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Abstract

We propose and analyze a symmetric weighted interior penalty (SWIPpoheth
to approximate in a Discontinuous Galerkin framework advection-diffusiqua-
tions with anisotropic and discontinuous diffusivity. The originality of the modth
consists in the use of diffusivity-dependent weighted averages to befterwith
locally small diffusivity (or equivalently with locally high&let numbers) on fitted
meshes. The analysis yields convergence results for the naturgyeram that
are optimal with respect to mesh-size and robust with respect to diffusirhe
convergence results for the advective derivative are optimal witlertdo mesh-
size and robust for isotropic diffusivity, as well as for anisotropicudiifity if the
cell Peclet numbers evaluated with the largest eigenvalue of the diffusivitptens
are large enough. Numerical results are presented to illustrate therparice of
the proposed scheme. discontinuous Galerkin, weighted averagaky kmall
diffusion with advection, anisotropic diffusion

1 Introduction

Since their introduction over thirty years ago [19, 16], &istinuous Galerkin (DG)
methods have emerged as an attractive tool to approximatenows PDESs in the en-
gineering sciences. Here we are primarily interested ireetitn—diffusion equations
with anisotropic (e.g., tensor-valued) and heterogenéeus, non-smooth) diffusiv-
ity. Such equations are encountered, for instance, in ghoater flow models which
constitute the motivation for the present work.

The analysis of DG methods to approximate advection—diffusquations is ex-
tensively covered in [15]. This work already addressesarapic and heterogeneous
diffusivity. However, one particular aspect that desefuether attention is that where
the diffusivity becomes very small isomeparts of the computational domain. In-
deed, in this case it is well-known that the presence of aecdie field can trigger
internal layers. In the locally vanishing diffusivity limithe solution becomes discon-
tinuous on the interfaces where the advective field flows fitmenvanishing-diffusivity
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region towards the nonvanishing-diffusivity region. Thituation has been analyzed
in [10] and, more recently, in [5, 6]. For (very) small but five diffusivity, the usual
DG methods meet with difficulties in the presence of intetagérs that are not suf-
ficiently resolved by the mesh. Indeed, these methods argraesto weakly enforce
continuity of the discrete solution across mesh interfabas because internal layers
are under-resolved, the exact solution is better appraeidhiay a discontinuous func-
tion at the interfaces adjacent to internal layers. Oneiblesseemedy is to consider
a hard-wired modification of the DG method at those inteaes already proposed
in [15] and, more recently, in [8]. However, a more satisfagtapproach would be
to design a DG method that can handle internal layers in amaated fashion. This
is the purpose of the present work. The key ingredient is #eeaf weighted instead
of arithmetic averages in certain interface terms of the D&hwod, with weights de-
pending on the diffusivity on both sides of the interfacee Tinesent method relies on
the (mild) assumption that fitted meshes are used, i.e. dikabntinuities in the dif-
fusivity are aligned with the mesh. When this assumption ispossible (e.g., in the
case of nonlinear diffusivity), the present method is nqteted to behave better than
the usual DG methods, since all methods will suffer from et that they attempt to
approximate a rough solution within some mesh elements.

The idea of utilizing weighted averages stems from the mfirtiie-element method
originally proposed by Nitsche [17, 18]. This method immoseakly the continuity
of fluxes between different regions. Various authors hagalfghted the possibility
of using an average with weights that differ from one halg &1, 14, 12, 13] where
several mortaring techniques are presented to match coirfgfinite elements on pos-
sibly nonconforming computational meshes. In the citedksioweighted averages are
introduced as a generalization of standard averages arghtigsis is carried out in
the general framework, but a possible dependency of thehigemn the coefficients
of the problem is not considered. This dependency was iigast recently in [3] for
isotropic advection—diffusion problems, using a weighit@rior penalty technique
with mortars; when applied elementwise, this approactdgi@l DG method. It was
shown in [3] that a specific choice of weights improves théitg of the scheme
when the diffusivity takes locally small values. The reasdny weighted averages are
needed to properly handle internal layers is rooted in thsijplative structure of the un-
derlying Friedrichs’s system. The design of the correspanBG bilinear form, where
dissipation at the discrete level is enforced by a consigtégrm involving averages,
has been recently proposed in [7]. The extension to advediffusion equations in-
cluding the locally vanishing diffusivity limit is analyden [6].

In the present work, we extend the DG method implicitly dediin [3] for isotropic
diffusivity to anisotropic problems. This task is not as gleas it may appear on first
sight since the presence of internal layers now dependsespgactral structure of
the diffusivity tensor on both sides of each mesh interfade spectral structure also
raises the question of the appropriate choice of the peteity in the DG method at
each mesh interface. The analysis presented below willedlkse issues.

We design and analyze one specific DG method with weighterhges, namely
the Symmetric Weighted Interior Penalty (SWIP) method, ioleté by modifying the
well-known (Symmetric) Interior Penalty (IP) method [2, Many other well-known
DG methods, including the Local Discontinuous Galerkintmoelt[4] and the Nonsym-
metric Interior Penalty Galerkin method [20], can also bedified to fit the present
scope; for brevity, these developments are omitted herein.

