on, Roelly and
Rouault [28] provided a superprocess version of this result. Q-processes have intrinsic interest
as a model of stochastic population, see Chen and Delmas [7]. They also find application in
the study of the associated martingale, see Lyons, Pemantle and Peres [24] in a discrete setting.
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Understanding this martingale allows to better understand the original process, see Englander
and Kyprianou [16] for superprocesses with non homogeneous branching mechanism.

Our primary interest is to present a genealogy for superprocess with a non-homogeneous
quadratic branching mechanism, to condition it with respect to its height (this is the William’s
decomposition), and to study the associated Q-process.

Let X = (Xy,t > 0) bean (L, 8, «) superprocess over a Polish space E. The underlying spatial
motion Y = (Y;,¢ > 0) is a Markov process with infinitesimal generator £ started at « under P,.
The non-homogeneous quadratic branching mechanism is denoted by 1(z, \) = B(x)\ + a(z)\?,
for suitable functions 5 and « (explicit conditions can be found in Section 2). Let P, be the
distribution of X started from the finite measure v on F, and N, be the corresponding canonical
measure of X with initial state x. In particular, the process X under P, is distributed as
>ier X', where 7,7 0xi(dX) is a Poisson Point measure with intensity [, . v(dz)N,(dX). We
define the extinction time of X: Hyax = inf{t > 0, X; = 0}, and assume that X suffers almost
sure extinction, that is N, [Hyax = oo] = 0 for all x € E. Using an h-transform from Englander
and Pinsky [17] and a Girsanov transformation from Perkins [26], we provide a genealogical
structure for the superprocess X, see Proposition 3.12, by transferring the genealogical structure
of an homogeneous superprocess.

We define the function vp(z) = N, [X}, # 0] = N, [Hpax > h] and a family of probability
measures by setting:

h)
VO<t<h aP; D0 _ Onvnt (V) [t ds 03p(¥aon—e(%5)
- ’ dPx D, 8h?)h(.%') ’

where Dy = 0(Ys,0 < s < t) is the natural filtration of Y, see Lemma 4.10. Using the ge-
nealogical structure of X, we give a decomposition of the superprocess X with respect to an
individual chosen at random, also called a Bismut decomposition, in Proposition 4.4. The fol-
lowing Theorem, see Corollary 4.13 for a precise statement and Corollary 4.14 for a statement
under P, gives a Williams’ decomposition of X, that is a spine decomposition with respect to
its extinction time Hax.

Theorem. (Williams’ decomposition under N, ) Assume that the (L,[,«) superdiffusion X
suffers almost sure extinction and some reqularities on o and (3.

(i) The distribution of H ey under N, is characterized by: Ny[Hpaz > h] = vp(z).

(ii) Conditionally on {Hpe = ho}, the (L, 5, a) superdiffusion X under N, is distributed
as Xh0) constructed as follows. Let x € E and Yio,ny) be distributed according to Pé’“).
Consider the Poisson point measure N = zjeJ O(s;,Xx7) ON [0, ho) x  with intensity:

21[0,h0)(8)d8 l{Hmaz(X)<hO*3}a(}/;) NYS [dX]
The process X (ho) = (Xt(ho),t > 0) is then defined for all t > 0 by:
(ho) _ j
X=Xl
J€EJ, s5<t

The proof of this Theorem relies on a William’s decomposition of the genealogy of X, see

Theorem 4.12. Notice it also implies the existence of a measurable family (Ngch),h > 0) of

probabilities such that Ngh) is the distribution of X under N, conditionally on {Hy.x = h}.

We shall from now on consider the case of Y a diffusion on R¥ or a pure jump process on a
finite state space. The generalized eigenvalue \g of the operator 8 — L is defined in Pinsky [27]
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for diffusion on R¢. For finite state space, it reduces to the Perron Frobenius eigenvalue, see
Seneta [30]. In both cases, we have:

Ao =sup{f € R,3u € D(L),u > 0 such that (5 — L)u = £ u}-

We assume that the space of positive harmonic functions for (8 — \g) — £ is one dimensional,
generated by a function ¢g. From these assumptions, we have that the space of positive harmonic
functions of the adjoint of (8 — Ag) — L is one dimensional, and we denote by do a generator of
this space. We also assume that ¢ is bounded from below and above by positive constants and
that the operator (3 — Xg) — £ is product critical, that is [}, dz ¢o(x) $o(x) < co. Thanks to the
product-critical property, the probability measure P, given by:

dpP?° :
V> 0. 1D _ P0(Ye) _ ftas (8(v)-ro)

- P, o, do(Yo) ’
defines a recurrent Markov process (in the sense given by (70)). Since ¢g is bounded from
below and from above by two positive constants, the non-negativity of Ay implies the weak

convergence of the spine that is the weak convergence of chh) towards P;OO) which is given by
ng“, see Proposition 6.8. An explicit expression is given for chh) and ngo in Lemmas 7.4 and 7.7.
The non-negativity of g implies the almost sure extinction of X, see Lemma 6.2. Under very
general conditions, the weak convergence of the spine implies the convergence of the superprocess
(Corollary 5.8) and its genealogy (Theorem 5.5). We can easily state them in the particular case
of an underlying motion being a diffusion or a pure jump process on a finite state space. We

also see that Ngoo), defined below, is actually the law of the Q-process, defined as the weak limit
(=h) _

of the probability measures Ny~ = N, [ - |Hpax > h], see also Lemma 5.1.
Theorem (Q-process under N, ). Assume that \g > 0. Let Y be distributed according to P?O,
and, conditionally on'Y, let N' = ZjeI 6(sj7Xj) be a Poisson point measure with intensity:

21g+(s)ds a(Ys)Ny, [dX].
Consider the process X () = (Xt(oo),t > 0), which is defined for all t > 0 by:

Xt(OO): Z Xg—sjw

jed, s;<t

and denote by N its distribution. Then, for all t > 0, the distribution of (Xs,s € [0,t]) under
N or NEP converges weakly to (X§°°), s € 10,t]).

Notice those results also hold under P, (see Corollary 5.8). It is interesting to notice that the
law of the spine P?0 is quite different from that of the backbone given in [17], see also Remark
7.8.

Remark 1.1. As noticed by Li [23], the multitype Dawson Watanabe superprocess can be under-
stood as a single non-homogeneous superprocess on an extended space. The above Theorem on
Q-process provides a construction of the Q-process associated to a multitype Dawson Watanabe
superprocess considered in Champagnat and Roelly [6], and this construction gives a precise
meaning to “the interactive immigration” introduced in Remark 2.8 of [6].

Remark 1.2. In [16], a spinal decomposition of the semi-group of a Doob h-transform of the
(L, B, a) superdiffusion is provided, see Theorem 5 of [16]. The second item of Corollary 5.8,
together with Lemma 5.1 gives a pathwise decomposition of the genealogy and establishes that
the process considered actually is the Q-process.
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We also prove the weak convergence of the probability measures (Ng;h), h > 0) backward from
the extinction time. Let P(~) denote the push forward probability measure of P("), defined by:

PR (Y, s € [<h,0]) € o) = PP ((Vis, s € [—h,0]) € o).

The product criticality assumption yields the existence of a probability measure P(=%) such
that for all x € E, t > 0, and f bounded measurable:
E($_h) [f(yvs, s € [—t,O])] — E(_OO) [f(yvs, s € [_ta 0])] .
h—+o0
Once again, the convergence of the spine implies the convergence of the superprocess. The
following result corresponds to the second item of Theorem 5.9.

Theorem (Asymptotic distribution at the extinction time). Assume that \g > 0. Then the

process (Xpis,s € [—t,0]) under N;(L«h) weakly converges towards X[(:Oo), where for s < 0:

0]
—00) _ J
- Y xi,
jEJ,sj<s

and conditionally on'Y with distribution P(=), ZjeJ (5(51.7)(]’) 15 a Poisson point measure with
intensity:
2 1gscop(Ys) ds 1p,,,,(x)<—s} Ny, [dX].

Remark 1.3. Considering a superprocess with homogeneous branching mechanism, the Q-process
may be easily defined from the well known Q-process for the total mass process (see for instance
[7] in the case of a general branching mechanism). Thus the recurrence condition imposed on
the spatial motion is not necessary for Williams decomposition, but it seems more natural in
order to get the asymptotic distribution at the extinction time.

Remark 1.4. The genealogy of X defined in Proposition 3.12 allows us to interpret the following
(Bt)

probability measure Pz " as the law of the ancestral lineage of an individual sampled at random
at height ¢ (see the Bismut decomposition, Proposition 4.4):
B
PV el a0

dP, o, |, [e* [lds B(YS)]

We prove in Lemma 6.13 that, if ¢y is bounded from below and above by positive constants and
that the operator (5 — A\g) — £ is product critical, then the ancestral lineage of an individual
sampled at random at height ¢t under N, converges as t — oo to the law of the spine, that is
P;(L«B’t) converges weakly to P2, This Feynman-Kac type penalization result (see Chapter 2 of
Roynette and Yor [29]) heavily relies on the product criticality assumption, but holds without
restriction on the sign of Ag. It may be interpreted as an example of the so called globular state
in random polymers, investigated in Cranston, Koralov and Molchanov [8].

Outline. We give some background on superprocesses with a non-homogeneous branching
mechanism in the Section 2. Section 3 begins with the definition of the h-transform in the sense
of Englander and Pinsky, Definition 3.4, goes on with a Girsanov Theorem, Proposition 3.7,
and ends up with the definition of the genealogy, Proposition 3.12, by combining both tools.
Section 4 is mainly devoted to the proof of the William’s decomposition, Theorem 4.12. By the
way, we give a decomposition with respect to a randomly chosen individual, also known as a
Bismut decomposition, in Proposition 4.2. Section 5 gives some applications of the Williams’
decomposition: We first prove in Lemma 5.1 that the limit of the superprocesses conditioned to
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extinct at a remote time coincide with the Q-process (the superprocess conditioned to extinct
after a remote time) and actually show in Theorem 5.5 that such a limit exists. We also
consider in Theorem 5.9 the convergence of the process seen from the top (so, backward from
the extinction time). All previous results are provided with a set of assumptions. We then give
in Section 6 sufficient conditions for these assumptions to be valid in term of the generalized
eigenvector and eigenvalue, then check they hold in Section 7 in two examples: the finite state
space superprocess (with mass process the multitype Feller diffusion) and the superdiffusion.

2. NOTATIONS AND DEFINITIONS

This section, based on the lecture notes of Perkins [26], provides us with basic material about
superprocesses, relying on their characterization via the Log Laplace equation.
We first introduce some definitions:

e (E,0) is a Polish space, B its Borel sigma-field.

e £ is the set of real valued measurable functions and b€ C &£ the subset of bounded
functions.

e C(E,R), or simply C, is the set of continuous real valued functions on E, C, C C the
subset of continuous bounded functions.

e D(RT, E), or simply D, is the set of cadlag paths of E equipped with the Skorokhod
topology, D is the Borel sigma field on D, and D; the canonical right continuous filtration
on D.

e For cach set of functions, the superscript . will denote the subset of the non-negative
functions: For instance, b stands for the subset of non negative functions of b€.

o M(E) is the space of finite measures on . The standard inner product notation will
be used: for g € € integrable with respect to M € M;(E), M(g) = [ M(dx)g(z).

We can now introduce the two main ingredients which enter in the definition of a superprocess,
the spatial motion and the branching mechanism:

e Assume Y = (D,D,D,,Y;,P,) is a Borel strong Markov process. “Borel” means that
x — P, (A) is B measurable for all A € B. Let E, denote the expectation operator, and
(P, t > 0) the semi-group defined by: P,(f)(xz) = E.[f(Y:)]. We impose the additional
assumption that P; : C, — Cp. In particular the process Y has no fixed discontinuities.
The generator associated to the semi-group will be denoted £. Remember f belongs to
the domain D(L) of L if f € Cp and for some g € Cy,

t
(1) fYy) — f(x) —/ ds g(Ys) is a P, martingale for all z in E,
0

in which case g = L(f).
e The functions a and g being elements of Cp, with o bounded from below by a positive
constant, the non-homogeneous quadratic branching mechanism % is defined by:

(2) Pz, A) = B(@)A + o) A2,

for all z € F and A € R. We will just write 1 for ¢»® when there is no possible
confusion. If o and /3 are constant functions, we will call the branching mechanism (and
by extension, the corresponding superprocess) homogeneous.

The mild form of the Log Laplace equation is given by the integral equation, for ¢, f € bET,
t>0,x€FE:
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3) o)+, | [ s wviunav] =2 [0+ [ s o]

Theorem 2.1. ([26], Theorem I1.5.11) Let ¢, f € bE™T. There is a unique jointly (in t and x)
Borel measurable solution u{’¢(m) of equation (3) such that u{"b is bounded on [0,T] x E for all
T > 0. Moreover, u{’¢ >0 forallt > 0.

We shall write uf for /9 when ¢ is null.

