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ACCURATE AND ONLINE-EFFICIENT EVALUATION OF THE A POSTERIORI
ERROR BOUND IN THE REDUCED BASIS METHOD

FABIEN CASENAVE!, ALEXANDRE ERN! AND TONY LELIEVRE!?

Abstract. The reduced basis method is a model reduction technique yielding substantial savings of
computational time when a solution to a parametrized equation has to be computed for many values
of the parameter. Certification of the approximation is possible by means of an a posteriori error
bound. Under appropriate assumptions, this error bound is computed with an algorithm of complexity
independent of the size of the full problem. In practice, the evaluation of the error bound can become
very sensitive to round-off errors. We propose herein an explanation of this fact. A first remedy has
been proposed in [F. Casenave, Accurate a posteriori error evaluation in the reduced basis method.
C. R. Math. Acad. Sci. Paris 350 (2012) 539-542.]. Herein, we improve this remedy by proposing a
new approximation of the error bound using the empirical interpolation method (EIM). This method
achieves higher levels of accuracy and requires potentially less precomputations than the usual formula.
A version of the EIM stabilized with respect to round-off errors is also derived. The method is illustrated
on a simple one-dimensional diffusion problem and a three-dimensional acoustic scattering problem
solved by a boundary element method.
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1. INTRODUCTION

In many problems, such as optimization, uncertainty propagation or real-time simulation, one has to evaluate
an objective function for a large number of values of some parameters. Evaluating this objective function often
implies solving a parametrized partial differential equation for a given parameter value. In an industrial context,
one evaluation of the objective function can already be a challenging numerical problem. To keep reasonable
computational costs, various model reduction techniques have been developed to speed up computations. We
focus on the Reduced Basis (RB) method [29,36]. This method has been applied to many kinds of problems,
including nonlinear problems such as the viscous Burgers equation [40] or the steady incompressible Navier-
Stokes equations [39)].

Keywords and phrases. Reduced basis method, a posteriori error bound, round-off errors, boundary element method, empirical
interpolation method, acoustics.
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B,
As described in Section 2, the RB method consists in replacing the sequence P 2 u 5 u, — Q(u,) by the

sequence P 3 p i Uy — Q(ﬁu) Here, P denotes the parameter set, F, : u — u, the model problem, Eu :
p — 1, its lower-dimensional approximation, Q(u,) the quantity of interest, and Q(a“) its RB approximation.
More specifically, the RB method consists in two steps: (i) A so-called offline stage, where solutions to E,
for well-chosen values of the parameter u are computed. During this stage, N problems of size N are solved
(with N < N), and some quantities related to the N solutions are stored, and (ii) a so-called online stage,
where the precomputed quantities are used to solve Eu for many values of u. In this stage, a certification of the
approximation is possible by means of an a posteriori error bound. An important feature in the RB method
is the use of an online-efficient error bound. The notion of online-efficiency is defined in Section 2.4. Moreover,
the error bound must be as sharp as possible to faithfully represent the error. However, as noticed for example
in ([34], pp. 148-149), the error bound is subject to round-off errors, especially for the computation of accurate
solutions. This difficulty can be encountered in complex industrial applications in the following two cases. First
and most importantly, when the stability constant of the underlying bilinear (or sesquilinear) form is very small,
the classical formula for the error bound fails to certify, even at a relatively crude error level, as illustrated in
Section 5 where the stability constant is about 107 and the classical error bound stagnates at about 107%.
Second, in some industrial codes, the single-precision format is used to speed up computations, when high
precision is not needed. In this case, the classical formula for the error bound fails to deliver values below 10~*
for a stability constant of order 1. The purpose of this work is an explanation of these facts and the derivation
of a new method to compute the error bound in an accurate and online-efficient way. Additionally, the new
formula uses potentially less precomputed quantities than the classical formula.

In Section 2, we briefly recall the main ingredients of the RB method, namely (i) the construction of the
reduced problem, (ii) the a posterior error bound, (iii) the notion of online-efficiency, and (iv) the offline stage
during which the vectors of the reduced basis are constructed. We then explain in Section 3 why the classical
formula for computing the error bound is ill-conditioned in regard of round-off errors. In Section 4, we present
our new procedure based on the empirical interpolation method (EIM). A version of the EIM stabilized with
respect to round-off errors is also derived, and the various procedures to compute the error bound are compared
on a simple one-dimensional diffusion problem. In Section 5, we apply this new procedure to a three-dimensional
acoustic scattering problem.

2. THE REDUCED BASIS METHOD

2.1. The model problem

We suppose that the problem of interest has the following discrete variational form, depending on a param-
eter u in a parameter set P: for a finite-dimensional space V of dimension N (with N > 1 resulting, e.g., from
discretization), find u, € V such that

E, :a,(uy,v) = b(v), Yv eV, (2.1)

where a, is an inf-sup stable bounded sesquilinear form on V x V and b is a continuous linear form on V. We
work in complex vector spaces in view of our application to acoustic scattering. In what follows, the complex
conjugate of z € C is denoted z*. We define the Riesz isomorphism J from V' to V such that for all VI € V' and
all Vu € V, (JI,u),, = l(u), where (-,-)y denotes the inner product of V with associated norm || - ||y. We denote
e . ‘aﬂ(uvvﬂ
By = T
ueVyey [lullv[lvfly
simplicity, we consider that the linear form b is independent of the parameter p. The extension to p-dependent
b is straightforward. We refer to the discrete solution u,, as the “truth solution”.

> 0 the inf-sup constant of a, and B“ a computable positive lower bound of 3,. For
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2.2. The reduced problem

Suppose that a reduced basis, consisting of N solutions uy, of E,,, 1€ {1,..., N}, has already been con-
structed. To alleviate the notation, we denote u; the function w,,. How the parameters j; are chosen is briefly
outlined in Section 2.5. Given a parameter value p € P, the reduced problem is then a Galerkin procedure
written on the linear space V = Span{ui,...,ug} C V: find 4, € V such that

E, :a,(ty,,uj) = b(uy), Vie{l,...,N}. (2.2)

The approximate solution on the reduced basis is written as
N
=Y vilpuie (2.3)
i=1

Recalling the exact and approximate quantities of interest ¢(u,) and QA(Qu)7 respectively, the quality of the
approximation for a given p € P is quantified by the error measure ||Q(u,,) —Q(ﬂu) |l. When we obtain a satisfying
error measure with N < N, the RB strategy is successful. Two main cases are generally considered: (i) the
so-called general-purpose case, where one is interested in the whole solution: Q = ¢ =Id and |- || = [| - [|v, and
(ii) the so-called goal-oriented case, where @ is a linear form on V and || - || = |- |. The operator @ is consistently

built so that ||Q(u,) — Q(@,)]|| vanishes for u = p;, i € {1,...,N}.
2.3. A posteriori error bound

In the standard RB method, the a posteriori error bound is a residual-based bound. In what follows, we
refer to it simply as error bound. Since this error bound is an upper bound, it provides a way to certify the
approximation made by the reduced basis.

