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DISCONTINUOUS GALERKIN METHOD IN TIME COMBINED
WITH A STABILIZED FINITE ELEMENT METHOD IN SPACE
FOR LINEAR FIRST-ORDER PDES

ALEXANDRE ERN AND FRIEDHELM SCHIEWECK

ABSTRACT. We analyze the discontinuous Galerkin method in time combined
with a finite element method with symmetric stabilization in space to approx-
imate evolution problems with a linear, first-order differential operator. A
unified analysis is presented for space discretization, including the discontinu-
ous Galerkin method and H!-conforming finite elements with interior penalty
on gradient jumps. Our main results are error estimates in various norms for
smooth solutions. Two key ingredients are the post-processing of the fully
discrete solution by lifting its jumps in time and a new time-interpolate of
the exact solution. We first analyze the L°°(L?) (at discrete time nodes) and
L?(L?) errors and derive a superconvergent bound of order (th+2 4 pr+1/2)
for static meshes for £ > 1. Here, T is the time step, k the polynomial order
in time, h the size of the space mesh, and r the polynomial order in space.
For the case of dynamically changing meshes, we derive a novel bound on the
resulting projection error. Finally, we prove new optimal bounds on static
meshes for the error in the time-derivative and in the discrete graph norm.

1. INTRODUCTION

Our goal is to analyze the discontinuous Galerkin (dG) method in time com-
bined with a finite element method (FEM) with symmetric stabilization in space
to approximate the linear evolution problem

(1.1) Ou+ Au=f in Q x (0,7),

completed with suitable boundary and initial conditions; see Section [2l Here, € is
a domain in R%, d > 1, T some positive final time, f a source term, and A some
linear, time-independent, first-order differential operator in space. We assume for
simplicity that A is an advection-reaction operator; more generally, A can be a
Friedrichs’ operator, whereby (1)) is a system of first-order PDEs endowed with a
symmetry and a positivity property [I9L21].

The dG method in time can be used, in the spirit of Rothe’s method, to semi-
discretize in time the evolution problem ([I). This method uses piecewise poly-
nomial ansatz and trial spaces of some order k > 0, whose elements are V-valued
functions of time that can be discontinuous at the discrete nodes defining the time
partition; here, V' denotes the graph space associated with the space differential
operator A. The time semi-discrete problem can then be discretized in space by
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a stabilized FEM. A relatively wide class of stabilized FEM is that based on sym-
metric stabilization, including, on the one hand, the dG method in space [16,30,31]
and, on the other hand, H'-conforming finite elements with various stabilization
techniques, e.g., interior penalty on gradient jumps [6L9], local projection [3,[35],
subgrid viscosity [23.24], or orthogonal subscales [I4,[15]. When used to approxi-
mate the steady version of (L)), all of these methods lead to quasi-optimal L2-error
estimates of order h"t1/2 where h denotes the size of the space mesh and r the
polynomial order in space, and optimal error estimates in the discrete graph norm.
In what follows, we consider a unified analysis for a discrete differential operator A,
satisfying three design properties (consistency, stability, and boundedness). These
properties cover, as main examples, dG methods and H!-conforming finite elements
with interior penalty on gradient jumps. Minor modifications are to be included
for other (weakly) nonconsistent stabilization techniques.

The dG method in time has been extensively studied in [I7,[38] (see also ref-
erences therein) for linear parabolic problems, either as a time semi-discretization
method in the Hilbert space H' or combined with H'-conforming finite elements
for space discretization. One of the main results for linear parabolic problems with
a symmetric coercive operator A is superconvergence in L>(L?) (L* in time at the
discrete time nodes and L? in space) and L?(L?) norms of order (t2**1+h"*1) where
T is the time step and h the space mesh size. Further results on the dG method
in time, combined with dG methods in space, concern the convergence to entropy
solutions for hyperbolic conservation laws [29], the hp-analysis for diffusion and
incompressible flow problems [36,42], and inviscid compressible flows [41]. L°°(L?)
and L%(L?) error estimates of order (tF*1 + h") are derived in [10,20] for nonlinear
convection-diffusion problems on time-varying meshes under the assumption 22 < .
Finally, we mention the work [I] for linear transient convection-diffusion-reaction
problems on static meshes where the dG method in time is combined with local
projection stabilization in space for H!'-conforming finite elements leading to an
L>®(L?) and L?(L?) error bound of order (t#*+* + h7+1/2) if the diffusion parameter
€ is less than h.