We introduce the canonical space of continuous applications from [0, 00) to M¢(E), denoted
by  := C(RT, M(E)), endowed with its Borel sigma field 7, and the canonical right continuous
filtration F;. Notice that F = F.

Theorem 2.2. ([26], Theorem II.5.11) Let u{¢(m) denote the unique jointly Borel measurable
solution of equation (3) such that u{’(b is bounded on [0,T] x E for all T > 0. There exists a
unique Markov process X = (Q, F, F, Xt, (P&L’B’a), v e Mg(F))) such that:

(4) Vo, f € bET, E(£ ) |:e—Xt(f)— Jods Xs(@)] — g—vul?)

X is called the (L, 3, )-superprocess.

We now state the existence theorem of the canonical measures:
Theorem 2.3. ([26], Theorem I1.7.3) There ezists a measurable family of o-finite measures
(Nﬁf’ﬂ’“), z € E) on (Q, F) which satisfies the following properties: If 3 7 6 xiy is a Poisson

point measure on E x ) with intensity v(dx) NSP’B’“), then Zjej X7 is an (L, B, a)-superprocess
started at v.

We will often abuse notation by denoting P, (resp. N,) instead of ) (resp. NP ’a)),

and P, instead of Ps, when starting from ¢, the Dirac mass at point x.
Let X be a (L, 3, a)-superprocess. The exponential formula for Poisson point measures yields
the following equality:

(5) VfebET, Ny, [1 - eth(f)] = —logE,, [eth(f)] = u{(mo),
where u{ is (uniquely) defined by equation (4).
Denote Hp,ax the extinction time of X:
(6) Hyax = inf{t > 0; X; =0}.
Definition 2.4 (Global extinction). The superprocess X suffers global extinction if Py (H ey <
00) =1 for all v € My (F).
We will need the the following assumption:
(H1) The (L, 3, a)-superprocess satisfies the global extinction property.
We shall be interested in the function
(7) ve(x) = Ny [Hpax > t].
We set voo () = limy—o0 | v¢(2). The global extinction property is easily stated using ve.

Lemma 2.5. The global extinction property holds if and only if vee = 0.

See also Lemma 4.9 for other properties of the function v.
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Proof. The exponential formula for Poisson point measures yields:
Py (Hmax < t) = e V()
To conclude, let ¢t goes to infinity in the previous equality to get:
P, (Hpax < 00) = e V(o) |
O
For homogeneous superprocesses (o and  constant), the function v is easy to compute and
the global extinction holds if and only 8 is non-negative. Then, using stochastic domination

argument, one get that a (£, 8, a)-superprocess, with 3 non-negative, exhibits global extinction
(see [16] p.80 for details).

3. A GENEALOGY FOR THE SPATIALLY DEPENDENT SUPERPROCESS

We first recall (Section 3.1) the h-transform for superprocess introduced in [17] and then
(Section 3.2) a Girsanov theorem previously introduced in [26] for interactive superprocesses.
Those two transformations allow us to give a Radon-Nikodym derivative of the distribution of
a superprocess with non-homogeneous branching mechanism with respect to the distribution of
a superprocess with an homogeneous branching mechanism. The genealogy of the superprocess
with an homogeneous branching mechanism can be described using a Brownian snake, see [12].
Then, in Section 3.3, we use the Radon-Nikodym derivative to transport this genealogy and get
a genealogy for the superprocess with non-homogeneous branching mechanism.

3.1. h-transform for superprocesses. We first introduce a new probability measure on (D, D)
using the next Lemma.

Lemma 3.1. Let g be a positive function of D(L) such that g is bounded from below by a positive
t
constant. Then, the process (% e Jods (L9/9)(Ys) ¢ > 0) 18 a positive martingale under P,.

We set Dy(L) = {v €, gv € D(L)}.

Proof. Let g be as in Lemma 3.1 and f € D4(L). The process:

(910 - (o)) - [ ds g9, £20)

is a P, martingale by definition of the generator £. Thus, the process:
Y, t Y.
9(x) 0 9()
is a P, martingale. We set:
t Y)

Q) MY — o Jids (o) PO

t
_/ ds - Js dr (Ca/g)(¥y) [ﬁ(fg)(Y;) L(g)(Ys) (fg)(Ys)

0

g9() 9(Ys)  g(x)

It6’s lemma then yields that the process (Mtf 9t > 0) is another P, martingale. Take f constant
equal to 1 to get the result. O
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Let PY denote the probability measure on (D, D) defined by:

dp?
(9) wt>0, 2l 900 - pras gl

dP, p,  g(7)

Note that in the case where g is harmonic for the linear operator £ (that is £Lg = 0), the
probability distribution P¢ is the usual Doob h-transform of P for A = g.

We also introduce the generator £9 of the canonical process Y under PY and the expectation
operator EY associated to PY.

Lemma 3.2. Let g be a positive function of D(L) such that g is bounded from below by a positive
constant. Then, we have Dy(L) C D(LY) and

Vu € Dg(L), L(u) = M

Proof. As, for f € Dy(L), the process (Mtf’g, t > 0) defined by (8) is a martingale under P, we
get that the process:

is a P4 martingale. This gives the result. O

Remark 3.3. Let ((t,z) — g(t,z)) be a function bounded from below by a positive constant,
differentiable in ¢, such that g(¢,.) € D(L) for each ¢t and ((¢t,z) — 9,g(t,x)) is bounded from
above. By considering the process (t,Y;) instead of Y;, we have the immediate counterpart
of Lemma 3.1 for time dependent function ¢(¢,.). In particular, we may define the following
probability measure on (D, D) (still denoted P4 by a small abuse of notations):

g
(10) V0, walpe 9YD) - fias ey
- dP, p,  9(0,)

where £ acts on g as a function of z.

We now define the h-transform for superprocesses, as introduced in [17] (notice this does not
correspond to the Doob h-transform for superprocesses).

Definition 3.4. Let X = (X;,t > 0) be an (L, [3,a) superprocess. For g € bET, we define the
h-transform of X (with h = g) as X9 = (XJ,t > 0) the measure valued process given for all
t>0 by:

(11) X{(dz) = g(z) Xy (dz).

Note that (11) holds point-wise, and that the law of the h-transform of a superprocess may
be singular with respect to the law of the initial superprocess.
We first give an easy generalization of a result in section 2 of [17] for a general spatial motion.

Proposition 3.5. Let g be a positive function of D(L) such that g is bounded from below by a

(=£L+B8)g

positive constant. Then the process X9 is a (L’g g

, ag) -SUPETPTOCESS.

Proof. The Markov property of X9 is clear. We compute, for f € bET :

E,[e= X)) “Xi(f9)] = o~ w(@)/9(@),

= Es, /g le
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where, by Theorem 2.2, u satisfies:

(12 w(o)+ 5| | Car BT (V)] = Ba[(79) 30
which can also be written:
(o) + B [ e v ) 4B [ Cdr (Y, ()] = B ()30

But (12) written at time ¢ — s gives:

up—s(z) + By [ /0 o dr w(n,utm(m)] = E.[(f9)(Yi-s)]-

By comparing the two previous equations, we get:

) + B | [ o0 (9] = B (1),

and the Markov property now implies that the process:

(V) — /O Cdr BV (V7))

with s € [0,t] is a P, martingale. It6’s lemma now yields that the process:

wy_(Yy) e Jo dr(La/o)¥r) _ / dr e~ Jo 4 (EI/DYD) (Y, u_ (V) — (Lg/9) (V) w—r (V7))
0

with s € [0,¢] is another P, martingale (the integrability comes from the assumption Lg € Cp
and 1/g € Cp). Taking expectations at time s = 0 and at time s = ¢, we have:

)+ B M ds e o ERIN0) (Ve (V) - <cg/g><Ys>ut_s<Ys>>]

=E, [e— Jo dr(ﬁg/g)(Yr)(fg)(yt)] ‘

We divide both sides by g(x) and expand 1 according to its definition:

(%) (x)+E, [/0 ds % e~ Jo dr(Lg/g)(Yr) <((Xg)(§/;)(u;5)2(}/;)+( B %)(YS)(UZS)(Y;)>]
_ g [90Y) — ptarceg/n)
£, |25 )

By definition of P% from (9), we get that:

u t Up—g\ 2 Lg Up—sg
()@ + B2| [ as (a2 + 6 - ZHw) () )| ) = Bl0v0).
9 0 g g g
We conclude from Theorem 2.2 that X9 is a (LY, %, Qg )-Superprocess. O

In order to perform the h-transform of interest, we shall consider the following assumption.
(H2) 1/a belongs to D(L).

Notice that (H2) implies that aL(1/a) € Cp. Proposition 3.5 and Lemma 3.1 then yield the
following Corollary.
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CprPIIary 3.6. Let X be an (L, [, «)-superprocess. Assume (H2). The process X1/ s an
(L, B, 1)-superprocess with.:

(13) L=LY" and B=p-aL(l)a)

Moreover, for all t > 0, the law Py of the process Y with generator L is absolutely continuous

on Dy with respect to P, and its Radon-Nikodym derivative is given by:

dP; |p, _ a(x) o ds (B—B)(Ys)

(14)

We will note P for the law of X'/® on the canonical space (that is P = IP’(E’B’I)) and N for its
canonical measure. Observe that the branching mechanism of X under P, which we shall write
1, is given by:

(15) Dz, A) = Bla) A+ N2,

and the quadratic coefficient is no more dependent on x. Notice that Py, (X € -) =P, (aX € ).
This implies the following relationship on the canonical measures (use Theorem 2.3 to check it):

(16) a(x)Nz[X € | =NyjaX € ].

Recall that vy(z) = Ny[Hmax > t] = No[X; # 0]. We set @(z) = Ny [X; # 0]. As « is positive,
equality (16) implies in particular that, for all t > 0 and = € E:

(17) a(x)v(x) = 0y(x).

3.2. A Girsanov type theorem. The following assumption will be used to perform the Gir-
sanov change of measure.

(H3) Assume (H2) holds. The function § defined in (13) is in D(£), with £ defined
in (13).

For z € R, we set zy = max(z,0). Under (H2) and (H3), we define:

(18) By = sup max (5(;6), \/(Bz(x) . 25(5)(x))+> and g(z) = =B,

ek 2
Notice that ¢ > 0. B
We shall consider the distribution of the homogeneous (L, By, 1)-superprocess, which we will

denote by PV (P = IF’(E’BO’I)) and its canonical measure N°. Note that the branching mechanism
of X under P? is homogeneous (the branching mechanism does not depend on x). We set ¢* for
Y-l Since 90 does not depend anymore on z we shall also write ¢%(\) for /°(x, \):

(19) UO(A) = BoA + A’
Proposition 3.7 below is a Girsanov’s type theorem which allows us to finally reduce the

distribution P to the homogeneous distribution P’. We introduce the process M = (M, t > 0)
defined by:

(20) M= exp (Xalo) — Xla) - [ ds x.0)).

where the function ¢ is defined by:

(21) p(x) = ¥(z,q(2)) - Lg)(z), z€F.
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Proposition 3.7. A Girsanov’s type theorem. Assume (H2) and (H3) hold. Let X be a
(L, B, 1)-superprocess.
(i) The process M is a bounded F-martingale under P, which converges a.s. to

My = K@ X

(ii) We have:
dP)
dP,
(iit) If moreover (H1) holds, then PY-a.s. we have My, > 0, the probability measure P, is
absolutely continuous with respect to P, on F:

o0

d[@,, B 1 dN:v _ it ds Xs ()
a4 gNo e '
We also have:
(22) q(z) = N} [e 0 Tds Xa(o) _q]

The two first points are a particular case of Theorem IV.1.6 p.252 in [26] on interactive drift.
For the sake of completeness, we give a proof based on the mild form of the Log Laplace equation
(3) introduced in Section 2. Notice that:

(23) O(N) = P, A+ q(@)) — Pz, q(x)).
Thus, Proposition 3.7 appears as a non-homogeneous generalization of Corollary 4.4 in [2]. We
first give an elementary Lemma.

Lemma 3.8. Assume (H2) and (H3) hold. The function ¢ defined by (21) is non-negative.