Property 2.1 (General-purpose case). The following error bound holds: For all jn € P,

||u“ - auHV < Ei(p) = 5;1||Gu@u\|v’ (2.4)
with G, the linear map from V toV such thatV 3 u— Guu = J (a,(u,-) —b) € V.
Proof. See [34], Section 4.3.2. O

In the goal-oriented case, one possible approach is to introduce the following dual problem: Find v, € V such
that
E;f tag(w,v,) = Qw), Yw € V. (2.5)

We wrote the dual problem on the same discrete space V, but another space can be considered. A reduced basis

procedure is also carried out for the problem El‘f, resulting in an approximation v, of v,. The approximate

quantity of interest is then defined as Q(#,) = Q(u,) — (Guly, ¥,)y, where the second term is the so-called
dual-based correction.

Property 2.2 (Goal-oriented case). The following error bound holds: For all u € P,

A o) = _1 ~ A~
Q) = Q)| < E°(n) 1= (31)  IGulvIGlnlv, (2.6)
where Gﬁ is the linear map from V to V such that V 5 v — Gﬁu =J(au(,v) —Q) €V and ~l‘f is a computable
lower bound of ﬁﬁ = inf supM. Obviously, l‘f = B, if a, is Hermitian.
ueVyey [[ullv|lvllv
Proof. See [5], Proposition 23 and [11], Proposition 3.1. O

In what follows, we mainly focus on the general-purpose case. Extensions to the goal-oriented case are
straightforward.
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2.4. Online-efficiency of the RB method

The notion of online-efficiency is central to the RB method.

Definition 2.3. The RB method is said to be online-efficient if in the online stage, (i) the reduced problems
can be constructed in complexity independent of N, and (ii) the error bound can be computed in complexity
independent of N.

Definition 2.4. The sesquilinear form a, is said to depend on p in an affine way if there exist d functions
ag(p) : P — C and d p-independent sesquilinear forms aj bounded on V x V such that

a,(u,v) Zak ag (u,v) Yu,v € V. (2.7)

In what follows, we always assume that the affine decomposition (2.7) holds. This decomposition is instrumental
to achieve online-efficiency.

Property 2.5. If a, depends on p in an affine way, then the RB method is online-efficient.

Proof. (i) The reduced matrix writes (Au)a i = au(ui,u;) and the reduced right-hand side (B); = b(u;), for
all 1 < i,j < N. There holds A Zk L ow(p) Ay, where (Ay)i; == ax(ui,u;). Therefore, provided the d
matrices Ay and the vector B are precomputed during the offline stage, the reduced problems are constructed
in complexity independent of N.

(ii) The operator G,, inherits the affine dependence of a, on p since, for all u € V,

=—-Jb+ Zak Jak = Goo + Zak Gku (2.8)

where Gop := —Jb € V and Gru := Jay(u,-) € V for all k € {1,...,d}. Using this affine decomposition and
recalling (2.3), we infer

N d
Ei(p) = ~,Il Goo + ZZ w)Grui|| (2.9)
i=1 k=1 V

The scalar product on which the norm in (2.9) hinges can be expanded to provide another formula for the error
bound (see [34], Eq. (4.61)):

N d
Ea(p) = B, " | (Goos Goo)v +2Re > > valu)awk (1) (Grts, Goo)v

i=1 k=1
(2.10)

=

N d
) vilwak(p; (e (1) (Grus, Guug)y |-

ij=1k,l=1

which is computed in complexity independent of N in the online stage provided that (Goo, Goo)v, (Grui, Goo)y
and (Gru;, Giu;)y are precomputed during the offline stage, and provided that a lower bound BH of the stability
constant of a,, is also computed in complexity independent of N (which is possible, for example, by the Successive
Constraint Method, see [14,27]). O
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An important observation made in [9], and that will be useful below, is that the formula (2.10) defining &
can be rewritten in an equivalent way as

=

Ea(p) =B, (6% + 2Re(s'd,) + @7/83,)* (2.11)

where § := ||Goo||v, s and &, are vectors in C with components sy := (Gru;, Goo)y and (2,,)5 := o, (1) (1),
and S is a matrix in C*:4N with coefficients S, ; := (Grui, Giu;)y (with I and J re-indexing respectively (k, 1)
and (1,7), forall 1 < k,l<dandall 1 <ij< N) The t superscript denotes the transposition. The vector s
and the matrix S depend on the reduced basis functions {u;}, ., 5 but are independent of y, and the vector &,
depends on the RB approximation @, via the coefficients v;(u). Notice that the term between parenthesis on
the right-hand side of (2.11) is a multivariate polynomial in Z,, of total degree 2. We would like to stress that
E1(p) = E(p) (in infinite precision arithmetic): the indices 1 and 2 are used to denote two different ways to
compute the same quantity. In particular, £ (1) is not online efficient, while E>(p) is.

2.5. The offline stage

Fix a discrete subset of parameters Piia C P. In the offline stage, the parameters p; (from which the
reduced basis is constructed) are chosen by a greedy algorithm as elements of Pyyia. We denote Peelect the set
of these selected parameters; see [34], Section 3.3 for a presentation of the greedy algorithm. At each step of the
algorithm, the new quantities ay(u;, u;) and b(u;) are computed and stored, as well as the new components of
the vector s and of the matrix S to be used in the formula (2.11) for £. This task, as that of evaluating Gy,
typically requires inverting the stiffness matrix in V by solving, for all k € {1,...,d} and alli € {1,..., N }, the
variational problem: find w; j € V such that

Egik : (wik,v)y = ap(us,v), Yv e V. (2.12)

Then, Gru; = w;, can be computed. The computation of (Gru;, Giuj)y follows from the solutions of Eg; j
and Eg,;. Since the error bounds are evaluated using the formula &> (p), for all i € Pirial, with the current
state of the reduced basis, finding the maximum of the error bound on Py, is of complexity independent of N.
This allows one to consider very large sets Py, Without increasing too much the complexity of the whole offline
procedure.

