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BRIDGING THE HYBRID HIGH-ORDER AND HYBRIDIZABLE
DISCONTINUOUS GALERKIN METHODS

BERNARDO COCKBURN!, DANIELE A. DI PIETRO? AND ALEXANDRE ERN?

Abstract. We build a bridge between the hybrid high-order (HHO) and the hybridizable discontinuous
Galerkin (HDG) methods in the setting of a model diffusion problem. First, we briefly recall the
construction of HHO methods and derive some new variants. Then, by casting the HHO method in
mixed form, we identify the numerical flux so that the HHO method can be compared to HDG methods.
In turn, the incorporation of the HHO method into the HDG framework brings up new, efficient choices
of the local spaces and a new, subtle construction of the numerical flux ensuring optimal orders of
convergence on meshes made of general shape-regular polyhedral elements. Numerical experiments
comparing two of these methods are shown.
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1. INTRODUCTION

The Hybrid High-Order (HHO) method has been recently introduced in [16] in the context of quasi-
incompressible linear elasticity. We consider here its application (studied in [17,18]) to the numerical approxi-
mation of the model problem: find u € H}(§2) such that

f kVu-Vu = f fv  Yve H}(92), (1.1)
2 2

where 2 c R? is a bounded, connected polyhedral domain and & a bounded, symmetric, uniformly positive-
definite matrix-valued function. We assume, additionally, that k is piecewise Lipschitz on a partition Py, of {2
into polyhedra. An extension to more general singularly-perturbed advection-diffusion problems can be found
in [13].

The HHO method supports general polyhedral meshes and delivers an arbitrary-order accurate approximation
using face-based discrete unknowns that are polynomials of degree at most k on each face. The method encom-
passes the case k = 0, for which connections exist with the Hybrid Finite Volume method of [23] (see also [21]),
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the Compatible Discrete Operator framework of [4], and the Mimetic Finite Difference methods of [5,6,27]; cf.
also the recent monograph [3]. The HHO method is derived in terms of a primal formulation, and is designed
from two key ingredients:

(i) a potential reconstruction in each mesh cell and
(ii) a face-based stabilization consistent with the high-order provided by the reconstruction.

The design relies on intermediate cell-based discrete unknowns in addition to the face-based ones (hence, the term
hybrid). The cell-based unknowns can be eliminated by static condensation, as already pointed out in [16, 18]
(without giving details). In this work, we derive some new variants of the HHO method resulting from the choice
of cell-based unknowns, allowing us to draw some connections with the recently derived High-Order Mimetic
(HOM) method introduced in [30] for general k and analyzed for K = I4 in [2]. We also describe in more details
the static condensation since this operation is particularly important in practice.

Our second important task is to recast the HHO method into an equivalent mixed formulation. This allows us
to identify the corresponding conservative numerical flux and compare to Hybridizable Discontinuous Galerkin
(HDG) methods within the general framework introduced in [9]. Our approach in identifying the flux is different
from the one proposed in [15], where local conservativity was obtained for the HHO method by means of auxiliary
local Neumann problems. The HDG methods were originally devised as discrete versions of a characterization
of the exact solution in terms of solutions of local problems globally matched through transmission conditions.
Following ideas from [12] in the framework of the Stokes equations, we show how the approximate solution
provided by the HHO method can also be characterized as the solution of local problems which are then
matched by a single global equation. We then provide an interpretation of such equation as a discrete version
of a transmission condition. This allows us to uncover the numerical trace of the flux for the HHO method and
then fit the HHO method in the HDG framework. We show that both the local spaces and numerical trace
of the flux are novel, distinctive choices which enrich the family of HDG methods. In particular, the spaces
for the flux are much smaller than the ones previously known, and the stabilization function displays a rich
structure that allows for optimal convergence of both the potential u and its flux q := —kVwu on quite general
meshes composed of polyhedral cells. We then use the HDG framework to compare several methods including
the LDG-H methods [9] (a subclass of the DG methods proposed in [7]), the HDG methods introduced in [29]
and analyzed in [31], and some new methods. We end by comparing the actual performance of a couple of these
methods.

The organization of the paper is as follows. In Section 2, we recall the definition of the HHO method, its main
convergence properties, and present in more details the static condensation procedure. We also present some
new variants of the HHO method resulting from the choice of cell-based unknowns. In Section 3, we rewrite
the method in the numerical-trace formulation. In Section 4, we use this rewriting to compare it to other HDG
methods theoretically as well as numerically. We end in Section 5 with some concluding remarks.

2. THE HYBRID HIGH-ORDER METHOD

In this section, we recall the definition of the HHO method and its convergence properties. The exposition
introduces a generalization of the original method proposed in [16, 18] which allows us to cover two variants
corresponding to different choices of the intermediate cell-based unknowns.

2.1. Notation

Denote by H < Ry a countable set of meshsizes having 0 as its unique accumulation point. Following ([14],
Chap. 4), we consider h-refined mesh sequences (7, )nen where, for all h € H, 7}, is a finite collection of nonempty
disjoint open polyhedral elements 7' of boundary T composed of planar faces, such that 2 = UTeTh T and
h = maxrer, hr with hr standing for the diameter of the element 7'

A face F is defined as a hyperplanar closed connected subset of 2 with positive (d—1)-dimensional Hausdorff
measure and such that (i) either there exist Ty, T € 7, such that F' < 0Ty n dT» and F is called an interface
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or (ii) there exists T' € 75 such that F' < 0T n 0f2 and F is called a boundary face. Interfaces are collected in
the set F}, boundary faces in .7:};, and we let Fy, := F) U .7-"}2. The diameter of a face F' € F}, is denoted by hp.
For all T € Tp,, Fp := {F € F), | F < 0T} denotes the set of faces ¢ 0T and, for all F' € Fr, npp is the unit
normal to F' pointing out of 7. We also define the piecewise constant vector-valued field np on 07" such that
nT|p =Nnrr for all F € -FT-

We assume that, for all h € H, 75, admits a matching simplicial submesh ¥}, such that any cell and any face
in T}, belongs to only one cell and face of 7j, respectively, and there exists a real number ¢ > 0 independent of
h such that (i) for all simplex S € ¥}, of diameter hs and inradius rg, phs < rg and (ii) for all element T € 7y,
and all simplex S € ¥, such that S < T, phr < hg. These assumptions allow one to derive local trace and
inverse inequalities (cf., e.g., [14], Chap. 1) as well as optimal polynomial approximation properties [22]. We
emphasize that the simplicial submesh is a theoretical tool which is not used in the constructions underlying
both HHO and HDG methods. Additionally, we suppose that, for all h € H, 7}, is compatible with &, meaning
that, for all T' € 7y, there exists a unique subdomain §2; in Py, containing T'. As a result, jumps of kK can occur
at interfaces but not inside elements.

