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Abstract

In this paper, we study the global in time existence problem for the
GROMA-BALOGH model describing the dynamics of dislocation densities. This
model is a two-dimensional model where the dislocation densities satisfy a sys-
tem of transport equations such that the velocity vector field is the shear stress in
the material, solving the equations of elasticity. This shear stress can be expressed
as some Riesz transform of the dislocation densities. The main tool in the proof of
this result is the existence of an entropy for this system.

1. Introduction

1.1. Physical motivation and presentation of the model

Real crystals show certain defects in the organization of their crystalline
structure, called dislocations. These defects were introduced in the Thirties by
TAYLOR, OROWAN and POLANYI as the principal explanation of plastic deformation
at the microscopic scale of materials.

In a particular case where these defects are parallel lines in the three-
dimensional space, their cross-section can be viewed as points in a plane. Under
the effect of an exterior stress, dislocations can move. In the special case of what is
called “edge dislocations”, these dislocations move in the direction of their “Burgers
vector” which has a fixed direction (cf. HIRTH and LOTHE [25] for more physical
description).

In this work, we are interested in the mathematical study of a model introduced
by GRoMA and BALOGH [22,23]. In this model we consider two types of disloca-
tions in the plane (xp, x2). Typically for a given velocity field, those dislocations
of type (+) propagate in the direction +b where b = (1, 0) is the Burgers vector,
while those of type (—) propagate in the direction —b (see Figure 1).
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Fig. 1. GRoMA-BALOGH 2D model

Here the velocity vector field is the shear stress in the material, solving the
equations of elasticity. It turns out that this shear stress can be expressed as some
Riesz transform of the solution (see Section 2). More precisely our non-linear and
non-local system of transport equations is the following:
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The unknowns of the system (P) are the scalar functions p™ and p~ at the time
t and the position x = (x1, x2), that we denote for simplification by p*. These
terms correspond to the plastic deformations in a crystal. Their derivative in the x;

o o+
direction (that is the direction of Burgers vector b), % represents the dislocation

densities of & type. In our work, we will only consider solutions p* such that
+

%"—t, Vp* and pt — p~ are Z?-periodic functions. The operators Ry (resp. R») are

the Riesz transformations associated to x; (resp. x2). More precisely, these Riesz

transforms are defined as follows:

Definition 1.1. (Riesz transforms in the periodic case) Let the torus T2 = R?/Z?.
We define fori € {1, 2} the Riesz transforms R; over T as follows. If f € L?(T?),
the Fourier series coefficients of R; f are given by:

@) co,o0Rif)=0,
(i) cx(Rif) = %Ck(f) for k = (ki, k2) € Z*\ {(0,0)},

where we recall that cx(f) = [ f(x)e 2"k d%x.

In fact, this 2D model has been generalized later in 2003 by I. Groma,
F. Csikor and M. Zaiser in a model taking into account the back stress describing
more carefully boundary layers (see [24] for further details). The Groma-Balogh
model neglects in particular the short range dislocation-dislocation correlations
in one slip direction. For an extension to multiple slip, see YEFIMOV and
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VAN DER GIESSEN [38, ch. 5.]. This multiple slip version of the Groma-Balogh
model presents some analogies with some traffic flow models (see BiHAM et al.
[8]). See also DESHPANDE et al. [14] for a similar model with boundary conditions
and exterior forces. Recently, EL-AZAB [16], ZAISER and HOCHRAINER [39] and
MONNEAU [29] were interested in modeling the dynamics of dislocation densities
in the three-dimensional space, but many more open questions have to be solved
for establishing a satisfactory three-dimensional theory of dislocations dynamics
and for getting rigorous results.

We stress out the attention of the reader that there was no existence and unique-
ness results for (P). In this paper we prove that (P) admits a “global in time” solution.

1.2. Main result

In this work, we consider the following initial conditions:

=+,
pE(x1, x2,1 = 0) = pif (x1, x2) = py P (x1, x2) + Ly, (IC)

where p™P" is a 1-periodic function in x; and x. The periodicity is a way of

studying the bulk behavior of the material away from its boundary. Here L is a
given positive constant that represents the initial total dislocation densities of =+
type on the periodic cell.

Before to give our main result, we want to show that the bilinear term on the
right hand side of (P) is well defined. To this end, we need first to recall the following
definition:

Definition 1.2. (The space L log L) We define the space L log L(T?)

Llog L(T?) = [f e L'(T?) suchthat/2 |flln(e + | f]) < +oo} .
T

This space is endowed with the (Luxemburg) norm
. L1 LS
||f||LlogL(T2):mf[)L>0: Tlen e+T =17

The space L log L(T?) is a special space of Zygmund spaces (see ADAMS [1, (13),
Page 234] and STEIN [36, Page 43])
We can now state the following proposition.

Proposition 1.3. (Meaning of the bilinearterm) Let T > 0, f and g be two functions
defined on ™ x 0,T), such that [ € Ll((O, T): Wl,z(Tz)) and
g € L*®((0, T); L1log L(T?)) then,

fg € LN(T* x (0, 7)).

We will see that the proof of this proposition (given in Section 3.2) is a direct
consequence of Trudinger inequality.
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We can now state our main result (see also our comments in Section 1.3 on the
unknown uniqueness of the solution).

Theorem 1.4. (Global existence) For all T, L > 0, and for every initial data
py € L} (R?) with

(H1) p, (x1 +1,x) = p(:)t(xl, x2) + L, almost everywhere on R2,
(H2) pgt (x1, x4+ 1) = ,00i (x1, x2), almost everywhere on R,
(H3) 357 Uli > 0, almost everywhere on R?,

ha) | 22| < C, with T? = R%/72,
SN Llog L(T2) — " /

the system (P)—(IC) admits solutions ,0 e C(0,7T); LIOC(RZ)) N L0, T);
Li. 2 (R2)) in the distributional sense, such that, p*(-, t) satisfy (H1), (H2), (H3)
and (H4) for almost everywhere t € (0, T). Moreover, we have:

(P1) RIR3(p* — p7) € L2((0, T); Wy (R?)).

Remark 1.5. (Bilinear term) It is clear here that the bilinear term on the right hand
side of (P) is always defined via (P 1) and Proposition 1.3.