This paper is organized as follows: Section 2 presents ttingender scrutiny and
formulates the SWIP method, while Section 3 contains the arralysis in the natural



energy norm for the problem. The estimate is fully robustanieg that the constant in
the error upper bound is independent of both heterogeseitié anisotropies in the dif-
fusivity. Section 4 is concerned with the error analysistanddvective derivative. The
derived estimate is again robust with respect to heteragesnén the diffusivity, but
the constant in the error upper bound can in some cases depdadal anisotropies.
Robustness is achieved for instance if the céttlet numbers evaluated with the largest
eigenvalue of the diffusivity tensor are large enough. Nuca¢results, including com-
parisons with the more usual IP methods, are presented tio8é&cand illustrate the
benefits of using weighted interior penalties to approxeveatvection—diffusion equa-
tions with locally small and anisotropic diffusivity. Filhg Section 6 contains some
concluding remarks.

2 The SWIP method

Let Q be a domain irRY with boundarydQ in space dimensiod < {2,3}. We con-
sider the following advection-diffusion equation with hogeneous Dirichlet boundary
conditions:

1
u=2~0 onoqQ. @)

{—D-(KDU)+B~Du+uu:f inQ,
Here u € L*(Q), B € WL=(Q)]9, the diffusivity tensorK is a symmetric, positive
definite field in[L*(Q)]49 and f € L?(Q). The regularity assumption o8 can be
relaxed, but is sufficient for the present purpose. The wegkilation of (1) consists
of findingu € H3(Q) such that

(KOu,DV)og + (B-0u,V)oq + (HU,V)oo = (f,V)oq W e HF(Q) 2)
where(-,-)oq denotes thé2-scalar product o®. Henceforth, we assume that
p—30B>>0 aeinQ. )

Furthermore, we assume that the smallest eigenvaldeé®bounded from below by a
positive (but possibly very small) constant. Then, owinghte Lax—Milgram Lemma,
(2) is well-posed.

Let {h}h=0 be a shape-regular family of affine triangulations of the dion@.
The mesheg/, may possess hanging nodes. For simplicity we assume thateblees
coverQ exactly, i.e.Q is a polyhedron. A generic element.i#, is denoted byT, ht
denotes the diameter @f andny its outward unit normal. Seét = maxrc g hr. We
assume without loss of generality tHat 1. Letp > 1. We define the classical DG
approximation space

Vh = {Vh € L%(Q);VT € Fh, W7 € Pp}, (4)

wherePy, is the set of polynomials of total degree less than or equpl tdenceforth,
we assume that the discontinuities in the diffusivity tere® aligned with the mesh.
This is a mild assumption in the context of linear problem@r&bver, for the sake of
simplicity, we assume that the diffusivity tendéris piecewise constant ofi,. This
assumption, which is reasonable in the context of grouneiwiddw models, can be
generalized by assuming a smooth enough behavikirinéide each mesh element.



We say thaf is an interior face of the mesh if there aFe (F) andT " (F) in %,
suchthaF =T (F)NT*(F). We set7 (F) ={T(F),T"(F)} and letmg be the unit
normal vector td= pointing fromT ~(F) towardsT *(F). The analysis hereafter does
not depend on the arbitrariness of this choice. Similarky,say thaf is a boundary
face of the mesh if there i§(F) € 9 such thatF = T(F)NdQ. We set7 (F) =
{T(F)} and letng coincide with the outward normal @Q. All the interior (resp.,
boundary) faces of the mesh are collected into theZ&g(resp.,.7?) and we let
Fn = FLUZ2. Henceforth, we shall often deal with functions that are deu
valued on%, and single-valued oi#??%. This is the case, for instance, of functions
in Vi,. On interior faces, when the two branches of the functionuestgjion, sa,
are associated with restrictions to the neighboring elesien(F ), these branches are
denoted byT and the jump ofr across- is defined as

IV =v—V". (5)

On a boundary facg € .79, we set|V]r = v|r. Furthermore, on an interior fagec
Z}, we define the standard (arithmetic) averagé\gs = %(v* +VT). The subscript
F in the above jumps and averages is omitted if there is no auithig

The L?-scalar product and its associated norm on a suRseQ (evaluated with
the appropriate Lebesgue’s measure) are indicated by theespt QR. Fors > 1,
a norm (seminorm) with the subscrigtR designates the usual norm (seminorm) in
H3(R). When the regiorR is the boundary of a mesh elemeit and the arguments
in the scalar product or the norm are double-valued funstidns implicitly assumed
that the value considered is that of the branch associatidthe restriction tar. For
s> 1, H%(.%,) denotes the usual broken Sobolev spaceZgrand forv € H(.%),
Onv denotes the piecewise gradientwfthat is, v € [L2(Q)]9 and for all T € %,
(Onv) |1 = O(v|7). Itis also convenient to s&t(h) = H?(.%,) + V.

