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Abstract. In this paper, we study diagonal hyperbolic systems in one space dimension.
Based on a new gradient entropy estimate, we prove the global existence of a continuous
solution, for large and non-decreasing initial data. We remark that these results cover
the case of systems which are hyperbolic but not strictly hyperbolic. Physically, this
kind of diagonal hyperbolic system appears naturally in the modelling of the dynamics
of dislocation densities.
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1. Introduction and main result
1.1. Setting of the problem

In this paper we are interested in continuous solutions to hyperbolic systems in one
dimension. Our work will focus on solutions u(t, ) = (u*(t,))i=1,.. a4, where d is
an integer, of hyperbolic systems which are diagonal, i.e.

o' + N(u)dpu' =0 on (0,400) xR, for i=1,...,d, (1.1)
with the initial data:

u'(0,2) = uf(x), reR, for i=1,...,d. (1.2)
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0 3}
Here 0, = 5 and 0, = e Such systems are (sometimes) called (d x d) hyperbolic
T

systems. Our study of system (1.1) is motivated by the consideration of a model
describing the dynamics of dislocation densities (see the Appendix, Section 5), which
is given by

ot + Z Aijuj pu' =0 for i=1,...,d,
J=1,...,d

where (Aij)i)jzl,.,,7d is a non-negative symmetric matrix. This model can be seen
as a special case of system (1.1).

For real numbers o < /3%, let us consider the box
U=, o, ). (1.3)

We consider a given function A = ()\i)izl’wd : U — R%, which satisfies the following
regularity assumption:

the function A € C>*(U),

there exists My > 0 such that for i=1,...,d,
(H1) IN(u)| < My forall ueU,

there exists My > 0 such that for i=1,...,d,
IN(v) = Ni(u)| < My|v —u| for all v,u€ U,

where |w| = Z lw'|, for w = (w',...,w?). Given any Banach space (E, || - ||g),
i=1,...,d
throughout this work we define the norm on F¢:

lwl ge = Z |wl|g, for w=(w',...,w?) € B
i=1,...,d

We assume, for all u € R?, that the matrix

[ . 8}\1‘
()‘,j(u))i,j:L.,.,d, where AZ:@’

is non-negative in the positive cone, namely

forall uwe U, we have

H2 )
U2 S ey 20 forevery €= (61,60 € [0, 1o0)"
d

ij=1,..,
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In (1.2), each component u} of the initial data uy = (ud,...,ud) is assumed to
satisfy the following property:
of <uf < B
(H3) u) is non-decreasing, | for i =1,...,d,

dyul € Llog L(R),

where Llog L(R) is the following Zygmund space:

Llog L(R) = {f € L'(R) such that /R|f|ln(e+ lf]) < +oo}.

This space is equipped with the following norm:

I £l 10g L(r) = inf {u>0:/|f|ln <e+|f|> < 1},
R M 1%

This norm is due to Luxemburg (see Adams [1, (13), Page 234]).

Our purpose is to show the existence of a continuous solution v = (u!, ..., u?) such

that, for i = 1,...,d, the function u’(t,-) satisfies (H3) for all time.

1.2. Main result

2
the solution stays continuous when the initial data is Lipschitz-continuous and

2
It is well-known that for the classical scalar Burgers equation d;u + 0, <u> =0,

non-decreasing. We want somehow to generalize this result to the case of diago-
nal hyperbolic systems. In particular, we say that a function ug = (ud,...,ud) is
non-decreasing if each component u{ is non-decreasing for i = 1,. .., d.

Theorem 1.1. (Global existence of a non-decreasing solution)
Assume (H1), (H2) and (H3). Then, there exists a function u which satisfies for
allT > 0:

i) Existence of a weak solution:
The function u is solution of (1.1)-(1.2), where

u € [L%((0, +00) x R)]4 N [C([0, +00); Llog L(R))]? and d,u € [L**((0,T); Llog L(R))]4,

such that for a.e. t € [0,T) the function u(t,-) is non-decreasing in x and satisfies
the following L estimate:
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Hul(t’)HL“(R) < ||u6HL°°(]R)a fO’I” i= 17"'ad7 (14)

and the gradient entropy estimate:

/Ri_lz: df (Opu'(t,2)) dx +/O /}Ri,j; /\fj(u)axui(s,x)aﬁuj(&x) dx ds < Ch, (1.5)

..... 1,...d

cln(z)+ 1 if x>1/e,

O<f(””):{o i 0<z<1/e, (16)

and Cy (T, d, My, |Juol|o ryja, [|0zt0l (1 10g L)) -

it) Continuity of the solution:

The solution u constructed in (i) belongs to [C(]0,400) x R)|? and there exists a
modulus of continuity w(0, h), such that for all §,h > 0 and all (t,z) € (0,T—0) xR,
we have:

1 1

t+6 h) —u(t < o, h ith w(d,h) =
|u( +0,x+ ) u(,x)|702w(, ) we W(, ) 1n(%+1)+ln(%—|—1)

, (1.7)

where Co (T, d, Mo, M1, |[uo || (1. @y |0ztoll[L 10g L)) -

The key point to establish Theorem 1.1 is the gradient entropy estimate (1.5). We
first consider the parabolic regularization of the system (1.1) and we show that the
smooth solution admits the L> bound (1.4) and the fundamental gradient entropy
inequality (1.5). Then, these a priori estimates will allow us to pass to the limit
when the regularization vanishes, which will provide the existence of a solution. Let
us mention that a similar gradient entropy inequality was introduced in Cannone
et al. [5] to prove the existence of a solution of a two-dimensional system of two
coupled transport equations.

Remark 1.2. We remark that assumption (H2) implies that the second term on
the left hand side of (1.5) is non-negative. This will imply the Llog L bound on the
gradient of the solutions.

To our knowledge, the result stated in Theorem 1.1 is relatively new. In relation
with our result, we cite the work of Poupaud [25], where a result of existence and
uniqueness of Lipschitz solutions is proven for a particular quasi-linear hyperbolic
system.