Proof. The following computation:
() = P(x,q(x)) = L(g)(x) = q(2)* + Ba(z) — L(g)(x)
- 9 -

2 2
B B) + 2 (D))
4
and the definition (18) of Sy ensure that the function ¢ is non-negative. O

Proof of Proposition 3.7. First observe that M is F-adapted. As the function ¢ also is non-
negative, we deduce from Lemma 3.8 that the process M is bounded by eX0(@),
Let f € b€T. On the one hand, we have:

By (M, e X1 D] = B, [o1®)-Xe(a+H)= 5 ds Xo(9)] — ga(x)—re(x)

where, according to Theorem 2.2, ;(z) is bounded on [0,7] x E for all " > 0 and satisfies:
t
@0) ) + B | [ ds Svicr ()
0

— [ /O ds (D(Yis q(Yies)) — £(@)(¥i—)) + (g + F)(¥D)].
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On the other hand, we have
Eg[efxt(f)] — e*wt(l“),

where wy(z) is bounded on [0,7] x E for all T'> 0 and satisfies:
¢
wil@) + By [ [ as i, wsms))] — B, [f(Y)].
0

Using (23), rewrite the previous equation under the form:

®) )+ [ ds B+ - =B [ s BV g(Yi) + ()],

We now make use of the Dynkin’s formula with (H3):

(26) )= -E, [/z Y| + Bulatvi

and sum the equations (25) and (26) term by term to get:

The functions r(z) and wy(z) + ¢(x
same equation, see equations (24) and
wy + q = 1. This gives:

(28) B [M, e~ X)) = EY e X1(1)

e bounded on [0,7] x E for all T' > 0 and satisfy the

ar
7). By uniqueness, see Theorem 2.1, we finally get that

(ws
_f, [ ds (§(Vienra(Vios)) — £(@) (Vi) + (0 + H)(¥)].
)
2

The Poissonian decomposition of the superprocesses, see Theorem 2.3, and the exponential
formula enable us to extend this relation to arbitrary initial measures v:

(29) By (M e X(] = BO[e=X: ()],

This equality with f = 1 and the Markov property of X proves the first part of item (i).
Now, a direct induction based on the Markov property yields that, for all positive integer n,
and fi,...,fn€bET, 0<51<...<s, <t

(30) INEV [Mt e Zlgign Xs; (fz)] — ES [e* Z1§i§n Xs; (fz)]

And we conclude with an application of the monotone class theorem that, for all non-negative
JFi-measurable random variable Z:

E,[M,Z] = E?

v

[Z].
The martingale M is bounded and thus converges a.s. to a limit M. We deduce that for all
non-negative Fi;-measurable random variable Z:
(31) ]EI/[MOOZ] = Eg[z]
This also holds for any non-negative F,,-measurable random variable Z. This gives the second
item (ii).

On {Hpyax < 400}, then clearly M; converges to e )=Jo ™ ds Xs(#)  Notice that PO(Hmax =

+00) = 0. We deduce from (31) with Z = 1{Hmax:+oo} that P,-a.s. on {Hpax = 400}, Ma = 0.
This gives the last part of item (i).
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Now, we prove the third item (iii). Notice that (31) implies that PY-a.s. My > 0. Thanks
o (H1), we also have that P,-a.s. My > 0. Let Z be a non-negative F..-measurable random
variable. Applying (31) with Z replaced by 1{/. 0} Z/Moo, We get:

- - Z Z Z
EV[Z] =E, |:M001{MOO>O}M—:| = EB [M—l{Mooo]l = EB [M—} .

This gives the first part of item (iii).
Notice that for all positive integer n, and fi,..., fn, € bET, 0 < 51 < ... < 5, we have

N, [1 — eX<icn Xs; (fi)} = —log <Ex [ezlgign Xsi(fi)]>
= —log <E0 [ Crcicn Xop (f)+[o> ds Xs(¢)]> +q(z)

— Ng |: Z1<1<n XS (fz +f+°° ds XS )] + Q(x)

Taking f; = 0 for all i gives (22). This implies:
Nm 1 — eXi1<i<n Xsi(fi)] _ [ JoFo° ds Xs(p) <1 _ eZ1§i§nXsi(fi))} )

The monotone class theorem gives then the last part of item (iii). U

3.3. Genealogy for superprocesses. We now recall the genealogy of X under PV given by
the Brownian snake from [12]. We assume (H2) and (H3) hold.

Let W denote the set of all cadlag killed paths in £. An element w € W is a cadlag path:
w : [0,n(w)) — E, with n(w) the lifetime of the path w. By convention the trivial path {z},
with x € E, is a killed path with lifetime 0 and it belongs to WW. The space W is Polish for the
distance:

(w)An(w')
d(waw,) - (5(?1}(0)7?1}(0),) + ‘W(w) - W(w,)’ +/0 ds ds(w[0,5]7wf(],s])a

where d; refers to the Skorokhod metric on the space D([0, s, E'), and wy is the restriction of
w on the interval I. Denote W, the set of stopped paths w such that w(0) = z. We work on
the canonical space of continuous applications from [0,00) to W, denoted by € := C(RT, W),
endowed with the Borel sigma field G for the distance d, and the canonical right continuous
filtration G; = o{Wj, s < t}, where (W, s € RT) is the canonical coordinate process. Notice
G = Goo by construction. We set Hy = n(Ws) the lifetime of Wi.

Definition 3.9 (Proposition 4.1.1 and Theorem 4.1.2 of [12]). Fiz Wy € W,. There exists a
unique Wy-valued Markov process W = (Q,G, Gy, Wy, P?,VO), called the Brownian snake, starting
at Wy and satisfying the two properties:

(i) The lifetime process H = (Hg,s > 0) is a reflecting Brownian motion with non-positive
drift —po, starting from Hy = n(Wy).

(ii) Conditionally given the lifetime process H, the process (Ws,s > 0) is distributed as
an inhomogeneous Markov process, with transition kernel specified by the two following
prescriptions, for 0 < s < s':

— Wy (t) = Ws(t) for all t < H[&Sl], with H[&Sl] = infsgrgs’ H,.
— Conditionally on Ws(Hs ¢1—), the path (Ws/(H[&s/] +1),0<t< Hy — H[&s/]) is
independent of Wy and is distributed as Y[OvHs/—H[s,s/]) under ISWS(H[S’S/]—)'

This process will be called the PBy-snake started at Wy, and its law denoted by P?,VO
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We will just write PO for the law of the snake started at the trivial path {z}. The corre-
sponding excursion measure NY of W is given as follows: the lifetime process H is distributed
according to the It6 measure of the positive excursion of a reflecting Brownian motion with
non-positive drift —fp, and conditionally given the lifetime process H, the process (Ws,s > 0)
is distributed according to (ii) of Definition 3.9. Let

o =inf{s > 0; H; = 0}

denote the length of the excursion under NY.

Let (IZ,7 > 0,s > 0) be the bicontinuous version of the local time process of H; where [,
refers to the local time at level r at time s. We also set @ = w(n(w)—) for the left end position
of the path w. We consider the measure valued process X(W) = (Xy(W),t > 0) defined under
N by:

(32) X (W) (dx) = /0 ’ dsly by, (di).

The [y-snake gives the genealogy of the (ﬁ, Bo, 1) superprocess in the following sense.

Proposition 3.10 ([12], Theorem 4.2.1). We have:
o The process X (W) is under N distributed as X under NO.
o Let 3 ;70 wiy be a Poisson point measure on E x Q with intensity v(dx) NO[dW].
Then 3 ;c7 X(W7) is an (L, Bo, 1)-superprocess started at v.

Notice that, under N9, the extinction time of X (W) is defined by

inf{t; X;(W) =0} = sup H,,
s€[0,0]
and we shall write this quantity Hpax or Hpax(W) if we need to stress the dependence in W.
This notation is coherent with (6).
We now transport the genealogy of X under N° to a genealogy of X under N. In order to
simplify notations, we shall write X for X (W) when there is no confusion.

Definition 3.11. Under (H1)-(H3), we define a measure N, on (€,G) by:
dN dN 1 +oo

x _ 0 AT ds Xs(p) )
ao W) = W) = g =

Notice the second equality in the previous definition is the third item of Proposition 3.7.
At this point, the genealogy defined for X under N, will give the genealogy of X under N up
to a weight. We set

YW € Q,

1 -
33 N, = ——N,.
o Ta@
Proposition 3.12. We have:

(i) X under N, is distributed as X under N,.

(ii) The weighted process X ¢ = (thezght, t > 0) with

0

1s under N, distributed as X under N,.

We may write XVeish(T77) for XWeight to emphasize the dependence in the snake .
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Proof. This is a direct consequence of Definition 3.11 and (16). O
We shall say that W under N, provides through (34) a genealogy for X under N,.

4. A WILLIAMS’ DECOMPOSITION

In Section 4.1, we give a decomposition of the genealogy of the superprocesses (£, 3, «) and
(/3,3, 1) with respect to a randomly chosen individual. In Section 4.2, we give a Williams’
decomposition of the genealogy of the superprocesses (L, 3, «) and (ﬁ, B, 1) with respect to the
last individual alive.

4.1. Bismut’s decomposition. A decomposition of the genealogy of the homogeneous super-
process with respect to a randomly chosen individual is well known in the homogeneous case,
even for a general branching mechanism (see lemmas 4.2.5 and 4.6.1 in [12]).

We now explain how to decompose the snake process under the excursion measure (N, or NY)
with respect to its value at a given time. Recall o = inf {s > 0, H; = 0} denote the length of the
excursion. Fix a real number t € [0,0]. We consider the process H9) (on the left of t) defined
on [0,t] by HY = H,_, — H, for all s ¢ [0,¢]. The excursion intervals above 0 of the process
(Hs(g) —info<gr<s Hé?), 0 < s <) are denoted ;¢ s (¢j, dj). We also consider the process H@
(on the right of ¢) defined on [0,0 — t| by H. gd) = H;1s — H;. The excursion intervals above 0
of the process (Hgd) —info<g<s Hé,d),O < s < o —t) are denoted ;¢ s (cj,d;). We define the
level of the excursion j as s; = Hi; if j € J@ and sj = Hiie; if j € J@ . We also define for

the excursion j the corresponding excursion of the snake: W/ = (Wg ,$>0) as
W(.) = Wi—(e;+s)na; (- +55) ifj € J9), and Wi() = Wt+(cj+s)Adj(- +s;5) ifje J@.
We consider the following two point measures on R x Q: for ¢ € {g, d},

(35) Ri= Y b wi

jeJe)

Notice that under N¥ (and under N, if (H1) holds), the process W can be reconstructed from
the triplet (W, RY, Rf) We are interested in the probabilistic structure of this triplet, when ¢
is chosen according to the Lebesgue measure on the excursion time interval of the snake. Under
N, this result is as a consequence of Lemmas 4.2.4 and 4.2.5 from [12]. We recall this result in
the next Proposition.

For a point measure R = ZjeJ d(s;,2;) O a space R x X and A C R, we shall consider the
restriction of R to A X X given by Ra =3 ;c;14(8j)d(s; -

Proposition 4.1 ([12], Lemmas 4.2.4 and 4.2.5). For every measurable non-negative function
F, the following formulas hold:

(36) NQ[ /0 ds F(WS,RZ,Rf)] = /0 e~ dr B, [Fmovr),R{i;f),éfi;f))},
7 Bt & 5By pB.d
(37) Ng[ /0 dsl! F(Ws,Rg’,Rgl)] —e Pt |, [F(Y[Qt),Rﬁf),Rﬁt))], t>0,

where under E, and conditionally on Y, RBY9 and RB? are two independent Poisson point
measures with intensity 07 (ds,dW) = ds NY, [dW].

The next Proposition gives a similar result in the non-homogeneous case.
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Proposition 4.2. Under (H1)-(H3), for every measurable non-negative function F, the two
formulas hold:

(38) Nx[ / ds F(Ws,Rz,Ri)]z / dr Em[e—féds 0% F (Yo, R, Ryt )},
0 0

0.7) Ft0,1)
where under E, and conditionally on 'Y, Rg’f) and R[Bg’f) are two independent Poisson point
measures with intensity
(39) vB(ds,dW) = ds Ny, [dW] = ds a(Y;)Ny, [dW];

and

(40) Nx[ /0 ds a(WgF(WS,Rz,Rz)}: /0 dr Em[efods WS)F(iﬁo,m,R{ﬁ;f),R{i;,‘?))},

where under E, and conditionally on Y, ng’g and R2% are two independent Poisson point
) [0,7)

measures with intensity v>.

Observe there is a weight «(W;) in (40) (see also (34) where this weight appears) which
modifies the law of the individual picked at random, changing the modified diffusion P, in (38)
into the original one P,.

We shall use the following elementary Lemma on Poisson point measure.

Lemma 4.3. Let R be a Poisson point measure on a Polish space with intensity v. Let f be
a non-negative measurable function f such that v(el —1) < +oo. Then for any non-negative
measurable function F, we have:

(41) E[F(R)e™D] =& [F(R)] e -V,

where R is a Poisson point measure with intensity v(dx) = e/ ®) v(dz).

Proof of Proposition 4.2. We keep notations introduced in Propositions 4.1 and 4.2. We have:
N, [/00 ds F(WS,Rg,Rg)}

=N [e o ds Xs(p) / " ds F(W,, RY, Rg)]
0
=NJ [/0 ds F(W,, RY, RY) e<R?+R?><f>}
0
[0,r)? 7[0,r)

o0 ~ | R R 5B, ~B,d
= / e P dr By | F (Yo, BY ,RB’g)e(R[O,z)JrR[o,r))(f)}
0 L

~ = [ r o0 X (W) ()
:/0 e M dr B, F(YV[O7T)’R[B(;:£)aR[BS:g))e2f0 ds Ny, [elo ™ Xr e 1]:|

= [ e B PO RGBS 20 q(m]

_ /0 ar [F(Y[o,r), RES RED) o= I ds 30%) ] ,

where the first equality comes from (H1) and item (iii) of Proposition 3.7, we set f(s,W) =

0+°O X, (W)(p) for the second equality, we use Proposition 4.1 for the third equality, we use
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Lemma 4.3 for the fourth, we use (22) for the fifth, and the definition (18) of ¢ in the last. This
proves (38).