Let [ > 0. For all T € 7p,, P{(T) is composed of the d-variate polynomial functions of degree < [ restricted to
T, while, for all F € Fp,, P, | (F) is composed of the (d— 1)-variate polynomial functions of degree < [ restricted
to F. For all T € 7j,, we denote by 4. the L2-orthogonal projector onto ]P’fi(T).

In what follows, we often abbreviate a < b the inequality a < Cb for positive real numbers a and b and a
generic constant C' which can depend on p, d, k and the considered polynomial degree, but is independent of h.

For a subset X = 2, we denote by (-,-)x and |-|x the usual L?(X)-inner product and norm, with the
convention that we omit the index if X = £2. The same notation is used for the vector space L?(X)9.

2.2. Local construction

Let two integers k > 0 and [ € {k — 1,k, k + 1} be fixed; in the case k = 0, we only consider for simplicity
that [ € {k,k + 1} and refer to Remark 2.1 for the modifications required when k = 0 and [ = k& — 1. The choice
I = k corresponds to the original HHO method introduced in [16], whereas the choice | = k — 1 essentially leads
(up to an equivalent choice of the stabilization) to the HOM method introduced in [30], see Section 2.4 below.
The choice [ = k + 1 yields, in turn, a novel method (see also Rem. 2.2 below). For all T' € 7, we define the
local space of discrete potential unknowns as follows:

UR = Ul x Uy, U= PY(T),  Ukp= X BE(F). (2.1)
FeFr

Elements of the local space Q];Jl are underlined, and a generic element of Q];Jl is denoted by vy = (VT7 (VF)Fe }-T)
or, in more compact form, as vy = (vr,ver), where vor is the piecewise polynomial function such that vor p = v

for all F' € Fp. We can define a higher-order potential reconstruction operator p’%“ : Q];Jl — PZH(T ) as follows:
for a given v, € Q’%’l, p];flyT solves the Neumann problem
(k Vphtlyr, Vw)T = (K Vvp, V), + (Vor — v, KV w-nr)or Yw € IP’SH(T), (2.2)

with closure condition given by (p’;flyT, 1)p = (vp,1)p. We next introduce the local bilinear form ar : Q’;:l X

Q’%’l — R such that

ar(Wrp,vr) = ("@ Vplzc*ﬂﬂTa VP?IMT)T + s7(Wrp, V), (2.3)

where the stabilizing bilinear form sp : Q’%’l X Q’%’l — R is such that

sT (W, Vo) 1= (TaTW’acT(Pq’fH’lﬂT —war), W’acT(qufH’lMT —Vor))ors (2.4)
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where 77 is a piecewise constant function on 0T such that 7o = 555 for all F' € Fp with krp = np-kjir-np,

mk o is the L?-orthogonal projector on U%., and P;H’l : Q’;Jl — IP’;H(T) is obtained adding to the function v

a high-order correction inferred from p];fl:

Py o= vr + (05 v — mhepf vy (2.5)
Let ll%’l :HY(T) — Q’%’l be the reduction map such that, for all T'e€ 7;, and all v e H'(T),

o = (v, whro). (2.6)

The potential reconstruction operator p’}“ and the bilinear form sy are conceived so that they satisfy the

following two key properties:

(i) Stability. There is a real number n > 0 independent of T" and of h such that, for all v, € Q];Jl,

lvrlr < 1&VVe|Z2irya + ir(vrve) <07 vrl 7, (2.7)
with local energy seminorm such that [vp[2, := ar(vp,vy) and boundary-jump bilinear form
T Q];Jl X Q’%’l — R defined as

Jr(Wrp, V) = (Tor (Wr — War), VI — Vor )or- (2.8)
The dependence of 1 on k is specified in ([17], Lem. 3.1).
(ii) Approzimation. For all ve H**2(T),
12
)0 Lk,
{190~ PP B+ sr o, B 0) L € B ol sacr. (29)

Unlike the bilinear form s, the bilinear form jz only satisfies, for all v e H**1(T),
Jr(Upto, ) < B8 o] e ).
For this reason, it has not been used in the formulation of the method (2.12). Some remarks are of order.

Remark 2.1 (k=0and ! =k —1).

In this case, the following conventions are adopted: (i) in (2.1), element unknowns are not needed in the construc-
tion; (i) the closure condition for problem (2.2) is modified by prescribing that (p5 vy, 1)r = Y FeFy WTFVE
with weights (wrr)pez, defined as in ([30], Appendix A). (iii) in (2.5), it is understood that 7kphv, = 0.
This case is closely related (up to an equivalent choice of the stabilization) to Hybrid Finite Volumes [23].
Recalling the equivalence result proved in [21] for Mixed [20] and Hybrid Finite Volumes and Mimetic Finite
Differences [5, 6, 27], the HHO methods with & = 0 and I = —1 or [ = 0 lead in fact to the same family of
methods (up to equivalent choices of stabilization).