The formulation of the SWIP method requires two parametessinAhe formula-
tion of the usual IP method we introduce a single- and scalhred functiory defined
on .%#y. The purpose of this function is to penalize jumps acrossiimt faces and val-
ues at boundary faces. Additionally, we define a scalar- andlé-valued functiorw
on .. This function, which is not present in the usual IP methedised to evaluate
weighted averages of diffusive fluxes. On an interior fice.#|, the values taken by
the two branches ab are denoted byw|g )T, or simply w¥ if there is no ambiguity.
Henceforth, it is assumed that for &lc %!, both values are non-negative and that

w +w =1 (6)

Forv e V(h), we define the weighted average of the diffusive #Ux,v on an interior
faceF € .7 as

(KO} = 0 (KORV) ™ + ' (KOpv) ™. (7

For convenience, we extend the above definitions to bouni@aess as follows: on
F € 799, wis single-valued and equal to 1, and we §60v},, = KOv.
The SWIP bilinear fornBy,(-, ) is defined oV (h) x V (h) as follows
Bn(v,w) = (KOhv, OpW)o.o + (M — O-B)V;W)o.o — (v, B-Uhw)oo
+ 5 (Vv Wor — (Me{KDnV}eo, [W])or — (nE{KOnw}e, [V])or)

Fesy
+ 5 Bre{vhwWhor+ Y 3(Bnevw)or. ®)
FeZ) Fez?®



The SWIP bilinear form can equivalently be expressed, afitegrating the advective
derivative by parts, as

Bh(V,w) = (KOnY, Ohw)o,a + (MY, W)o .0 + (B-0hV,W)o 0
+ Z ((YIV], [W])or — (NE{KDORV} o, [W])o.F — (N {KOnW} o, [V])o.F )

FeFy
S Bewh Mhor— S (B nevwor. ©
FeZ) Fezf%

Both (8) and (9) will be used in the analysis. The discretdlamm consists of finding
Unh € Vi, such that

Bn(Un,Vh) = (f,Vh)o@  VVh € Vh. (10)
The penalty parametsris defined as

VF € Fn, y:ahﬁwﬁ, (11)
F

wherea is a positive scalard can also vary from face to face) and where

VF € #, W = (07 )?8¢,+ (wh)?3¢,, (12)
VF S yf?ga M( = 6Kna (13)
VF € Fh, Ve = 318, (14)

with &, = nkK¥ng if F € % and&n = ntKne if F € %29 Note that the choice
for yg amounts to the usual upwind scheme to stabilize the adeedtiivative. As for
any symmetric IP method, the size of the penalty paranwetisrassumed to be large
enough. This assumption is made for the rest of this work. mhemal value fora
depends on the actual value of the constant arising in tlee freequality (17) stated
below; it can be determined from the proof of Lemma 3.1 to emsaercivity. Because
they are standard, these developments are omitted.

For the error analysis in the energy norm (see Section 3),ther assumption
than (6) is made for the weights. In particular, it is possitd choosew™ = % in
which case the SWIP bilinear fori, reduces to the standard IP bilinear form with
the penalty parameter scaling as the standard average diffirgvity in the normal
direction; this method has been analyzed in [11]. Note disd the choice made in
[15] for the penalty parameter is different since it invathe maximum eigenvalue of
K.

For the error analysis in the advective derivative (seei@edf), a specific choice
of the weights differing fromw™ = % has to be made to yield robust error estimates
with respect to the diffusivity. Specifically, we shall set

— 5;}1 + 6I2n (15)

AT A

and thus

wes, e ol o



Note that with this choicgk = w™d,, = w' &, and that % is the harmonic aver-
age of the normal component of the diffusivity tensor actbgsinterface. Observe
also thatyk < inf(d¢,, ), @ point that becomes important to ensure even the con-
sistency of the method when the diffusivity is actually aial to vanish locally, see
[6]. The numerical results presented in Section 5 show tlsatia the energy norm,
the DG method behaves better if the weights are chosen aongdod(15). Hence, we
recommend this choice whenever the diffusivity exhibiteehageneities.

3 Error analysis in the energy norm

The goal of this section is to establish an error estimateéhHferSWIP method in the
energy norm, the estimate being robust with respect to bggereities and anisotropies
in the diffusivity. The analysis is performed using fairlasdard arguments, i.e., by
establishing coercivity, consistency and continuity gnigs for the SWIP bilinear
form in the spirit of Strang’s Second Lemma [9].

In the sequel, the symbg] indicates an inequality involving a positive constant
C independent of the mesh family and of the diffusivity. ThestantC can depend
on || Bllwre(qe: [[HlL=@), ual (see (3)), and the shape-regularity of the mesh family.
Without loss of generality, it can be assumed that the proldata is normalized so
that || B]|wi=(q)e is of order unity. We will not be concerned with the depengenc
on ||| =(q) Since we are not interested in strong reaction regimes. €perdiency

on u(;l can be addressed by means of Poiadaequalities; this will not be further
discussed here. Owing to the shape-regularity of the mesifyfahe following inverse
trace and inverse inequalities hold: ForBIE .7}, and for allv,, € W,

1
[Vhllo.ot < by 2 [[VialloT, (17)

[Dvhllor < 0 Ivillo.T (18)

which result from the shape regularity of the mesh fanfi§, } n-o.
For a functionv € V (h), we consider the following jump seminorms

M5 = FZ] MIze,  1MIze = (01V], Vo (19)

with 0 := yg, 0 = yk or 0 := y. The natural energy norm with which to eqph) is

IVllng = [[Vllog + [IkDnvllo.q + [Vily (20)

wherek denotes the (unique) symmetric positive definite tensbredhfield such that
k> =K a.e. inQ.