Hyperbolic systems (1.1) in the case d = 2 are called strictly hyperbolic if and only
if we have:

Mt u?) < N (ut,u?). (1.8)
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In this case, a result due to Lax [18] implies the existence of Lipschitz monotone
solutions of (1.1)-(1.2). This result was also extended by Serre [26, Vol II] in the
case of (d x d) rich hyperbolic systems (see also Subsection 1.4 for more related
references). Their results are limited to the case of strictly hyperbolic systems. On
the contrary, in Theorem 1.1, we do not assume that the hyperbolic system is strictly
hyperbolic. See the following remark for a quite detailed example.

Remark 1.3. (Crossing eigenvalues)

Condition (1.8) on the eigenvalues is not required in our framework (Theorem 1.1).
Here is a simple example of a (2 x 2) hyperbolic but not strictly hyperbolic system.
We consider solution u = (u!,u?) of

Oput + cos(u?)0ut =0,
on (0,400) x R. (1.9)
Ou? + utsin(u?)0,u? = 0,

We assume:
i) ut(—o00) = 1, ul(+o0) = 2 and d,u! >0,

ii) u?(—o0) = =%, u?(+00) = § and dyu?® > 0.
Here the eigenvalues M (u',u?) = cos(u?) and A\?(u',u?) = ulsin(u?) cross each
other at the initial time (and indeed for any time). Nevertheless, we can compute

; 0  —sin(u?)
% 1 ,.2\\. . _
(X (s u))ij=1.2 <sm(u2) ulcos(u?) )’
which satisfies (H2) (under assumptions (i) and (ii)). Therefore Theorem 1.1 gives
the existence of a solution to (1.9) with in particular (i) and (ii).

Remark 1.4. (A generalization of Theorem 1.1)

In Theorem 1.1 we have considered a particular system in order to simplify the
presentation. OQur approach can be easily extended to the following generalized
system:

Opu’ + N'(u, ,t)0pu’ = h'(u,z,t) on (0,400) xR, for i=1,...d, (1.10)

with the following conditions:

- X e Whe(U x R x [0,400)) and the matrix (A’ (u,x,1)); j=1,..a is positive in
the positive cone for all (u,x,t) € U x R x [0, +00) (i.e. a condition analogous to

(H2)).

-ht e Whe(U x R x [0,+00)), 0zh* > 0 and h’; > 0 for all j # i.
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Let us remark that our system (1.1)-(1.2) does not create shocks because the solu-
tion (given in Theorem 1.1) is continuous. In this situation, it seems very natural
to expect the uniqueness of the solution. Indeed the notion of entropy solution (in
particular designed to deal with the discontinuities of weak solutions) does not seem
so helpful in this context. Even for such a simple system, we then ask the following:

Open question: Is there uniqueness of the continuous solution given
in Theorem 1.1 ?

In a companion paper (El Hajj, Monneau [11]), we will provide some partial answers
to this question.

1.3. Application to diagonalizable systems

Let us first consider a smooth function u = (u!,...,u?), solution of the following

non-conservative hyperbolic system:

Owu(t,z) + F(u)Oyu(t,z) =0, u e U, zeR, te(0,+00),
(1.11)
u(z,0) = up(x) z €R,

where the space of states U is now an open subset of R?, and for each u, F(u) is
a (d x d)-matrix and the map F is of class C1(U). The system (1.11) is said to be
(d x d) hyperbolic if F(u) has d real eigenvalues and is diagonalizable for any given
u on the domain under consideration. By definition, such a system is said to be
diagonalizable if there exists a smooth transformation w = (w!(u),...,w?(u)) with
non-vanishing Jacobian such that (1.11) can be equivalently rewritten (for smooth
solutions) as the following system

ow' + N (w)o,w' =0 for i=1,...,d,

where A are smooth functions of w. Such functions w* are called strict i-Riemann
invariant.

Our approach can give continuous solutions to the diagonalized system, which pro-
vides a continuous solution to the original system (1.11).

1.4. A brief review of some related literature

For a scalar conservation law, which corresponds to system (1.11) in the case d = 1
where F(u) = h/(u) is the derivative of some flux function h, the global existence
and uniqueness of BV solutions has been established by Oleinik [24] in one space
dimension. The famous paper of Kruzhkov [17] covers the more general class of L™
solution in several space dimensions. For an alternative approach based on the no-
tion of entropy process solutions see for instance Eymard et al. [12]. For a different
approach based on a kinetic formulation, see also Lions et al. [23].
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We now recall some well-known results for a class of (2 x 2) strictly hyperbolic sys-
tems in one space dimension. This means that F'(u) has two real, distinct eigenvalues
satisfying (1.8). As mentioned above, Lax [18] proved the existence and uniqueness
of non-decreasing and smooth solutions for diagonalized (2 x 2) strictly hyperbolic
systems. In the case of some (2 2) strictly hyperbolic systems, DiPerna [6,7] showed
the global existence of a L°° solution. The proof of DiPerna relies on a compensated
compactness argument based on the representation of the weak limit in terms of
Young measures which must reduce to a Dirac mass due to the presence of a large
family of entropies. This result is based on an the idea of Tartar [28].

For general (d x d) strictly hyperbolic systems; i.e. where F'(u) has d real, distinct
eigenvalues

M) < -+ < X(u), (1.12)

Bianchini and Bressan proved in a very complete paper [3] a striking global exis-
tence and uniqueness result of solutions to system (1.11) assuming that the initial
data has small total variation. This approach is mainly based on a careful analysis
of the vanishing viscosity approximation. An existence result has first been proved
by Glimm [14] in the special case of conservative equations, i.e. F(u) = Dh(u) is
the Jacobian of some flux function h. Let us mention that an existence result has
been also obtained by LeFloch, Liu [20] and LeFloch [19,21], in the non-conservative
case.