3. ROUND-OFF ERRORS AND ONLINE CERTIFICATION

In this section, we explain why the online-efficient error bound (2.11) may be sensitive to round-off errors.

3.1. Elements of floating-point arithmetic

In a computer, real numbers are represented by a finite number of bits, called floating-point representation.
Current architectures are optimized for a format used by a large majority of softwares: IEEE 754 double-
precision binary floating-point format. Let x be a real number. The floating point representation of x is denoted
by fl(x). When a (nonzero) real number is rounded to the closest floating-point number, the relative error on
its floating-point representation is bounded by a number, ¢, called the machine precision. In double precision,
€ =5x 10716 see [21], Section 1.2. Let 2 and y be real numbers. When computing the operation x +y, the result
returned by the computer can be different from its theoretical value. Whenever the difference is substantial,
a loss of significance occurs. A well-known case of loss of significance is when x and y are almost opposite
numbers. Suppose that & = —y. We denote by maxfl(x + y) the result that the computer returns when the
maximal accumulation of round-off errors occurs when computing the summation. There holds

lmaxfl(z + y)| = 2¢|z|. (3.1)
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FIGURE 1. Schematic illustration of Definition 3.1, with Pselect = {pt1, . - -, pta }- Left: the formula

&k is valid for computing the error bound with tolerance tol; right: the formula is not valid as
Er(uz) > tol.

When implementing an algorithm, one should ensure that each step is free of such a loss of significance. In some
cases, simply changing the order of the operations can prevent these situations. As an illustration, consider
x=1,y=1+10"7, and the operation x? — 2xy + y2. This is a sum of terms where the first intermediate result
in the sum is 14 orders larger than the result. Therefore, a loss of significance is expected. The relative error of
this computation is about 8 x 10~4. Computing (x — y)?2, which is the factorization of the considered operation,
leads to a relative error of about 10~?. Thus, the terms of the sum are only 7 orders larger than the results,
leading to a less catastrophic loss of significance. In this specific case, the remedy consists in carrying out the
sum before the multiplication. In the RB context, the evaluation of the formula &; suffers from such a loss of
significance, as we now explain.

3.2. Validity of the formulae £ and &; for computing the error bound
Consider the two formulae &1, see (2.9), and &, see (2.11), for computing the error bound.

Definition 3.1. The formula &, kK = 1,2, is said to be valid for computing the error bound with tolerance
tol if

max (& (1)) < tol. (3.2)

HE Pselect
From a theoretical viewpoint, the error ||u,, — @, ||y and the residual G, u,, vanish for all j1 € Pselecs. Hence, any
formula for computing the residual-based error bound vanishes as well and therefore is valid with any tolerance.
However, the validity of a formula for computing the error bound is to be considered in the presence of some
adverse phenomenon introducing errors in the computation, see Figure 1. The greedy algorithm in the offline
stage stops when g%)ax (Ek(n)) < tolgp, where tolgp denotes the maximum acceptable error made by the RB
“w

trial

approximation. Therefore, if the minimum tolerance for which an error bound & is valid is larger than tolgg,
then the greedy algorithm cannot converge and will keep increasing the set Pgelect although the error can be
actually very small.

We examine the validity of the formulae £ and & for computing the error bound in the presence of two
independent phenomena: round-off errors and approximate reduced basis functions u; (in the context of inexact
linear algebra solvers for E,,, ).

3.2.1. Round-off errors

We investigate the influence of round-off errors when computing the error bounds & (p) and Ez(u). As
observed at the end of Section 3.1, the computation of a polynomial using a factorized form is more accurate
than using the developed form, in particular at points close to its roots. Here, (ﬁué'g(u))2 is a multivariate
polynomial of degree 2 in 2, computed in a developed form, whereas the scalar product (G u,, G u,u)y used
in the computation of £ (1) is not developed.

In this section, we neglect the round-off errors introduced when solving F,, and EAH, so that the reduced
basis functions u; and the reduced solutions 4, are considered free of round-off errors. We also suppose that the
computable positive lower bound Bu of the inf-sup constant is computed free of round-off errors, see Remark 3.4.
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Proposition 3.2. Let p1 € Pyelecy and let maxﬂ(ﬁugk(,u)), k =1,2, denote the evaluation of Bugk(/i) when the
mazximum accumulation of round-off errors occurs. There holds

maxfl (ﬁ“é’l(u)> > 20,

maxfl (GuEa(n)) > 20V, 33

where § = ||Gool|lv and € is the machine precision.

Proof. Let pu € Pselect- We present the proof for £ (u); the proof for £ (u) is similar. We need to evaluate the
right-hand side of (2.9). Let (¢,)1<p<n denote the basis of V, so that, for instance, Gog = 25:1 (Goo), pp- In

exact arithmetics, there holds & (1) = 0, so that Zfil Zzzl Yi(par () (Grui), = — (Goo) , for all 1 < p < N.
As a result, using (3.1), we obtain

maxfl | (Goo), +

1

N
> vilman(p) (Gim), | | = 2/(Goo)e-

=1 k=1

Since computing the V-norm on the right-hand side of (2.9) can only increase the round-off errors, we infer the

desired lower bound. O

Remark 3.3 (Validity of the formulae £ and &). We indeed observe in our simulations that the round-off
errors on & scale like €, while the round-off errors on & scale like /€, see Section 4.3. Then, if we suppose that
the lower bounds are reached in (3.3), the formulae £ and &; are valid for computing the error bound with
tolerance tol if, respectively,

. —1
for &1, 2 (ﬂmin) Je < tol,
(3.4)

for &,, 2 (ﬁmin>7l 5v/€ < tol,

where Bmin: inf (Bu)

HEPselect

Remark 3.4 (Inf-sup constant). The computable positive lower bound BH of the inf-sup constant suffers from
round-off errors as well. However, since it is a multiplicative factor, the quality of its computation does not
severely affect the quality of the error bound. Moreover, the value of the inf-sup constant does not depend on
the size of the reduced basis, contrary to |G, u,|/v. Therefore, there is no phenomenon susceptible to degrade
the accuracy of its computation with the increase of the size of the reduced basis. If the Successive Constraint
Method is used, the procedure to compute BH is carried out before the greedy algorithm of the RB method.