Remark 2.2 (I =k + 1).
In this case, we have wéi“p’;flyT = p’%HMT since p’%HMT € ]P’ZH(T), so that lefﬂ’kHyT = vr, and the
stabilizing bilinear form sz simply writes

sT(Wp,vp) = (Tormhp (Wr — Wor ), Thp (Ve — Vor))or - (2.10)

A similar stabilization was suggested in ([29], Rem. 1.2.4) in the context of HDG methods; ¢f. Table 1 for further
details.
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2.3. Definition of the method and error estimates

We define the global spaces

k.l . . c .
uh, = U!T;L X UI.;:}L’ Ugfh = >< P&(T)’ U.I;:;L = >< P(]ﬁ—l(F)?
TGT;,, F€~7:h,

and we introduce a subspace of QZ’Z with strongly enforced boundary conditions:

k. l k k. k _ b
Qh,o i=Ug, x Uz, o Uk, o= {th eUgx, |[ve =0 VF e fh}.
For an element T' € 7;, and a function v; = (vTh,v}-h) € Qﬁ’l, we denote by vp 1= (vT,vaT) its restriction to
Q’%’l. The global bilinear form ay, : QZ’Z X QZ’Z is assembled elementwise from the local contributions (2.3):
an(Wy,vp) = Y ar(wp,vr). (2.11)
TGT;,,

The discrete problem reads: find uy, € QZ’}) such that

an(up,v,) = Y (Fvo)r Yy, € U, (2.12)
TeT,

We next recall the a priori error estimates obtained in [18] for the case | = k. Minor variations in the proofs
yield analogous results for the cases | = k £ 1. Our estimates are stated in terms of quantities we define
next. We denote by 11;,1 : HY(2) — Qﬁ’l the operator whose restriction to H(T) is 1’%’1 (cf- (2.6)), and we

define by p’,ffl u;, the function whose restriction to 7' is p’}“ up. We also define on QZ’ZO the global energy norm

Ivill2 = Yrer, Ivrli o (the fact that |-]an defines a norm on QZ’}) follows from the strong enforcement of
boundary conditions). We are now ready to state the result. For simplicity, we do not explicitate the dependence
of the constants on the diffusion tensor; see [17] for a more precise result.

Theorem 2.3 (Error estimate for HHO). Let u € HE(£2) and u;, € Qﬁi) denote the unique solutions to (1.1)
and (2.12), respectively, and assume the additional regularity w € H**2((2). Then, there exists a real number
C > 0 depending on o, k, d, and &, but independent of h, such that

k.l
max (|l " uy, —ul, Jun = mhull, lu, — L 'u

ah) < CthHUHH'H?(Q),

where uy, is the broken polynomial function such that upp = ur for all'T € Ty and wfl the L?-orthogonal projector
onto the space of broken polynomials of total degree < 1. Additionally, if elliptic reqularity holds, and further
assuming f € H*(2) if k = 0, we have the improved L*-error estimate

max (| " wy, — ull, fun — mhul) < OB (ful sz o) + 1 [aessia))

withd =1ifk=0and =0 if k> 1.

2.4. Link with HOM

It is possible to devise a (minor) extension of the setting considered in [2] for the convergence analysis
of the HOM method in the case k = I;. This extension, which consists in considering two, possibly different,
polynomial degrees in the virtual space of [2], allows us to bridge the actual HOM method to HHO with [ = k—1
where the difference appears in an equivalent choice of stabilization, and to offer the possibility of devising new
variants of HOM which can be bridged to the HHO method for I € {k, k + 1}. Another benefit of this extension
is to provide a convergence analysis of HOM in the variable-diffusion case.
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Assume k = I; and define, for all T' € 7, the local space
Vit i={pe HY(T) | Vpjopnr € Uiy and Ap e PY(T)} . (2.13)

The difference with respect to [2] consists in the choice of the space for Ay, which now accounts for all the
possible values for the polynomial degree [. It is useful to note, at this point, that the explicit expression of
functions in lef L is, in general, not available.

Consider the map &7 : Q];Jl — lef’l defined such that, for all vy € Q’%’l, @ = &p(vp) solves

AQO = Vp — |T|(;1 {(VT, 1)T — (VaT, 1)6T} in T,
Vornr = vor on T,
(907 1)T = (VTa 1)T7

(or with closure condition (p,1)r = Y ez, wrrve when k = 0 and | = k — 1, see Rem. 2.1). Clearly, &7 is
well-defined and injective. Moreover, a straightforward extension of ([2], Lem. 3.1) shows that 1’;:1 : Vqlf — Q’%’l
is injective. Thus, 1’;4l is an isomorphism between the space of Q];Jl considered in the HHO method and the space
of virtual functions Vqlf ok,

Define now the projection 75+ : Vqlf’l — P¥(T') such that

I = ph i, (2.14)

Clearly, for any ¢ € Vqlf ’l, Héﬁ“go is computable from the function l%lgo € Q];Jl. To reformulate the penalty term,
we introduce the map (5? : Vqlf . U’gT such that

Ed .
O ¢ 1= 71'ISTW - WISTWZTQD- (2.15)
When [ < k, we simply have 592’!(,0 = ﬂ’ngo —7h. For all p € lef’l, we infer that

1,0 kL k.l kol k,l
mhr (PR e — (15 0)ar) = mhp(the + pht 1R e — nhpht e — mhro)
kil k.l
= mhr (5 1R o — o — h(ph IR 0 — @)

= 5];“’Z(Hé€“+190 - 90)’

where we have used the definition (2.5) of P;H’l in the first line, the fact that 74, (75,¢) = 74,¢ in the second
line, and the definitions (2.14) and (2.15) of the maps IT5™ and 51}’1 to conclude. Then, setting o7 p = hpt
for all F' € Fr and defining the following bilinear forms on Vqlf tx Vqlf L

ar(p, ) = (VIIE ), VITE Y o) + 37(0, ),
Fr(0, @) = (rordb! (ITE Yy — ), 6B (ITE o — ))or,

it is a simple matter to realize that

ar(, @) = ar(Bly, 5y and Sy, @) = sp(fhe, 15 ).

We can observe, at this point, that, when [ = k — 1, the consistent contribution in a7 is analogous to ([2],
Eq. (3.17)), whereas the stabilization 57 is a special instance of the one appearing in the right-hand side of ([2],
Eq. (3.21)), and can be interpreted as a (computable) least-squares penalty of the difference between a function
 in the space Vqlf’l and its computable projection HfﬂH(p defined by (2.14).
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2.5. Static condensation

We characterize the solution provided by the HHO method by that of a static condensation technique which
allows for an efficient implementation of the method. We use a notation inspired from [9].
We start by noting that the equations (2.12) defining the HHO method can be rewritten as

VT € Ty, ar(ur, (vr,0)) = (fivr)r Vv € UL, (2.16a)

an(up, (0,ve,)) =0 Vg, € U?_—h’o. (2.16b)

Then, we show that the first set of equations define local problems which allow us to express ur in terms of ugp

and fr := fp for all cells T' € 7;,. Finally, we show that the second equation defines a single global problem

whose solution is uz,. We conclude by providing a characterization of the approximate solution in terms of
these problems.