We can also mention that our system (1.1) is related to other similar models with
dimension N > 1, such as scalar transport equations based on vector fields with
low regularity. Such equations were for instance studied by Diperna and Lions in
[8]. They have proved the existence (and uniqueness) of a solution (in the renor-
malized sense), for given vector fields in L'((0, +o0); W2 (RY)) whose divergence
is in L((0,400); L°°(RY)). This study was generalized by Ambrosio [2], who con-
sidered vector fields in L'((0,4+00); BViee(RY)) with bounded divergence. In the
present paper, we work in dimension N = 1 and prove the existence (and some
uniqueness results) of solutions of the system (1.1)-(1.2) with a velocity vector field
Ai(u), i = 1,...,d. Here, in Theorem 1.1, the divergence of our vector field is only
in L*°((0,+00), Llog L(R)). In this case we proved the existence result thanks to
the gradient entropy estimate (1.5), which gives a better estimate on the solution.

Let us also mention that for hyperbolic and symmetric systems in dimension
N > 1, Garding has proved in [13] a local existence and uniqueness result in
C([0,T); H*(RN)) N C*([0,T); H*~Y(RYN)), with s > & + 1 (see also Serre [26,
Vol I, Th 3.6.1]), this result being only local in time even in dimension N = 1.
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1.5. Organization of the paper

This paper is organized as follows: in Section 2, we approximate the system (1.1) by
adding the viscosity term (£0,,u"). Then we show a global in time existence for this
approximated system. Moreover, we show that these solutions are regular and non-
decreasing in x for all ¢ > 0. In Section 3, we prove the gradient entropy inequality
and some other e-uniform a priori estimates. In Section 4, we prove the main result
(Theorem 1.1) passing to the limit as £ goes to 0. Finally, in the appendix (Section
5), we derive a model for the dynamics of dislocation densities.

2. Local existence of an approximated system

The system (1.1) can be written as:
Oyu + A(u) © Oyu =0, (2.1)

where u = (u%)1 4, AM(u) = (\(u))1.....q and uowv is the “component by component
product” of the two vectors u = (u!,...,u?), v = (v!,...,v?) € R This is the
vector in R? whose coordinates are given by (u ¢ v)! := u’v’. We now consider the

following parabolic regularization of system (2.1), for all 0 < & < 1:

Opus + A(u®) © Opu® = €0ypus
(2.2)
uf(z,0) = uf(x), with u§(z) = ug*n.(z),
2

where 0y = % and 7. is a mollifier verifying n.(-) = %n(g% such that n € C°(R)
x

is a non-negative function satisfying fR n=1.

Remark 2.1. By classical properties of the mollifier (1.). and the fact that u§ €
[L>=(R)]4, then ug € [C°°(R)]4 N [W?2>(R)]4. Moreover using the non-negativity of
7, the second equation of (2.2) gives

Hug’iHLoo(]R) S ||u6||Loo(R)7 fOI‘ 7 = 1,...7d,
and (H3) also implies that u§ is non-decreasing.

The following theorem is a global existence result for the regularized system (2.2).

Theorem 2.2. (Global exristence of non-decreasing smooth solutions)
Assume (H1) and that the initial data u§ is non-decreasing and satisfies
us € [C®(R)]4 N [W22(R)|?. Then the system (2.2) admits a solution u® €
[C> ([0, +00) x R)]4 N [W?2°((0, +00) x R)]? such that the function u®(t,-) is non-
decreasing for all t > 0. Moreover, for allt > 0, we have the a priori bounds:

[|us*(t, Moo ®) < ||U8"iHL°°(R)a for i=1,....d, (2.3)
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10005 || e o ooz ) < 2N lpeys for i=1,....d  (24)

The lines of the proof of this theorem are very standard (see for instance Cannone et
al. [5] for a similar problem). For this reason, we skip the details of the proof. First
of all, we remark that the estimate (2.3) is a direct application of the Maximum
Principle Theorem for parabolic equations (see Lieberman [22, Th.2.10]). The reg-
ularity of the solution follows from a bootstrap argument. The monotonicity of the
solution is a consequence of the maximum principle for scalar parabolic equations
applied to w® = 0, u® satisfying

Opw® + A(u®) © Opw® + 9, (A(u®)) o w® = €0y w®.

Since 0,u® > 0 this easily implies the second estimate (2.4).

3. e-uniform a prior: estimates

In this section, we show some e-uniform estimates on the solutions of system (2.2).

Before demonstrating the proof of the gradient entropy inequality defined in (1.5),
we announce the main idea to establish this estimate. Now, let us set for w > 0 the
entropy function

fw) =wlnw.

For any non-negative test function ¢ € C}([0,+00) x R), let us define the following
“gradient entropy” with w’ := d,u’:

5(t) = / ot ) Fwi(t, ) | de.

i=1,...,d

It is very natural to introduce the quantity S(¢) which in the case ¢ = 1 appears
to be nothing else than the total entropy of the system of d types of particles of
non-negative densities w’ > 0. Then after two integration by parts, it is formally
possible to deduce from (1.1) the equality in the following gradient entropy inequal-
ity for all ¢t > 0

dS(t)

St S M| desRO, frotz0 (1

i5=1,...,

with the rest
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where we do not show the dependence on ¢ in the integrals. We remark in particular
that the rest is formally equal to zero if ¢ = 1.

To guarantee the existence of continuous solutions when € = 0, we will assume later
(H2) which guarantees the non-negativity on the second term of the left hand side
of inequality (3.1).

Returning to a rigorous statement, we will prove the following result.

Proposition 3.1. (Gradient entropy inequality)
Assume (H1) and consider a function uy € [L‘X’(R)]d satisfying (H3). For any
0 < & < 1, we consider the solution u® of the system (2.2) given in Theorem
2.2 with initial data uy = uo * n.. Then for any T > 0, there exists a constant
C (T, d, Ml, ||uO||[Loo(]R)]d, H&IuoH[UOgL(R)]d) such that

S(t)+/0t/R >

hj=1,...,

)\fj(ua)wg’iws’jéca with S(t):/R Z f(w&i(t,.))dx.
d =Ly

where f is defined in (1.6) and w® = (w&i)i:lw.,d = 0 uf.
For the proof of Proposition 3.1, we need the following technical lemma:

Lemma 3.2. (Llog L estimate)
Let (1:)ze(0,1] be a non-negative mollifier satisfying fR ne =1, let f be the function
defined in (1.6) and h € L*(R) be a non-negative function. Then

i) /f(h) < +oo if and only if h € Llog L(R). Moreover we have the following

JR
estimates:

/f(h) <14 ||hllL1og Lry + Al ey In (1 + [[2] L10g L(v)) 5 (3.3)
R

12l L10g Ly < 14 / f(h) +In(1 + 62)||h||L1(1R)~ (3.4)
R

it) If h € Llog L(R), then for every e € (0,1] the function he = hx 1. € Llog L(R)
and satisfies

||thLlogL(R) < CHhHLlogL(R) and ||h - hEHLlogL(R) —0 as €—0,
where C is a universal constant.