In order to prove our main theorem we regularize the system (P) by adding the
viscosity term (sApi), and regularize also the initial data (IC) by classical convo-
lution. Then, using a fixed point Theorem, we prove that our regularized system
admits local in time solutions. Moreover, as we get some e-independent a priori
estimates we will be able to extend our local in time solution into a global one. This
turns out to be possible thanks to the entropy inequality (1.1). Then, joined with
other a priori estimates, it will be possible to prove some compactness properties
and to pass to the limit as & goes to 0 in the e-problem.

Remark 1.6. (Entropy and energy inequalities) It turns out that the constructed

solution also satisfies the following fundamental entropy inequality (as a conse-
quence of Lemma 5.4), for almost everywhere ¢ € (0, T),

/Tzzaxl (axl) //( (%_aa%))z

aps [ apT
§/ Z&ln %0 (1.1)
T2 T 3)(1 3)61

Moreover, (at least formally for sufficiently regular solution) the following energy
inequality holds:

1 n _ 2 t 202 + B 2 3,0+ 8,0_
5/1‘2 (RIRZ(p -P )(’t)) +/O /JTZ <R1R2(,0 - P )) (a_)C]+3_)Cl)

1 —\2
< E/Tz (RiR2(pd = pg)) "
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Remark 1.7. (Bounds on the solution) If we denote p = p+ — p~, then there exists
a constant C independent on 7', and a constant C7 depending on T such that,

(ED|p* — Lxill poqo. 1y 2212y < Cro (EDIRTRE ol 20,7y w2 (r2)) S C,

zp
29t

A

(E2) ” C,

<c, (ES) ” R?R

0x1

Lo°((0,T); L log L(T?)) L2((0,7); W=12(T2))

(E3) “p <c,

L2((0,T); L' (T?))
where W—12(T?) is the dual space of W12(T?).

In a particular sub-case of model (P) where the dislocation densities depend
on a single variable x = x| + x7, the existence and uniqueness of a Lipschitz
viscosity solution was proved in EL Has and ForcaDEL [18]. Also the existence
and uniqueness of a strong solution in W1 (R x [0, T')) was proved in EL Hays
[17]. Concerning the model of GRoMA et al. [24] which takes into consideration
the short range dislocation-dislocation correlations giving a parabolic-hyperbolic
system, let us mention the work of IBRAHIM [26] where a result of existence and
uniqueness of a viscosity solution is given but only for a one-dimensional model.

Our study of the dynamics of dislocation densities in a special geometry is
related to the more general dynamics of dislocation lines. We refer the interested
reader to the work of ALVAREZ et al. [3], for a local existence and uniqueness of
some non-local Hamilton-Jacobi equation. We also refer to ALVAREZ et al. [2] and
BARLES and LEY [6] for some long time existence results.

1.3. Comments on the uniqueness of the solution and related literature

The problem (P) is a system of transport equations with low regularity of the
vector field, so that the uniqueness of the solution here is an open question. How-
ever, in the following we present some uniqueness results where the vector field
has a better regularity.

From a technical point of view, (P) is related to other well known models, such
as the transport equation with a low regularity vector field. This equation was stud-
ied in the work of DIPERNA, and Lions [15] and AMBROSIO [4], where the authors
showed the existence and uniqueness of renormalized solutions by considering vec-
tor fields in L' ((0, T); Wi (RN)) and L' ((0, T); BVioc(RV)) respectively in both
cases with bounded divergence. On the contrary in system (P), we are only able to
prove that for the constructed solution, the vector field is in L2((0, T); Wloc2 (R?))
without any better estimate on the divergence of the vector field.

More generally in the frame of symmetric hyperbolic systems, we refer to the
book of SERRE [34, Vol I, Th 3.6.1], for a typical result of local existence and
uniqueness in C ([0, T); H*(RY)) N C'([0, T); HS~'(RV)), with s > & + 1,
by considering initial data in H* (RN). This result remains local in time, even in
dimension N = 2.
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We can also remark that in the case where we multiply the right side of the
two equations in system (P) by —1, we get a quasi-geostrophic-like system. For
those who are interested in quasi-geostrophic systems, we refer to CONSTANTIN
etal. [11], and to [12] for certain 2D numerical results. We also refer to CORDOBA
and COrRDOBA [13], CHAE and CorDOBA [10] for blow-up results in finite time, in
dimension one.

Let us also mention some related Vlasov-Poisson models (see NIETO et al.
[30] for instance) and a related model in superconductivity studied by MASMOUDI
et al. [28] and by AMBROsIO et al. [5]. These models were derived from some
Vlasov-Poisson-Fokker-Planck models (see for instance GOUDON et al. [21] for an
overview of similar models). It is also worth mentioning that this model is related
to Vlasov-Navier-Stokes equation see GOUDON et al. [19,20].

1.4. Notation

In what follows, we are going to use the following notation:

L. p=pT—p,
o PTPI(xy, X0, 1) = pE(xy, X2, 1) — Ly,
3. Let f be a function defined on R? x (0, 7') having values in R?, we denote by
f@O =100 x— fx,1),
4. Throughout the paper, C is an arbitrary positive constant independent on 7" and
Cr is an arbitrary positive constant depending on 7.

1.5. Organization of the paper

First, in Section 2, we recall the physical derivation of system (P). In Section 3,
we recall the definitions and properties of some useful fundamental spaces, and
we give the proof of Proposition 1.3. We also prove that the bilinear term of our
system has a better mathematical meaning (see Proposition 3.4). Next, in Section 4,
we regularize the initial conditions and we show that the system (P), modified by
a term (eA,oi), admits local solutions. Moreover, we show that these solutions are
regular and increasing for all # € (0, T'), for increasing initial data. In Section 5,
we prove some g-uniform a priori estimates for the regularized solution obtained
in Section 4. Then, thanks to these a priori estimates, we extend the local in time
solutions for the e-problem constructed in Section 4, into global in time solution.
Finally, in Section 6, we achieve the proof of our main theorem, passing to the limit
in the equation as ¢ goes to 0, and using some compactness properties inherited
from our a priori estimates.