Remark 3.5 (Improved floating-point arithmetic). Increasing the machine precision from ¢ to €? (quadruple-
precision) for computing the coefficients in (2.11), as well as for the evaluation of the multivariate polynomial
in z,, is a first solution to recover a good precision with the formula &. There are also methods allowing one
to double the precision of the evaluation of a polynomial while keeping the double-precision format, namely
compensated schemes. For instance, the compensated Horner scheme in double-precision [28] doubles the preci-
sion and is faster than the full quadruple precision implementation. However, this corresponds to representing
the result of the intermediate operations by two doubles, one for the value in double-precision and another one
for the subsequent digits. Therefore, these strategies are equivalent to quadruple precision (except for the com-
putational savings in evaluating the error bound). Moreover, since current architectures are optimized for the
double-precision format, changing the floating-point arithmetic can potentially degrade software performance.
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Remark 3.6 (Goal-oriented case, round-off errors). The same analysis can be carried-out in the goal-oriented
case. Let 1 € Pgelect- There holds

maxfl (Bﬁé’f%u)) > 20662,

N (3.5)
maxfl (315" () > 25ce,

where ¢ := ||Q]|y». We indeed observe in our simulations that the round-off errors on £§° scale like €2, while the
round-off errors on 5 scale like €, see Section 5. If we suppose that the lower bounds are reached in (3.5), then
the formulae £5° and £5° are valid for computing the error bound with tolerance tol if, respectively,

N
for £§°, 2 (ﬁim) Sse? < tol,
(3.6)

min

for £5°, 2 (~d )_1 dse < tol,

where 3%, = inf (Bﬁ)

min
.U‘E'Pselect

3.2.2. Approzimate reduced basis functions

In large-scale simulations, the accuracy of the RB procedure is also limited by the numerical method used for
computing the reduced basis functions. We want here to illustrate this fact on a simple example where we suppose
that the approximation of the reduced basis functions comes from an iterative solver with prescribed stopping
criterion. We recall that for a given value pt € Pelect, £, consists in solving a linear system of size N of the form
AU, = B. Thus, for pt € Piial, the formulae £ and &; for the error bound are based on the computation of
the residual of E, for the reduced solution 4,. Indeed, it is easy to see that |G|y = || AU, — Bll.yr, where

N L |(V.®) o |
for all € CN, ||®|. = pen T Vil
Section 9.1.5.

In this section, we suppose that the formulae £; and &, are free of round-off errors (therefore, for all 1 € Piyial,
E1(p) = E2(p)), but the problem E,, is not solved exactly, leading to approximate reduced basis functions such
that the residuals do not vanish. Hence, for all ;1 € Pselect, £1(1t) = E2(p) and these error bounds are nonzero
owing to inexact linear algebra solves. The reduced problems Eu are supposed to be solved freely of round-off
€rTOoTS.

recalling that (¢,)1<,<n are the basis functions in V, see [18],

Proposition 3.7 (Approximate reduced basis functions). If the reduced basis functions are computed using an
iterative solver with the following stopping criterion on the normalized residual:

AU, — B«
Vi € Puial, 14U, = Bll.v: <&, (3.7)
| B[y

then the formulae &1 and & are valid for computing the error bound with tolerance tol if
Bk 5¢ < tol. (3.8)
Proof. Let k € {1,2}, let 1 € Psciect and suppose that the stopping criterion (3.7) is satisfied. Then, @, = u,,, but

N . .
u,, does not exactly solve E,,. First, by definition of the || - ||+y norm, ||Bll«y» = sup |Z7(ZN:71V¢) = ||blly =
vecn Xz Vieilly
_ ~ _ (Gui,v)y — ay (ty,,v)—b(v) — (V’ALLU;L*B)CN — A ,
|Goolly = 0. Then, |Gyl = sup=Hfi== = sup=He- S TR Vel — 146U = Bl
Therefore,
E(m) = B M G tilly = B, AU, = Bllovr = B, 1 AuUp = Bllayr < B NI Bl & = 8,166 < Bh, 08

Hence, if B;lilndf < tol, the validity of & and &, follows from Definition 3.1. O



ACCURATE AND ONLINE-EFFICIENT EVALUATION OF THE A POSTERIORI ERROR BOUND IN RB METHOD 215

Since the || - ||« norm is hard to compute, the stopping criterion (3.7) uses in practice the Hermitian norm
in CV or the V-norm of the corresponding functions in V.

Remark 3.8 (Goal-oriented case, approximate reduced basis functions). The formulae £ and £5° are valid

~1
for computing the error bound with tolerance tol if (ﬁmm> 5v€2% < tol.

3.2.3. Synthesis

Taking into account the round-off errors in the computation of the error bound and the stopping criterion of
an iterative solver, and supposing that the bounds (3.3) and (3.5) are reached, the formulae £; and &; are valid
for computing the error bound with tolerance tol if, respectively,

for &1, 23} §max (& €) < tol,

min 3.9
for &, 2038 max (&, 1/€) < tol, (3.9)
and the formulae £F° and £5° are valid for computing the error bound with tolerance tol if, respectively,
for £F°, 2 (~I(]iﬂin) 6y max (€2, €%) < tol,
(3.10)

for £5°, 2 (~d. )7 &y max (52,6) < tol.

min

Focusing on round-off errors, the formula & for computing the error bound is valid for tolerances scaling as e,
but is not online-efficient, whereas the formula &; is online-efficient but is valid only for (significantly) higher
tolerances, namely tolerances scaling as +/e.

4. NEW PROCEDURES FOR ACCURATE AND ONLINE-EFFICIENT EVALUATION
OF THE ERROR BOUND

In this section, online-efficient methods, that are valid for tolerances scaling as €, are devised to evaluate the
error bound.

4.1. Procedure 1: rewriting &;

We first present the procedure proposed in [9]. We consider that a reduced basis of size N has been constructed.
Let o := 14 2dN + (dN)Q. For a given 1 € Piial and the resulting 4, € Span{ui,...,ug} solving the reduced
problem, we define X (1) € C7 as the vector with components (L, &y, &y Ty Ty ), Where 2, = ag(p)vi(p)
(we recall that ;(u) are the coefficients of the reduced solution in the reduced basis, see (2.3), and ay(u) the
coefficients of the affine decomposition of a,, in (2.7)), with 1 < I,J < dN (with I =i+ N(k — 1) such that
1<i<N,1<k<d, andw1thJ—j+N(l—1) such that 1 < j < N, 1 <1 < d). We can write the right-hand
side of (2. 11) as a linear form in X () as follows:

0%+ 2Re(s'&,,) + &7 Sk, = Yt X, (1), (4.1)
p=1

where t,, is independent of y (as §, s, and S are independent of 1) and X, (u) is the pth component of X (u).
Now, in the offline stage, we take o values (e.g. random values) pi, € Pirial, 7 € {1,..., 0}, of the parameter j.
Then, we compute the vectors X (i) and the quantities

= thXp(Nr)~ (4.2)
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Finally, we define T € C*7 as the matrix whose columns are formed by the vectors X (u,.), that is, T, = X, (pty)
for all 1 < p,r < 0. We assume that T is invertible, which always happens to be the case in our simulations.