Then replace F(W;, R, R?) by a(W,)F(W,, RS, RY) in (38) and use (14) as well as (33) to
get (40). O

The proof of the following Proposition is similar to the proof of Proposition 4.2 and is not
reproduced here.

Proposition 4.4. Under (H1)-(H3), for every measurable non-negative function F, the two
formulas hold: for fized t > 0,

~ a ~ _ t S 2 # , 7d
(42) Nx{ /0 dil! F(WS,Rz,Rz?)} :Ex[e Jo ff(”F(Sﬁovw,R{i,g’),Rﬁﬂ)],

where under E, and conditionally on Y, RP9 and RP“ are two independent Poisson point
measures with intensity vP defined in (39), and

g - t
(43) Nm[/0 dyl! a(WS)F(Ws,Rg,Rg)} :Em[efo ds B(YS)F(l/[07t),R£:f),R£:g)],

where under E, and conditionally on Y, RB9 and RBP4 are two independent Poisson point
measures with intensity v

As an example of application of this Proposition, we can recover easily the following well
known result.

Corollary 4.5. Under (H1)-(H3), for every measurable non-negative functions f and g on E,
we have:

N, |:Xt(f) e—Xt(g):| _ R, [e— JEds axw(Ya, Ny, [1—eXt=s(@) ]) f(Yt)]-
In particular, we recover the so-called “many-to-one” formula (with ¢ = 0 in Corollary 4.5):
(44) R = B ek 50 fvp)|.
Remark 4.6. Equation (44) justifies the introduction of the following family of probability mea-

sures indexed by ¢ > 0:

ap'"

— Jo ds B(Ys)
(45) elPe &

dPx Dy Ex |:e— fot ds B(Ys)] s

which can be understood as the law of the ancestral lineage of an individual sampled at random
at height ¢ under the excursion measure N, and also correspond to Feynman Kac penalization of
the original spatial motion P, (see [29]). Notice that this law does not depend on the parameter
«. These probability measures are not compatible as ¢ varies but will be shown in Lemma 6.13

to converge as t — oo in restriction to Dy, s fixed, s < ¢, under some ergodic assumption (see
(H9) in Section 6).

Proof. We set for w € W with n(w) =t and 71,79 two point measures on R x

F(w,r1,m2) = f(w) eh(r1)+h(r2),
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where h(3;cr O(s,wiy) = D, <4 Xweight (J174),_ (g). We have:

) e 0 | <] [t ot pov, ry 7))
= B o™ 8 3 13y MO )

[ weigh
- Ex ei fg ds ﬁ(YS) f(Y;t) e’ f(;5 20‘(YS)NYS [lfethsg t(g)} :|

b o o 5 ) ]

where we used item (ii) of Proposition 3.12 for the first and last equality, (43) with F' previously
defined for the second, formula for exponentials of Poisson point measure and (33) for the

third. O

4.2. Williams’ decomposition. We first recall the Williams’ decomposition for the Brownian
snake (see [32] for Brownian excursions, [31] for Brownian snake or [1] for general homogeneous
branching mechanism without spatial motion).

Under the excursion measures Ng, N, and N, recall that Hy.x = Sup| 4] H,. Because of
the continuity of H, we can define Tyax = inf{s > 0, Hy = Hyax}. Notice the properties of the
Brownian excursions implies that a.e. Hy = Hppax only if s = Tiax. We set v9 (1) = NO[Hypay > 1]
and recall this function does not depend on x. Thus, we shall write v{ for v{(z). Standard
computations give:

Bo

0
vy = .
b ehot —1

The next result is a straightforward adaptation from Theorem 3.3 of [1] and gives the distribution
of (Hmax; Wi BT, R}, ) under NJ.

Proposition 4.7 (Williams’ decomposition under N9). We have:
(i) The distribution of H ey under NO is characterized by: NO[H0p > h) = 1)2.
(ii) Conditionally on {H e = ho}, the law of Wy, .. under N9 is distributed as Y{o,n) under
P,.
(iii) Conditionally on {Hmaz = ho} and Wr,,,,, R}, and R}, are under N9 independent
Poisson point measures on RT x Q with intensity:

110,10) (8)48 L{Hp (W) <ho—s} Niyy, () [dW].

In other words, for any non-negative measurable function F', we have

az’ Trmaz

Ng F(Hmam WTmaz? Rg"m Rd ):| - — / ahvfol dh Ex |:F(h7 }/[O,h), éW’(h)7g, éW’(hLd) 5
0
where under E, and conditionally on Yio,n)s RW-(:9 gnd RV--4 gre two independent Poisson
point measures with intensity VW) (ds, dW) = Lio,n)(8)ds 1{H,,.0(W)<h—s} NOYS [dW].
Notice that items (ii) and (iii) in the previous Proposition implies the existence of a measurable
family (Ng’(h), h > 0) of probabilities on (£2,G) such that NO ™ i the distribution of W (more
precisely of (Wr,,,,, RS, R% ) under NY conditionally on { Hyax = h}.

ax’ Ttn ax
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Remark 4.8. In Klebaner & al [19], the Esty time reversal “is obtained by conditioning a [dis-
crete time] Galton Watson process in negative time upon entering state 0 (extinction) at time 0
when starting at state 1 at time —n and letting n tend to infinity”. The authors then observe
that in the linear fractional case (modified geometric offspring distribution) the Esty time re-
versal has the law of the same Galton Watson process conditioned on non extinction. Notice

0,(h)

that in our continuous setting, the process (Hs,0 < s < Tiax) is under N, a Bessel process
up to its first hitting time of h, and thus is reversible: (Hs,0 < s < Tjhax) under Ng’(h) is dis-
tributed as (h — Hrp,,,, —s,0 < 8 < Tiax) under NO( ). Tt is also well known (see Corollary 3.1.6
of [12]) that (Hy,—s,0 < s < 0 — Tinax) under Nm( ) is distributed as (Hs,0 < s < Tipax) under
N2™ " We deduce from these two points that (X(1),0 <s < h) under N2 is distributed

as (Xp-s(1),0 < s < h) under N ™ This result, which holds at fixed h, gives a pre-limiting
version of the Esty time reversal in continuous time. Passing to the limit as h — oo, see Section
5.2, we get the equivalent of the Esty time reversal in a continuous setting.

Before stating the Williams’ decomposition, Theorem 4.12, let us prove some properties for
the functions v (z) = Ny [Hpax > t] = Nu[X; # 0] and 0(x) = Ny [Hpax > t] which will play a
significant role in the next Section. Recall (17) states that

QU = V.
Notice also that (18) implies that ¢ is bounded from above by (o + || 5 |..)/2-
Lemma 4.9. Assume (H1)-(H3). We have:

(46) a(@) + 10 > 5y() > o).

Furthermore for fized v € E, ¥4(z) is of class C' in t and we have:

(47) Orn(w) = By [elo == ] g0,

where the function X defined by:

(48) e(z) = 200} +q(2) — 0e(2)) = O\°(vf) — Onip(a, T (2))
satisfies:

(49) 0 < %y(2) < 2(2) < fo+ 15l

Proof. We deduce from item (iii) of Proposition 3.7 that, as ¢ > 0 (see Lemma 3.8),
By (w) = N [X; # 0] = N {1{Xz760} oJor ds Xs(w)} > N [X; # 0] = vf.

We also have

— N0 [1{X ¢0}eo *ds Xs(p )}
=N} [e Jo™ ds Xs(o ]+N [1—1{Xt opeho dsXs(W]
= () + NG [1 = Ly o0 X0
< q(2) + Ny [1 - 1(x,—0)]
= q(x) + v},

where we used (22) for the third equality. This proves (46).
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Using the Williams’ decomposition under N, we get:
+oo +oo
) == [ 0 dr NGO [oli ™ X))
t

Using again the Williams’ decomposition under N, we have

[ 2f07" ds N(})’T,S |:(ef0+oo dt Xy () 1)1{X5_0}1|]

xT

N0 [ofo™ ds Xs«o)} _B

(50) B E e2 IOT ds N(})/S |:(ef0+00 dt X¢(e) l)l{Xr_s_O}i|]
= b, .

—+o00
We deduce that, for fixed x, r > N%(” [e o ds XS(“’)] is non-decreasing and continuous as

N [Hmax = t] = 0 for ¢ > 0. Therefore, we deduce that for fixed x, #(x) is of class C! in ¢:
Btﬁt(x) = Ng’(t) |:€ 0+°° ds XS(SD)] Btv?.
We have thanks to item (iii) from Proposition 3.7:
+oo
(51) N [(e 0 dt Xy () _1)1{Xs:0}}
+o0 Foo
=N, [X, # 0]+ Nj {ef" e xile) —1} - N, {e o HX 1k oy
= ol +q(y) — Ts(y)
1 o
— 5000 - 210,00

where the last equality follows from (15), (18) and (19). Thus, with Z(y) = o (vd) —
MY (y,05(y)), we deduce that:

NO(®) [e i ds XS@)} —E, [efg ds zs(n_s>] .
This implies (47). Notice that, thanks to (46), ¥ is non-negative and bounded from above by
2q. O

Fix h > 0. We define the probability measures P absolutely continuous with respect to P
and P on Dj, with Radon-Nikodym derivative:

ap™

S (Y2) dr
(52) Dy _ _ 0

Py D, B, [eh Zher0) ] '

Notice this Radon-Nikodym derivative is 1 if the branching mechanism ) is homogeneous.
We deduce from (47) and (48) that:
(h)
dl?x Dr _ (9hv2 e I dr (O3 (Y 0n—p (Ye) =020 (09 _))
dP, p,  Ontn(x)

and, using (14):

(h) 0
(53) de |Dn 1 vy, e Jdr (O (Y vn—r (V) =090 (v)_ ) )

dP, p, ~ a(Ys) Oyun()
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In the next Lemma, we give an intrinsic representation of the Radon-Nikodym derivatives
(52) and (53), which does not involve By or v°.
Lemma 4.10. Assume (H1)-(H3). Fiz h > 0. The processes M) = (Mt(h),t € [0,h)) and
M® = 31" ¢ € [0, 1)), with:
p® — oY) s o, p(veono 2) g Mh = Ontn—t(Y1) - ftas OND (Voo (V)
Onvn(x) Onn(x)

are non-negative bounded D;-martingales respectively under Py and P,. Furthermore, we have
for 0 <t <h:

(h) (h)
(54) pr P — ™ gnd 71?35 P _ .
P, p, ¢ P, p, !

Notice the limit M,Eh) of M™ and the limit M,Eh) of MM are respectively given by the
right-handside of (53) and (52).

Remark 4.11. Comparing (10) and (54), we have that chh) = PJ with g(t,x) = Opvp_i(x), if g
satisfies the assumptions of Remark 3.3.

Proof. First of all, the process M®) g clearly D;-adapted. Using (47), we get:
E, [efoh‘tzh,t,r(yr) dr] _ Onon—1(y)

(9hv2_t
We set:
~ (h) ef()h Ehfr(yr) dr
M, = - h )
E:B |:ef0 Ehfs(yvs) dT]
‘We have:

oo Snor(Yr) dr

B, [M™M D, =
[ h ‘ t] E:L' efohzh—s(ys)dr}

o [efoh‘t Shot—r(Yr) dr]

_ Oon (YY) oy i S (V) dr
({9h1~)h(1') ({9]11)271e

~ - 0
_ ah”h;t(yt) o Je oD (Yetns(¥2)) ds ahzh o s (v_,) ds
Opp () Oy,

In the homogeneous setting, v simply solves the ordinary differential equation:
ooy, = —¢°(vy).

This implies that
_ vk _

Oy, log(@hvg) = a/ﬂ% = _awO(v,?)
and thus
ahU2 fta 0 (UO ) ds
(55) — elo P h—s =1.

Onvpy_,
We deduce that

B, 11D, = 0=t - far 0,005,000 00) — 7).
Bhvh(m)
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Therefore, M) is a Di-martingale under P, and the second part of (54) is a consequence of
(52). Then, use (14) to get that M") is a D;-martingale under P, and the first part of (54). [

We now give the Williams’ decomposition: the distribution of (HmaX,WTmaX,R%max,R%max)

under N, or equivalently under N, /a(z). Recall the distribution P defined in (52) or (53).