2. Physical derivation of the model

In this section we explain how to derive physically the system (P). We consider
a three-dimensional crystal, with displacement

u= (uy,uy, u3) : R3 — R3.
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For x = (x1, x2, x3), and an orthogonal basis (e1, €3, e3), we define the total strain
by:

W= (24 0y 2123
gijlu) = -\ — — ), U = 1,4,0.
Y 2 3)6]' 3)6,' /

This total strain is decomposed as
&ij (n) = !:,‘iej + Eipj,
with 8,.6/. is the elastic strain and 85 the plastic strain which is defined by:
P _ .0
&;j = P& (2.2)

with the fixed matrix E?j = %( 1 —&;j), where §;; is the Kronecker symbol, in the
special case of a single slip system where dislocations move in the plane {xy = 0}
with Burgers vector b = e;. Here p is the resolved plastic strain, and will be clar-
ified later. In the case of linear homogeneous and isotropic elasticity, the stress is
given by

oij = 2uel; + 28 | D ef | fori.j=1.2.3, (2.3)
k=1,2,3

where A, i are the constant LamAT coefficients of the crystal (satisfying & > 0
and 31 + 2u > 0). Moreover the stress satisfies the equation of elasticity:

> s

d
j=123 "/

We now assume that we are in a particular geometry where the dislocations are
straight lines parallel to the direction e3 and that the problem is invariant by trans-
lation in the x3 direction. Moreover we assume that u3 = 0 and o0;3 = 0 for
i = 1,2, 3. Then, this problem reduces to a two-dimensional problem with w1, us
only depending on (x1, x2) and so we can express the resolved plastic strain p as

where % and %’% are respectively the densities of dislocations of Burgers vectors
givenby b =¢; and b = —ey.

Furthermore, these dislocation densities are transported in the direction of the
Burgers vector at a given velocity. This velocity is indeed the resolved shear stress

> =123 Uij8?j = 012, up to sign of the Burgers vectors. More precisely, we have:

dp*
= +(o12)e1.Vpt.
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Finally, the functions ,ojE and u = (u1, up) are solutions of the coupled system (see
GroMA [22] and GRoMmA and BALOGH [23]), on R2 x O, 7):

30’,‘j

=0 fori =1,2,
Ai=1,2
ojj = Z;w + A8 €k fori, j=1,2,

k=12

dui  du; 0.0 o (2.4)
gl = — e’ fori,j=1,2, :
i (ax, ax,) pEj a
0 1 ..
gijzz(l—&-j) fori, j =1,2,
dp* ap*t
P 4o, P
Jat dx1

Then the following lemma holds.

Lemma 2.1. (Computation of o15) Assume that (u1,u;) and p = p+ — p~ are
Z2-periodic functions. If (u1, uz), pT, p~ are solutions of problem (2.4), then

o1 = —C) (Rngp) , (2.5)

where C| = 4(’}\1’2‘%‘ > 0.

Using this expression of 012 and rescaling in time with the positive constant C; we
obtain system (P), from the last equation (2.4).

Proof of Lemma 2.1. We can rewrite the first equation of (2.4) with div

a d
=aa T 9o
ad a
wAus + O+ ) ——(div u) = p 2, (2.62)
0x] 0x2
a .. ap
nwAuy + A+ p)—(divu) = p—. (2.6b)
0x2 0x1
Considering aa (2.62) + 3 - (2.6b), we get
82
O + 2 AWdiv u) = 2u—2P—.
axlaxZ

Plugging the expression of div u into (2.6), we get

9 A 9 92
Aup= B, 0AW O P (272)
0x2 (A+21) 0xq 0x10x2

9 A 9 92
Ay = P W 0y T (2.7b)
0x1 (A+2w) dx; 0x10x2
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Considering now 3372(2.721) + 81)61(2.7b) , wWe obtain

9 9 A 94
A (ﬂ + ﬂ) =A(pt—p7)—4 At r) s ax2(pJr —p). (2.8)
2

0xy  0xj A +2w) 8x12
Recalling that
oup  oup _
op=u — +— _(,0+_:0) ) 2.9)
8)62 8x1
JE _ 4 _ _
this yields 012 = —4%A 28)6?—6)6%(,&r —p7) =-C; (RIZR%(,O"r —p7)). O

Remark 2.2. (Property of the elastic energy) If we define the elastic energy by

2

A
E = e 2 -~ e
/]RZ/ZZ w Z (811) + 2 Z Ekk

i,j=1,2 k=12

Using system (2.4) we can show formally that

dE apt  9p~
—=—/ (012)2(L+L)§0-
dr R2/72 x| 0x1

+ 9p~ . .
where we have used the fact that %, %"Tl 2 0 to see that the elastic energy is a
non-increasing in time. Hence, the elastic energy E is a Lyapunov functional for

our dissipative model.

3. Concerning the meaning of the solution of (P)

In this section we prove Proposition 1.3. This shows that if (P) admits solutions
verifying the conditions of Theorem 1.4, then we can give a mathematical meaning
to the bilinear term. In order to do this, we need to define some functional spaces
and recall some of their properties, that will be used later in our work.

3.1. Properties of some useful Orlicz spaces

We recall the definition of Orlicz spaces and some of their properties. For
details, we refer to Apawms [1, Ch. 8] and Rao and REN [33].

A real valued function A : [0, +00) — R is called a Young function if it has
the following properties (see O’NEIL [31, Def 1.1]):

— A s a continuous, non-negative, non-decreasing and convex function.
— A(0) =0and lim;_ 400 A(t) = 4o00.
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Let A(-) be a Young function. The Orlicz class K 4 (T2) is the set of (equivalence
classes of) real-valued measurable function 4 on T? satisfying

/ A(lh(x)]) < +o0.
T2

The Orlicz space L 4 (T2) is the linear hull of K 4 (T2) supplemented with the Lux-

emburg norm
h
Wy =i [ -0: (55 1)

Endowed with this norm, the Orlicz space L A(Tz) is a Banach space. Moreover,
forall f € La (’]1‘2), we have the following estimate

1y < 1+ [ AGFGD. (3.10)

Definition 3.1. (Some Orlicz spaces)

e EXP,(T?) denotes the Orlicz space defined by the function A(¢) = e — 1 for
a1

o L logﬂ L(T?) denotes the Orlicz space defined by the function A(¢) = #(log(e+
)8, for B = 0.
Observe that for 0 < B < 1 the space EXP % (T2) is the dual of the

Zygmund space L log? L(T?) (see BENNETT and SHARPLEY [7, Def 6.11]). It is
worth noticing that L log1 L(T?) =L log L(T?).