LEMMA 3.1 (Coercivity) The bilinear formBy, is ||-||n g-coercive, i.e., for ally, € V,
Bh(Vh, Vi) 2 [|Vallfg- (21)
Proof. Letvy € V. Takingv = w = v, in (8) yields
Bh(Vh, Vh) = [|KOnVhlI§.0 + (HVh. Vh)o.o — ((3:B)Vh, Vh)og — (Vh, B-OhVh)og
+ (w5 - Z; 2(n {(KDOVh} o, [Vh] o
FET
+ 5 (Bre{vnhaor + 5 3(B-NEVh,Vh)or- (22)

Fezl FezP®



Integrating by parts the fourth term on the right hand sid@2j and owing to hypoth-
esis (3), we obtain

(HVh,Vh)o, — ((C-B)Vh, Vh)o.a — (Vh, B-OhVh)o,0 (23)
+ 5 Brefnh o+ S 3(BNEVR, Vo = (K — 30-B)Vh,Vh)oo 2 [IWh[lE -
Feg| Fez?

Consider now the sixth term in the right-hand side of (22 & .#;,. First, observe
that owing to Young’s inequality

|2(nk @™ (KOnvh) ¥, [vi)or | = [2((k Onvi) ¥, @7 K ne [vi]))or |

25F
< heaol (k) I3 + o (T el b )

whereag > 0 can be chosen as small as needed. Using the trace invegselityg(17)
and the definition ofk« (12)-(13) yields

1
|2(nk {KOnvh }oo, [Vi]oe | S @ol|KOnvil(§ ey + aohe vl WF

The end of the proof is classical sinaen (11) can be chosen to be large enoughl

LeEmMA 3.2 (Consistencylet u solve (2) and leuy, solve (10). Assume that €
H2(%). Then

YWh €Vh,  Bp(U—Un,vh) =0 (24)
Proof. Letvy € Vi. Sinceu € HE(Q), (9) yields

Bn(u,vh) = (KDOu, OnVh)o,. + (HU, Vh)o.q + (B-0u, Vh)o,0 — 27 (N {KDOU} o, [[Va]))o -
FeZn

Using the fact thabl: KOu is continuous on interior faces yields {KOu} e, = (0™ +
w™)ntKOu = ntKOu owing to (6). Hence, integrating by parts leads to

KOu, O o— L {KOu} e, = 0-(KOu), .
(KOu,Onvh)o.o Féh(nF{ U}, [[Vh])o.F Tg%( (KDOu),Vh)o

As a result,

Bn(uvn) = 3 (~0-(KOu)+B-0Ou+ pu,vh)or = (f,Vn)o.o = Bn(Un,Vh),
Te,

yielding (24). |
We now establish a continuity property for the SWIP bilineamf B,. To this
purpose, we introduce on(h) the norm

1 1
2 2
||V||h% = V||h,B+< > ||V||c2J,aT> +( > hT||KDhV||S,aT> : (25)
: T

Te €%

LetV,;- = {veV(h), Y € Vi, (,Vh)oo = O}



LEmMA 3.3 (Continuity) The following holds:

Y(v,Wh) €V xVh,  [Ba(vWh)| S My, 3 Whllng: (26)

Proof. Let (v,wh) € Vii- x Vi, The first two terms in (8) are easily bounded as

|((KORY, Onwh)o.ol + [((1 —O-B)V,Wh)o.a| < 1IVIIhs|/Whlhe-

To bound the third term, lg be the piecewise constant, vector-valued field equal to
the mean value g8 on eachrl € ;. Then,

(V, B-OnWh)o,q = (V, B-OnWh)o.a + (v (B — B)-OhWh)o.a
= (v, (B —B)-OnWh)oa.

sincef-Onwh € Vi andv € V. Moreover, sincg8 € Wh°(Q)]4,
VT €%, [B=Bll=(rye Shr,
so that the inverse inequality (18) yields

(v, B-Onwh)o.a| < [[VloalWhllog < [[VIIng|[Whllne-

Furthermore, proceeding as in the proof of Lemma 3.1 yiétisall F € %,

1 1
I(ntF{KDhV}m[[Wh]])o,FS( > hTzKthllo,aT> he 2 | [Wh]l e F

TET(F)
and
1
| (NE{K O} oo, [VDoe | < he 2| [V Iy 1K O lo, 7 )
so that
; (1N {K OV} oo, [Wh]Doe | + (M {KDWh Yoo, VD)o 1) < IIVI, 1 [[whllng.
Fez, 2

For the remaining terms, we obtain

> (VML wel)or |+ Y 1(Bne{vh [whl)orl+ 5 |3(Bnev.wh)or|

Feh FeZl Fegd9
SIMIyIIwnlly+ Y [I{VHlor [[whlly e < [IVI], 1 [[whllne-
Fes 2
h
This completes the proof sinde|ng < ||-||h 1. O
2

THEOREM3.1 LetMyu be thel2-projection ofu ontoV;,. Then,

||U*UhHh,B§||U*nhU||h%~ 27)



Proof. Owing to Lemmata 3.1, 3.2 and 3.3,

— , B
||Uh*r|hU||hB < Bh(uh Myu uh—l'lhu) _ Bh(ufl'lhu,uhfl'lhu)
7 [un—Thullne [[un —Mnullng

S Ju=Tnull, 1. (28)

We complete the proof by applying the triangle inequalityl arsing the fact that
IHine < 11, 3 0

REMARK 3.1 Estimate (27) yields an error upper bound in the naturatgy norm
with a constant independent of the diffusivity tensor. Rarimore, if the exact solution
is smooth enough locally on each mesh cell, nanwetyHP+1(.%,), it is readily seen
using standard approximation properties for teorthogonal projectofly, that the
upper bound converges B8, which is optimal.