An alternative approach for discretizing the evolution problem () is the ex-
plicit Runge-Kutta (RK) method in time combined with the dG method in space
and suitable limiters; see [ITHI3]. Since the time-stepping scheme is explicit, such
methods are computationally effective, but are only conditionally stable, and the
error bounds require the application of the Gronwall argument which implies that
the error constant grows exponentially with respect to the final time 7. The anal-
ysis of explicit RK methods combined with stabilized FEM entails some subtleties.
Error estimates are available for second-order (RK2) and third-order (RK3) meth-
ods; see [451[46] for nonlinear conservation laws and dG methods in space and [§]
for Friedrichs’ systems and FEM with symmetric stabilization in space. The main
results are L°°(L?) error estimates of order (12 4+ h"+1/2) for RK2 under a tight-
ened 4/3-CFL condition (except for piecewise affine polynomials in space where the
usual CFL condition suffices) and of order (3 + h"+1/2) for RK3 under the usual
CFL condition. In contrast to explicit RK methods, the dG method in time is un-
conditionally stable, and leads, in some cases, to superconvergent error estimates.
The prize to pay is obviously increased computational cost, although this drawback
can be tamed using efficient multigrid solvers, as in [26H28] for the heat, Stokes,
and Navier—Stokes equations; see also [39,[40]. Another advantage of dG methods
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in time is that their analysis readily encompasses all polynomial orders £ > 1 in
time (the lowest-order case k = 0, corresponding to the implicit Euler scheme,
being slightly different). In addition, the derived error bounds do not require the
Gronwall argument, and the error constant grows only like 7/2 with respect to the
final time T'. Moreover, since they hinge on the weak form of the evolution prob-
lem, dG methods in time can be cast more effectively into optimization problems
constrained by time-dependent PDEs [32/[34,[37]. Finally, we mention the recent
analysis of implicit RK methods in time combined with dG methods in space for
linear Maxwell equations, leading in particular to an L>(L?) error estimate of or-
der (t°+! 4 h"+1/2) where s is the number of distinct time nodes in the RK method
[25].

The main contributions of this paper are as follows. Let u be the exact solution
and let u,;, be the fully discrete solution. We analyze the error between the exact
solution and a post-processed discrete solution .y = Liup, which is continuous
in time and is a piecewise polynomial in time of order (k + 1). The operator L,
motivated by [33] where the link between the dG method in time of order k& and
a continuous Petrov—Galerkin method of order (k + 1) with reduced integration is
explored, is the first key ingredient of our analysis. The second one is a new time-
interpolate RE*1u of the exact solution u of order (k + 1), which, in particular,
interpolates at the (k 4 1) right-sided Gauss—Radau integration points the time-
derivative of a C''-interpolate of order (k + 2) of the exact solution. Our first main
result, which improves on the current state-of-the-art, are estimates for the error
(u—1irp) in L°(L?) at the discrete nodes defining the time partition and in L?(L?),
both of order (TF*2 4 prt1l/ 2). This result implies, in particular, a superconvergent
estimate of the same order for the error (v — uyp) at the discrete time nodes. The
error estimates are presented first for static space meshes. For time-varying meshes,
there is an additional projection error due to mesh changes, for which we derive a
novel sharp estimate compared to existing results [4L[10,20,43]. Our second main
results are estimates on the error derivatives; we focus on static space meshes for
simplicity. To our knowledge, such estimates are not yet available even for static
meshes. The two above-mentioned operators, £, and R¥*!, play a crucial role in
our proofs. We emphasize that the derivation of the error bounds is more delicate
than for parabolic PDEs since the differential operator A is neither symmetric nor
coercive in the graph norm. Our idea is to measure the error in the time-derivative
using the post-processed time-derivative of the post-processed discrete solution,
yielding a bound on (8yu — L:0;Lcturp) of order (tF+1 4 A7H1/2) in L®(L?) at
the discrete time nodes and in L?(L?). Finally, an optimal bound for the error
(u — irp) in the discrete graph norm is derived using the inf-sup stability of the
discrete operator Ay,.