Let us first introduce the so-called local problems. Given A € U%., define 413 € UL as the solution of the local
problem

ar((U7,0), (vr,0)) = =ar((0,A), (vr,0))  ¥vr e Up,
which, letting 4 := (8, N) € Q’%’l and using linearity, rewrites
CLT(Q;\«, (VT, 0)) =0 Yvr € UlT (2.17)

Similarly, given ¢ € L?(T), define 11?1 € U4 as the solution of the local problem

ar((4%,0), (vr,0)) = (¢, vr)r  Yvp e U, (2.18)

Clearly, by the stability property (2.7), both (2.17) and (2.18) are well-posed since ||, is a norm on the
zero-trace subspace of Q];Jl. Moreover, by linearity, we can express in each mesh cell 1" € 7}, the solution up in
terms of the local datum fr and of the local face-based components ugr. Indeed, in view of (2.17) with A = uar
and (2.18) with ¢ = fr, (2.16a) yields

up = (U7 + 47 uer) VT € T,
With obvious notation, we infer that u, = (4,"* + 4/ uz, ), which we rewrite in the form
w, =7 U T = W ug), Y] = (4], 0). (2.19)

Now we turn to the global problem defining uz,. In view of (2.16b) and (2.19), we have that, for all vz, €
U?_—h,o, setting i_l\;fh’ = (il\;fh ,VF,) € Q’Z”i),

= an(up,, 46,") — an(uy, (16,,0)) (2.20)
= ap(up, 477) — an(L7, (U7, 0)) — an (4, (467,0)).

But, using the definition (2.11) of aj; followed by the local problems (2.17) with A = uppr and vp = $E7
and (2.18) with ¢ = fr and vy = 77", we infer that

an (4,7 (0,77,0)) = > ar(UyET, (WE7,0)) = 0,
TeTy,

an(y, (U7, 0)) = 3 ar((UF7,0), (UF7,00) = 3 (£.UF)r-
TeT, TeT,

(2.21)
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Moreover, exploiting the symmetry of the bilinear form ay, recalling (2.11), and using the local problem (2.17)
with A = vor and vy = il%:T, we infer that

an (4], 467 ) = an (), 4) = > ar(WFT, (W7, 0) =0,
TeTy,

so that, recalling the decomposition (2.19) of u,,, we conclude that
an(up 877) = an (@ + UL 407 ) = ap (L, L67). (2.22)

Plugging (2.21) and (2.22) into the last line of (2.20), the global problem (2.16b) rewrites: Find uz, € U%,o
such that

ah((ﬂzﬂ’, U}‘h), (ﬂ\;l]:h,V]:h)) = 2 (f,iqf’T)T VV]:h € U’Ji",-'h,,O' (2.23)
TGT;,,

The well-posedness of this problem follows from the stability of a;, together with the well-posedness of the local
problems (2.17). We can now summarize our results on the static condensation procedure.

Proposition 2.4 (Characterization of the approximate solution). The solution u; € Qﬁ’l given by the HHO

method (2.12) can be expressed as (2.19), where ﬂ:f’l and ilﬁ are defined cellwise as the solutions of the local
problems (2.17) and (2.18), and ug, € U%  is the only solution of the problem (2.23).

3. NUMERICAL-TRACE FORMULATION OF HHO METHOD
In this section, we provide a reinterpretation of the global problem
an(uy, (0,vr,) =0 g, € Uk .

as a transmission condition. In this way, we identify the numerical trace of the flux and show, in a different
way from the one proposed in [15], that the method is locally conservative. Finally, we use this information to
suitably rewrite the equations defining the local problems, namely,

ar(ug, (vr,0)) = (fvr)r  YWrelUh, VT eT,.

3.1. The global problem as a transmission condition

Our goal is to rewrite the bilinear form of the global problem in such a way that the numerical traces can be
easily identified. Since ay, is assembled cellwise, see (2.11), we can work on a single mesh cell T' € 7;,. Thus we

have, using the definition (2.3) of ar and (2.2) of ph v, with vy = (0, var),

ar(ur, (0,var))
= (k Vi up, VPETN0,vor)r + (rormbp (P up — vor), whp (P10, vor) — vor))or (3.1)

, k41,0 : okt
= (k V5 upnr,vor)or + (tormhp (Pr g — vor), mhp (Pr 70 (0,ver) — var))or-
Next, we note that, by definition of qufH’l, we have that

k+1,1 k+1 I k+1
Py up —usr = ur +pp Up — Tppy Up — UaT

ur + ph (ur, usr) — ThPE (ur, uar) — uar

ur +p’q€1+1(UT, ur) +p’q€1+1(0, upr — ur)

(3.2)
— 7hpht (ur, ur) — P50, uar — ur) — uar
= ur + 5 (0,upr — ur) — TPk (0, uar — ur) — upr

= ur — uar + phH0, usr — ur) — THPETH(0, usr — ur),
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where, to pass to the fourth line, we have used the fact that p’;fl(uT, ur) = wéﬂp’;fl(uT, ur) (c¢f. (2.2) and
Rem. 2.1 for the case k = 0 and [ = k — 1). Then for any A € U%,., we define 74,.(\) as the element of U%, such
that

TIST(/\) = 71'IaCT(/\ —p?“(& A) + le*plqcﬂﬂ(oa A))-

In this way, accounting for (3.2), we can write

and so, plugging this expression into (3.1), we obtain
ar(ur, (0,vor)) = (& VP up-nr,vor)or — (Torrir(ur — var), 8 (vor))or- (34)
Defining the adjoint T’gjf of r%,, as the unique element of U’gT such that
VAeUlp, (AN, mor = A\ rbr(w)or Ve Uy, (3.5)
we finally obtain from (3.4),
ar(ur, (0,vor)) = (& VP up-nr — v (torrér (ur — uar)), vor)or,

so that the global problem can be expressed as follows:

~ k
Z (qHT'nTaV]:;L)(‘?’T =0 vV]-',L € U]:,“O?