We now prove that under some assumptions, the error estimtite L2-norm can
be improved using the Aubin-Nitsche duality argument. Agik denote the lowest
eigenvalue oK in Q and set\y k = max(1,Ak) whereAk denotes the largest eigen-
value ofK in Q. We introduce the following dual problem: segke H3(Q) such
that

(KOv,OW)oq+ (B-OV, W)og + (HV, Yoo = (VU—Un)og WEHH(Q).  (29)
We assume that elliptic regularity holds in the brokéhnorm, namely that

Wz ) S Amk U= tnllo.o- (30)

WhenK is uniform, it is well-known that the convexity d® is sufficient to guaran-
tee (30). This is no longer the casedfis discontinuous. In this case, (30) implicitly
amounts to additional assumptions on the distributiol afsideQ.

THEOREM3.2 In the above framework,
1

2
M.K .

: h(lu—uh||h,B+ inf ||U—Whh,B+) (31)
mK WhEVh

< A
u—u
I hllo.q < 1

where for allv € V (h),

IV

1 1
2 2
|h,B+=||v|h7B+(z h%||th||%,T> +(z thKthn%,aT) @2
h T

Te% €I
Proof. Step (i): observe that for alle V (h), using (8) yields
Bn(v, @) = (KOhv, D)oo + (1 = OBV )oa — (MB-DW¥loa— 3 (Ne{KOY} o, [V])o.r

Fesy
= z (V,—D-(KDL,U)—B-DLIJ-}-(H—D-B)L]J)O,TZ(V,U—Uh)o’Q. (33)
Te
Step (ii): define otV (h) the norm

1
( w2 IvIlg )2 (34)

Vhe= V|| 1+ Y% ,

[IVilha =1l IIhé TezyhhT oT



and let us prove that for afl,w) € V (h) x V (h),
[Br(MwW)| < [[Vling. [IWllha- (35)
Indeed, indicating byfl;, 1 <i < 8, the eight terms on the right-hand side of (9), and
proceeding as in the proof of Lemma 3.3, it is clear thiats |Ti| < \|v||h,B+\|w||h 1.
2

Moreover,

Tal = [(B-OnviWool S 5 IOnvllorlWlor = 5 hrllOavilorhrtwlor < [Vine. W1
Te Te,

Hence, (35) holds.
Step (iii): takingv = u— uy in (33), applying Lemma 3.2 and using (35) yields for all
Uh € Vh,

[u—Unl[§q = Bn(u—Un, ) = Br(u—tn, ¢ — thh) < lu—Unlng, | — Ynllna-
Using standard interpolation results leads to
1
wjg,hllw —nllha S Ar\%,Kh”‘I’HHZ(%p

and taking into account (30) yields

1
2

Ju=thlloq £ 2 hju—u )
h O!QN /\mK || h||h.B+-

Using the inverse inequalities (17) and (18), we infer toaill v, € W,

[Vallhg, < IVallng =+ IVhllo.o + [[KOnvhlloq < [[Vallhe. (37)
Applying the triangle inequality together with (37) leads t

[u—unllhg, < [[u—Whlng, + [[Un—Whllns.
< [Ju—wh|lhg, + [[uh —Wh|lhe
S [u—Whl[ng, + [[u—Un[ng, (38)

wherew, is arbitrary inVj,. Substituting (38) into (36) yields (31). O

COROLLARY 3.1 If the exact solutiom is in HP™1(.%,), then
< AMK, pi1
[U=Unlloa < A" [ullpea( - (39)
m,
Proof. Use Theorem 3.2 and standard approximation propertigg. of a

4 Error analysis for the advective derivative

When the diffusivity takes small values, it is no longer pbkesto control the advective
derivative by means of Theorem 3.1. The goal of this sec8do bbtain a control of

10



the error in the advective derivative that is possibly rokiith respect to the diffusivity.
Define onV (h) the norm

IVllnep = IVIlhe +[Vilnp; (40)

where

2
IVllng = ( S hT||ﬁ~th||%,T> : (41)

TeS

To prove a convergence result in tél, gz-norm, the first step is to derive a stability
property for the SWIP bilinear forrBy, in this norm.

LEMMA 4.1 (Stability) Define

VT € S, DT =

; Am,T
| {1 i [Bll (e 2 T 42)

Am.T .