Proof of Lemma 3.2:
The proof of (i) is trivial. To prove estimate (3.3), we first remark that for all A > 0
and p € (0, 1], we have
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<h1n(h) + 1> B>y <hln(h+e) < hln(e+ ph) + |In(u)|h.
e 23

1

max (L, ||Al|L1og £(r))

We apply this inequality with u = and integrate, we get

1
/R < / phne + ) + | ()1 o1 gy

< =+ [In(u)[[PllLr (),

==

where we have used the definition of ||Al|f10g ). This gives (3.3) using the fact

that p>—
L+ 1Al L1og L(r)
To prove (3.4), we remark that for h > %, we have e < e2h and

hin(e +h) < hln(h) + hin(1 +€?) < f(h) + hin(1 + €?).
However, for 0 < h < %, we have in particular that
hln(e + h) < hln(1 + €?),

and therefore

/hln(e+h)S/f(h)—i—ln(l—l—ez)HhHLl(R)
R R

From the definition of ||A| 110 .(r), We deduce in particular (3.4). For the proof of
(ii) see Adams [1, Th 8.20].

[l
Proof of Proposition 3.1:
First we want to check that S(t) is well defined. To this end, we remark that if
w > 0, then

1
0 S f(w) S gﬂ.{wzi} +U)h’l(]. +U))

Which gives that

1
/Rf(w) < wllpr @ In (14 ||wHL°°(R))+/R gﬂ{wzg} < Nwllprwy (1+1In (14 |w]lLem)) -

Now by Theorem 2.2, we have J,u® = w® € [L“((O,—&—oo);Ll(R))]d N
[W2°((0, +00) x R)]4. This implies that S € L>(0,4+00). We compute
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/Zf“aw)

i=1,...,d

- / ST )0, (N ()t + 0w,
Ri—1,...d
Jl J2

/Z N (u)w® f (w ) O pw™" —5/ Z (Dw™") ™ f" (w7

i=1,...,d i=1,...,d

We note that these computations (and the integration by parts) are justified because
on the one hand w®?, its derivatives and A’ are bounded, and on the other hand w®"*
is in L°°((0, +00); L' (R)). We know that .J < 0 because f is convex. To control Jy,
we rewrite it under the following form

:/ Z /\i(us)g/(we,i)awws,i’
Ri=1,....d

where

(z) = m—% it x>1/e,
T =0 if 0<a<1/e

Then, we deduce that

= / S N @)an(g(w)

i=1,...,d
==/ 2 M@y,
i,j=1,....d
J11 J12
_ / S / S N Wt (gt - w).
i,j=1,....d i,5=1,....d

We use the fact that |g(z) — 2| < 1 for all z > 0 and (H1), to deduce that

1
12| < ZdMi [l ((0,4.00) 21 (R))#

IN

2
SdMiluolljze e = Collluollzoemye, d; M)

where we have used
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ng’iHLx((o,+oo),L1(R)) <2l|uf|l gy, for i=1,....d, (3:5)

which follows from Remark 2.1 and Theorem 2.2. Finally, we deduce that

d
%S(f) <Ju+Jiza+ 2
< Ji1 + Co.

Integrating in time on (0,t), for 0 < ¢t < T, we get that there exists a positive
constant C (T, d, My, ||uo||(z. ) |0ztiol|[L 10g £(r)2) Which is independent of & by
(3.3) and Lemma 3.2 (ii) such that

S(t)+/0t/m >

iG=1,..,

)\fj (u)wIws" < CoT + S(0) < C.
d

O

Lemma 3.3. (W~1! estimate on the time derivative of the solutions)
Assume (H1) and that the function ug € [L‘X’(R)]d satisfies (H3). Then for any
0 < e < 1, the solution u® of the system (2.2) given in Theorem 2.2 with initial
data uy = ug * ne, satisfies the following e-uniform estimate for all T > 0:

||8tu€||[L2((07T);W71,1(R))]d < CHUOH[LOO(R)]”Z'
where C = C(T, My) > 0 and W=L1(R) is the dual of the space W1°°(R).

Proof of Lemma 3.3:

The idea to bound d,uc is simply to use the available bounds on the right hand side
of the equation (2.2). We will give a proof by duality. We multiply the equation
(2.2) by ¢ € [L2((0,T), W= (R))]* and integrate on (0,T) x R, which gives

Il 12

/ ¢ - Ot = s/ ¢ - 02 u° f/ @ - (AM(uf) 0 Oyu’).
(0,T)xR (0,T) xR (0,T)xR

We integrate by parts term I;, and obtain:

/ 0z ¢ - Ozu’
(0,T)xR

L] < <08l 220, 1), Lo Ry 102U L2 (0,7, 1 (R)) >

(3.6)

1
< 272 |9 ll2 (0,7, w1 () 140l oo (e

where we have used inequality (3.5). Similarly, for the term I, we have:
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(L2 < Mol[@ll ;L2 (0,1, @2 100" L2 (0,1, L0 (R))1# o
3.7

1
< 272 Mo||uoll; 0 myja 191l (12 (0,7, 1150 (R )

Finally, collecting (3.6) and (3.7), we get that there exists a constant C' = C(T, My)
independent of 0 < € < 1 such that:

/ ¢ . 3tu5
(0,T)xR

which gives the stated result. O

< Clluollipoe @y a9l ir2((0,7),w1.50 ()2

Corollary 3.4. (e-uniform estimates)

Assume (H1) and that the function ug € [L°(R)]? satisfies (H3). Then for any
0 < e < 1, the solution u® of the system (2.2) given in Theorem 2.2 with initial
data uf = ug * 1, satisfies the following e-uniform estimate for all T > 0:

1026 iz (0, 400), 21 @1t + 18l jz2 (0, 4.00) <y + 106U 20,7y w12 Ry < €

where C = C(T, My, ||U0H[LOG(R)]‘1)‘

This Corollary is a straightforward consequence of Remark 2.1, Theorem 2.2, esti-
mate (3.5) and Lemma 3.3.