Theorem 4.12 (Williams’ decomposition under N,). Assume (H1)-(H3). We have:
(i) The distribution of H ey under Ny is characterized by: Ny[Hpaw > h] = vp(2).
(ii) Conditionally on {Huma: = ho}, the law of Wr,,,,, under Ny is distributed as Y] p,) under
p).
(iti) Conditionally on {Hne = ho} and Wr,,,,, R} and Rf}mw are under N, independent
Poisson point measures on Rt x Q with intensity:

L0,10) (8)d8 L{ 1 0n(W?)<ho—s} (W Tae (8) Nywy, () [dW].
In other words, for any non-negative measurable function F', we have

Trmaz’ ~ Tmax

N | F(Hynaz, W00 BY Rf )] = _/ Opvn(x) dh Egch) F(h, Y[O,h)’RW’(h)’g,Rm(h)’d) )
0

where under E;(rh) and conditionally on Yo p), RW-(0.9 gnd RW-W-4 gre two independent Poisson
point measures with intensity:

(56) Wt (ds, dW) = Lio.n)(8)ds 1, 0mwy<n—si(Ys) Ny, [dW].

Notice that items (ii) and (iii) in the previous Proposition imply the existence of a measurable

family (N;(,;h),h > 0) of probabilities on (©,G) such that N is the distribution of W (more
precisely of (Wr,,,.. RS, R$ ) under N, conditionally on {Hax = h}.

Tmax )

Proof. We keep notations introduced in Proposition 4.7 and Theorem 4.12. We have:

Nm |:F(Hmax, WTmaXa Rg"maxa R%max)

ax’ Tinax

— Ng |:e 0+0° ds XS(LP) F(HmaX7 WTmax’ R%m X Rd ):|

» “ VT max

N Ng |:F(Hmax7 WTmax’ Rg—‘max Rd ) e(R%maX +R%max)(f) :|

_ / " Ouu) dh By | F(h, Yig . Y09, R0 emw’““%w’“*dxf)]
O L b

oo o T 2 [P ds NO, |(efo 4 Xt(®) _1)1 _
- ‘/ One dh By | F(h, Yy, RW49, iy 2o 7 [ | {XHO}H
0

= — / 6hvfol dh Ex F(h7 }/[0 h)> RW7(h)7g7 RW7(h)7d) eth Th—s(¥s) ds :|
0

_ / " onl dh By | oo Ehs(02) ds}ng [ F(h, Yig s RV 009, wah),d)]
0 b

= - / Aon(z) dh EM [F(h,Y[o,h), RW-(M.9, RW’W%},
0

where the first equality comes from (H1) and item (iii) of Proposition 3.7; we set f(s,W) =

0+OO X, (W)(p) for the second equality; we use Proposition 4.7 for the third equality; we use
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Lemma 4.3 for the fourth with R"W-"-9 and RW-(":4 which under Eg’” and conditionally on
Yo,n) are two independent Poisson point measures with intensity W) we use (51) for the

fifth, definition (52) of EY for the sixth, and (47) for the seventh. Then use (33) and (17) to
conclude. O

The definition of N;(L«h) gives in turn sense to the conditional law Ngh) = Nu(.|Hmax = h) of the
(L, B, a) superprocess conditioned to die at time h, for all A > 0. The next Corollary is then a
straightforward consequence of Theorem 4.12.

Corollary 4.13. Assume (H1)-(H3). Let h > 0. Let x € E and Yo be distributed according
to PY. Consider the Poisson point measure N = > jet O(s;,xay on [0,h) x Q with intensity:

211,y (8)ds Ly, (x)<n—sy(Ys) Ny, [dX].
The process XM = (Xt(h),t > 0), which is defined for all t > 0 by:

(h) _ J
Xy = Xi s
JjeJ, 85<t

(h)

1s distributed according to Ny .
We now give the superprocess counterpart of Theorem 4.12.

Corollary 4.14 (Williams’ decomposition under P,)). Assume (H1)-(H3). We have the follow-
ing result.
(i) Sample a positive number hy according to the law of H ey under Py: Py(Hpey < h) =
efy(vh)_

(ii) Conditionally on hgy, sample xg € E according to the probability measure

Onvp, ()

o Onone) v(dz).

(iii) Conditionally on hy and zq, sample X (ho) qecording to the probability measure N&’QO).

(iv) Conditionally on hgy, sample X', independent of zo and X (ho) | according to the probability
measure Py, (.|Hpar < ho).

Then the measure valued process X' + X1 has distribution P,,.

In particular the distribution of X'+ X (") conditionally on hg (which is given by (ii)-(iv) from
Corollary 4.14) is a regular version of the distribution of the (£, 3, «) superprocess conditioned

to die at a fixed time hg, which we shall write plo),

Proof. Let i be a finite measure on R* and f a non-negative measurable function defined on Rt x
E. For a measure-valued process Z = (Z;,t > 0) on E, we set Z(fu) = [ f(t,z) Zi(dz)u(dt).
We also write fs(t,z) = f(s+1t,x).

Let X’ and X("0) be defined as in Corollary 4.14. In order to characterized the distribution
of the process X' + X(0) we shall compute

A = Efe= X' (fn-X"0(fu)]
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We shall use notations from Corollary 4.13. We have:

“+o00 B 8 v (:C)
A = — V(h) / h'h
/0 v(Opup) e dh @) v(dz)

Egﬁh) [E[e_ Yjes X (fs;n) |y[07h)]] E, [e—X(fu) | Hipax < h]

—— [ vtan) [ (o) an

E®) [E[e_ Yjes X (fs;m) |Y[07h)]] E, [e_X(f“) 1{Hmax<h}] ’

where we used the definition of X’ and N for the first equality, and the equality P, (Hmax <
h) =P, (Hmax < h) = e (" for the second. Recall notations from Theorem 4.12. We set:

= crop XIWI)(fs.
G (Z Ssiiys D 5<si,,wi'>> = o7 Zyerr X0

il ier
and g(h) = E, [e=XUn Lp,0<ny]- We have:

+o0
A=— / v(da) / Onvn(w) dh B | G(RWM9, R0y g(p)|
E 0
= /E v(dr) N, [G(Rgmax,RdTmaX)g(Hmax)}

N /E v(d) N, [e—x(fu) E, [e—x(fu) 1 {Hmax<h}]

= Ze_Xl(fM) H e_Xj(fM) 1{H-7 <H }
il jEl; j#i e

—F [ef ZiEIXi(fﬂ)i|

=FE, [e—X(fu)} ’

where we used the definition of G and ¢ for the first and third equalities, Theorem 4.12 for
the second equality, the master formula for Poisson point measure ), ;dx: with intensity
v(dx) N.[dX] for the fourth equality (and the obvious notation H! , = inf{t > 0; X; = 0}) and
Theorem 2.3 for the last equality. Thus we get:

Ele=X (=X ()] — g, [efX(fu)} '

|h:Hmax:|

This readily implies that the process X’ + X (ho) is distributed as X under P,,. ]

5. SOME APPLICATIONS

5.1. The law of the Q-process. Recall IP’I(,h) defined after Corollary 4.14 is the distribution

of the (L, 8, a)-superprocess started at v € M;(E) conditionally on {Hyax = h}. We consider

also PEM = P,( - |Hmax > h) and NEM = Ny ( - |[Hmax > h) the distributions of the (£, 8, a)-

superprocess conditionally on {Hpax > h}.
The distribution of the Q-process, when it exists, is defined as the weak limit of IP’,(,Zh) when

)

h goes to infinity. The next Lemma insures that if IP’,(,h weakly converges to a limit IP,(,OO), then

this limit is also the distribution of the Q-process.
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Lemma 5 1. Fix t > 0 If]P’ () (resp. N ) converges weakly to P (resp. N;“)) on (2, Fp),
then P (resp NE ) converges weakly to Py (resp N ) on (2, Fr).

Proof. Let Z = 14 with A € F; such that P (0A) = 0. Using the Williams’ decomposition
under P, given by Corollary 4.14, we have for h > t:

v

EC (7] = ov(vn) / EMW) (2] f(h)dl,
h
where f(h) = —v(0pvp) exp(—v(vp)). We write down the difference:

BEN(Z] - ER2] = [ (E012] - B0I2)) £
h

Since IP’(Vh,) weakly converges to IP’(OO) on (£, F;) and since IP’(OO) (0A) = 0, we deduce that

limp 4 oo E(Vh,)[Z] - E(Voo)[ Z] = 0. We conclude that limj_, EFZM [Z] — IES,OO)[Z] = 0, which
gives the result. The proof is similar for the conditioned excursion measures. (]

We now address the question of convergence of the family of probability measures (IP);(L«h), h >0).
Recall from (54) that for all 0 <t < h:

(h)
dpP, D,

(h)
— =t — M.
dP, p, t

We shall consider the following assumption on the convergence in law of the spine.

(H4) For allt > 0, P,-a.s. (Mt(h), h > t) converges to a limit say Mt(oo), and Ex[Mt(oo)] =1.

Note that Scheffé’s lemma implies that the convergence also holds in L!(P,). Furthermore,
since (Mt(h),t € [0, h)) is a non-negative martingale, there exists a version of (Mt(oo),t > 0) which
is a non-negative martingale.

Remark 5.2. We provide in Section 7 sufficient conditions for (H1)-(H4) to hold in the case of
the multitype Feller diffusion and the superdiffusion. These conditions are stated in term of the
generalized eigenvalue \g defined by

(57) Ao =sup{l € R,3u € D(L),u > 0 such that (8 — L)u = u},
and its associated eigenfunction.

Remark 5.3. The family (P P b > 0) and the family (P pBM p > 0) defined in Remark 4.6 will
be shown in Lemma 6.13 to converge to the same hmltmg probablhty measure.

Under (H4), we define the probability measure P on (D, D) by its Radon Nikodym deriv-
ative, for all ¢ > 0:
(c0)
dP, D,
dP$ |Dt
By construction, the probability measure P;(L«h) converges weakly to P;(fo) on Dy, for all t > 0.
Let v € Mf(E). We shall consider the following assumption:

(58) = M.
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(H5), There exists a measurable function p such that the following convergence
holds in L!(v):
Onvn
I/(ahvh) h—+o00 p-

In particular, we have v(p) = 1. Let v € M(E). Under (H4) and (H5),, we set:
P (dY) = / v(dz)p(z) PLI(dY).
E
Notice then that [, v(dx) a’gvh(ng( )(dY) converges weakly to P (dY') on Dy, for all t > 0.
Remark 5.4. If v a constant times the Dirac mass d,, for some x € E, then (H5), holds if (H4)

holds and in this case we have Pl(,oo) = choo).

We can now state the result on the convergence of Ngch).

Theorem 5.5. Assume (H1)-(H4). Lett > 0. The triplet (Wr,,..)j0.4, (RS, o> (RS, o)
under Ng;h) converges weakly to the distribution of the triplet (Y[Oﬂ,R[BB’%,R[BB’g) where Y has

distribution P§§’°) and conditionally on' Y, RB9 and RP“ are two independent Poisson point
measures with intensity v2 given by (39). We even have the slightly stronger result. For any
bounded measurable function F, we have:

00 B, B,d
(59) Ngch)[ (W05 ( me)[O,t]a(R%mw)[o,t]):| PR—— Ef )|:F(YV[O7t},R[0,tg]aR[07ﬂ):|-

Proof. Let h > t. We use notations from Theorems 5.5 and 4.12. Let I be a bounded measurable
function on W x (Rt x Q)2. From the Williams’ decomposition, Theorem 4.12, we have:

W,g,(h) pW,d,(h
Ng.h) |: ((WTmax)[O t] (RTmax)m’t}, (R%max)[oi})] = E:(Bh) |:F(Yv[o,t}’ R[Oﬂg ( ), R[Oﬂf} ( )):|

= Egch) [<Ph(Y[0,t})],
where " is defined by:

h _ (h W.g,(h) pW.d,(h)
¥ (y[(],t]) - Eg ) [F(y[o,t}’R[th] ’R[Oﬂ )

Y = y} .
We also set:

o) 00 B,d
¥ (y[o,t}) = E:(v )[F(y[o,t]7R[0 E R[ })

Y = y] .
We want to control:

8= N | (W o (o (Do) | ~ B8 | FOYo. B i)
Notice that:
Ap =EP [o"(YVo.0)] — EC [¢™ (Yo,)]
(60) = (EP[¢" Vo)) = ECV[¢" Vo)) +ESV (" = o) (Yiou))]-
We prove the first term of the right hand-side of (60) converges to 0. We have:
Y [o" (Vo)) — O [ (Vo)) = B[4 — M%) o (Vo))

xT
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Then use that " is bounded by || F'||,, and the convergence of (Mt(h), h > t) towards Mt(oo) in
Ll(P;(fo)) to get:

(61) lim B [o" (Yo )] — EX [ (Yo.n)] = 0.

h—o00

We then prove the second term of the right hand-side of (60) converges to 0. Conditionally

onY, REg/g () and RK]V’;]l o(R) (resp. ng’tg] and ng’g) are independent Poisson point measures with

intensity 14 (s) Wt (ds, dW) where v is given by (56) (resp. Lo4(s) v5(ds, dW) where
v is given by (39)). And we have:

Lio,(s) V"V (ds, dW) = L,y <n—sy Lo (s) v7 (ds, dW).
Thanks to (17) and (46), we get that:

t t
/1{H,,,aX(W)2h—s}1[0,t}(3) VB(ds,dW) = /0 ds a(ys)Ny, [Hymax > h—s] = /0 ds vp—s(ys) < +o0.