AT otherwise

whereAy 1 andAm 1 are respectively the maximum and the minimum eigenvalue of
K|r. SetAx = maxrc 4, Ak 7. Then,

. Bh(vh, W,
|nf h( h, h) > -1

S —_— 2 (43)
VhEVn\ {0} wevi\ {0} IVhlineg|[Whllnep

REMARK 4.1 We stress the fact that the inf-sup condition is robughéisotropic
case and in the anisotropic case if the cé&tlet numbers evaluated with the largest
eigenvalue of the diffusivity tensor are large enough. Na$® that the anisotropies
are local to the mesh element, i.e., ratios of eigenvaluegdas adjacent elements are
not considered. To achieve this result, the key point (seedmtrol of| [[rm]@k in the

proof below) is that the choice (15) for the weights yieyds< inf(dy,,. 3;,)-

Proof. Letvh € Vi and seS= supy, cy,\ (0} %m. We want to prove thdivh|lngp S
Ak S.
Step (i): owing to Lemma 3.1, we infer that

Mnllfe < Slivnllnes, (44)

so it only remains to control the advective derivative|Vq||n gg-
Step (ii): let7s, € Vi, be such that for all € ., |t = hy B-Ohvi, where is defined
in the proof of Lemma 3.3. Let us prove that

1
[ Mllnes < A2 [Vnllngs- (45)

The inverse inequality (18) and the regularity®yield for all T € 4,
[ Mllo < hrllB-OnVillo.T + hrl[valloT, (46)

while the inverse inequality (17) yields for &l € .7,

wlZes Y ImBors S (brlBOwnlds+hrlwlr)
Te7(F) TeZ(F)
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Hence, sincék > 1,

1
[Mhlloq+ [[m]ly, < l[Vnllnes < A% [IVhllnsp-

1
Let us estimatér: 2 |[1h])| F for all F € Z,. Observe first thajk = w6, < 8¢,

if Fe .7 andy = & if F € #29 Hence, if there is & € J,(F) such that
A
[Bllje(rye 2 - then

het Il e < e AmTlImlIGe < 5 (hrllB-Onvnll§r +brlivaligr) -
TeZ(F)

Otherwise, for alF € .7/,

ey (]2 < Py (((B-Onve) )2+ ((B- D) )?)
S e (8ca((B-Dnvi) )2+ 8 n((B-Onn) 7)2)

and similarly forF € %?Q. Hence, using the trace inverse inequality (17),

_ AT
EImIe S Y MwrlOnnldr S Y S5TkOwl3s.
TET(F) Teg(F) 'mT

1
Thus,|[m]]y < AZ|[Vn|lnggs. Furthermore, since is piecewise constant,

KOnmllo;r = hr || B-On(kOnvi) o7 < [1K OnvalloT,

implying that||kOnThlloo S [IVhllng. Finally, the advective derivative af, is con-
trolled by

2 -1 2 2
Imllkg < heolimmllor < Ivhllfgs:
TeS

owing to (46). This proves (45).
Step (iii): we can now examine the teﬂmhﬂﬁﬁ by making use of (9):

IValls g = Bn(Vh, Th) — (KOhvh, On7h)o.a — (HVh, Th)oo
+ > (B:Onvh,hrB-Onvh—h)or + > (B-ne{mh}, [vnl)or

TE Feg)

+ > 3 (B-NEVh, Th)o.F — Z(V[[Vh]]a[[fhﬂ)o,F
Fezl? FET,

3 ((NE{KDOnVh oo, [78])o.r + (N {KDOnTh} o, [Vi]) Jo.F )
FeZy

= Bh(Vh,Tlh)+T1+T2+T3+T4+T5+T5+T7+Tg.

We observe that

1
[Bn(Vh, Th)| < S| Thllngs < SO [[Vnllnes-

12



It is also clear that

1 1 3
ITa| + [To| + [Te| +[T7] + [Ta| < IVnlIngllhllng < S2AZ [Vallf gp-

Furthermore, using the inverse inequality (17) togethéin 6) yields

TeIh

1
2
| Tal +[Ts| < [[vnllly ( > IﬂhlczmT) S | vnlllys (T 7hT1||nh||OT>

S IvnlinglVhlings < s? IVhllf g5
Finally,

Tl < S hr(B-Onvh, (B—B)-Onvh)or| < 5 h&lIB-OnvilloT[[Ohvillo
Te% TeS

3
< > brllB-Onvnllor IVhllor < lIvalingglivalloa < SZ||VhHﬁ
Te,

Hence,
2 2 2
[Vhllfgg < lIVhllf g+ IVhllf g

1 11 3 1 3
< S|nllheg + SAIVhllnsp +S2A% [allp gg + S2 [IVhll g
: Lk
S SO IVnllngg +S2AL IVallf g

where we have used the fact thit > 1 in the last step. Applying twice Young'’s
inequality yields the desired result. a
Proceeding as above, the following result is readily irgerr

THEOREM4.1 In the above framework,

- < Ax inf [lu— 47
U= thllngs < A inf, Ju—vhll, 1. (@)

where, for allv € V (h),

1 1
2 2
Mm%=vmw+<ZIV&J +<zhﬂmw%ﬂ>- (48)
’ Te% T

€% €

REMARK 4.2 Estimate (47) yields an error upper bound on the adwedgrivative
with a constant depending @ . Robustness is recovered whenelgr=1, i.e., when
working with an isotropic diffusivity tensor or when the kBeclet numbers evaluated
with the largest eigenvalue of the diffusivity tensor angéenough. Furthermore, if

ue HP(4,), the upper bound convergeshib“%, which is optimal.