4. Passage to the limit and proof of Theorem 1.1

In this section, we prove that the system (1.1)-(1.2) admits solutions w in the dis-
tributional sense. They are the limits of u® given by Theorem 2.2 when ¢ — 0. To
do this, we will justify the passage to the limit as € tends to 0 in the system (2.2)
by using some compactness tools that are presented first in a subsection.

4.1. Preliminary results

First, for all open interval I of R, we denote by
Llog L(I) = {f € L'(I) such that /|f\ln(e+ If]) < +oo}.
I

Lemma 4.1. (Simon’s Lemma)
Let X, B, Y be three Banach spaces, such that we have the following injections

X — B with compact embedding and B — Y with continuous embedding.

Let T > 0. If (u®)c is a sequence such that

[ zoe 0,7):x) + 10|l Lo 0,1)v) < C
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where ¢ > 1 and C is a constant independent of €, then (u®). is relatively compact
in LP((0,T); B) for all 1 <p < gq.

For the proof, see Simon [27, Corollary 4, Page 85].

In order to show the existence of a solution to system (1.1) in Subsection 4.2, we
will apply this lemma to each scalar component of u® in the particular case where
X =Wbh(I), B=L'(I) and Y = W~L(I) := (W™ (I))'.

We denote by Kezpp(I) the class of all measurable functions u defined on I for which

/1 (e‘“' — 1) < 4o0.

The space EXP(I) = {pu: >0 and u€ K.pp()} is the linear hull of
Keyp(I). This space is supplemented with the following Luxemburg norm (see
Adams [1, (13), Page 234] ):

lull ex p(ry = inf {)\ >0: / (e‘kﬂ — 1) < 1} .
I

Let us recall some useful properties of this space.

Lemma 4.2. (Generalized Holder inequality, Adams [1, 8.11, Page 234])
Let h € EXP(I) and g € Llog L(I). Then hg € L*(I), with

Ihgllzrry < 2lhlexpallgllLiog L)

Lemma 4.3. (Continuity)
Let T > 0. Assume that v € L*°((0,4+00) X R) such that

||8mu||L°°((O,T);Llog L(R)) T+ ||8tUHL°°((0,T);Llog L) < Co

Then for all §,h > 0 and all (t,z) € (0,T — 0) x R, we have:

1 1
t+ 6 h) — u(t < 6C! .
|u(t + 0,z + h) — u(t,z)| < 2<1n((1;+1)+1n(}1l+1)>

Proof of Lemma 4.3:
For all h > 0 and (¢,z) € (0,T) x R, we have:
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x+h
lu(t, z + h) — ult, z)| < / Bou(t, y)dy

<L 2| U expPawrmllOzuw(t, ) Liog Liz,ath)s
(4.1)

2 6$’U/ L>((0,T);L1log L(R))>
h,](h ]) (( ) )7 1 g ( ))

1
<20y ———
= In( +1)

where we have used in the second line the generalized Holder inequality (Lemma
4.2). Now we prove the continuity in time for all § > 0 and (¢,z) € (0,7 — §) x R,
we have:

bl

Su(t + 4, z) — u(t, x)]|

x+0
- / fu(t + 6, 2) — u(t,z)|dy,

K, K> K3

z+6 z+6

fu(t + 6, ) — u(t, y)\dy, + / Jut, ) — ut, 2)|dy

T

z+48
S/ |u(t+5,x)—u(t+6,y)|dy,+/
x x
Similarly, as in the last estimate (4.1), we get that:
z+0 z+0
Kot Ko <8 [ (e + sl [ 0sulty)ldy
x x
)

In(3 +1)
Now we use the fact that d;u is bounded in L>((0,T); Llog L(R)), to obtain that:

T+ t+3
K < / / 10vuls, y)\ds dy,
x t

< 40,

< 25||1HEXP(x,x+6)HatUHLoc((o,T);Llog LR)) < 2021“(%7"'1).

Collecting the estimates of K, Ko and K3, we get that:

1 1
(K1 +K2 +K3) < 6C21

[u(t + 6, x) — u(t,z)| < NEES)

|
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This last inequality joint to (4.1) implies the result.

4.2. Proof of Theorem 1.1

The authors would like to thank T. Gallouét for fruitful remarks that helped to
simplify the proof of Theorem 1.1. Before proving Theorem 1.1, we first prove the
following result.

Theorem 4.4. (Passage to the limit)

Assume that u® is a solution of system (2.2) given by Theorem 2.2, with initial data
u§ = ug * N where ug satisfies (H3). If we assume that for all T > 0, there exists
a constant C > 0 independent on €, such that:

”aZUEH[LW((O,T);LlogL(]R))]d <, (4.2)

then up to extract a subsequence, the function u® converges to a function u weakly-x
in [L%((0,400) x R)]?, as e goes to zero. Moreover, u is a solution of (1.1)-(1.2),
and satisfies

||u||[L°°((0,+oo)><]R)]d < ||u0||[Loo(R)}dv
”aIuH[LOO((O,T);LlogL(]R))]d <C,

10eull oo (0,72 10g L(RY)* < MoC,

and u(t,-) is non-decreasing in x, for allt >0 and satisfies

U] oo ((0,400): 1 (®)) < 2l|ubllLewy Sfor i=1,....,d. (4.3)

Proof of Theorem 4.4:

Step 1 (u solution of (1.1)): First, we remark that with the estimate (3.8) we
know that for any T > 0, the solutions u® of the system (2.2) obtained with the help
of Theorem 2.2, are e-uniformly bounded in [L>((0,+00) x R)]%. Hence, as ¢ goes
to zero, we can extract a subsequence still denoted by u®, that converges weakly-*
in [L°°((0,400) x R)]? to some limit . Then we want to show that u is a solution
of system (1.1). Indeed, since the passage to the limit in the linear terms is trivial
in [D'((0,+00) x R)]%, it suffices to pass to the limit in the non-linear term

A(u®) 0 Oput.