TGT;,,
where
4y, nr=—kK Vohi up gy + riF (rorrkp (ur — uar)),
is nothing but the numerical approximation of the normal trace of the exact flux q := —kVu we sought. The

global problem can thus be interpreted as a discrete version of a transmission condition since it enforces the
single-valuedness of the normal component of the numerical trace of the flux.

3.2. Rewriting the equations defining the local problems

We can now rewrite the equation (2.16a) by using the numerical trace just uncovered. Indeed, for all T' € 7j,,

using the definition (2.3) of ar, accounting for (3.3) and (3.5), and concluding with the definition (2.2) of ph™

with vy = (vz,0) and w = p5us, we have

. k41,1 k+1,1
ar(up, (vr,0)) = (& V5 up, Vi (vr, 0))r + (rormhr (PrH up — uar), mhp (PETH (v, 0)))or
k+1 k+1

up, Vi (vp, 0))r + (rif (tarrir (ur — uer)),vr)or

= (k VP up, Vvr)r + (=6 VP upng + v (rorrby (ur — uar)), vr)or.

= (k Vpi.

Thus, (2.16a) is equivalent to
VT €Ty, (kYD up, Vo)1 + (@y, nr,vr)or = (fvr)r Y € U,

which, since the numerical trace of the flux is single-valued, expresses a local conservation condition. We have
thus proven that the HHO method has the following equivalent formulation.

Proposition 3.1 (Numerical-trace formulation). The solution u, € QZ’}) provided by the HHO method (2.12)
satisfies the following local problems: for all T € Ty,

k+1

(k Vpi" up, Vw)r + (ur, V(& Vw))r = (uor, kVw-nr)or Yw € }P’SH(T),

(k Vot up, Vvr)r + (@, e, vr)er = (f,vr)r Yvr € Uf,
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where the numerical trace of the flux is given by
- . E+1 k k
Qy, M1 = —k Vpp upnr + 157 (Torrer (ur — uar)),

and satisfies the transmission condition

E -~ k
(qHT~nT,V]:,L)aT =0 VV]:,L € U]:}“O.
TGT;,,

4. COMPARISON WITH HDG METHODS

In this section, we show that the numerical-trace formulation of the HHO methods fits in the framework of
HDG methods introduced in [9]. This allows us to compare the HHO method with other HDG methods. It also
allows us to incorporate into the family of HDG methods the subtle way of defining the HHO numerical trace
for the flux, giving thus rise to new HDG methods.

4.1. The HDG framework
We begin by recalling the general framework defining the HDG methods. We define the spaces

V= X V(T), W x My :—{ X W(T)} x{ X M(F)}, (4.1)

TeTy, TeTy, FeFp

and Mpo := {w € My : w = 0ondf2}. The HDG discretization of problem (1.1) consists in seeking
(an, un, up) € Vi, x Wy, x Mp, ¢ as the solution of the local problems

(K’ilqhvv)T - (U;“ V'V)T + (ah’V'nT)aT =0 Vve V(T)7
—(an, Vw)r + (@n-nr,w)eor = (f,w)r Ywe W(T),
an-nr = qpnr + alu, —ap) on 0T, (4.2)

Y (@nr, ®)or =0 Ve Mpp,
TGTh

where the last equation is the transmission condition. To complete this framework, a new approximation of the
potential, u}, is defined in a suitable manner; see the examples in [10,11].

The above formulation is usually considered to be a mixed formulation. A small variation, which has been
called the extended form of the mixed formulation, see [1,8,26], can be trivially used to define HDG methods.
Roughly speaking, it avoids using the tensor x£~! and only uses the tensor k by discretizing the equation
q = —kVu instead of the equation K 'q = —Vu. In linear elasticity, x corresponds to the standard constitutive
tensor whereas k™! to the so-called compliance tensor. To work with the constitutive tensor is usually preferred
in the case of nonlinear elasticity. This formulation has been used, for example, for the HDG method for linear
and nonlinear elasticity in [25,34,35].

The local spaces V(T'), W(T), M(F) and the stabilization function «, as well as the post-processing u},
determine the different HDG methods. In particular, the HHO methods of Section 2.2 are obtained for the
choice

V(T) := kVPEYY(T), W(T) :=PY(T), M(F):=P%_(F) and a:=r5*(rorrky),

and the postprocessing uj := pﬁ“(uh, Up), in the HDG notation.
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TABLE 1. Comparison of various methods fitting in the HDG framework (4.2) with M (F') :=
P%_ | (F). The methods are defined by the local spaces V(T), W(T) (cf. (4.1)), and u} which
determines the numerical trace of the flux which is of the form (4.3). The notation HHO(/)
corresponds to the value of the integer [ in (2.1). The corresponding orders of convergence are
provided for the L?(§2)-norm of the error in the approximate flux g, and in the approximate
potential u}.

Ref. V(T) W (T) uf ToT|F flux  potential
LDG-H 7,9  PX(T) Pk (T) un {'{TF/ bk el
KTF k+1/2 k+1
(A) [29,31] Pk (T)4 PETY(T) un krr/h k41 k+2
(B) new Pk (T)? PE(T)  pi ™ (un, G kre/h  k+1 k+2
Q) new Pk (T)? PE=N(T)  pk T (un, an kre/h  k+1 k+2
1

HHO(k) [16,18] &VPETY(T)  PH(T)  pit?
HHO(k — 1) [30]  wVPETL(T) PENT)  phtt

IiTF/h k+1 k+2

( )
( )
HHO(k+1)  new  wVEPEYYT) PEPNT)  pft(up,@n)  kre/h k41 k+2
( )
( ) krr/h k41 k+2