Now, suppose that in the online stage we want to evaluate the error bound for the RB solution 4, computed
at a certain parameter p € Piia. Then, we evaluate the vector X () and solve the linear system

TA(p) = X(n), (4.3)

yielding A(u) € C7. We then obtain X (1) = 327_; A (1) X (11,.) and

ag

thXp(M) = Z tp/\r(M)Xp(Mr) = Z/\r(M)Vr- (4.4)
p=1

p,r=1 r=1

This yields the following new formula for computing the error bound:

1

Es(p) == B, " (Z Mu)%) : (4.5)
r=1

where the quantities V, = HGMﬁHrHi can be precomputed. Thus, computing €3 requires solving (4.3) and
summing the ¢ precomputed quantities V,.. Since the complexity of this procedure is independent of N, the
formula &3 is online-efficient for computing the error bound.

Remark 4.1 (Goal-oriented case). For the goal-oriented case, the procedure is carried out independently on
the two multivariate polynomials [|G ,d, |3, and [[G90,|3.

Notice that & (), E2(p), and E(u) are equal in exact arithmetic. As pointed out in [9], the matrix T
exhibits in practice large condition numbers, and there is no guarantee that 7' is actually invertible. We will
see in Section 5 for a three-dimensional acoustic scattering problem that & can be in practice as ill-behaved
as &. Moreover, there is no a priori method for selecting the parameters p, for which the quantities V. are
precomputed. In the next section, we propose a new procedure that solves these problems.

4.2. Procedure 2: improvement on Procedure 1 using the EIM

In the formula &, a potentially ill-conditioned problem T'A(u) = X (1) is solved in order to exactly repre-
sent X (1) by the linear combination >y Ar (1) X (1) Following a suggestion by Patera [33], we propose to
approximate X (1) by means of an interpolation procedure. We want to modify the formula & by an inter-
polation formula relying on a better conditioned linear system. The price to pay is that the new formula &4
will not be equal to &£ in exact arithmetic; the interpolation errors are however marginal, as further discussed
in Remark 4.7. We also look for a way to choose the parameters p, for which the quantities V. have to be
precomputed. We refer to these values for u, as “interpolation points”, and to the set of these points as Pipter-

Consider the function of two variables (p, u) — Xp(u), for all p € {1,...,0} and all y € Pyyia1. We look for
an approximation of this function in the form

V,U, S ,Ptrialvvp € {1a U} X Z >‘J X ;U’T (46)

for a certain parameter 6 < o. The empirical interpolation method (EIM) (more precisely the discrete EIM
since p is a discrete variable) provides a numerical procedure to construct this approximation and to choose the
interpolation points (see [3,30]).

For completeness, we briefly describe the EIM and adapt the notation of [30] to the present context.
The EIM is an offline-online procedure. During the offline stage, & basis functions are computed, denoted



ACCURATE AND ONLINE-EFFICIENT EVALUATION OF THE A POSTERIORI ERROR BOUND IN RB METHOD 217

qj : Peial 2 p— qj(p) € C, for all j € {1,...,6}. These basis functions will be used in the online stage to carry
out the interpolation. We define ¢° as the vector-valued map Pirial 3 1 — ¢° (1) == (¢;(1))1<j<s € C°. During
the offline stage, & interpolation points p, € Pyl are also selected; these points are collected in the set Pipter-
Notice that Pselect, the set of parameter values selected by the greedy algorithm of the RB method, is different
from Piyter. During the online stage, the matrix B € C%%, where ij = qi(p;), for 1 <4, j < &, is constructed.
Letting pt € Piial, we solve for A% (i) € C? such that

BN () = q° (), (4.7)
and compute the rank-6 interpolation operators defined as follows.

Definition 4.2. Let 1 < k < 4. The rank-k interpolation operator I* is defined such that
A~ k A
IFX () ==Y AR () X (), (4.8)
r=1

where \* (1) € CF solves BFAF (1) = ¢*(p).

Equation (4.8) defines an interpolation in the sense that I*X, (u) = X, (u) for all 1 < 7 < k and all
ft € Pirial. The formula X, (1) ~ (I° X), (1), for all y € Py and all p € {1,..., 0}, provides the approximate
interpolation formula searched for in (4.6).

Definition 4.3. The residual operator 67 is defined by
8% :=Id—1I°. (4.9)

Algorithm 1 presents the construction of the function ¢° by a greedy algorithm during the offline stage.

Algorithm 1 Offline stage of the EIM

1. Choose 6 > 1 [Number of interpolation points]
2. Set k=1 .
s. Compute p1 := argmax [ Xp(-)|le> (Pyia)
pE{l,myff}A
4. Compute 1 := argmax|Xp, (1)| and set Pinger = {p1} [First interpolation point|
HEPtrial
X, (-
5. Set qi(+) := A”# [First basis function]
Xp, (:ul)
6. Set Bi; :=1 [Initialize B matrix]

7. while k < 6 do
Lo
8. Compute p41 := argmax ||(d X)@(')HZN(Pmal)

pe{l,....o}

o.  Compute pip41 := argmax|((5kf()pk+1 ()] [(k + 1)-th interpolation point]
HE Ptrial

10. Set Pinter := Pinter U {Nk+1} [Update of Pinter]
5" X .

1. Set qug1(v) == % [(k + 1)-th basis function]

(6 X):Dk+1 (Mk+1)
2 BET i=gi(p), 1<, <k+1 [(k + 1)-th B matrix]
1. k—k+1 [Increment the size of the interpolation]

14. end while
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Definition 4.4. The new formula for computing the error bound is

1
2

Ea(p) =B, (Z X7 (u)%) : (4.10)

where A% (u) is the solution to (4.7). We recall that V, = |G, 1, Hi
Proposition 4.5. The computation of the formula E4 is well defined, and this formula is online-efficient.