5 Numerical tests

5.1 Atest case with discontinuous coefficients

To verify the convergence of the SWIP method and to make gasiné comparisons
between this and other IP methods, we consider the testgoploposed in [3],
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featuring discontinuous coefficients and where the exaettisa is known analyti-
cally. We split the domai® = [0, 1] x [0, 1] into two subdomainsQ; = [0, %} x [0,1],
Q, = [3,1] x [0,1]. The diffusivity tensoiK is constant within each subdomain, and

defined as 0
£(x
koo = (750 )

whereg(x) is a discontinuous function across the interface % Indicating with the
subscript 1 (resp. 2) the restriction to the subdoniirn(resp. Q5), we will consider
different values of;, while &, is set equal to 1. Lettin§ = (1,0)!, u =0 andf =0,
the exact solution is independent of treoordinate, and is exponential with respect to
the x-coordinate. The following conditions must be satisfiedchatinterface between
the two subdomains:

lim u(x.y) = Iim+u(x,y), and lim —gokwu(x,y) = lim —odcu(x.y).
XHii XH% Xﬂ%i XH%JF

Settingu(0,y) = 1, u(1,y) = 0 and applying the matching conditions, we obtain the
value of the exact solution at the interface:

1 1 -1
exp(=- exp( -
4(39) = oy (oo b )
1—exp(z;) \1—exp(z) 1—exp(3)
As a result, the exact solution in each subdomain can be esgueas
u(d,y) - exp(z) + (1-u(3,y) exp(X)
1—exp(2—‘1€1) ’

—exp(3)u(3,y) +u(3,y)expx—3)
1-exp(3) '

up (Xv y) -

u2 (X7 y) =

Table 1: Convergence rates of the SWIP methoé, 1

h [u—unllng  flu—unllhg  [[u—unlloq
0.1000 1.62e-01 1.49e-01 6.94e-03
0.0500 7.96e-02 5.45e-02 2.11e-03
0.0250 3.67e-02 1.87e-02 4.80e-04
0.0125 1.70e-02 6.37e-03 1.21e-04

order 1.11 1.55 1.98

To assess the accuracy of the SWIP method with respect to thle-siee, we con-
sider a family of uniform triangulation§.%, }n~o Which are conforming with respect
to the interface betweed; andQ,. These triangulations are obtained starting from
a uniform partition ofdQ in sub-intervals of length = 0.1, h = 0.05, h = 0.025 and
h = 0.0125 respectively. The value of the penalty parametés henceforth set to
a = 1.0 for P; elements andr = 4.0 for P, elements. The numerical results obtained
with &1 = 0.1 are reported in Tables 1 and 2, where the order of conveegsrmom-
puted with respect to the last two rows of each table. We obgbat the SWIP method
exhibits the orders of convergence predicted by the theory.

14



Table 2: Convergence rates of the SWIP methwoe, 2

h [u—unllng  [lu=unllhg  [[u—unlloq
0.1000 2.31e-02 2.15e-02 6.80e-04
0.0500 4.63e-03 3.31e-03 4.29e-05
0.0250 1.17e-03 5.93e-04 5.20e-06
0.0125 2.95e-04 1.05e-04 6.41e-07

order 1.99 2.49 3.02

Table 3: Comparison of SWIP and IP methoés= 5e-2,p=1

method  [[u—tnllhg  [[u=Unllhg  [lu—unlloo M

SWIP 1.583¢-01  1.505e-01  4.586e-03  9.555e-04
IP-A 1.483e-01  1.403e-01 5.153e-03  5.882e-03
IP-B 1.338e-01  1.378e-01 5.003e-03  5.882e-03

We have also compared the performance of the SWIP method egfiect to two
IP methods. The first method (IP-A) corresponds to the SWIFhaaktvith weights
wT = % The penalty parameteggk is thus the arithmetic average of the diffusivity in
the direction normal to the face. This method was analyz§tilih The second method
(IP-B), proposed in [15], differs from IP-A in the choice dfet penalty parameterik
is the arithmetic average of the maximum eigenvalué& adn the triangles sharing
the faceF. We consider a uniform triangulatiof;, characterized by = 0.05. The

quantitative analysis is based on the notfig, |||, ||[lo.c and the indicator
M = max(| max(un) — max(u)|,| min(un) — min(u)|) (49)

which quantifies overshoots and undershoots of the catlilstblution. The numer-
ical results forp = 1 are found in Tables 3, 4, and in Figure 1. Table 3 deals with
the caseg; = 5e-2; the inner layer is not very sharp and is resolved by thshas
under consideration. We observe that the three methodsedsiimilar results for all
the quantities of interest. As the inner layer becomes gndgp = 5e-3, Table 4), the
SWIP scheme performs better than the other IP methods, e#ipeni the L2-norm
and in the indicatoM. The reason is that the weights permit sharper disconigsuit
in the calculated solution, leading to smaller oscillaigmthe internal layer, whereas
the other IP methods force the discrete solution to be alwmstinuous. As can be
observed in Figure 1, this limitation promotes instal&ktin the neighborhood of the