The paper is organized as follows. Section [2] presents the continuous setting and
Section Blthe discrete setting in time and in space, including the lifting operator L.
Section M contains some preliminary results for the error analysis and, in particular,
introduces the new time-interpolate R%*1u. Section [l is devoted to the L>(L?)
and L?(L?) error estimates. Finally, Section [f] deals with the estimates on the error
derivatives.
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2. THE CONTINUOUS SETTING

Let Q C R?, d > 1, be a domain with Lipschitz boundary I, and let T be some
positive final time. We consider the model problem: Find u : Q x [0,T] — R such
that

Ou+ Au=f in Q% (0,7),
(2.1) u=0 onT_ x(0,T),
u=ugp on Q x {0},

where the linear first-order differential operator A is of the form Au := 8-Vu + ou,
B : Q2 — R%is a given Lipschitz convection field, o : Q — R a bounded reaction
function, f : Q x [0,T] — R a source term, ug : & — R a given initial value of wu,
and I'_ (resp., I'}) the inflow (resp., outflow) part of the boundary defined as

'y :={zel: £6(z)-n > 0},

with n denoting the outer normal unit vector on I'." We assume that the data
and o are time-independent, and that

(2.2) o(x) — %divﬂ(m) > o >0 Ve

The inner product in L := L?(€) is denoted (-,-);, and the norm |[v||? := (v,v);.
The graph space defined as {v € L : -Vv € L} is a Hilbert space when equipped
with the graph norm |[v[|?, = wol[v||% + [|3-Vv||2 (and the corresponding inner
product). Assuming that I'_ and 'y are well-separated, V := {v € L : 5-Vuv €
L, v|r_ =0} is a closed subspace of the graph space, and the operator A:V — L
is an isomorphism; see, e.g., [19].

To characterize the smoothness of functions ¢ — v(t), we introduce, for a subin-
terval J C [0,T1], the space C"(J, B) composed of r times continuously differen-
tiable, B-valued functions on J, where B denotes a Banach space with norm | - || g
(typically, B € {L,V}). The space C"(J, B) is equipped with the following norm
and semi-norm:

= k: T :: r .
[vllcrp) = max sup [0 v, [vlorwp) = sup 9/ v(D)lls
For a measurable subset J C [0, 7], we also use the Bochner space L?(J, B) defined
as

L*(J,B):={v:J = B: |[vllp2p <oo} with |v[|2;p) = /J llv(t)||% dt.
Now, assuming f € C°([0,T], L) and ug € V, the model problem (ZII) can be writ-

ten as the following linear evolution problem: Find u € C°([0,T],V)NC*([0,7T],L)
such that

(Opu(t),v); + (Au(t),v), = (f(t),v), Vve L, Vte(0,T),

(23) u(0) = ug.

The well-posedness of ([2.3)) results from the Hille-Yosida Theorem; see, e.g., [44]
p. 248] or [I8, p. 313].
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3. THE DISCRETE SETTING

We proceed in the spirit of Rothe’s method whereby the evolution problem (23]
is first semi-discretized in time, leading to a sequence of discrete problems in a
Hilbert space, which are then discretized in space. An important ingredient for
the time semi-discretization is the lifting operator £, introduced in Section In
what follows, for positive real numbers a and b, a < b stands for the inequality
a < Cb with generic constant C' independent of the size of the space and time
meshes, of the final time, and of the exact solution u; the value of C' can depend on
the regularity of the space and time meshes, the polynomial degrees used for space
and time discretization, and the model parameters (including € and the constant

po in (2.2)).

3.1. Time semi-discretization by the dG(k)-method. In order to semi-discre-
tize problem (23)) in time, we decompose the time interval I := (0,7 into N disjoint
subintervals I, := (t,—1,t,], where n =1,... Nand 0 =tg < t; < - <ty_1 <
ty =T, sothat I = Ugil I,,. Observe that all the time intervals are conventionally
open at the left endpoint and closed at the right endpoint. In what follows, the
maximum time step size T := maxi<p<ny Tn Where T, :=t, —t,_1 is used to denote
the time discretization parameter, and the set of time intervals M := {I1,..., Iy}
is called the time mesh.

We approximate the exact solution u : I — V by means of a function u : [ — V,
which is a piecewise polynomial of some order & > 0 with respect to time. For

B e {L, VY, let By(I,, B) := {wT I, = B owe(t) = Xr_ Wi, Viel, Wie

B,V j} be the space of B-valued polynomials in time of order k£ over I,, and let

(3.1) XMB) :={w: T —= B: we, €Pu(l,,B) VI, € M}

1,
Then, we seek the time semi-discrete solution u. in the space X¥(V). It is possible
to consider a polynomial degree k,, specific to each time interval I,,. All that follows
extends to this more general setting.