The proof of the next Lemma is postponed to the end of this Section.

Lemma 5.6. Let R and R be two Poisson point measures on a Polish space with respective
intensity v and v. Assume that v(dx) = 14(z)v(dx), where A is measurable and v(A°) < +o0.
Then for any bounded measurable function F, we have:

[ELF(R)] — BIF(R))| < 21| F|| o 1(4°).

Using this Lemma with v given by 1y 4(s) v?(ds,dW) and A given by {Hpax(W) < h — s},
we deduce that:

t
(" =) woa)] <41l [ ds onealon)
We deduce that:

B = o) 0] < 417 1B [ [ s (v

Recall that (H1) implies that vj,_s(x) converges to 0 as h goes to infinity. Since v is bounded
(use (17) and (46)), by dominated convergence, we get:

(62) Tim B[ — %) (Yo, )] = 0.
Therefore, we deduce from (60) that limj_, - Ap = 0, which gives (59). O

We now define a superprocess with spine distribution Pl(,oo).

Definition 5.7. Let v € My(E). Assume P is well defined. LetY be distributed according to
P,(,OO), and, conditionally on'Y, let N'= 3", ;
21g+(s)ds a(Ys)Ny, [dX].
Consider the process X () = (Xt(oo),t > 0), which is defined for all t > 0 by:
(00) _ J
X=X

jed, s;<t

5(% xi) be a Poisson point measure with intensity:

(i) Let X' independent of X ) and distributed according to P,. Then, we write IP’,(,OO) for
the distribution of X' + X (o).
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(ii) If v is the Dirac mass at x, we write N&O") for the distribution of X (%),

As a consequence of Theorem 5.5, we get the convergence of IP’,(,h). We shall write P(mh) when
v is the Dirac mass at x.

Corollary 5.8. Under (H1)-(H4), we have that, for allt > 0:

(i) The distribution N converges weakly to NS on (Q, F1).
(ii) The distribution P converges weakly to PP on (Q,F).
(ili) Let v € My(E). If furthermore (H5), holds, then the distribution p{ converges weakly
to PY) on (Q,F).

Proof. Point (i) is a direct consequence of Theorem 5.5, Definition 5.7 and Proposition 3.12.
Point (ii) is a direct consequence of point (i), Corollary 4.14 and the weak convergence of
chgh) to P, as h goes to infinity.
According to Corollary 4.14, under IF’(Vh), X is distributed according to X’ + X® where X’

and X are independent, X’ is distributed according to IP’(VSh) and X ™ is distributed according
to

v(da 8h?)h(.%') (h)
/E () S N0

Assumption (H5), implies this distribution converges weakly to:

[ vlde) o) N
FE

(because of the convergence of the densities in L!(v)) on (Q, F;) as h goes to infinity. This and

the weak convergence of P,(,Sh) to P, as h goes to infinity gives point (iii). O

Proof of Lemma 5.6. Similarly to Lemma 4.3 (formally take f = —00l4c), we have:
E [F(R)1(r(ac)=0)] = E [F(R)| e ™4,
We deduce that:
E[F(R)] - EIF(R)]| = [EIF(R)] - EIF(R)1gac)—op] )

< [ELF(R)] - EIF(R)L{r(ae)=0)]| + |EIF(R)1 (s =gy (1 — €4
< || Fl (1 =P(R(A®) = 0)) + || F ||, P(R(A®) = 0) (") —1)
= 2| F|| (1 — ™)
< 2| F| o v(A9).
This gives the result. 0

5.2. Backward from the extinction time. We shall work in this section with the space
D~ = D(R™, E) equipped with the Skorokhod topology. We also consider the o-fields Dy =
o(Y,,r € I) for I an interval on (—oo,0].

Let us denote by 6 the translation operator, which maps any process R to the shifted process
01, (R) defined by:

On(R). = Ry -
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The process R may be a path, a killed path or a point measure, in which case we set, for
R=73ici0(s;2)r On(R) =3 ey O(hrs;z;)- We also denote P the push forward probability

measure of P by 6, defined on Di_p0) by:
(63) PN (Y € o) = PW(0,(Y) € o) = PW (V14,5 € [=h,0]) € o).
We introduce the following assumptions.
(H6) There exists a probability measure on (D*,D(,OO,O]) denoted P(—) such that
for all z € £, t > 0, and f bounded and D|_;; measurable:

) [f(Yeop)] PR E(-) f(Yiea)]-

(H7) For all t > 0, there exists a non negative function g such that for all = € F, for
all h > 0:

@) = vra(e) < k) and [ dr g(r) < .

Note that the probability measure P(=°°) in (H6) does not depend on the starting point x.

We can now state the result on the convergence of the superprocess backward from the
extinction time.

Theorem 5.9. Under (H1)-(H4) and (H6).

(i) The distribution of the triplet (0,(Wr,,,,)[—t.0]: Hh(Rgm“)[,t,O], Hh(RT””””)[ 1o]) under N

W.d
oy B to}) where Y has
distribution P(—) and conditionally on'Y, RV9 and R are two independent Poisson
point measures with intensity:
Ls<oye(Ys) ds 1, o (w)<—sy Ny: [dW].

We even have the slightly stronger result. For any bounded measurable function F, we
have:

converges weakly to the distribution of the triplet (Y[,w},R

(64) N F(0h(Wr0) (0] On(RI™) .01, O (RS to})]

oo W.g W.,d
o )[F(YmowR[ fop i) |-

(ii) If furthermore (HT) holds, then the process 0 (X)|_0) = (Xnys,s € [—,0]) under N
weakly converges towards X [( to]), where for s < 0:
and conditionally on'Y with distribution P(—°) ZjeJ 6(8j7xj) 18 a Poisson point measure
with intensity:
2 1gcoy(Ys) ds 1yg,, . (x)<—s} Ny, [dX].

Remark 5.10. We provide in Lemmas 7.3 and 7.6 sufficient conditions for (H6) and (H7) to
hold in the case of the multitype Feller diffusion and the superdiffusion. These conditions are
stated in term of the generalized eigenvalue \g defined in (57) and its associated eigenfunction.
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Proof. Let 0 <t < h. We use notations from Theorems 4.12, 5.5 and 5.9. Let F' be a bounded
measurable function on W~ x (R~ x )2 with W~ the set of killed paths indexed by negative
times. We want to control &, defined by:

on =N |F (eh(WTmaX)[t,O},ah(Rg“maX)[t,O}aah(R%max)[t,O})]

—00 W.g w,d
- E )[F(Y[LO}’R[ tO]’R[ tO])

We set:
o W,d
Y(yir0) = ECNF(yno) R R Lg)

v =i

We deduce from Williams’ decomposition, Theorem 4.12, and the definition of R"9 and R4,
that:

Ngch) (eh(WTmax)[ t,0]5 eh(RT,,,aX)[ t,0]> Hh(RTmaX)[ tO})} :Eg—h) [T(Y[—t,o])]-
We thus can rewrite ¢y, as:
on = ESM [T (Vrg)] — BT [P (Vo)

The function Y being bounded by ||F|/» and measurable, we may conclude under assumption
(H6) that limy,_, ~ 05, = 0. This proves point (i).

We now prove point (ii). Let ¢ > 0 and € > 0 be fixed. Let F' be a bounded measurable
function on the space of continuous measure-valued applications indexed by negative times. For
a point measure on R™ x Q, M =3, O(s;,W;)s We set:

( Z 932 tO])
€L

For h > t, we want a control of §;, defined by:

5, = N [F(Gh(X)[_tm)} — B [F (R + RW’d)] :
By Corollary 4.13, we have:

N [F (On(X )[t,O])] =N k (0n(RF,,,. + R%max))}

Thus, we get:

(65) o =N [F (6n(R, + R, )| —EC™ [F(vag + RW’d)] .

For a > s fixed, we introduce SZ, for h > a, defined by:
(66) o =N [F(eh(fa%m - R%max)[_a,o])] —E {F((vag - RW7d)[_a70})] :

Notice the restriction of the point measures to [—a, 0]. Point (i) directly yields that limj,_, ;o 6§ =
0. Thus, there exists h, > 0 such that for all A > h,,

5L <e/2.
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We now consider the difference 6, — 5%. We associate to the point measures M introduced above
the most recent common ancestor of the population alive at time —t:

A(M) = sup{s > O; Z 1{3i<_5}l{Hmax(Wi)>_t_5i} 7& O}.
1€l
Let us observe that:
(67) Ngh) a.s., F(@h(ngmax + R%max))l{ASa} = F(@h(ngmax + R%max)[*a,o])l{ASa}’
with A = A(0n(R},  + Rglfmax)[—h,()]) in the left and in the right hand side. Similarly, we have:
(68) P(foo) a.s., F(RW,g + RW’d)l{ASa} = F((Rw’g + RW’d)[,mO})l{ASa},

with A = A(RW’g + RW’d) in the left and in the right hand side. We thus deduce the following
bound on d;, — Sg;

6, — 07 < 2||F oo [Ngjﬂ [A>a] +PE®[A > q

= 2HFH00 |:E(m—h) [1 e fahdr 2a(Ur7t_U7")(Y7'r)] + E(—oo) [1 e faoodr Za(vr,t—w)(Y,r)]

< 8] Fllnellaloo / dr g(r),

a—t
where we used (65), (66), (67) and (68) for the first inequality, the definition of A for the first
equality, as well as (H7) and the fact that 1—e™® < x if > 0 for the last inequality. From (H7),
we can choose a large enough such that: |55, —6%| < £/2. We deduce that for all h > max(a, h,):
0] < |65 — 6%] +]6%| < e. This proves point (ii). O

6. THE ASSUMPTIONS (H4), (H5), AND (HG6)

We assume in all this section that P is the distribution of a diffusion in RX for K
integer or the law of a finite state space Markov Chain, see Section 7 and the references
therein. In particular, the generalized eigenvalue XAy of (5 — L) (see (86) or (88)) is known to
exist. We will denote by ¢¢ the associated right eigenvector. We shall consider the assumption:

(H8) There exist two positive constants C; and Cs such that Vo € E, C; < ¢g(z) < Co;
and ¢y € D(L).

Under (H8), let P2 be the probability measure on (D, D) defined by (9) with g replaced by
Po:

dp%o
(69) V>0, z |Dy Po(V2) o [lds (B(Ys)=2o) .

dP, 1p,  d0(Y0)

We shall also consider the assumption:

(H9) The probability measure P admits a stationary measure 7, and we have:

(70) sup (B [f(Ya)] = 7(f)] —— 0.
fFEbE || flloo<1 freo
Notice the two hypotheses (H8) and (H9) hold for the examples of Section 7, see Lemmas
7.1 and 7.5.
Let us mention at this point that we will check that Pg = P;(fo) with P;(fo) defined by (58),
see Proposition 6.8.



32 JEAN-FRANCOIS DELMAS AND OLIVIER HENARD

6.1. Proof of (H4)-(H6). Notice (H9) implies that the probability measure P° admits a
stationary version on D(R, E), which we still denote by P,

We introduce a specific h-transform of the superprocess. From Proposition 3.5 and the defini-
tion of the generalized eigenvalue (86) and (88), we have that the h-transform given by Definition
3.4 with g = ¢g of the (£, 3,a) superprocess is the (L%, g, adg) superprocess. We define v
for all t > 0 and x € E by:

(71) vfo (x) = N:(fd)o’)‘o’ad)o)[ﬂmax > t].

Observe that, as in (17), the following normalization holds between v#° and v:
vi(x)

72 v (z) = L.

( ) t ( ) QS(](,I)

Our first task is to give precise bounds on the decay of vf % as t goes to oo.

We first offer bounds for the case Ag = 0 in Lemma 6.1, relying on a coupling argument. This
in turn gives sufficient condition under which (H1) holds in Lemma 6.2 We then give Feynman-
Kac representation formulae, Lemma 6.3, which yield exponential bounds in the case A\g > 0,
see Lemma 6.4. We finally strengthen in Lemma 6.6 the bound of Lemma 6.4 by proving the
exponential behavior of v;° in the case A9 > 0. The proofs of Lemmas 6.1, 6.2, 6.3, 6.4 and 6.6
are given in Section 6.2.

We first give a bound in the case Ag = 0.

Lemma 6.1. Assume \g =0, (H2) and (HS8). Then for allt > 0:

1 2

apo() oo

<to’(z) < ago(z)

lacbo %,
A coupling argument then implies that (H1) holds:
Lemma 6.2. Assume \g >0, (H2) and (H8). Then (H1) holds.

We give a Feynman-Kac’s formula for vg and avg .

o0

Lemma 6.3. Assume \g >0, (H2)-(H3) and (HS8). Let € > 0. We have:

(73) vquj_e () = e~ Mok Efo [e_ Jords a(Ys) go(Ys) Ufig—s(ys) U?o (Yh)] ’
(74) 3h”ffig (1_) — ool Ego |:€2 foh ds a(Ys) ¢o(Ys) Uzga—s(YS) ahvfo (Yh):| )

We give exponential bounds for vg and Btvg in the subcritical case.