Proof. Owing to [30], Theorem 1, the matrix B is lower triangular with diagonal unity. Hence, det B = 1 and
B is guaranteed to be invertible. The online procedure of EIM, consisting in solving a linear system defined by
the matrix B, is thus well defined. Then, since the EIM procedure in carried out on Xp(u), forallpe {1,...,0}
and all p € Piial, all the computations involved are of complexity independent of N, even the offline part of
the EIM. Finally, the complexity of the online part of EIM only depends on 6. |

Remark 4.6 (Stopping criterion in Algorithm 1). For ease of presentation, we chose a simple stopping criterion
based on an a priori fixed maximum number of interpolation points. In practice, one possibility is to stop the
algorithm when the maximal approximation error in the EIM is below a prescribed value, by monitoring the

quantity (6kX)pk+1 (Mk-‘rl )

Remark 4.7 (Interpolation errors). As already observed, & does not equal &; in exact arithmetics owing to
interpolation errors (when & < o). Thus, although Algorithm 1 yields an accurate approximation of Xp(,u), a
given interpolation error on Xp(u) does not directly translate into a bound on the difference between & (1) and
E4(p) (the latter depending also on ¢, s, and S, as well as on Bu) We observe in our numerical experiments
that these latter errors are lower than the errors incurred in the evaluation of & (due to round-off errors) and
in the evaluation of & (due to the poor conditioning of T').

4.3. Illustration

Consider as in [9] a one-dimensional linear diffusion problem, namely the boundary value problem
—u” 4+ pu=1 on ]0,1[ with u(0) = w(l) = 0, with parameter p € P := [1,100]. The analytic solution is

cosh (\//7) -1 sinh
wsinh (\/ﬁ)

The Lax-Milgram theory is valid, and the coercivity constant is bounded from below by 1 in the H'-norm. The
error bound is given by & (i) = [|G 4.l 510,17 Lagrange Py finite elements are used with uniform mesh cells
of length 0.005. The set Pyyia consists of 1000 points uniformly distributed in P. The RB method is carried
out until the formula & suffers from round-off errors, which already happens for a reduced basis of size N=7
(since d = 2, we obtain o = 225). A direct solver is used, so that the only adverse phenomenon to compute the
error bound are round-off errors.

In Figure 2, we see that the classical formula & is not valid for computing the error bound with any tolerance
below 1077, whereas the formulae &, £ and &, are valid with tolerances down to 10, The difference is of 7
orders of magnitude; given that /e ~ 1077, this is consistent with Remark 3.3 and Section 4.1.

In Figure 3, we observe that instabilities occur in the formula s, especially for parameter values close to the
elements of Pgeject- This is due to the poor conditioning of the matrix 7" when solving (4.3). The new formula &,
based on the EIM is seen to introduce much less numerical errors than £s.

In Figure 4, we plot Inax (E4(p)) as a function of 6. From this figure and Definition 3.1, we deduce that

"

select

u(x) = —i (cosh (v/ux) — 1) + (Vux) . (4.11)

for & > 23, the formula &, is valid for any tolerance larger than 1072, If we want to consider a tolerance of the
order of 10714, we need 6 > 23.
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FIGURE 3. Comparison of the formulae £ and &4, with respect to the formula &;.

4.4. Procedure 3: improvement of Procedure 2 using a stabilized EIM

In practice, round-off errors are accumulated during the loop in Algorithm 1, and if we keep increasing the
number of interpolation points, the coefficients of the matrix B suffer from round-off errors, so that the relation
det(B) = 1 no longer holds. The matrix B becomes non invertible at some stage. To solve this problem, we now
propose a numerical stabilization of EIM based on the following property:

Property 4.8. There holds o 4
Vi<g, Dol =1 (4.12)

where the interpolation operators I7 are defined by (4.8).

Proof. Using [30], Lemma 1, I'X € Span(qy,...,q;) and I'v = v for all v € Span(qi,...,q). Therefore,
Dol'X = I'X for all i < j. 0

In our numerical experiments, we observe that, as the number of iterations of the greedy procedure for the
EIM grows, the relation (4.12) is no longer verified numerically, due to accumulation of round-off errors. These
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FIGURE 4. max (E4(p)) as a function of 4.
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TABLE 1. Comparison between stabilized Gram—Schmidt and stabilized EIM.

stabilized Gram—Schmidt stabilized EIM
global input (v1,...,vs) basis of C° v : Perial — C?
classical residual at step k P = v — I Foy (6%0) (1) = v(p) — (I*0) (1)

S0k = vk — IT" vy (0%an0) (1) = v(p) = (I'v)(n)
intermediate residuals at step k 682 vy = 6% v — 1265}, v, (852 v) (1) = (851 v) (1) — T2(65:L, ) (1),
6ftfbvk = 6ftfb fo — Hk(sft’:b_lvk (‘fbfb”)(ﬂ) = (6ftfb o) () — Ik(dftfb ") (1)

stabilized residual at step k SE apv = 0K (85 apv) (1) = (85 v) (1)

oL vt 0% 2, o, 00 s .
global output ( stab V1 st.db 2 tab ) (IU’U)(/.I,)

orthogonal basis of Span(v1,...,vs)

numerical instabilities can be compensated in the same fashion as the Gram—Schmidt orthonormalization pro-
cedure is stabilized (see [22], Chap. 5.2.8). The Gram—Schmidt algorithm transforms a linearly independent
family of vectors {v;} into an orthonormal basis {u;}. To simplify the presentation, we suppose in what follows
that the normalization step is not carried out. Consider the orthogonalization step for the kth vector. We de-
note by IT* the projection operator on Span(ui,...,ux), and 6¥ := Id — IT*. For the EIM, we suppose that
(k — 1) interpolation operators I, 1 < i < k — 1, have been constructed, and we wish to construct the kth
interpolation operator I*. A comparison between the stabilized Gram-Schmidt orthonormalization procedure
and the proposed stabilization for the EIM is presented in Table 1.

Proposition 4.9. Let k € N*. In exact arithmetic, the following relations hold for the residuals defined in
Table 1: 6k E 5.

sta

Proof. We prove by recursion that, for all i < k, (Lmb = §%. The case i = 1 is clear from the definition of the

first intermediate residual in Table 1. Let ¢ < k and suppose that 551;110 ' —1d — I~ for the EIM. There holds

A AR CRCT WA 1s B Can ) LB LSW Can i I B (4.13)

stab
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FIGURE 5. Determinant (left) and condition number (right) of the matrix B as a function of &,
for the classical EIM, the classical EIM with unique choice, and the stabilized EIM. The classical
EIM curves stop at 21 interpolation points since B becomes non invertible at 22 points.

since I o I'~! = I'~1 owing to Property 4.8. The results follow from the case i = k. The same relation is proved
likewise for the Gram-Schmidt procedure, for which IT? o IT"~! = IT*~! holds as well. O

Definition 4.10 (Stabilized EIM). The stabilized EIM consists in the same offline procedure as the one de-
scribed in Section 4.2, except that the residuals 6* are replaced by the stabilized residuals éftab defined in
Table 1. The online stage is the same as that of the classical EIM.