Let w, be a function in X*(B). Then, w. can be discontinuous at the discrete
times t,, for all n = 0,..., N, while w; is by definition continuous from the left
at t,, for allm =1,..., N, i.e., we(ty,) = limyy, we(t). Moreover, w(0) has to be
specified separately since 0 ¢ I;. The space X¥(B) is a subspace of
(3.2)

C Y My,B) :={w.:I— B: wT‘[ € C%(I,,, B), we(t} ) exists VI, € M.},

1) = limyyy, , we(t). Functions in C~} (M., B) are by
definition continuous from the left at all ¢,,, n =1,..., N, and their value at 0 has
to be specified separately. For all w, € C~Y(M., B), the jump of wy at t,, for all
n=20,...,N —1, is defined as

with the notation w. (¢,

(3.3) [wWen = we(t) — we(ty).

The discontinuous Galerkin method of order k (in short, dG(k)) applied as time
semi-discretization of problem [Z3) reads: Find u. € X(V) such that u.(0) = ug
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2104 A. ERN AND F. SCHIEWECK

and
(3.4)

N N—-1
Z/ (atuT +AUT;UT)L dt—FZ ([UT]nvv’r(tI))L = / (fv UT)L dt Vv € YTk(L)a
n=1 In n=0 I

with test space YF(L) :={ve: I = L: ve|, €Pp(In, L) VI, € M}

Problem ([B4]) can be rewritten as a sequgnce of local problems by choosing test
functions supported on a single time interval I,. Then, the time semi-discrete
solution u. can be determined by successively solving a local problem on I,,. Using
the known value u.(t,—1) from the previous time interval (and ug for n = 1), the
local problem on I, reads: Find u.|r, € Py(I,, V) such that
(3.5)

(Opur + Aur,ve) g dt—l—([udn,l,vT(t:fl))L = / (fyve), dt Your € Pp(Ip, L).
I, I,

In practice, the right-hand side of (B3] is evaluated by means of some numerical
integration formula. In the context of the dG(k)-method in time, a natural choice
is to consider the (k 4 1)-point right-sided Gauss-Radau quadrature formula on
each time interval I,,. For a function g € C~1(Mo,R) and I,, € M., this formula
takes the form

k+1

Tn ~ ~
(36) Quls) = 3 Buoltns) ~ | ot

where t,, € I, are the integration points and @, > 0 the weights. Note that
tn.k+1 = t,, SO that g(t, x+1) is equal to g(¢,) (recall that g is continuous from the
left at ¢,). It is known that (B8] is exact for all polynomials in Poj(Z,). Then,
using ([B.0)) in the right-hand side of ([B.3]) leads to the numerically-integrated version

of 3):
(3.7)

/1 (Orur + A, ve),, dt + ([ur}n,l,vr(t:_l))L =Qn((f,vr)r) VYo €Pr(l,,L).

To rewrite (B7), we define the Lagrange interpolation operator IS® : CO(I, L) —
X¥(L) by means of the conditions

(3.8) IS"w(t,,) =wtn,), p=1,...k+1, n=1,...,N, Iw(0)=w(0),
using the (k+ 1) right-sided Gauss-Radau integration points t,, , € I,,. Then, (37

is equivalent to

(39) / (8tuT + AUT,UT)L dt + ([uT]n—17UT(t:’L_71))L = / (ISR.ﬂ ’UT)L dt,

In, I,

for all v € Pp(I,,L). Let us briefly look, for example, at the dG(1)-method.
Here, we apply the 2-point right-sided Gauss—Radau quadrature formula with points
tn1 = tn—1 + Tn/3, tn2 = t, and reference weights w1 = 3/2, we = 1/2. On the
time interval I,,, we have to solve for the two unknowns Uj = u.(t, ;) for j = 1,2.
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The coupled (2 x 2)-block-system for U}, U2 € V reads:

3.1 Ty 1 1o, Tn

U+ AU 4+ SU2 = )+ =

4 n+ 2 n+4 n U’T(tn 1)+ 2 f(tn71)7
(3.10)

9 5 T T
— UM+ ZU? + RAU? = —ui(tn— = f(tn.a).