According to estimate (3.8) we know that for all open and bounded interval I of R
there exists a constant C' independent on € such that:

1l o (o,ryswra e + 100U iz o, ryw -1 yye < C-
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LY(I), we can apply Simon’s Lemma (i.e.
— [2MD)]* and Y = [W-14(T)]?, which

From the compactness of Whi(T)
Lemma 4.1), with X = [Wh(I)]
shows in particular that

—
d
, B

u? is relatively compact in [L*((0,T) x I)]d. (4.4)
Then, we can see that (up to extract a subsequence)
AMu®) = AMu) a.e.

Moreover, from Lemma 4.2, similarly as in (4.1), we can get, for all ¢ € (0,T) the
following estimates:

-
ln(ﬁ +1)’

/&rua(t,y)dy‘ <2C
I

where C is given in (4.2). By the previous estimate and the fact that A(u®) is
uniformly bounded in [L>((0, +00) x R)]* and converges a.e. to A(u), we can apply
the Dunford-Pettis Theorem (see Brezis [4, Th IV.29]) and prove that

A(uf) © Opu® — Au) ¢ Ozu

weakly in [Ll((O, T) x I)]d. Because this is true for any bounded open interval I,
then we can pass to the limit in (2.2) and get that,

Ou+Au)od,u=0 in D'((0,400) x R).

Step 2 (A priori bounds): By weakly-x convergence and from the fact that
L>((0,T); Llog L(R)) is the dual of L'((0,T); Eeyp(R)) (see Adams [1] for the
definition of the Banach space E¢.p(R)), we can check that u satisfies the following
estimates:

19zull oo ((0,1); 1 10g Ly < HIIRE 000" | pov ((0,7); 2 10 L) < C

[ell{z.00 0,400y x4 < WO NE ([0 [ oe (0, 4 o) )t < N[0l 00 (e - (4.5)

Thanks to these two estimates, we obtain that

10¢ull (00 ((0,7);1 108 LR < A W) © Outell (100 (0,71 10g L(R))

< MOHBZI?UH[LOQ((O,T);LlogL(]R))]d < MoC.

Moreover (4.3) follows from (4.5) and the fact that u(t, ) is non-decreasing in x (as
it was the case for u®).
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Step 3 (Recovering the initial data): Now we prove that the initial conditions
(1.2) coincide with u(0,-). Indeed, by the e-uniformly estimate given in Corollary
3.4, we can prove easily that

||U5(t) - U6||[W—1,1(R)]d S Ct§

Then, we get

Ju(t) — UOH[W—Ll(R)]d < lu-— U’OH[LOO((O,t);W—1=1(R))]d
. 1
S h?E(I)IfHUE — 'U%H[Lao((07t);w—1,1(R))]d S Ct2a

where we have used the weakly-x convergence in L>((0,t); W~11(R)) in the second
line. This proves that u(0,-) = ug in [D’(R)]%.

O
Proof of Theorem 1.1:
Step 1 (Existence): Note that with assumption (H2) and estimate (3.2), we de-
duce from (3.4) joint to (3.5) that, the solution u® given by Corollary 3.4 satisfies
the following estimate:

”817-”5”[LDC((O,T);LlogL(]R))]d <C, (4.6)

where C' = C (T, d, Ml, HUOH[LOO(R)]d7 ||8xu0||[L 10gL(R)]”)~ 1\IOW7 we apply Theorem
4.4 to prove that, up to extract a subsequence, the function u® converges, as € goes
to zero, to a function u weakly- in [L°°((0,400) x R)]?, with u being the solution
to (1.1)-(1.2). Moreover, from Lemma 4.3, we deduce that the function u satisfies
the continuity estimate (1.7).

Step 2 (Justification of (1.5)): Let

Ijj(u) = % (Afj(ue) + )\jl(uf)> , for 4,5=1,...,d,

w® = O us.

For a general matrix I', where {I" = I > 0, let us introduce the square root B = T
of ', uniquely defined by

tB=B>0 and B?>=T.

Note that for non-negative symmetric matrices, the map I' — /T is continuous.
Then we can write



October 14, 2009 14:6 WSPC/INSTRUCTION FILE elhajj-monneau

20 A. EL HAJJ & R. MONNEAU

/O/RJ_Z deesati= [ [

1,...d

UE

7

where C' is given in (3.2). Therefore
VI (u®)w® — g weakly in [L2((0,t) x R)]d.

Applying the same argument as in Step 1, of the proof of Theorem 4.4, for the
convergence of A(uf) ¢ d,u®, we see that

VI (uf)dyu® — /T(u)0pu=q weakly in [L'((0,t) x ]R)]d.

Therefore, using the weakly convergence in L?((0,t) x R), we get

// Z x W)y uidpud = //q <hmmf//‘\/78u

1,7=1,.

<C.

(4.7)
Remark also that for w® = 0,u?, we have

) <1+ . o + [|lw* || oo ‘ In (1 + [Jw’] e Lo
OE?ET/ flw 1w | oo ((0,7): L 10g L®)) + 10"l oo ((0,79:21 ) n( lwll L= ((0,7);1 gL(R)))

<1+ ”wi”LOO((O,T);Llog L)) T 2”“6”L°°(R) In (1 + ”wiHL“’((QT);Llog L(]R))) = glw']

< lim inf g[w® ]

e—0

<1+ C+ 2l|uf ooy In(1 + C) :=

where in the first line we have used (3.3), in the second line we have used (4.3),
in the third line we have used the weakly-x convergence of w®’ towards w’ in
L>((0,T); Llog L(R)) and in the fourth line, we have used (4.6). Putting this result
together with (4.7), we get (1.5) with C; = C + C".