Let us recall some useful properties of these spaces. The first one is the gener-
alized Holder inequality.

Lemma 3.2. (Generalized Holder inequality)

() Let f € EXP,(T?) and g € L log% L(T?). Then there exists a constant C
such that (see O’NEIL [31, Th 2.3])

<
||fg||Ll(']1‘2) = C”f”EXPz(TZ)”g”LIOg% L(Tz)'

(ii) Let f € EXPy(T®)andg € L log L(T?). Then there exists a constant C such
that (see O’NEIL [31, Th 2.3])

||fg||L10g% L) = Cllf lexpyr2) 9l L10g LeT2)-
The second property is the Trudinger inequality.

Lemma 3.3. (Trudinger inequality) There exists a constant y > O such that, for
all f € WH2(T?), we have (see TRUDINGER [37])

2
r(imviz)
e 11y 1.2 72y <1.
T2 B

In particular we have the following embedding

W2(T?) < EX Py (T?).
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3.2. Sharp estimate of the bilinear term

Now, we propose to verify with the help of the following proposition that the
system (P) has indeed a sense. First we prove a better estimate than the one men-
tioned in Proposition 1.3. Namely, we have the following.

Proposition 3.4. (Estimate of the bilinear term) Let T > 0, f and g be two func-
tions defined on T2 x (0, T), such that

(1) feL*((0,T); Wh3(T?)),
(2) g e L*®((0,T); Llog L(T?)). Then

fg € L*(0.7): Llog? L(T?))
and for a positive constant C, we have:

gl

2.1 L1og} ey = M Nz mywraaanllgliso. 1 iog L)

For the proof of this Proposition , we use Lemma 3.2(ii), and integrate in time.
Thanks to the Trudinger inequality (Lemma 3.3), we get the result. We proceed in
the same way for the proof of the Proposition 1.3.

4. Local existence of solutions of a regularized system
In this section, we state a local in time existence result for system (P), modified

by the term £ Ap™, and for smoothed data. This modification brings us to study, for
all 0 < ¢ < 1, the following regularized system:

9 +.,& 9 +.,&
P enptt = —(R2R2 )L in D'(R? x (0, T)),
ot 0x1
(Pe)
90 € 90 €
P enp™ = (R2R2p5) L inD'(R? x (0, 7)),
ot dx
where p¢ = p™¢ — p™¢, with the following regular initial data:
+, +.¢,
PEE(x, 0) = py () = py P s me(x) + (L + e)x1 = py P () + Lexr,
(IC)
where n.(-) = Elzn(;), such that n € C2° (Rz) is a non-negative function and

Jr2m=1.

Remark 4.1. We consider L, = L + ¢ to obtain strictly monotonous initial data
,00i "¢, This condition will be useful in the proof of Lemma 5.4.

We also introduce, for later use, the analogue of condition (H 1) with L replaced
by L;:
(H1), pgt’s(xl +1,x) = ,oa—L’a(xl, x2) + L, almost everywhere on R2.

For the regularized system (P;) and (I C,) we have the following result.
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Theorem 4.2. (Local existence result of monotone smooth solutions) For all initial
data ,00 e L? (R?) satisfying (H1), (H2) and (H3), and all ¢ > O, there exists

loc
* > 0, which only depends on L. and on a bound on ||,0jE e Wi Ty , such that

the system (P.) and (I1C) admits solutions p™¢ € C*®(R? x [0, T*)). Moreover

9 +,e
p=E (-, 1) satisfy (H1), (H2) and g >0, forallt € [0, T*).
X

To prove Theorem 4.2, we need to recall the following result.

Lemma 4.3. (Decay estimate for the heat semi-group) Let r, p, ¢ = 1. Then, for all
functions f € L1(T?) and g € LP(T?), where % < ql + %, we have, for S1(t) =
14 the following estimates:

1

1,11
@ ISIOS Dy = Ct (s ’)IIfIILq(Tz)Ilglle(qrz) forall't >0,
.. +34s
i) IVSI O < O T e gl g, forall > 0,
where C is a positive constant depending only onr, p, q.

The proof of this lemma is a direct application of the classical version of the
L"-L? estimates for the heat semi-group (see Pazy [32, Lemma 1.1.8, Th 6.4.5])
and the Holder inequality.

Proof of Theorem 4.2. We perform the proof in four steps.
Step 1. Rewriting the system
Introducing the periodic functions (because of (H 1)—(H?2)).
PP (xn 1) = p T, x, 1) — Lext, and pf = (o1, pope)

and similarly for the initial data

+ TG,
'OO P (X, xz)_po ®(x1,x2) — Lgx;, and IOOU_( sper’po e.pery

we can rewrite system (/C,) and (P;) in its integral form as follows

P (x,0) = pf , (x) ()
and
P (x. 1) = Se()pf, + B(p, p5) (1) + A(p5) (1), (PE)
with the notation for general functions u = (u1, u2) and v = (v, v2)

Sg(t) — estA
o 3
Bu, v)(t) = I / S.(f —s) ((R%R%(ul - uz)) 8—;@)) ds,

0
with [} = (51 (1))

i1

Au)(0) =L5J_1/ Se(t — ) (R%R%(ul —uz)(s))ds

10
with J]:(l_ )




Global Existence of Dynamics of Dislocation Densities

In what follows, we want to apply a fixed point argument. In order to be specific,

we choose to work with the Banach space L*°((0, T); (Wl’% (T?))?). Remark that
other spaces L*°((0, T); (WP (T2))2) could also be used for different and suitable
values of p. To apply a fixed point argument, we need to get some estimates on B,
A and S, (t) ,og‘v, which are presented in the next step.

Step 2. A priori estimates on B, A and S; (t),og’v
We remark that

1B(u, v)(@)]

t
<
—Jo

t
+
0

and can then use Lemma 4.3(i)) withr = 4,9 = 3, p = % to estimate the first
term and Lemma 4.3(ii) with r = %, qg=4,p= % to estimate the second term.
Using moreover the fact that Riesz transforms preserve the L”-spaces (see the result
recalled later in Lemma 5.1(i)) and the classical Sobolev injection, we get

W2 (T2))2

9
Se(r — ) ((R%Rg(ul — uz)) %(s)) ds

(LH(T2))?