3.2. A lifting operator. As a key point of our analysis, we introduce the lifting
operator

(3.11) L.:X¥B)— XH1(B)nCI,B),
such that, foralln =1,... NV,
(3.12) Low(t) := we(t) — [we|p—19n(t) Vite I, = (th_1,tn],

and Lrw-(0) = w.(0). Here, ¥,, € Pr11(I,,,R) is defined by means of the integra-
tion points t,, , of the (k + 1)-point right-sided Gauss-Radau quadrature formula
on the interval I,, as

B
3.13 () = — Tk Vte I,
(313) )= [T e :
p=1 ’
The continuity in time of L w. follows from the properties ¥, (¢ ;) = 1 and

In(tn) = On(tnk+1) = 0 together with the definition of the jump [w],—1. Since
9, (t) vanishes at the integration points, we get the property

(3.14) Lrwr(tn,u) = we(tn,u) Vp=1,...,k+1, Vn=1,...,N.

The lifting operator L can be more generally defined for functions in C (Mo, B)
and then maps onto C°(I, B).

3.3. Space discretization by stabilized FEM. In this section, we briefly recall
some basic elements on the discretization of the space differential operator A by
means of a stabilized FEM. For clarity, we consider functions depending only on
the space variable, and return to the full space-time setting in Section [3.4]

Let T;, be a shape-regular mesh of Q and let V}, be a finite element space built on
that mesh, where h denotes the mesh size. For simplicity, we assume that the mesh
Tr, is affine and that €2 has a polygonal (d = 2) or polyhedral (d = 3) boundary. To
fix the ideas, we assume that V}, contains at least piecewise polynomials of order
r, yielding the following local approximation property: For all w € H"t1(Q), there
exists an interpolate ipw € V3 such that, for m € {0,1},

(315) |w — ihw|Hm(T) S h}+lim|w|Hr+1(AT) VT €T,

where hp stands for the diameter of T' and Ay is a set of mesh elements neighboring
T.

The differential operator A : V' — L is approximated by a discrete differential
operator Ay : W + Vj, — V},, where W is a dense subspace of V' used to assert the
consistency of Ap; typically, W = H®(Q2), s > 1. For the operator Aj, we require
the following properties:

o Consistency: Letting Pj, : L — V}, denote the L2-orthogonal projector onto
Vha

(3.16) Apw = P Aw YweW.
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e Discrete coercivity and boundedness on orthogonal subscales:

(317) ”|Uhm2 5 (Ahvh;vh)L Yon € Vy,

(318) (Ah(w — Phw), 'Uh)L 5 |||w — Ph’th’% |||’Uh||| Yop € Vp, we W,
where || - || and || - ||, 1 are mesh-dependent norms on (W + V3) satisfying

1/2
(3.19) e P lolle < ol < Jollny Vo€ (W+Va).
e Discrete inf-sup stability: For all v, € V},, there exists wy, € Vj, such that

(3.20) lonllf < (Anvn,wi)e  and  Jlwnlly < loalls,
where || - |4 is a mesh-dependent norm on V}, such that |vs| < [lvp|y for
all v, € Vp, and |Jully < |Jw|lw for all w € W. In what follows, || - ||; is
termed the discrete graph norm since it provides a control on the advective
derivative.

We now present two examples for the discrete operator A; matching the above
framework, one obtained using the Continuous Interior Penalty (CIP) method based
on H'-conforming finite elements and gradient jump penalty at interfaces and the
other obtained using the dG method (in space) with upwind fluxes. Some slight
adaptations of the consistency assumption are needed to handle other stabilizations
for H'-conforming finite elements (e.g., local projection, subgrid viscosity, orthog-
onal subscales). Mesh faces are collected in the set Fy, split into the set of interior
faces, Fi"*, and boundary faces, Fy**. For F' € F;™, there are T, T in 7T}, such
that ' = 0T~ N 0T, np is the unit normal to F pointing from T~ to T, and
for a piecewise smooth enough function v, we define its jump and mean value at F'
as [v] := v|p- — v|p+ and {o} := L(v|p- + v|p+), respectively. The arbitrariness
in the sign of [v] is irrelevant. Meshes can possess hanging nodes when using dG
methods under the usual assumption that face diameters are comparable to local
element diameters. In what follows, hr denotes the diameter of F' € F, and for
R € {T,0T,F}, (-,-)1,r denotes the L?(R)-inner product with associated norm
- llz.5

In the CIP method (see [6,[7,[]) the discrete space Vj, is H'-conforming, and,
letting W = H*(Q), s > 3, the discrete operator Azip is given, for all v € W + V},
wp, € Vy, by