Lemma 6.4. Assume \g > 0, (H2)-(H3) and (H8). Fizty > 0. There exists C3 and Cy two
positive constants such that, for all x € E, t > ty:

(75) Cs < vf°(z) M < O
There exists Cs and Cg two positive constants such that, for all x € E, t > tg:
(76) Cs < 0,0 ()] 0t < Cs.

As a direct consequence of (75), we get the following Lemma.

Lemma 6.5. Assume \g >0, (H2)-(H3) and (H8). Then (HT7) holds.
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In what follows, the notation oy, (1) refers to any function Fj, such that limj,_, o || F}, || = 0.
We now improve on Lemma 6.4, by using the ergodic formula (70).

Lemma 6.6. Assume \g >0, (H2)-(H3) and (H8)-(H9) hold. Then for all € > 0, we have:

7 O () eMh = Eo e=2Jo ds a o vfﬁﬂs(st)atvqbo Yo) | (1 4 op(1)).
h+e ™ €

In addition, for A\g > 0, we have that:
oo ¢
B [ o 4 290 v 070 o (vp))

is finite (notice the integration is up to +00) and:

oo %
(78) 3%;?15(%) eMoh — poo [e7? Jo7 ds o v R (Y=s) Ao (Yo)] + on(1).

Our next goal is to prove (H4) from (H8)-(H9), see Proposition 6.8.
Fix x € E. We observe from (54) and (69) that chh) is absolutely continuous with respect to
Pf,?“ on Dy g for 0 < ¢ < h. We define Mt(h)’q50 the corresponding Radon-Nikodym derivative:

(h)

A Wdo _ dr, Do,
t d %0

z Do,y

Using (54), (69) and the normalization v(z) = v®(z) ¢o(z), we get:

DoY) e ¢o(Yo) _y gt
79 Ao _ GtUh—t o2 Jo ds a(Ys) vp—s(Y)
(79) ! Owp(Yo)  oo(Yy)

B (V) e Mot

o2 5 ds a(Ys) go(Ye) vi0 (Ys)
0" (Vo)

We have the following result on the convergence of Mt(h)’¢°.
Lemma 6.7. Assume (H2)-(H3) and (H8)-(H9). For \g > 0, we have:

Mt(h)7¢0 R | Pﬁ“-a,s. and in Ll(qubO),
h—+o00

and for Ao > 0, we have:

(h),¢ oyl
My s 0 PR 1 P%-a.s. and in LY(P2).

Proof. We compute:
(b0 Ot (Yi) oD
t N atv,‘fo (Yg) edoh
B [e 2 e @ 20D G0 o (T (1 4 04,(1))
B0 [ o2 /2 ds a4 o) w200 g, 0 (Y] (1 4 0(1))
g [e=2/2ncde a0%) do(¥) ol (%) Onve® (Yo)]

o2 J5 ds a(Ye)go (Ya)vh® (Ve)

(14 o0n(1))

= (14 o0n(1))
B0 [ nec s 20 (Vv 0% gy (1)

=1+ Oh(l),

where we used (79) for the first equality, (77) twice and the boundedness of a and ¢ as well as
the convergence of vy, to 0 for the second, and Lemma 6.4 (if A\g > 0) or Lemma 6.1 (if \g = 0)
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for the fourth. Since op,(1) is bounded and converges uniformly to 0, we get that the convergence
of Mt(h)’q50 towards 1 holds P2°-a.s. and in L!(P2).
Similar arguments relying on (78) instead of (77) imply that M (Rdo _ 1 4 op(1) for A9 > 0.

h/2
Since op(1) is bounded and converges uniformly to 0, we get that the convergence of Mé%’qﬁo

towards 1 holds P%°-a.s. and in L'(P%°). O

The previous Lemma enables us to conclude about (H4).

Proposition 6.8. Assume \g > 0, (H2)-(H3) and (H8)-(H9). Then (H4) holds with pi) =
P,

Proof. Notice that:
(k) dp%o
™ — =Py h)go @ Py
= = My
dpP,, Doy dP,, Dio.q

The convergence limy_, 1 o Mt(h)’d)0 =1 P%-as. and in L' (P°) readily implies (H4). Then, use
(58) to get P(>) = pdo, O
Notice that (H5), is a direct consequence of Lemma 6.6.

Corollary 6.9. Assume \g > 0, (H2)-(H3) and (H8)-(H9). Then (H5), holds with p =
bo/v(do)-
Proof. We deduce from (72) and (77) that:
vn(x) = f(h)go(w) (1 +op(1))e ",
for some positive function f of h. Then we get:

Opon(x)  do(x) o
v(Opvn) V(¢o)(1 +on(l))-

This gives (H5),, as ox(1) is bounded, with p = ¢o/v(¢p). O

Our next goal is to prove (H6) from (H8)-(H9), see Proposition 6.12.
Observe from (53), (63) and (69) that P s absolutely continuous with respect to P2 on
D_p,0)- We define L") the corresponding Radon-Nikodym derivative:

(=h)

(80) LW = T IPno _ 1 Onth ™" a0, (a(¥ayuma(¥) e, ds
PPy al)a0(¥) B (Vo) o

The next Lemma insures the convergence of L(=") to a limit, say L(—°°).
Lemma 6.10. Assume \g > 0, (H2)-(H3) and (H8)-(H9). We have:

LM 5 1) PP and in L'(P%0).
h—+o00

Proof. Notice that limj,_, o Opv) e?0h = —82. We also deduce from (48), (49) and (75) that
f?h(a(}@)v,s(n) —°%,) ds increases, as h goes to infinity; to fgw(a(Ys)v,s(Y};) —%,) ds which
is finite. For fixed ¢t > 0, we also deduce from (78) (with h replaced by h — ¢ and € by t) that
Pﬁo a.s.:

lim atv;fo (Y_p) eroh — Aot Eﬁo [e—Qf:; ds o(Yz) oY) 0?0 (V) atvfo (Y,t)].

h—400
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We deduce from (80) the P2° a.s. convergence of (L"), h > 0) to L(=>°). Notice from (76)
that, for fixed ¢, the sequence (L(_h), h > t) is bounded. Hence the previous convergence holds
also in L!(P%°). O

As E%° [L(_h)] = 1, we deduce that EZ° [L(_OO)} = 1. We define the probability measure
PL o0 on (D7, D(—s,0)) by its Radon Nikodym derivative:

(—00),
m _ (=)

o)
dP |D —00,0]

Remark 6.11. Assume \g > 0, (H2)-(H3) and (H8)-(H9). Define for h > ¢ > 0:

(81)

ap—h
—h — 2 ,—t
LGP BP (LD ] = d%[h]
|D[ h,—t]
dP( 00),¢
LS = B [L)D o y] = p S
ID( 00, —t]

Using (55) and Lemma 6.3, we get:

e = Orve(Yor) Q0(Yon) _ao(h—t) o—2 /= ds a(Ye) v oY)
— Qyon(Yop) do(Y-y)
e_QLh ds a(Ys) ¢0(Ys)vf%(Ys) atvfo (Y—t)

R [o2onds alt) () ?0%) g b0y ]

Using Lemma 6.6 and convergence of (L(__th), h >1t) to L(__too)

6.10, we also get that for ¢ > 0:

, which is a consequence of Lemma

f ds a(Ys) ¢o(Ys)v 7s(Ys) atv¢0(y t)

E2 [eizf"; ds o(¥s) G0(¥) 25 (%) @vfo (Y_y)]

Those formulas are more self-contained than (80) and the definition of L(=°) as a limit, but
they only hold for ¢ > 0.

The following Proposition gives that (H6) holds.

Proposition 6.12. Assume \g > 0, (H2)-(H3) and (H8)-(H9). Then (H6) holds with P(~>) =
P(_Oo)v(b().

Proof. Let 0 <t and F' be a bounded and D|_; o) measurable function. For h large enough, we
have:

ECH [F(Yig)] = B [ES 2 [F 0o (Y )i-e—)]]

= B M) B2 [P (042(Y)1.0)]]

= B9 (B2 [P0 Y )-vo)]] + 0n(1)
_ Egrh/z)[ (O1)2(Y)—t,0))] + on(1)
=E"D [F(Y_0)] + on(1),
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where we used the definition of P(-" and the Markov property for the first equality, Lemma
6.7 together with F' bounded by ||F ||« for the third, and assumption (H9) for the fourth. We
continue the computations as follows:

ECM[F(Yogg)] = BR [LUM2DR(Y )] + on(1)
=B [LVF(Y_y.0)] + on(1)
=B [F(Y-r0)] + on(1),
where we used Lemma 6.10 for the second equality. This gives (H6) with P(-%°) = (=)0 ]

6.2. Proof of Lemmas 6.1, 6.2, 6.3, 6.4 and 6.6.

Proof of Lemma 6.1. From (H2) and (H8), there exist m, M € R such that
Ve e E,0 <m < apo(r) <M < oco.

Let W be a (a]‘g L,0, M) Brownian snake and define the time change ® for every w € W by

fo ds aTbo (s)). As 9;P¢(w) > 1, we have that t — ®,(w) is strictly increasing. Let

t— <I>2(t )( ) denote its inverse. Then, using Proposition 12 of [10], first step of the proof, we
have that the time changed snake W o @1, with value

(Wo q)_l)s = (Ws(‘@;l(Ws)),t € [O,Q)_l(Ws,Hs)])

at time s, is a (£,0,a¢g) Brownian snake. Noting the obvious bound on the time change
@, (w) < t, we have, according to Theorem 14 of [10]:

(2L £20,0,0m) %00
P asgles, (Hiax < 1) = P00 (g < 1)
which implies:
M_p¢0.0,M
L%@ n{ ) (Himax > ) < N{E0000) (00> )

from the exponential formula for Poisson point measures. Now, the left hand side of this in-
equality can be computed explicitly:

N(‘D‘%M’O’M) H. t) = N(‘%ON0 0.1) H. t) =
x (max>)— (max>)—m
and the right hand side of this inequality is vd)o( ) from (71). We thus have proved that:
agpo ()
Mzt S Ufo (1’)7

and this yields the first part of the inequality of Lemma 6.1. The second part is obtained in the
same way using the coupling with the (o%oﬁd’o, 0, m) Brownian snake. O

Proof of lemma 6.2. Assumption (H2) and (H8) allow us to apply Lemma 6.1 for the case
Ao = 0, which yields that 0% = 0, and then v, = 0 thanks to (72). This in turn implies that
(H1) holds in the case \yg = 0 according to Lemma 2.5. For A\g > 0, we may use item 5 of
Proposition 13 of [10] (which itself relies on a Girsanov theorem) with P(£:0:4%0) in the réle of P

and P(£?°20,290) ip the role of PP¢ to conclude that the extinction property (H1) holds under
P(LP Xo,ad0) U
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Proof of Lemma 6.3. Let € > 0. The function v?° is known to solve the following mild form of
the Laplace equation, see equation (3):

i1+ B2 [ dr o, (00) + )V ufh, 00)7)| = B o2 (i)

By differentiating with respect to s and taking ¢t = ¢t — s, we deduce from dominated convergence
and the bounds (46), (47) and (49) on v = v/¢y and its time derivative (valid under the
assumptions (H1)-(H3)) the following mild form on the time derivative d;v?0:

atvf°<m>+E2§°{ [ (0 + 20000000002, (V) i, (1 ﬂ:Eﬁo[awam_s)}.
0

From the Markov property, for fixed ¢ > 0, the two following processes:

(vf%(Y) [ dr o+ atanve T<Y>)vf°r<m,os8<t>

0
and

<3tvf_°S(Y;) —/sdr (Mo + 2a(Y;)do(Yr)of®, (V) 9w, (Y;),0 < s < t)
0

are Dg-martingale under P, A Feynman-Kac manipulation, as done in the proof of Lemma
3.1, enables us to conclude that for fixed ¢ > 0:

( 90 (v, e 5 dr (otalisoi®, (7)) o < o t)

Vt—s

and
<atvfos(ys Yo~ Ji @ (Jo+2000)00 i, 00) g < < t)

are Ds-martingale under Pﬁo. Taking expectations at time s = 0 and s = h with t = h 4+ ¢, we
get the representations formulae stated in the Lemma:

P
UZE)FE (x) g ei)‘oh’ Eﬁo |:e_ foh ds OC(YS) ¢0(Y5) Uhgsfs(ys) U?O (Yh):| ,

On () = ek g & 00 0 WO 00 gy |

O

Proof of Lemma, 6.4. Since v¥° = v./¢o = 0. /(ag), we can conclude from (46), (H2) and (HS)
that v2° is bounded from above and from below by positive constants. Similarly, we also get
from (47), (48) and (49) that |0,0.| is bounded from above and from below by two positive
constants. Thus, we have the existence of four positive constants, Dy, Dy, D3 and Dy, such
that, for all x € E:

(82) Dy < vf(x) < Do,

(83) D3 < |90 (z)| < Dy.