Table 4: Comparison of SWIP and IP methods= 5e-3,p=1

method  [Ju—up|ne [U—Unllnpg lu—Unllo.0 M

SWIP 4.917e-01 1.280 1.474e-02 6.594e-02
IP-A 5.886e-01 1.303 4.973e-02 4.373e-01
IP-B 6.625e-01 1.634 7.553e-02 4.173e-01
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Table 5: Comparison of SWIP and IP methoes= 5e-3,p= 2

method  [[lu—unlhg  [[U—Unllhg  [lu—Unloe M

SWIP 4.33e-01 1.44e+00 1.69e-02 6.72e-02
IP-A 6.05e-01 1.54e+00 3.77e-02 1.85e-01
IP-B 6.52e-01 1.71e+00 4.52e-02 1.86e-01

internal layer. The spurious oscillations generated irctses; = 5e-3 lead to an over-
shoot of about 40%. The robustness of the SWIP method witlecé$p standard 1P
schemes is also confirmed by further numerical tests comgpyanishing values of;
(Figure 2). Finally, Table 5 presents the resultsgfoe 5e-3 andp = 2. We have in this
case considered a coarser mesh yielding approximatelyathe aumber of degrees of
freedom as in the simulations with linear polynomials. Thie same conclusion as
for p=1 can be reached. As the mesh is further refined (or the poligta®gree is
further increased), the approximation space eventualtptes rich enough to com-
pletely capture the internal layer, and the three methoddPSIP-A and IP-B) exhibit
a similar behavior.

5.2 Atest case with genuine anisotropic properties

To conclude the sequence of numerical tests, we considest a&dse with genuine
anisotropic properties. Because of the complexity of thebjem, it is not possible
to compute analytically the exact solution. Consequettiy,comparison between the
SWIP and the IP methods will only be qualitative.

We consider the unit squafe = [0,1] x [0,1] split into four subdomainsQ; =
0,3 % [0,3], @2 = (3,1 x [0,3], Q3 = [3,1] x [3,1] and Qs = [0,3] x [3,1). The
diffusivity tensorK takes different values in each subregion:

le6 O
Kooy = (150 1% ) tor ey e n 0s

1.0 0
K(x,y) = ( 0 166 ) for (x,y) € Qa, Qa.

For the advection term we consider a solenoidal figlel (B, By)t with B = 40x(2y —
1)(x—1) andBy = —40y(2x—1)(y—1). Unlike the previous test case, we note that the
field is neither constant nor orthogonal to the interfacedisfontinuity ofK, but it is
still oriented along the direction of increasing diffusyithus triggering internal layers.
The forcing term only depends on the radial coordinate oaiting at the center d@

in the form f (x,y) = 10~ 2exp(—(r — 0.35)2/0.005) with r? = (x— 0.5)? + (y— 0.5)?;

this corresponds to a Gaussian hill with center at0.35. Finally, we choosg@ = 1.

For the simulations, we consider a quasi-uniform mesh Wwith0.025. The mesh is
conforming with respect to the discontinuitieskof A qualitative representation of the
data is found in Figure 3.

In the left column of Figure 4 we compare the solutions olatdiwith the SWIP and
the IP methods. The contour plots of the numerical solutcamgirm that the methods
at hand behave differently in the neighborhood of the iatmaé where the tenskris
discontinuous. We observe that the SWIP scheme approxirteesternal layers by
means of jumps, while the IP schemes attempt to recover ancahgolution which is
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Figure 1: Graphical comparison between the methods SWIPRu#d The test case

with &

In both cases, = 1. Each column shows the one-dimensional exact solwtjghof
the test problem (top) and the numerical approximatigobtained with the methods

SWIP (center) and IP

case IP-B has been omitted since it is qualitatively eqaiviatio 1P-A.
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Figure 2. The nornj|-[o.o and the indicator (49) (denoted i) are plotted for the
valuese; =27, i =0,...,16. The methods SWIP, IP-A and IP-B are compared with
respect to these indicators for linear (top) and quadréiments (bottom).
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Figure 3: Test case with genuine anisotropic propertiesth@reft, an illustration of
the domain and its subregions together with a synoptic gesar of the diffusivity
tensor. The advection field is shown on the right.
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almost continuous. Since the computational mesh is ingefffiy refined, the scheme
IP-A generates some slight undershoots near the interfalceseK is discontinuous.
For the IP-B method the oscillations generated by the apmation of the internal
layer are much more evident and propagate quite far away fheninterfaces. This
behavior can be explained by observing that this type of Ipedaes not distinguish
between the principal directions of the diffusivity tens@onsequently, an excessive
penalty is applied along the direction of low diffusivity.

To strengthen these conclusions, we also consider a nuah&ggt where the ad-
vection field is the opposite of the one reported in Figurees, it rotates clockwise.
Following this advection field along the interfaces betwegndomains, the diffusivity
decreases. These conditions lead to an exact solution whérhooth in the neighbor-
hood of the interfaces. In this case, the three methods @exeed to behave similarly,
as is confirmed by the numerical results reported in the dghtmn of Figure 4.

6 Concluding remarks

The SWIP method analyzed in this paper is a DG method with weijhverages
designed to approximate satisfactorily advection-diffasequations with anisotropic
and locally small diffusivity. A thorough a priori error agais has been carried out,
yielding robust and optimal error estimates that have begparted by numerical
evidence. The SWIP method is an interesting alternativelterdP methods since it
can approximate more sharply under-resolved internar$agaused by locally small
diffusivity.

This work was partially supported by GAR MoMaS (PACEN/CNRE)RA, BRGM,
CEA, EDF, IRSN)
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