VS (1 —5) ((R%R%(ul —_ uz)) %(s)) ds @.11)

(L2(TH)?

1B (u, V)l S n(T)llull

Lm((O,T);(Wl’%(Tz))Z) L”((O,T):(Wl’%('ﬂ‘z))z)

X |[v]| 4.12)

Loo((0. Ty (W3 (T2)2)’

. 1 .. . .
with n(T) = CoT 3 for some constant Co > 0. Similarly, we estimate the linear
term and get

A 3 < Len(T 3 . 4.13
TAGON e 0. 7wt 3oy = MW e o mswr 3y G
Finally, we know by classical properties of heat semi-group that
Se () pg < o§ . 4.14
[[Se ( )'OOW||L00((0,T>;(W‘-%(1r2))2> = IIpo,vll(Wl%(Tz))2 (4.14)

Step 3. The fixed point argument

Using estimates given in Step 2, we can now apply the classical fixed point argument
(see CANNONE [9, Lemma 4.2.14]). We get the existence of a time 7* > 0, which

only depends on L, and on a bound on || ,O(:)t EPer) Wi 2y such that there exists a

solution pf to system (ICP"y and (PP*") with p5 e L0, T"); (WL%(TZ))Z).
Step 4. Monotone smooth solutions

Using the classical bootstrap arguments, we can show that p, is smooth. More-
over the monotonicity of the solution p*¢ in x; follows from assumption (H3)
and from the maximum principle (see LIEBERMAN [27, Th 2.10]) for the scalar

. . . +.e
parabolic equations satisfied by ang' O
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5. e-Uniform estimates on the solution of the regularized system

In this section, we prove some fundamental e-uniform estimates. In Section 5.1
we give some general estimates which are independent on the equation. In the
second Section 5.2 we establish a priori estimates on the solutions of system (Pg).

5.1. Useful estimates

Now we recall some well known properties of Riesz transforms, that will be
used later in our work.

Lemma 5.1. (Properties of Riesz transforms)

(i) Forallg e LP(T?), 1 < p < 400, there exists a positive constant C = C(p)
such that

IRigllrer2) = Cllgll Lo T2)-

(i) If g € L3(T?), then fR/Z Rig(x1, x2)dx; = 0, for almost everywhere xy €
R/Z.

(iii) Forall g € L2(']I‘2), we have %Rzg = axz Rigand R{R2g = RaR1g.

(iv) Forall f, g € L*(T?), we have [12(Ri f)g = |12 f(Rig).

(v) If g € L>(T?) and does not depend on x», then Ry g = 0.

Proof of Lemma 5.1. For the proof of (i) (see ZYGMUND [40, Vol I, Page 254,
(2.6)]). The proof of (iv) this is straightforward, using Fourier series. For the proof
of (i), it suffices to note that, if we denote by f(x2) = fR /Z R1g(x1, x2)dx1, then
we have c, (f) = c,k)(R1g) = 0 by definition of ¢, for k; = 0. Finally, we
prove (iii), checking simply that

d k» ki 0
—R =2mik;— =2 — = —R ,
Ck (axl 29) i 1|k|Ck(g) i 2|k|Ck(9) Ck(8x2 19)

and similar we prove second equality of (iii). The proof of (v) is a consequence of
the fact:

ky .
Clkr ko) (R19) = M /T . g(x)e  Frikixitkex) g dx, = 0.
O

Lemma 5.2. (L° estimate) If f € LIOC(R2) and f verifies (H1), (H2) and (H3),
then there exists a constant C = C (L) such that

H fper _ fperd-xl

<C, (5.15)
Lo°(T2)

where fP* = f — Lxj.
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Proof of Lemma 5.2. We compute

1 T 1
afpe 0 d
/ f dxl—/ —f—L’dx1§L+/ —de1
0 | 9xi 0 |0x 0, 191
=L+/ 4,
0o 0x

=2L,

where we use (H3) in the second line and (H 1) in the last line. We next apply a
“Poincaré-Wirtinger inequality” in x| and we deduce the result. O

We will also use the following technical result.
Lemma 5.3. (L log L Estimate) Let (). be a non-negative mollifier, then for all

f € Llog L(T?) and f = 0, the function f. = f %, satisfies

/Tzfglnfga/pflnf as ¢ — 0.

For the proof see ApAwms [1, Th 8.20].

5.2. A priori estimates

In this subsection, we show some g-uniform estimates on the solutions of the
system (P.) and (IC;) obtained in Theorem 4.2. These estimates will be used,
on the one hand to extend the solution in a global one and, on the other hand in
Section 6.2, for ensuring by compactness the passage to the limit as ¢ tends to zero.

The first estimate concerns the physical entropy of the system, and is a key result.
It shows that in our model, the dislocation densities cannot be so concentrated and
then can be controlled.

e B). If p=F € C¥([R? x [0, 7))
are solutions of the system (Ps) and (ICy) and p™¢ (-, t) satisfy (H1),, (H2), (H3)
and (H4), then

/ﬂ‘zz ox (axl) // (RIRZ(axl))

8,00 8,03“2
) 5.16
/Tzz 0x1 ( 0x1 ( )

—,&

Lemma 5.4. (Entropy estimate) Let ,00 e L?

where p¢ = pT¢ —p
In particular, there exists a constant C independent of ¢ € (0, 1] such that

8pi,€
0x1

(Rlepg) <C (5.17)

*’ﬁ

L>®((0,T);L1og L(T?)) L2(T2x(0,7))

. oot
with C = C(llapTOlHngL(TrZ))-
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Proof of Lemma 5.4. First of all, we denote ¢ = % and N¥(t) = [
654 (1) In(0F¢ (1)).