]

5. Appendix: Example of the dynamics of dislocation densities

In this section, we present a model describing the dynamics of dislocation densities.
We refer to Hirth et al. [16] for a physical presentation of dislocations which are
(moving) defects in crystals. Even if the problem is naturally a three-dimensional
problem, we will first assume that the geometry of the problem is invariant by trans-
lations in the zz-direction. This reduces the problem to the study of dislocations
densities defined on the plane (x1,x2) and moving in a given direction b belonging
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to the plane (z1,x2) (which is called “Burger’s vector”).

In Subsection 5.1, we present the 2D-model with multi-slip directions. In the
particular geometry where the dislocations densities only depend on the variable
T = x1 + X2, this two-dimensional model reduces to a one-dimensional model which
is presented in Subsection 5.2. Finally in Subsection 5.3, we explain how to recover
equation (1.1) as a model for dislocation dynamics with

j=1

N

for some particular non-negative and symmetric matrix A.

5.1. The 2D-model

We now present in detail the two-dimensional model. We denote by X the vector
X = (x1,72) € R% We consider a crystal filling the whole space R? and its dis-
placement v = (vy,v2) : R? — R2 where we have not yet introduced any time
dependence.

We introduce the total strain e(v) = (g5(v))s,j=1,2 which is a symmetric matrix

defined by
- 1 8vi 81}]‘
Sij(v) o 5 <al’] + 8$Z> '

The total strain can be split into two parts:

eij(v) = €f; +¢ef; with & = g gOkyk,
k=1,....d

where ¢f; is the elastic strain and e} is the plastic strain. The scalar function uk

is the plastic displacement associated to the k-th slip system whose matrix g%k ig

ij
defined by

1
0k _ k, k kpk
ey = 5 (binj +nib]),
where (b, n*) is a family of vectors in R2, such that n* is a unit vector orthogonal
to the Burger’s vector b* (see Hirth et al. [16] for the definition of Burger’s vector

of a dislocation)

To simplify the presentation, we assume the simplest possible periodicity property
of the unknowns.
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Assumption (H):

i) The function v is Z2-periodic with vdX =0.

(0,1)2
ii) For each k = 1,...,d, there exists L¥ € R? such that u*(X) — L* - X is a Z*-
periodic.

i11) The integer d is even with d = 2N and we have for k=1,... N:
LEEN _ [k k4N _ ok pktN _ _pk o Ok+N _ _ Ok

i) We denote by 7% € R? a unit vector parallel to b* such that TFN = 7F. We
require that L* is chosen such 7% - L¥ > 0.

Note in particular that the plastic strain Efj is Z2-periodic as a consequence of
Assumption (H). The stress matrix is then given by

O'ij = E Aijklé‘zl fOI" i,j = 1,2,
k,l=1,2

where A = (Aijkl)i_j k.1—1.2> are the constant elastic coefficients of the material, sat-

isfying for some constant m > 0:

Z Nijricijers > m Z s?j, (5.1)

i4,k,l=1,2 i5=1,2

for all symmetric matrices € = (Eij) i.e. such that ;; = ;.

ij?

Then the stress is assumed to satisfy the equation of elasticity

aCTij

=0 for i=1,2
j=1.2 8.%‘j

On the other hand the plastic displacement u* is assumed to satisfy the following
transport equation

. k
Ot = PP viuF  with & = E O’ij{:‘%.

1,j=1,2

This equation can be interpreted, by observing that

oF = 7 Vb >0, (5.2)

is the density of edge dislocations associated to the Burger’s vector b¥ moving in
the direction 7% at the velocity c¥. Here c* is also called the resolved Peach-Koehler
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force in the physical literature. In particular, we see that the dislocation density 6%
satisfies the following conservation law

010% = div(cFrFo").

Finally, for ¥ = 1,...,d, the functions u* and v are then assumed to depend on
(t,X) € (0,+00) x R? and to be solutions of the coupled system (see Yefimov [29,
ch. 5.] and Yefimov, Van der Giessen [30]):

aaij

=0 on (0, 4+00) x R, fori=1,2,

= 62Ej

7=1,2

Oij = Z Niji | en(v) — agj’-ku’“ on (0,+00) x R?,

k,1=1,2 k=1,...,d fori,j =1,2
1 81;2- an
ij (V) =5 0 x R?

£ij(v) B (&Ej + axi) on (0, 4+00) ,

O = Z Uz‘jfgjk ™. Vu*  on (0, +00) x R?, for k=1,...,d,
i,j€{1,2}

(5.3)

where Ay, 5?]?k are fixed parameters previously introduced, and the unknowns of
the system are u = (Uk)k:l,...,d and the displacement v = (v1,v2). Note also that

these equations are compatible with the periodicity assumptions (H), (i)-(i7).

For a detailed physical presentation of a model with multi-slip directions, we refer
to Yefimov, Van der Giessen [30] and Yefimov [29, ch. 5.] and to Groma, Balogh
[15] for the case of a model with a single slip direction. See also Cannone et al. [5]
for a mathematical analysis of the Groma, Balogh model.

5.2. Derivation of the 1D-model

In this subsection we are interested in a particular geometry where the dislocation
densities depend only on the variable x = x; + x2. This will lead to a 1D-model.
More precisely, we assume the following;:

Assumption (H'):
i) The functions v(t, X) and u*(t, X)—L*-X depend only on the variable x = x1+x5.

i) Fork =1,...,d, the vector 7™ = (7, 7¥) satisfies TF+75 > 0 with u* = S
T T T

iii) For k=1,...,d, the vector L* = (L¥,L%) satisfies LY = L5 = I".
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For this particular one-dimensional geometry, we denote by an abuse of notation
the function v = v(t,x) which is 1-periodic in x. By assumption (H’), (iii), we
can see (again by an abuse of notation) that u = (u*(t,2))s=1, .4 is such that for
k=1,...,d, u*(t,z) — ¥ -z is 1-periodic in z.