The stabilized Gram—Schmidt procedure generates a set of vectors much less polluted by round-off errors
(see [4,20]). By analogy we expect that the stabilized EIM produces a more accurate interpolation procedure than
the classical EIM, that is, much less polluted by round-off errors. This is numerically verified in Figure 5, where
det(B?) and cond(B?) are represented as a function of 4. We consider the test case described in Section 4.3,
where we recall that N = 7,d = 2, and 0 = 225. If the method is stable, then det(B°) = 1 should hold
throughout the process. Figure 5 shows that the stabilized EIM behaves as intended. The classical EIM curve
stops since the matrix B? becomes noninvertible at some point: a parameter already in Pipter has been selected
by the greedy algorithm. Invertibility can be recovered artificially by ensuring that the new interpolation point
is not an element of the current set Piyter. We call this procedure EIM with unique choice. However, this fix is
not completely satisfactory, since det(B?) = 1 is not satisfied. Moreover, cond(B?) is much more ill-behaved
with this procedure than with the stabilized EIM.

Remark 4.11 (Computational cost and variant of stabilized EIM). The computational cost of the stabilized
EIM is more than that of the classical EIM, since the stabilized residual requires as many calls to a classical
residual as the number of selected interpolation points (i.e. the scaling with & is 62 for the stabilized EIM as
opposed to & for the classical EIM). One can think of a cheaper procedure by monitoring det(B?) and adding

some intermediate residuals 5§t’gb until det(B?) is close enough to 1.

4.5. Summary

The advantages and drawbacks of the four considered formulae for computing the error bound are summarized
in Table 2. To estimate the computational complexity of the methods, we keep only the leading order in operation
count. We denote the complexity of the resolution of (2.12) by Nyo. The linear systems of size o, &, and N are
supposed to be solved by a direct solver, hence with complexity proportional to o3, &3, and N3, respectively.
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TABLE 2. Comparison of the considered formulae for computing the error bound.

Property &1 & Es &
Online efficient No Yes Yes Yes
Unconditionally well-posed Yes Yes No Yes
Dependence on € of the observed accuracy € Ve €, if well-posed €
Equals & in exact arithmetics Yes Yes Yes, .lf 7=
No,if 6 <o
~d ~ . .

. . - %o M + 6 Ngo with classical EIM
Complexity of the offline stage (dN 4 1) Nsol 0 Nsol 550 M + &Ny with stabilized EIM
Complexity of the online stage NP +o N? 458 N? 463

acoustic monopole

impedant surface I'

3t

Qe
FIGURE 6. Geometry for the three-dimensional acoustic scattering problem.

For the offline stage of & and &, we have to evaluate respectively dN + 1 and o times the functional G,
which requires to solve (2.12). For the offline stage of £4, let M denote the cardinality of Piyia;. The k-loop in
Algorithm 1 requires at each step to compute a maximum over o different £°°(Pyia1) norms, and then to solve
a linear system of size k, leading to a complexity of 6*c M + & Ny,1. If the stabilized EIM is used instead for &,
each residual evaluation in the k-loop requires solving k linear systems of size 1 to k, leading to a complexity of
6°0M + 6 Nyo1. For the online stage, all the formulae require to solve the problem EAH of size N. Moreover, &
additionally requires a linear combination of size o, whereas £3 and &4 require to solve a linear system of size o
and & respectively. We notice that if Nyo > 6%0M and 6 < dN + 1, then the offline stage of &, with stabilized
EIM requires less precomputations than the offline stage of &;.

5. APPLICATION TO A THREE-DIMENSIONAL ACOUSTIC SCATTERING PROBLEM

5.1. Formulation of the problem

We consider a ball 2! ¢ R? with boundary I" and £2¢ := Rg’\ﬁ, see Figure 6. We consider a monopole source
located in £2¢. The surface of the ball is impedant, meaning that any incident wave will be partially absorbed and
partially scattered. The proportion of absorbed and scattered parts is quantified by the impedance coefficient u,
which is used in a Robin boundary condition at I". We are interested in the computation of the scattered field pyc
in £2°. We denote pj,. the known pressure field created by the source in the absence of the sphere; the total
acoustic field in 2¢ is the sum of pi,. and pgc.
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We define the distribution v : 2° U £2* — C such that Vi = —Pinc, V|e = Psc- We denote A and x the
jumps of the Neumann and Dirichlet traces of v across I'. The Robin boundary condition writes A + %X =0.
Since v solves the homogeneous Helmholtz equation in 2¢ and in {2* and satisfies the Sommerfeld radiation
condition at infinity, there holds

v=—-8S\+Dy in 2°U N, (5.1)
where § and D are respectively the single- and double-layer potentials. Taking the interior Dirichlet and Neu-
mann traces of v in equation (5.1) and injecting the Robin boundary condition, we obtain

D -5 — %I A _’Y(;pillc ’

where k is the wave number of the monopole source, N, D, D and S are classical boundary integral operators
(see [37]), and 7y Pinc and v pinc are respectively the interior Dirichlet and Neumann traces of the known
function pi,.. Solving one of these two equations, together with the Robin boundary condition, is sufficient. The
software we are using, ACTIPOLE (see [16,17]), deals with the block system defined in (5.2), which presents
the advantage of being invertible for all frequencies of the source, when the surface I" is Lipschitz. We denote
A, the block operator defined by the left-hand side of (5.2). From [26,31,37], we infer that A, is a bounded
bijective operator from Hz(I') x L2(I') into H~ ( ) X L2(F) (see also [10]). The variational form is as follows:
find (x,\) € Hz(I') x L2(I") such that for all (Y,\) € Hz(I") x L2(I'),

(Nx—£%,> ( (Y1Pine, X) 5
<5\,Dx> — </\ SA+ Qk/\> =- <;\,’Yopinc>7

where (-, -) denotes the Hz(I') x H~2(I") duality product and (-,-) denotes the L2(I") inner product.