4.2. Comparison with other HDG methods

We compare several HDG methods with the HHO method in Table 1, where we display the local spaces, the
numerical trace of the flux and the theoretical orders of convergence of error in the flux, |g — g, |, and in the
potential, |u— uj|. The orders of convergence for the methods (B), (C), and HHO(I) with € {k—1,k+ 1} can
be established by (minor) adaptations of the proofs for the HHO(k) variant; ¢f. [17,18]. Details are omitted for
the sake of conciseness. In all the cases considered the numerical flux is of the form

@pn = apen o+ et (tor Ty (un — An)), (4.3)
TST(uh —up) = 7r§T (uh + uj — WW(T)UZ — ﬁh), '

where T (1) denotes is the L2-orthogonal projection onto W (T).
For the methods (B) and (C), the post-processing u¥ is given by the function p¥™* (uy,, @y,) € PE™(T) defined

as the solution of

(Vp’,ﬁ“ (uh, ah), VZ)T = —(uh, AZ)T + (ﬁh, VZ'TI,)@T Vz e PZJrl(T)l, (4.4&)
(pﬁ“(uh, ﬁh), ’U))T = (uh, U))T Yw € W(T) (44b)
where IP’ZH(T)J- = {z e PX*I(T) | (z,w)r = 0 Yw e W(T)}. Note that the operator pﬁ“ is a small variation of
the post-processings used in [10,11], where a proper subspace of W(T') is used instead of W (T'). Note also that, for

the method (A), we have that W (T') = PX™!(T) so that P (T)* = {0} and, therefore, u} := py** (up, y) = up.
For the methods (A), (B) and (C), we have WW(T)ui = WW(T)p’,fLH(uh,ﬁh) = up, and so

~

T’(gT(Uh —p) = W?T(“z —p) = W?T“Z — Up.

For the methods (A) and HHO(k + 1), we have, on the other hand, that uf € W(T) = P*™(T), and so the
penalty term in (4.3) takes a simpler expression (cf. also Rem. 2.2):

i (up — An) = T (up — Un) = Thpun — U
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TABLE 2. Size of the local problem to solve to locally eliminate the flux variable for the HDG
(rows 1-4) and HHO (rows 5-7) methods listed in Table 1.

k d=1 d=2 d=3 k d=1 d=2 d=3

0 1 2 3 0 1 2 3

1 2 6 12 1 2 5 9

2 3 12 30 2 3 9 19

3 4 20 60 3 4 14 34
() HDG methods (B) HHO methods

As defined in [9], the LDG-H methods are the HDG methods obtained when the local discontinuous Galerkin
(LDG) method is used to define the local problems. It is actually the particular case of discontinuous Galerkin
methods proposed in [7] for which we have, at each interior face F' € F) such that F = 0" n 0T, letting

T j:i ‘= ToT+|F)

~ 7+ T _ 1 o

(s i (g )+ (g oo e

~ Tr TH _ THTH _

qy —(ﬁ)q;{ + (ﬁ)qh + (ﬁ) (u;rnJr +u,n )
Here the superscript + indicates the traces from both sides of the face. For this choice of numerical traces, we
have that

Gh;ni = q%-n + TE (u% — Up).

The orders of convergence of this method were obtained in [7] for general, shape-regular polygonal meshes. The
suboptimal order of k + 1/2 is obtained for the approximate flux for 7 of order one.

The method (A), whose stabilization function we could call the Lehrenfeld/Schoberl stabilization, was sug-
gested in ([29], Rem. 1.2.4) and was recently analyzed in [31]. Extensions to convection-diffusion and linear
elasticity can be found in [32,33], respectively. This method uses polynomials of one higher degree for uj, and
achieves optimal order for the approximate flux, k + 1, and for the potential, k + 2, by stabilizing using only the
lowest-order part of the difference between cell and face unknowns. The methods (B) and (C) can be considered
as novel HHO-inspired variations of this method.

The HHO(k) method uses the same space for uj as the LDG-H method, but is built upon a reconstruction
uj which uses polynomials of one higher degree. The method achieves optimal orders of convergence for the
approximate flux and potential with significantly smaller spaces for the fluxes, namely, l-@VIP’ZH(T ) instead
of PX(T)?. The order of the matrix we need to invert to eliminate the flux variable (when solving the local

probl«(sms) i)s only (k+(1i+d) — 1 instead of d(kji'd), c¢f. Table 2. Similar considerations apply for the methods
HHO(k £1).

4.3. Numerical experiments

Here, we compare the original HHO(k) method of (2.12) with the novel HHO(k + 1) variant, cf. Table 1. As
pointed out in Remark 2.2, the stabilizing bilinear form takes a very simple expression for HHO(k+1), ¢f. (2.10),
although this comes at the price of slightly increasing the cost of both the potential reconstruction (2.2) (the
number of right-hand sides increases) and of the local problems to be solved for static condensation. For
2 = (0,1)2, we consider the Dirichlet problem corresponding to the exact solution u = sin(wz1)sin(mxy) for
two values of the diffusion tensors

(.Tz —f2)2 + 6(1‘1 —f1)2 —(1 — 6)(1‘1 — fl)(l‘z — fz)) 7

w1 =1L, ko= (-(1 — )z —F1) (22— F2) (z1—F1)? + e(z2 — T2)
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FIGURE 1. Triangular and (predominantly) hexagonal meshes.

TABLE 3. Triangular mesh family (isotropic homogeneous test case k = K1).