Using the fact that p*¢ € C®(R? x [0, T)), we can derive N (t) = N (r) +
N~ (t) with respect to ¢, and since %€ > 0, we obtain:

d _ +.¢ +.¢ +.¢
EN(’)_/Tz;(G ) (@ )+/TZ+ZE<G )

Using system (P.) we see that the second term is zero. Moreover, we get
d
“No = [ S| F ((R%R§p£)9i~8) T+ 405 | In(6).
dr T2 g X1

Integrating by parts in x1, we get

|V9:I:£

d

EN(I) _/ Z :IZ(RQRZ s)eis 9)18 Z/ﬂ-z X
_ 2 p2 |V92|:8
_/]1, (R Ryp s 9. Z/]l'z FE

where ¢ = ¢ — 67, We integrate also the first term by parts in x|, and we
deduce that

|V9i8

d 2 p2
o =- [ (riri0) Z/Tz i

|V9i 6

_/]1‘ (R1R29€ —SZ/ Qis <0,

where we have used Lemma 5.1(iii) and (iv) for the second line. Integrating in time,
we get

1
N(t)+// (R1R26°)” < N(0).
0 JT2

Which proves (5.16). Moreover, we have
N(©0) < / > 6%¢(0) log(e + 6%(0)).
T

Since the initial data (IC) satisfies (H4), we deduce by Lemma 5.3 that there exists
a positive constant C independent of ¢ € (0, 1] such that

t
N(t)+// (R1R20°)” < C.
0 JT?

N = /Tz 65 (1) log(e + 654 (1)).

Let us now consider
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We deduce, with another constant C’ > 0, that

N () + N; (z)+// R1R29) <cC

which joint to (3.10) implies (5.17). O

Remark 5.5. (L2 estimate on the gradient of the vector field) We want to bound
V(R%R%pe). To this end, remark that by the property of Riesz transforms (see
Lemma 5.1(iii)), we have

9 —RIR3p*=R|Ry iRlepf and iRszpssz iRlepf
9x1 2 ax1 axy 12 2\ ox; ’

where those quantities involve aaTlRlRZ p? which is bounded in L2(T2 x (0, T))

by (5.17). Then using the fact the Riesz transforms are continuous from L? onto
itself (see Lemma 5.1(i)), we deduce that

MOLD

where the constant C is independent on €.

A

C, (5.18)

L2(T2x(0,T))

‘We now present a second a priori estimate.

Lemma 5.6. (L2 bound on the solutions) Ler T > 0. Under the condition
,0O € LIOC(RZ). If pt% € C®(R? x [0, T)) are solutions of system (Ps) and (IC)
and p*¢ (-, t) satisfy (H1),, (H2), (H3) and (H4), then there exists a constant
Cr independent of € € (0, 1], but depending on T, such that:

=+,¢,per ”

o Le(O.1y22r2y = CT

=+, ¢e,per

with p = pte — Lx;.

Proof of Lemma 5.6. Let T = R/Z. We want to bound m™*¢ (x», 1) = Jr pHeper
(x1, x2, t)dx;. There is no problem of regularity since pi’s € C""(R2 x [0, T)).
We integrate equation (P;) with respect to x1, and we get

9 +.e 32 +.,e 90¢
n;t —¢& ;;152 = i/ﬂ‘ (R%R%%)(pi’s’per — mbF)dx;
2

ap
imi!E/T(R2R28 )dx1 FL, /(RzR p*)dxy, (5.19)

where for the first line we have integrated by parts, and introduced the mean value
m™*¢ . Therefore, using that p° is a 1-periodic function in x; and Lemma 5.1(ii) and
(iii), we deduce that

9
/(RzR p)dx) =0 = /(R2R2 p )dxl,
T 0xi
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Equation (5.19) is then equivalent to
am:l:,é‘ 82m:|:,8

5 9p
il :i/T(RzR " )(pi’e’per—mi’g)dxl =: I*(x, 1).
2

(5.20)

We now show that I+ € L2(T x (0, T)). Indeed, we have

2 0p
+ 2 +.eper _  +.e
175 2 rwory = ‘/T(R Ry 2ox )(p e L2(Tx(0.T))
ap°
o L [ L
Lo@xO.T) 9x1 [l 22 (0,7)

<c

where fosr the last line we have used (5.18) and (Lemma 5.1(i)) to bound
Il R%R%g% 22 (T2 % (0.7))- Furthermore, the bound

+,e,per __ m:l: &

' ||L°0(’]I‘2><(O,T)) =C

|

follows from (5.15).
Multiplying (5.20) by m™¢ and integrating in x5, we get

/ IEmE9) (1),
L%(T)

Using Cauchy-Schwarz inequality on the right hand side, we deduce that

d
—Im D2y + 8 | 5 mm t)

2dr axy

d
aumi%, Dllz2ery < MEC D2 my-

We conclude to the result by integrating in time. O

Corollary 5.7. (W2 estimate on the vector field) Under the assumptions ,00 €

loc(Rz) If pT¢ € C®(R? x [0, T)) are solutions of the system (Ps) and (I1C)
and ,oi €, t) satisfy (H1),, (H2), (H3) and (H4), then there exists a constant C
independent of € such that:

[IA

| R3R30" C.

L2((0,T); WL2(T2))

The proof of Corollary 5.7 follows from the application of “Poincaré-
Wirtinger inequality” using (5.18) joined to the fact that R%R% p¢ is of null average
(see Lemma 5.1(ii)).

The following estimate will provide compactness in time of the solution, uni-
form with respect to €.

Lemma 5.8. (Duality estlmate for the time derivative of the solution) Let T > O.
Under the assumptions po € Lloc(Rz). If p¥¢ € C®(R? x [0, T)) are solutions
of the system (P;) and (IC;) and pi’e(-, t) satisfy (H1)g, (H2), (H3) and (H4),
then
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(i) Forall ¢ € L2((0, T); WY-2(T?)), there exists a constant C independent of
e € (0, 1] such that:

ap°
/ Y R2R3 (—)‘ = ClIYllL2qo. 1y wi2er2y)
T2x(0,T) d1

—,8

where p® = pT
(i) Forall y € L2((0 T); W2 2(T?)), there exists a constant Ct independent of
e € (0, 1] such that:

ap:t,s
foun?(%5)
T2%(0,T) ot

Proof of Lemma 5.8.