Let M be a shape-regular triangular mesh of I' with meshsize h, and let Vh1 and V,? be respectively the
spaces spanned by continuous piecewise affine polynomials on M and piecewise constant polynomials on M.
Let (¢;)1<i<p and (¥;)1<j<p be the usual bases of Vh1 and V,? of size P and P’, respectively. The product
space V;! x V)0 is a conforming approximation of H %(F) x L*(I'). The discrete problem is derived from a
Galerkin procedure on V;! x V;? using the boundary element method (BEM). From [26], the obtained discrete
approximation of the problem (5.3) is inf-sup stable for h small enough (see also [10]). A direct solver is used,
in double-precision format.

5.2. Application of the RB method

The RB method has recently been applied to problems solved by means of integral equations in electromag-
netism, see [13,19]. In these works, the classical a posteriori error bounds were used. We are here interested in
the application of our improved a posteriori error bounds to such problems. We take as parameter for the RB
method the value of the impedance p, which is supposed here to be a positive real number. To recover an affine
dependence on the parameter p, we write the BEM matrix in the form A, = a1 (u) A1 + ao(p) Az + az(p)As, so
that d = 3 in the affine decomposition (2.7) with aq(p) =1, az(p) = % and ag(p) = p. Specifically,

(N¢Z?¢J)1§1§P (Dd)jaﬁbi)lgigl’
A = 1<j<P 1<j<P | (5.4)
<D¢37¢z>1gzgp/< S%,%)lgzgp/
L 1<j<PpP 1<j< P
§(¢z7¢)1§zgp‘(0)1§igp (0)1§§§P‘ (0)1§?SP/
A, — 1<j<PpP 1<j< P LAy = 1<j<P - 1<j<P 5.5
g (O)lgz’gp/ ‘(0)1§i§P’ ’ (0)1§igp’ 2k<1/’i, j>1§z§P’ ( )
L 1<j<P 1<j< P 1<j< P 1<j< P
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FIGURE 7. Real part of the pressure field for the BEM solution (left) and the RB solution
(right), with a basis of size 10. The difference between the two fields is less than 1075 in
infinity norm.

In the general-purpose RB, the quantity of interest is the pair of potentials (x, A) on I'. For the goal-oriented
case, we consider the value of the pressure at a given point in £2¢. If this point is far enough from I', approxi-
mations can be made in the representation formula for the pressure. This is the far-field approximation, which
consists in a linear form @ acting on the solution pair (x, A) as

—ik||z2
e’ by —T
ik (e kY T,

Arl|z|2

= -n<y>,x<y>)

e_ikHzHZ ik =
h— e VT2 |\
el L ( w)

For simplicity, we take the Euclidian norm of vectors in CF*+P" instead of the Hz(I") x L(I") norms of the
reconstructed functions. This way, the Riesz isomorphism J is simply the identity. Therefore, the computation
of the terms G, u,,, as well as that of the terms Gu;, does not require to invert the stiffness matrix as in (2.12).
The Successive Constraint Method is used to compute a lower bound of the inf-sup constant, which is around
1076 in the present examples.

We define two test cases: (i) one impedant sphere (d = 3), with N = 584 and p € P := [0.9,1.1], (ii) two
impedant spheres (d = 5), with N = 1561 and p € P := [0.99,1.01]%. We present visualizations of the scattered
pressure field, at a random value of the parameter p, for test case (i) with #Pi,ia = 100 and N = 10 in Figure 7
and for test case (ii) with #Piria1 = 225 and N =10in Figure 8.

QX A) = € C? (5.6)

5.3. Error bound curves

We present the error bound curves for test case (i) with a general-purpose RB, #Ptyia1 = 100, (N ,0,0) =
(2,7,49), (3,10, 100), (4,20, 169), and (5,30,256) in Figure 9 and for test case (ii) with a goal-oriented RB,
#Pirial = 225, N =8, 6 = 60, and o = 1681 in Figure 10.

In test case (i), the classical formula & exhibits quite poor performances, since it cannot compute values
below 10~*. This is explained by the values of the inf-sup constant which are around 10~%. Furthermore, in
agreement with Remark 3.3, the lowest computable values of £ and &, differ by 8 orders of magnitude. In test
case (ii), the behavior of formula & is quite poor, and we do not observe the level of accuracy we observed
so far for &. Here, the matrix T defined in (4.3) is so ill-conditioned that the numerical errors introduced by
its resolution are larger than the ones introduced by the formula &. Furthermore, the formula &, exhibits,
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FIGURE 10. Error bound curves (logarithmic scale) as a function of the impedance coefficients:
a) &1, b) &, ¢) &3, d) &4, and e) & computed in quadruple precision.
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FiGURE 11. Error bound curve for £, with respect to the impedance coefficient, with N=5
and ¢ equal to 14, 30, 40, and 50 (from left to right and top to bottom).

as before, a very good performance. We see in Figure 10 that argmax (£4(1)) = (1,1) and &4(1,1) ~ 10716,
HE Pselect

therefore, the formula £ with & = 60 is valid for computing the error bound in Algorithm 1 with tol = 10716,

The behavior of & when & increases is investigated in Figure 11 for test case (i). We consider the values
6 = 14,30,40 and 50. These four values lead to the same local maxima, and increasing & allows the formula
&4 to be valid for smaller tolerances (respectively 5 x 1078, 1078, 8 x 107% and 2 x 107?). Another interesting
observation comes from considering the fourth plot in Figure 9 and the first plot in Figure 11: the classical
formula & requires 16 offline resolutions of (2.12) and stagnates at 10~% while the formula &£, with 6 = 14 only
requires 14 offline resolutions of (2.12) and is valid for tolerances down to 5 x 10~%. This shows that at least
in some regimes, the new formula &, is valid for lower tolerances than the classical formula £, and requires
less precomputations. However, contrary to £, using &, requires that all the quantities V,. defined in (4.2) be
recomputed when adding a new vector to the reduced basis.

CONCLUSION

In this work, we have extended the ideas of [9] by proposing a more stable numerical procedure, using the
empirical interpolation method, to represent the a posterior: error bound in the reduced basis method as a
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linear combination of its values at given parameter values, called interpolation points. Moreover, the proposed
method provides a way of choosing the interpolation points, and yields better accuracy levels than the classical
a posteriori error bound and than the procedure proposed in [9]. Besides, our new procedure may require less
precomputations than the classical a posteriori error bound. The new error bound derived herein can be of
particular interest in two situations: (i) when the stability constant of the original problem is very small (this
is the case in many practical problems), (ii) when very accurate solutions are needed.
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