647

HHO (k) HHO(k + 1)
h H! ECR L2 ECR H?Y ECR L? ECR
k=0
3.07 x 102 0.14 - 0.11 - 0.14 - 0.15 -
1.54 x 1072 7.06 x 1072 1.00 2.84 x 1072 2.01 7.04 x 1072  0.99 3.67 x 10°2  2.00
7.68 x 1073  3.53 x 1072 1.00 7.10 x 1073 199 353 x 1072 0.99 9.19 x 1073  1.99
3.84 x 1073  1.77 x 1072 1.00 1.78 x 1073 2.00 1.77 x 1072  1.00 2.30 x 1073  2.00
1.92 x 1073  8.83 x 1073  1.00 4.44 x 10~% 2.00 883 x 1073 1.00 575 x 10=*  2.00
=1
3.07 x 10—2 1.36 x 102 - 1.16 x 102 - 1.40 x 102 - 1.21 x 102 -
1.54 x 10~2 3.28 x 1073 2.06 1.46 x 103 3.00 3.40x1073 2.05 1.52 x 103 3.01
7.68x 1073  810x10~*  2.01 1.83 x 104 298 840x10~*  2.01 1.90 x 10~%  2.99
3.84x1073  2.02x10"* 2,00 228x107° 3.00 2.09x10=* 201 237x1075  3.00
1.92x 1073  5.04x107° 200 2.86x10°F 299  523x107° 2,00 297x10°6 3.00
k=2
3.07 x 10~2 1.01 x 103 - 9.53 x 10~4 - 1.04 x 10—3 - 1.02 x10—3 -
1.54 x 10~2 1.22 x 10~4 3.06 6.03 x 10~° 4.00 1.27x10°% 3.05 6.48 x 10~° 4.00
7.68x 1073  1.50x107%  3.01 3.78x 106 3.98 1.57x107° 3.00 4.06x10"6  3.98
3.84 x 1073 1.87 x 106 3.00 2.37x10°7 4.00 1.95x10°6 3.01 2.54 x 10~7 4.00
1.92 x 103 2.33x 107 3.00 1.48 x 108 4.00 242x10°7  3.01 1.59 x 108 4.00
k=3
3.07x 1072 849 x107° - 5.91 x 1072 - 8.95 x 1075 - 6.49 x 10~° -
1.54x 1072  539x107% 400 1.87x10°° 501 570x107% 3.99 2.05x10°6 5.01
7.68x1073  3.38x1077 398 58 x1078% 498 3.58x107 398  6.41x10"8  4.98
384x107%  211x10~%  4.00 1.83x107Y 500 2.24x1078  4.00 2.01x107? 5.00
1.92x 1073  1.33x1072 399 573x10"'1 500 1.40x1079 4.00 6.29x10~'1  5.00
with (Z1,%2) = —(0.1,0.1), ¢ = 1 x 172 and right-hand side f computed accordingly. The choice k = K

corresponds to an isotropic problem and is used to assess the performance of the method in the simplest possible
setting. The choice k = K2, originally proposed by Le Potier [28], corresponds to an anisotropic, heterogeneous
problem where the principal axes of the diffusion tensor vary at each point of the domain. For both choices, we
solve the corresponding problem on both the triangular and (predominantly) hexagonal mesh families depicted
in Figure 1 which correspond, respectively, to the mesh family 1 of the FVCA5 benchmark [24], and to the
mesh used in the numerical examples of [19]. The convergence results are reported in Tables 3—6. There, we
show the history of convergence of |g — gy, |, see the label H', and of |u— u}|, see the label L?, and provide the
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TABLE 4. Hexagonal mesh family (isotropic homogeneous test case k = K1).
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HHO (k) HHO(k + 1)
h H! ECR L? ECR H! ECR L? ECR
E=0
6.30 x 1072 0.16 - 0.18 - 0.16 — 0.25
3.42x 1072  883x1072  1.00 5.36 x 1072 2.01 898x107% 0.97 7.49 x 1072 1.95
1.72x 1072  3.68 x 1072 1.27 1.46 x 1072 1.89 3.72x 1072 1.28 2.05 x 1072 1.89
8.59x107%  1.38x1072  1.41 3.82x 1073 1.93  1.40x 1072  1.41 5.36 x 107 1.93
4.30x 1072  5.00x 1072  1.47 9.72 x 10™4 1.98 5.04x107%  1.48 1.37 x 1073 1.97
k=1
6.30 x 1072 3.99 x 1072 3.27 x 1072 4.31 x 1072 3.66 x 1072
3.42x 1072  6.53x107°  2.96 4.59 x 1073 321  6.82x107%  3.02 4.74 x 1073 3.35
1.72x 1072 1.11x107% 258 6.11 x 1074 2,93  1.13x107%  2.62 6.12 x 1074 2.98
859x107%  1.90x10"%*  2.54 7.85x 1077 296 1.91x10"* 2.56 7.75 x 1077 2.98
4.30x 1072  3.28x107°  2.54 9.93 x 107 2.99 328x107°  2.55 9.74 x 1076 3.00
E=2
6.30x 1072 3.26x 107° - 4.02 x 1073 - 3.26 x 1072 - 4.06 x 1073 -
3.42x 1072  435x107%  3.30 2.86 x 1074 433 431x107*  3.31 2.88 x 1074 4.33
1.72x 1072 5.15x107°  3.10 1.89 x 107° 395 5.14x107°  3.09 1.89 x 107° 3.96
8.59x107% 6.20x107°%  3.05 1.22 x 1076 395 6.19x10°%  3.05 1.21 x 1076 3.96
430x 1072  7.61x1077  3.03 7.70 x 1078 3.99 7.60x1077  3.03 7.63 x 1078 3.99
E=3
6.30x 107> 5.69x 107" - 4.26 x 10~* - 5.89 x 1074 - 4.42x107* -
3.42x 1072 346 x107°  4.58 1.73 x 107° 5.24  347x107°  4.64 1.74 x 107° 5.30
1.72x 1072  2.22x10°%  4.00 5.90 x 10~7 492 223x107%  3.99 5.89 x 1077 4.93
8.59x107°%  1.41x1077  3.97 1.91 x 1078 494 1.41x1077 398 1.90 x 1078 4.95
430x 1072  888x1072 400 6.09x1071° 498 889x107% 3.99 6.05x1070 498
TABLE 5. Triangular mesh family (anisotropic, heterogeneous test case k = K2).
HHO(k) HHO(k + 1)
h H! ECR L? ECR H! ECR L? ECR
E=0
3.07 x 1072 0.14 - 0.11 - 0.14 - 0.15 -
1.54 x 1072  7.06 x 1072 1.00 2.84x 1072 2,01 7.04x 1002 099 3.67x 1072  2.00
7.68 x 1073 3.53 x 1072 1.00 7.10 x 1073 1.99  3.53x1072 0.99 9.19x 1072  1.99
3.84x 1072 1.77x 1072  1.00 1.78 x 1073 2.00 1.77x 1072 1.00 2.30x 107°  2.00
1.92x 1073 8.83x 1073 1.00 4.44x 107* 2,00 8.83x107° 1.00  5.75x 107%  2.00
E=1
3.07x 1072 1.36x 1072 - 1.16 x 1072 - 1.40 x 1072 - 1.21 x 1072 -
1.54%x 1072  3.28x 1073 2.06 1.46 x 1072 3.00  3.40 x 1072 2.05 1.52x 107°  3.01
7.68 x 1073 8.10 x 10~4 2.01 1.83 x 1074 2.98 8.40 x 104 2.01 1.90 x 1074 2.99
3.84x 1072  2.02x107% 2.00 2.28 x 107° 3.00 2.09x107% 2.01 2.37x 107°  3.00
1.92x 107  5.04x 107°  2.00 2.86 x 1076 2.99  5.23x107° 2.00 2.97x 107%  3.00
k=2
3.07x 1072 1.01x1073 9.53 x 1074 1.04 x 1073 1.02 x 1073
1.54x 1072 1.22x107* 3.06 6.03 x 107° 4.00 1.27x 107% 3.05 6.48x 107°  4.00
7.68 x 1073 1.50 x 1072 3.01 3.78 x 1076 3.98 1.57x 107° 3.00 4.06x 1079  3.98
3.84x 1072 1.87x 107 3.00 2.37x 1077  4.00 1.95 x 1076 3.01 254x 1007 4.00
1.92x 1073 2.33x 1077 3.00 1.48 x 1078 4.00  2.42x1077 3.01  1.59x 107%  4.00
E=3
3.07 x 1072 8.49 x 107° - 5.91 x 107° - 8.95 x 107° - 6.49 x 107° -
1.54%x 1072 5.39x 1076 4.00 1.87x 1079  5.01 5.70 x 107 399  205x 107%  5.01
7.68 x 1073 3.38 x 1077 3.98 5.85 x 1078 498  3.58x1077 3.98 6.41 x 1078 4.98
3.84x 1072 211x107% 4.00 1.83 x 1079 5.00 2.24x 1078  4.00 2.01 x 107° 5.00
1.92x 1073 1.33x 107° 3.99  5.73x107  5.00 1.40 x 1077 4.00 6.29x 107 5.00
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TABLE 6. Hexagonal mesh family (anisotropic, heterogeneous test case k = Ka).