= Crliv 20,7y w22 (T2)) -

Proof of (i). Theideaissomehow to bound R2 R2 ( ) using the available bounds

on the right hand side of the equation (P).
We will give a proof by duality. First of all, we subtract the two equations of
system (P;) and we apply the Riesz transform R%R%, to obtain that

I

I
8 & 8k8 e e
R2R () = — R2RZ ((R?R2p" )= ) +eR2RZ (Ap®) (521
ot dx1
with k¢ = p™¢ + p—¢. In what follows, we will prove that for a function

¥ € L2((0, T); Wh2(T?2)), we can bound J; = Sy Wi fori =1,2.
Estimate of J,: To estimate J,, we integrate by parts, to get:

Jr = —s/ V(RIR3p%) - V.
T2x(0,T)

We deduce that for all ¢ € (0, 1]:

2 p2
721 = | RERS 0% 20,7y w12myy W a2 ryswia ) (5.22)
S CllY L2, 7y wi2ery).»

where we have used Corollary 5.7 in the last line.
Estimate of J: To control Ji, we rewrite it under the following form:

okt ok®
/ [R%R% ((R%R%p%—)] V= / ((R%R%pg)—) (RTR3Y).
T2%(0,T) 0xy T2x(0,T) ax1

‘We use the fact that

(i) (R}IR3p®) is bounded in L2((0, T); W'2(T?)) uniformly in & (by Corol-
lary 5.7),
(i1) g—fﬂ is bounded in L*°((0, T'); L log L(Tz)), uniformly in ¢ (by Lemma 5.4).



MaRCO CANNONE ET AL.

We deduce from this and from Proposition 3.4, (with f = R}R3p and g = %)
the following estimate:

ak®

R2R2 & .

H( 1R3p%) o1

Lz((O,T);LIOg% L(T2))
ak®

2 p2
gC||R1Rsz“LZ((O,T);Wl*z(Tz)) ax

L®((0,T); L log L(T2))
ok®

<C.
0x1 -

<c ‘
L%((0,T); L log L(T?))

We use Lemma 3.2(i), to deduce that

ok®
i< ((R%R%p%—) (RfR§W)‘
T2x(0,T) 0x
< 2p2 ¢ ak* 2 p2
< |(RIR30)5— 1 |RR3v | i
X1 L2((0,T); L1log2Z L(T2)) L2((0,T); EX P2(T?))
<c H R2R2 <c . 5.3
- 1 21/f LZ((O,T);WI'Z(TZ)) - ”I//”Lz((ovT)le'z(Tz)) ( )

where we have used the Trudinger inequality (see Lemma 3.3) in the third line and
the fact that Riesz transforms are continuous from L2 onto itself in the last line (see
Lemma 5.1(1)).

Finally, collecting (5.23) and (5.22) together with (5.21) and the definitions of
Ji,fori = 1,2, we get that there exists a constant C independent of ¢ such that

0p°¢
/ VRIR; (—)‘ < ClIY 20,y w12m2))-
T2x(0,T) ot

Proof of (ii). The proof of (ii) is similar to that of (i). The only difference is that
we integrate by parts the viscosity term twice and use the estimate of Lemma 5.6.
0

Remark 5.9. (W12 and W—22 estimate) Let W—1-2(T?) be the dual space of
Wl’z(’]I‘z). By point (i) of the previous lemma, we deduce that there exists a con-
stant C independent of &, such that

ap°¢
R?R> | —
H ! Z(ar)

However, the point (ii) controls the time derivative of the solution in L2((0, T);
W=22(T2)), where W—22(T2) is the dual space of W22(T?). This control will
allow us later to recover the initial conditions in the limit as & goes to zero.

A

C.

L2((0,T);W=12(T2))

Theorem 5.10. (Global existence) Forall T > 0, ¢ € (0, 1] and for all initial data
,00i € L%OC(R2) satisfying (H1), (H2), (H3) and (H4), the system (P;) and (1Cy)
admits a solution p*¢ € C®(R? x [0, T)). Moreover, p=¢(-, t) satisfies (H1),
(H2) and (H3) for all t € (0, T) and the estimates given in Lemmas 5.4, 5.6, 5.8

and Corollary 5.7.

Before going into the proof, we need the following lemma.
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Lemma 5.11. (W3 estimate) For all initial data oy € LY (R?) satisfying (H1)
and (H2), if pH&P e C®(T? x [0, T)), are solutions of the integral problem
(PP"), then there exists a constant C = C (e, L) such that

+ 1
E.oper S By +CT™ IRT R3 p* | Lo (0,7): L8(T2))

13 s
L®((0,T); W2 (T?))
9 +.,e
% 14
(H dx1
w3 (12)

Proof of Lemma 5.11. We proceed as in Step 2 of the proof of Theorem 4.2. Here
we apply Lemma 4.3() withr =4, g = 25—4, p = 1 to estimate the first term of the

o

+ 1), (5.24)

L®((0,T); L1(T2))

+ +,¢,per
where By = | p, Il

right hand side of (4.11), and Lemma 4.3(ii) with r = % g = 8, p = 1 to estimate
the second term. That leads

2l R2 p2
”B(l/l, U) ”LOQ((O,T);(WI’%(TZ))Z) § CT?2 ”Rl Rzu”LOO((O,T);(LB(Tz))Z)
v
x| 22 (5.25)
0x1 |l oo (0,152 (2)%)
Similarly, we show that
w1l R2 P2
”A(u)”LOO((O,T);(WI‘% (T2))2) g CT?> ||R1 R2u||L°°((0,T);(L8(T2))2)‘ (526)

By using (4.14), (5.25) and (5.26) with u = v = p} and equation (PP, we get
the result. 0O

Proof of Theorem 5.10. We argue by contradiction. Suppose that there exists a
maximum time Tyax such that we have the existence of solutions of (P;) and (/C,)
in C®(R? x [0, Tmax))-
For 6 > 0, we consider the system (P;) with the new initial data
+
pé,rﬁax = :Oi'g(x, Tinax — 6).

Applying Theorem 4.2, we deduce the existence of time 73"
(P¢) and (I C,) admits solutions defined until the time

TO = (Tmax - 8) + Taimax'
Then the contradiction Ty > Tiax follows from the fact that we can show that
3T7T; >0 suchthat T 2 T) > 0 forsmall enough 8§ > 0. (5.27)

§,max —

max Such that the system

To prove (5.27), we recall that for L, fixed, the time T}
+,¢,per ’
5, max ”Wl‘%('ﬂ‘z)
bounded by the right hand side of (5.24) with T = Tiax. The conclusion follows
from the fact that there exists a constant C > 0 independent on 7 such that

apzl:,s
3)61

max Only depends on a

,€,per

x| = pf;ﬁax — Lx;. This term is simply

bound on ||p where ,0;[

2 2
+ IRTR5 0% || oo 0.7y L8(T2)) = C
L((0,T); L1 (T2))

where we have used (5.17) to bound the first term, and Lemmata 5.2 and 5.1(1)—(v)
for the second term. O
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6. Existence of solutions for the system (P) and (IC)

In this section, we will prove that the system (P) and (IC) admits solutions p=
in the distributional sense. They are the limits when ¢ — 0 of the solution p®¢
given in Theorem 5.10. To do this, we will justify the passage to the limit as ¢ tends
to 0 in the system (P;) and (I C;), using some compactness arguments.