From equations (73), (82) and the positivity of v?°, we deduce that:

(84) v (x) < Dye ",

Putting back (84) into (73), we have the converse inequality Dse 20" < vffi (z) with D5 =

Diexp{—Dz || |0l /Ao} > 0. This gives (75).
Similar arguments using (74) and (83) instead of (73) and (82), gives (76). O
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Proof of Lemma 6.6. Using the Feynman-Kac representation of (9;11),?3_ . from (73) as well as the
Markov property, we have:

h b
3hvfi€(x)exoh::-Ego[e215(m 0(¥5) 0(¥3) 0%, (%) ),y 0 (v7,)

NG o h—Vh b

— Ego |:62 f() hds o bo vf&g_s(Ys) Ed;(j/g [e 2]0 ds o g Uh(l\/ﬁ-q-g—s(ys) 8}10?0 (Yh_\/ﬁ)]:| )

Notice that
Vi @

(85) /0 ds o ¢o vy (Ys)

according to Lemma 6.4 if A\g > 0 and Lemma 6.1 if A\g = 0. We get:

<l lléolla VRIS sl = on(1),

I h—vh é
ahvﬁig(l") eroh Ego E?}(\)/ﬁ [672 I ds a(Ys) o (Ys) Uho_\/ﬁ-ks—s(ys) ahvgo (Yh—\/ﬁ)]] (1 + Oh(l))
I h—vh é
— Efo| o2l s al¥) eV D g, () opvde (Yh\/ﬁ)} (1+o0n(1))

I ®
=B | &7 e o0 009 g1 (14 on(1)

I é
= B | 72 20 0% 0% g (3)] (14 0 1),

where we used (85) for the first equality, (H9) for the second, stationarity of ¥ under P%® for
the third and (85) again for the last. This gives (77).
Moreover, if A\g > 0, we get that:

0 @
Eﬁo |:e—2 SO ds adovi® (Ys) ahvgﬁo (YO):|
is finite and that:

lim E;’?O [6_2 I,/ ds ado vfﬂS(Ys) ahvgﬁo (YO):| — Eﬁo |:e—2 IO, ds a o w20 (Ys) ahvgo (Yo)]|.

h!—+o00

Therefore, we deduce (78) from (77). O

6.3. About the Bismut spine. Choosing uniformly an individual at random at height ¢ under
N, and letting ¢ — oo, we will see that the law of the ancestral lineage should converge in some
sense to the law of the oldest ancestral lineage which itself converges to P;(fo) defined in (58),
according to Lemma 6.8.

We have defined in (45) the following family of probability measure indexed by ¢ > 0:

PP o Ju ds B(YV)

dP, p, B, [e* Jtds B(YS)]

Lemma 6.13. Assume (H8)-(H9). We have, for every 0 <ty < t:

(B.1) (c0)
P, dP,

dPx |Dt0 t—+o00 dPx ‘,Dfo

P,-a.s. and in L'(P,).

Note that there is no restriction on the sign of Ay for this Lemma to hold.
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Remark 6.14. This result correspond to the so called globular phase in the random polymers
literature (see [8], Theorem 8.3).

Proof. We have:

(B.t) — [¥7'0ds B(Ys)
B B0y _ oo gioan g B [P
dP; |p,, E, [e— [l ds 5(1/5)]

EYtO |:ef f()t_to ds (5(Ys)7)‘0)i|

— o= Jo%ds (B(Ys)=o)
E, [e, Jy ds (5(Ys)*>\o)}

— [I7%0 gg (B(Ys)—Xo) bo(Yi—t) 1
=e Jo0 ds (B(Ys)=o) ¢o(Yo) Eviq {e . ’ ¢>0(Y0)0 ¢O(Yt—to):|

¢o(Yo) E, [e, Jids (B(Yz)=X0) oY) __1 ]

o) do(Yr)
AP, B [L/d0(Yie)]
dPypp,, B2 [1/¢0(Y7)]
de()lDto m(5) B dPﬁomto
t=oo dPy |py, W(%) ~ dPp,,’

where we use the Markov property at the first equality, we force the apparition of Ay at the
second equality and we force the apparition of ¢y at the third equality in order to obtain the
Radon Nikodym derivative of Pf,?o with respect to P,: this observation gives the fourth equality.
The ergodic assumption (H9) ensures the P -a.s. convergence to 1 of the fraction in the fourth
equality as t goes to oco. Since

() = B [1/0(Yiao)) /B2 [1/00(%2)])

is bounded according to (H8), we conclude that the convergence also holds in L!(P,). Then use
Lemma 6.8 to get that ng“ = choo). O

7. TWO EXAMPLES

In this section, we specialize the results of the previous sections to the case of the multitype
Feller process and of the superdiffusion.

7.1. The multitype Feller diffusion. The multitype Feller diffusion is the superprocess with
finite state space: E = {1,...,K} for K integer. In this case, the spatial motion is a pure
jump Markov process, which will be assumed irreducible. Its generator £ is a square matrix
(gij)1<ij<k of size K with lines summing up to 0, where ¢;; gives the transition rate from i to
j for i # j. The functions 8 and « defining the branching mechanism (2) are vectors of size K:
this implies that (H2) and (H3) automatically hold. For more details about the construction of
finite state space superprocess, we refer to [14], example 2, p. 10, and to [6] for investigation of
the Q-process.
The generalized eigenvalue \g is defined by:

(86) Ao = sup{¢ € R, Ju > 0 such that (Diag(8) — L)u = lu},

where Diag(/3) is the diagonal K x K matrix with diagonal coefficients derived from the vector
B. We stress that the generalized eigenvalue is also the Perron Frobenius eigenvalue, i.e. the
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eigenvalue with the maximum real part, which is real by Perron Frobenius theorem, see [30],
Exercise 2.11. Moreover, the associated eigenspace is one-dimensional. We will denote by ¢q
and ¢y its generating left, resp. right, eigenvectors, normalized so that Zfil do(i)Po(i) = 1, and
the coordinates of ¢y and ¢y are positive.

We first check that the two assumptions we made in Section 6 are satisfied.

Lemma 7.1. Assumptions (H8) and (H9) hold with m = ¢q ¢y.

Proof. Assumption (H8) is obvious in the finite state space setting. Assumption (H9) is a
classical statement about irreducible finite state space Markov Chains. O

Lemma 7.2. Assume Ao > 0. Then (H1), (H4) and (H5), hold.

Proof. Assumption (H2) and (H8) hold according to Lemma 7.1. Together with Ag > 0, this
allows us to apply Lemma 6.2 to obtain (H1). Then use Proposition 6.8 to get (H4) and
Corollary 6.9 to get (H5),. O

Lemma 7.3. Assume Ao > 0. Then (H6) and (HT) holds.

Proof. We apply Proposition 6.12 to prove (H6) and Lemma 6.5 to prove (HT). O

Recall that P and P were defined in (54) and (58) respectively.

Lemma 7.4. We have:
(i) P s a continuous time inhomogeneous Markov chain on [0,h) issued from x with
transition rates from i to j, i # j, equal to %qij at time t, 0 <t < h.

(ii) P s a continuous time homogeneous Markov chain on [0,00) issued from x with

o) ..
¢(())(i) Qij -

transition rates from i to j, i # j, equal to

Proof. The first item is a consequence of a small adaptation of Lemma 3.2 for time dependent
function. Namely, let g:(x) be a time dependent function. Consider the law of process (t,Y;)
and consider the probability measure PY defined by (9) with g(¢,Y;) = ¢:(Y;). Denoting by L7
the generator of (the inhomogeneous Markov process) Y; under P9, we have that:

(87) Vu € Dy(L), LI(u) = L(gru) g— L(gr)u

Recall that for all vector u, L(u)(i) = > ;¢ (u(j) — w(i)). Then apply (87) to the time
dependent function g;(x) = dyvp_s(x), and note that P9 = P thanks to (54). For the second

item, observe that Proposition 6.8 identifies P§§’°) with P?. Use then Lemma 3.2 to conclude. O

William’s decomposition under N;(L«h) (Propositions 4.14) together with the convergence of
this decomposition (Theorem 5.5) then hold under the assumption Ay > 0. Convergence of
the distribution of the superprocess near its extinction time under N (Proposition 5.9) holds
under the stronger assumption Ao > 0. We were unable to derive an easier formula for P(—)
in this context.

Remark that Lemma 5.1, Definition 5.7 and Corollary 5.8 give a precise meaning to the
“interactive immigration” suggested by the authors in Remark 2.8. of [6].
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7.2. The superdiffusion. The superprocess associated to a diffusion is called superdiffusion.
We first define the diffusion and the relevant quantities associated to it, and take for that the
general setup from [27]. Here E is an arbitrary domain of R¥ for K integer. Let a;; and b;
be in C1#(E), the usual Holder space of order p € [0,1), which consists of functions whose
first order derivatives are locally Holder continuous with exponent pu, for each 4,7 in {1,..., K}.
Moreover, assume that the functions a;; are such that the matrix (aij)(m)e {1..K)2 s positive
definite. Define now the generator £ of the diffusion to be the elliptic operator:

K 1 K
E(u) = Zbl Bxlu + 5 Z Qjj 8$i7xju.
=1

ij=1
The generalized eigenvalue \y of the operator 5 — L is defined by:
(88) Ao =sup{f € R,3u € D(L),u > 0 such that (5 — L)u = £ u}-

Denoting E the expectation operator associated to the process with generator £, we recall an
equivalent probabilistic definition of the generalized eigenvalue Ag:

t
o= b Hlog T, [ B0 1 ).
for any x € R¥, where 74c = inf {t > 0: Y (t) ¢ A} and the supremum runs over the compactly
embedded subsets A of R, We assume that the operator (8 — \g) — £ is critical in the sense
that the space of positive harmonic functions for (8 — Ag) — £ is one dimensional, generated by
¢o. In that case, the space of positive harmonic functions of the adjoint of (8 — Ag) — L is also
one dimensional, and we denote by do a generator of this space. We further assume that the
operator (8 — Ag) — £ is product-critical, i.e. [}, dx ¢o(x) do(x) < oo, in which case we can
normalize the eigenvectors in such a way that [, da ¢o(x) $o(x) = 1. This assumption (already
appearing in [15]) is a rather strong one and implies in particular that P?0 is the law recurrent
Markov process, see Lemma 7.5 below.
Concerning the branching mechanism, we will assume, in addition to the conditions stated in
section 2, that o € C*(E).

Lemma 7.5. Assume (HS). Assumption (H9) holds with 7(dx) = ¢o(z) ¢o(z) dz.

Proof. We assume that (8 — \g) — L is a critical operator which is product critical. Note that
—L% is the (usual) h-transform of the operator (3 —\g) — £ with h = ¢g, where the h-transform
of L(-) is L(h-)/h. Then Remark 5 of [15] implies that —L£% is again a critical operator which
is also product critical with corresponding ¢¢ and ¢q given by 1 and ¢o ¢o. Then Theorem 9.9
p.192 of [27], see (9.14), states that (H9) holds. O

Note that the non negativity of the generalized eigenvalue of the operator (8 — £) now charac-
terizes in general the local extinction property (the superprocess X suffers local extinction if its
restrictions to compact domains of E suffers global extinction); see [16] for more details on this
topic. However, under the boundedness assumption we just made on « and ¢g, the extinction
property (H1) holds, as will be proved (among other things) in the following Lemma.

Lemma 7.6. Assume \g > 0 and (H8). Then (H1)-(H4) and (H5), hold. If moreover Ao > 0,
then (H6) and (HT) holds.

Proof. The assumption o € C*(F) ensures that (H2) and (H3) hold. Then the end of the proof
is similar to the end of the proof of Lemma 7.2 and the proof of Lemma 7.3. O

Recall that P and P were defined in (54) and (58).
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Lemma 7.7. We have:
° chh) is an inhomogeneous diffusion on [0,h) issued from x with generator at time t €

Vopvn—t >
0.h): £+ o>ty )
0. 2) ( OnVh—t

° ngo) is an homogeneous diffusion on [0, 00) issued from x with generator <E + a%V.).

Proof. The proof is similar to the proof of Lemma 7.4. U

William’s decomposition under N;h) (Propositions 4.14) together with the convergence of this

decomposition (Theorem 5.5) then hold under the assumption Ag > 0 and (H8). Convergence of

the distribution of the superprocess near its extinction time under Ngh) (Proposition 5.9) holds
under the stronger assumption A\g > 0.

Remark 7.8. Englénder and Pinsky offer in [17] a decomposition of supercritical non-homoge-
neous superdiffusion using immigration on the backbone formed by the prolific individuals (as
denominated further in Bertoin, Fontbona and Martinez [4]). It is interesting to note that the
generator of the backbone is £* where w formally satisfies the evolution equation Lw = ¥ (w),
whereas the generator of the spine of the Q process investigated in Theorem 5.5 is £?0 where
¢o formally satisfies Loy = Spg. In particular, we notice that the generator of the backbone £%
depends on both 3 and « and that the generator of our spine £% does not depend on a.
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