Now, we can integrate the equations of elasticity, i.e. the first equation of (5.3).
Using the Z2-periodicity of the unknowns (see assumption (H), (i)-(ii)), and the
fact that e¥* TN = —£0% (see assumption (H), (iii)), we can easily conclude that
the strain

1
€¢ is a linear function of (u/ — u‘j+N)j:17___7N and of (/ (u? —u TN dm)
0 Jj=1,...,N
5.4)

This leads to the following Lemma

Lemma 5.1. (Stress for the 1D-model)
Under assumptions (H), (i)-(it)-(¢i7) and (H'), (¢)-(i#i) and (5.1), we have

1
—0 g% = Z Ajjud + Z Qi]‘/ uw dx, fori=1,...,N, (5.5)
d G=1,....d 0

j=1,..,

where fori,j=1,...,N

Aij=Aji  and Aigng=—Aij=Aij4n = —Aie NN,
(5.6)
Qij=Qji and  Qitng=—Qij = QijtN = —QitNj+N-
Moreover the matriz A is non-negative.

The proof of Lemma 5.1 will be given at the end of this subsection.

Finally using Lemma 5.1, we can eliminate the stress and reduce the problem to a
one-dimensional system of d transport equations only depending on the function u?,
fori=1,...,d. Naturally, from (5.5) and (H’), (i¢) this 1D-model has the following
form

The 1D-model of the dynamics of dislocation densities:

pioput+ Z Ajju + Z Qi]’/ u! dr | Opu’ =0, on (0,+00) xR, fori=1,...
. . 0

(5.7)
with from (5.2)

Oput >0 fori=1,...,d. (5.8)
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Now, we give the proof of Lemma 5.1.
Proof of Lemma 5.1:

For the 2D-model, let us consider the elastic energy on the periodic cell (using the
fact that ¢ is Z2-periodic)

1 . 0,k
E(u,v) = 5/ Z Aijrigijery dX  with  ef; = ¢;5(v) — Eij ut.
0.1)%; .k 1=1,2 k=1,....d
By definition of 0;; and €f;, we have for k=1,...,d

> (oije") = —Ein(u,0). (5.9)

i,j=1,2
On the other hand using (H'), (¢)-(¢i%), (with x = 21 + x2) we can verify that we
can rewrite the elastic energy as

1 ! e €
E= 5/0 Z Aijries;epde.

i.4, k=12

Replacing €f; by its expression (5.4), we find that:

1 1
E:§A Z

ij=1,m,

X e ([0 —weyaw) ([ -y ar).

for some symmetric matrices A;; = Aj;, Qi; = Qj;. In particular, joint to (5.9) this
gives exactly (5.5) with (5.6).

Aij(u? — ™) (= u™NY) da
N

Let us now consider the functions w® = u? — u** such that

1
/ w' dz =0 fori=1,...,N. (5.10)
0
From (5.1), we deduce that

I Py
OSE:§/O ZNAijwad’I.

=1,

More precisely, for all 4 = 1,..., N and for all @’ € R, we set
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which satisfies (5.10). Finally, we obtain that
1 [t o

Because this is true for every w = (w',...,w") € RY, we deduce that A a non-
negative matrix.

|
We refer the reader to El Hajj [9] and El Hajj, Forcadel [10] for a study in the
special case of a single slip direction, i.e. in the case N = 1.

5.3. Heuristic derivation of the non-periodic model

Starting from the model (5.7)-(5.8) where for i = 1,...,d, the function u’(t,x)—1"-z
is 1-periodic in z, we now want to rescale the unknowns to make the periodicity
disappear. More precisely, we have the following Lemma:

Lemma 5.2. (Non-periodic model)
Let u be a solution of (5.7)-(5.8) assuming Lemma 5.1 and u*(t, z)—1*-x is 1-periodic
inz. Let

ug(t,x) = u!(6t,6x), for a small 6 >0 and for j=1,...,d,

such that, for allj=1,...,d

ug(O, ) =@ (0,)), as 6—0, and @ (0,%c0) =@tV (0,+00). (5.11)

Then 4 = (aj)jzl,___d is formally a solution of

o' + | Y Aywl | 0,u' =0, on (0,+00) x R, (5.12)
j=1,....d

where the symmetric matriz A is non-negative and 0,u’ >0 fori=1,...,d.

We remark that the limit problem (5.12) is of type (1.1) when p* = 1. In par-
ticular, there are no reasons to assume that this system is strictly hyperbolic in
general. Nevertheless, the general case yu’ > 0 can be treated with our approach

developed in Theorem 1.1 considering the entropy / Z uif (6‘mﬁi(t, x)) dx in-
Ri—1,...d

stead of/ Z f (0.4 (¢, 2)) d.
Riz1,...d

Formal proof of Lemma 5.2:

) ) 1
Here, we know that u§ — 0l' - x is g—periodic in x, and satisfies for i = 1,...,d
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1
Miatuf; + Z Aijug +9 Z Qij /6 ug dx 8muf; =0, on (0,+00) x R.
j=1,....d j=1,....d 0
(5.13)
To simplify, assume that the initial data us(0, -) converge to a function (0, -) such

20726
uniformly in §, where R a positive constant. Because of the antisymmetry property
of the matrix @) (see assumption (5.6)), and because of assumption (5.11), we expect
heuristically that the velocity in (5.13) remains uniformly bounded as 6 — 0.

1
that the function d,us(0, ) inside the interval ( ) has a support in (—R, R),

Therefore, using the finite propagation speed, we see that, there exists
a constant C independent in ¢, such that O,us(¢,-) has a support on

— 1
(-R—-Ct,R+Ct) C (26’ 25) Moreover, from (5.11) and the fact that

we deduce that

1
Z * g
Qij/ u5 dx,
j=1,....d 0

remains bounded uniformly in §. Then formally the non-local term vanishes and we
get forve=1,...,d

Z AUU%"_& Z Qij/ Ufg dr — Z Aq;jl_tj, as § — 0,
= -_ 0 .

which proves that @ is solution of (5.12), with the non-negative symmetric matrix
A. O
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