6.1. Preliminary results
Before proving the main theorem, let us recall some well known results.

Lemma 6.1. (Trudinger compact embedding) The following injection (see
TRUDINGER [37]):

WI(T?) < EX Pg(T?),
is compact, forall 1 < B < 2.
For the proof of this lemma see also Apawms [1, Th 8.32].

Lemma 6.2. (Simon’s Lemma) Let X, B, Y three Banach spaces, where X <— B
with compact embedding and B — Y with continuous embedding. If (p™), is a
sequence such that

dp"

0"l aco,7): B) + ||,0n||L1((o,T);X) + Hﬁ

A

C!
LY((0.7):Y)

where g > 1 and C is a constant independent of n, then (p"),, is relatively compact
in LP((0,T); B) forall1 < p <q.

For the proof, see SIMON [35, Th 6, Page 86].

In order to show the global existence of system (P) in Section 6.2, we will
apply this lemma in the particular cases where B = EX Pg (T?), X = WH2(T?)
and Y = W—12(T?), for 1 < B < 2.

Lemma 6.3. (Weak star topology in LlogL) Let Eyp (T?) be the closure in
EXP(T?%) of the space of functions bounded on T2. Then E,, » (TH isa separable
Banach space which verifies

(1) Llog L(T?) is the dual space of Eexp (T?).
(i) EXPg(T?) — Eoxp(T?) — EXP(T?) forall g > 1.

For the proof, see Apawms [1, Th 8.16, 8.18, 8.20].
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6.2. Proof of Theorem 1.4

Let us fix any 7 > 0. For any ¢ € (0, 1], we are considering the solution p*-¢
of (P,) and (IC,) given in Theorem 5.10 on R? x (0, T). First, by Lemma 5.6 we
know that, the periodic part of the solutions, denoted by p*¢P°" are g-uniformly
bounded in L2 ('IF2 x (0, T)). Hence, as € goes to zero, we can extract a subsequence
still denoted by p®¢P°" that converges weakly in L2(T? x (0, 7)) to some limit
TP Then we want to prove that p* = p* P 4 Lx; are solutions of the system
(P) and (IC). Indeed, since the passage to the limit in the linear term is trivial in
D'(T? x (0, T)), it suffices to pass to the limit in the non-linear term
apj:,s

a

(RIR3p%) : (6.28)
X1

Step 1. Compactness of R%R% ¢

Now notice that:

e From Corollary 5.7 we know that the term R%R% p? is e-uniformly bounded in
L2((0, T); W1-2(T?2)). Then itisin particular e-uniformly bounded inL'((0, T);
wl2(T?)).

e From the previous point and Lemma 6.1, we know that R%R% p¢ is also
e-uniformly bounded in L2((0, T); EX Pg(T?)) forall 1 < 8 < 2.

e From Lemma 5.8, the term R%Rg(%) is e-uniformly bounded in L2((0, T):
W=12(T2)) and then in L'((0, T); W~1-2(T2)).

Collecting this, we get that there exists a constant C independent on ¢ such that
pf = R%R%p‘g satisfies for some 1 < 8 < 2

| p* HLZ((O,T);EXPﬂ(Tz)) +[5° “U((O*T)?WI’Z(TZ)) * HW

A

C.

LI((0,T); W=12(T2))

Then Lemma 6.2 joint to Lemma 6.1, with B = EXPg(T?), X = W'(T?)
and Y = W~12(T?), shows the relative compactness of R%R%pg in L'((0, T);
EXPg (T2)), and then using Lemma 6.3, we deduce the compactness in LY, T):
Eexp(T?)).

+.,&

ap
dx1

Step 2. Weak-* convergence of

By Lemma 5.4, we have that %ﬁs is e-uniformly bounded in L°°((0, T);
Llog L(T?)) which is the dual of L'((0, T); Eexp(T?)) by Lemma 6.3. Then, this

term converges weakly-x in L*°((0, T'); L log L(T?)) toward %. That enables us
to pass to the limit in the bilinear term (6.28) in the sense

L'((0, T); Eexp(T?) — strong x L®((0, T); Llog L(T?)) — weak — %

which shows that
_— apzl:,é‘ _— ap:t
(RTR5p*)—— — (R{R3p)— in D/(’]I‘2 x (0, T)).
X1 ax]

In what precedes, we have shown that ,0jE are solutions of the system (P).
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Step 3. Conclusion

Passing to the limit in the estimates of Lemma 5.4, 5.6, 5.8 and Corollary 5.7,
we get in particular by Lemma 5.3, the entropy estimates (1.1) and (E'1), (E2),
(E4), (ES). At this stage we remark that, by Proposition 3.4 that

ap*t ap*
B — (RIR3p) P~ € L2((0.T); Llog? L(T?)),
ot dx1

and then pP" € C([0, T); L 1og% L(T?)), which proves (E3).

Since the functions p*¢(-, 1) satisfy (H1),, (H2), (H3), (H4) (see Theo-
rem 5.10) by passing in the limit ¢ — 0, we can see that the limit functions pE(, 1)
satisfy the corresponding assumptions (H 1), (H2), (H3), (H4).

It remains to prove that ,0i satisfies the initial conditions (IC). Indeed, from the
estimates on p™P°" given by Lemma 5.6 and B%fe given by Lemma 5.8(ii), we
can prove easily, that

+,¢, +,¢,per 1
lp= =P (R) — p Py 2272y < Cre2.

where Cr is a constant independent of ¢. Hence:IE we can pass to the limit ¢ — 0,
which implies in particular that p™ P (-, 0) = o PTinD'(R?). O

Remark 6.4. In our proof, we have indirectly used a kind of compensated com-
pactness technic for Hardy spaces. Nevertheless in our case, we do not have enough
regularity to apply directly this technic.
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