HHO(k) HHO(k + 1)
h H! ECR L? ECR H! ECR L? ECR
E=0
6.30 x 1072 1.26 0.18 0.16 0.25
3.42 x 1072 0.58 1.26 5.80 x 1072 1.86 8.98 x 102 0.97 7.49 x 1072 1.95
1.72 x 1072 0.22 1.40 1.84 x 1072 1.67 3.72 x 1072 1.28 2.05 x 1072 1.89

8.59x 107%  8.34x 1072 1.41 4.98 x 1073 1.88 1.40 x 1072 1.41 5.36 x 107% 1.93
4.30 x 1073 3.09 x 1072 1.43 1.35 x 1073 1.89 5.04 x 1072 1.48 1.37 x 1073 1.97

k=1
6.30 x 12 0.15 — 2.56 x 172 — 4.31x 172 — 3.66 x 12 —
3.42x 1072  3.65x 1072 2.30 4.98 x 1073 2.68 6.82x 173 3.02 474 %173 3.35
1.72x 172 8.30 x 173 2.15 6.68 x 174 2.92 1.13x 1073 2.62 6.12 x 1074 2.98
8.59x107%  1.63x 1073 2.34 8.54 x 107° 2.96 1.91x 1074 2.56 7.75 x 107° 2.98
4.30 x 1073 2.82 x 1074 2.54 1.09 x 10~° 2.97 3.28 x17° 2.55 9.74 x 176 3.00
k=2
6.30 x 172 213 x 172 — 4.02x 173 — 3.26 x 1072 — 4.06 x 1073 —
3.42x 1072 2.09x 1073 3.80 3.09 x 1074 4.20 4.31 x 1074 3.31 2.88 x 1074 4.33
1.72x 172 2.08 x 174 3.36 2.15x17° 3.88 5.14 x 107° 3.09 1.89 x 107° 3.96
8.59x 107% 2,26 x 107° 3.20 1.40 x 1076 3.93 6.19 x 1076 3.05 1.21 x 1076 3.96
430 x 173 2.55 x 176 3.15 8.91x 178 3.98 7.60 x 1077 3.03 7.63x 1078 3.99
E=3
6.30 x 10~ 2 4.59 x 1073 4.29 x 107 5.89 x 10~ 4 4.42 x 107

3.42x 1072 143 x107% 5.68 1.70 x 107° 5.28 3.47 x 107° 4.64 1.74 x 107° 5.30
1.72x 1072  8.77x107° 4.06 6.01 x 10~7 4.86 2.23 x 1076 3.99 5.89 x 10~7 4.93
8.59x107%  4.82x 1077 4.18 1.95 x 1078 4.94 1.41x 1077 3.98 1.90 x 1078 4.95
4.30x 1072 2.52x 1078 4.26 6.13 x 10710 5.00 8.89 x 107° 3.99 6.05 x 10710 4.98

corresponding estimated convergence rate (ECR). The error is normalized with respect to the corresponding
norm of the exact solution. We can observe that both methods yield very similar results for the homogeneous
isotropic test case (¢f. Tabs. 3 and 4), whereas a clear advantage of the HHO(k + 1) method is observed in the
anisotropic, heterogeneous test case (cf. Tabs. 5 and 6) when it comes to the H' norm. The difference is less
pronounced on the hexagonal mesh than on the triangular mesh.

5. CONCLUDING REMARKS

We have established a bridge between the HHO method and the general framework of HDG methods where
the key step has been the identification of the numerical trace associated with HHO methods. The bridge
between HHO and HDG methods has allowed us to incorporate into the HDG methods the new, subtle way of
defining the numerical trace for the flux in HHO methods. The present approach can be carried out for many
other partial differential equations for which HDG methods have been already defined.

Acknowledgements. The first author would like to thank Guosheng Fu for fruitful discussions concerning the numerical
traces of the HHO and HDG methods considered here. The third author acknowledges partial support from CEA/DAM.
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