(A5Pv,wh) = (v + B-Vo,wi)p + Y (Bnr)%v,wh)pr

FeFext
(3.21)
+ Y (Y, [Vun))r e,
FeFint
where 2© := 1(|z| — 2) denotes the negative part of a real number z and vp =

oh%|B-np| with ¢ > 0 a user-dependent parameter. Then, consistency holds. Dis-
crete coercivity holds with the mesh-dependent norm on (W + V},),

1/2
(3.22) Iol? = molloll: + > MBne?oli e+ Y [Vl p,
Fe]:}el’“ FG]:;Lnt
boundedness on orthogonal subscales holds with

ol 3 = loll® + S {nzt ol e + olF or)s
TeTh
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and discrete inf-sup stability holds with

lonll := Nlonll® + D hrllB-Von7 7
TeTh

In the dG method (see [5,16}19L[30,B31]) the discrete space V}, is spanned by
piecewise polynomials with no continuity explicitly enforced at interfaces, and, let-
ting W = H'(Q), the discrete operator A?Lg is given, for all v € W + V},, wy, € V},
by

(A(}izgv>wh)L = Z (ov+ B-Vv,wp)pr + Z (Bnp)®v,wn)L.F

TeTh FeFpxt
(3.23)
= > ((Bnp)l, fwnPr+ Y (velol, [wil)re,
FeFint FeFint
where vp = g|f-np| with o > 0 a user-dependent parameter (p = % yields the

classical upwind fluxes). Then, consistency holds. Discrete coercivity holds with
the mesh-dependent norm on (W + V},),

1/2
(3.24) lol? == mollwllz + Y= 1Bne*0lf r+ > IRl .
FeFpx FeFin
boundedness on orthogonal subscales holds with [[o]|> 1 = [[v]* + Y et [0l o7
'3 :

and discrete inf-sup stability holds with [Jvs I3 := lJonll* + X per, hrllB-VoullT -
To derive error estimates, we need suitable approximation properties of the L?-
orthogonal projector Py, namely

(3.25) o = Powly  + hw — Preolly S 572wl v )

Such a property is satisfied for shape-regular meshes and any polynomial degree r
for the dG method since the projector P} enjoys local approximation properties.
For conforming FEM with CIP, we use the recent result of [2] focusing for simplicity
on simplicial meshes. We assume that to each mesh element T' € T},, we can assign
a nonnegative integer kr, the level of T, such that hp ~ 27*7 and such that for
any two elements sharing a vertex, their level differs at most by one. We refer
to [22] for further insight in the context of adaptive meshes. Following [2], we also
assume that, for d = 2, r < 12 and, for d = 3, » < 7. In what follows, the above
assumptions are referred to as (H).

Lemma 3.1. Under Assumption (H), the approzimation property [B.23) holds.

Proof. We only prove the bound on the ||-[|;, 1-norm; the proof for the other bound
is similar. By the triangle inequality, we infer that

lw = Phwlly,y < llw = inwllp,s + 1Pa(w = inw)ly, g,

since ipv € Vj,. The first term in the right-hand side is bounded by h™+/2|w|gr+1(q)
owing to (BI5]). Concerning the second term, we first observe using inverse and
trace inequalities that [lun|l, 1 < 6=/ 20|, for all vy, € V4, where b denotes the
piecewise constant function equal locally to the mesh element diameter. Moreover,
1/2 1/2
L lonlly ™

the Cauchy-Schwarz inequality implies ||h='/2v,|lz < ||h~ op| Since
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Lemma 4.1 in [2] shows that [~ Pyo|lL < ||~ 1v|| for all v € L, we infer with
v=w — ipw and v, = P,v that

. - . 1/2 So1)2
1P (w = ine)l, g S 167" (w = i) [} *lw = inw] %,
whence the assertion results from (B.I5]). O

3.4. Full space-time discretization. In the full space-time discretization, we
approximate on each time interval I,, = (t,,—1,t,] the time semi-discrete solution
ur by means of a fully discrete solution u-, using a finite element space V;* C L
resulting from a mesh 7,", which can change from one time interval to the next.
The corresponding discrete differential operator is A7 : W +V;* — V;* and satisfies
the design conditions of Section [3.3] uniformly in n. Concerning mesh-dependent
norms like || - ||, we use a subscript n as in || - ||, to indicate that this norm is defined
using the mesh 7,*. The global solution space for the fully discrete solution uy, is

(3.26) X = {ven : T = Ly va|, € Pr(Ln, V') VI, € Mc}.

Let upp € Vh0 be an approximation of the initial condition ug. The initial mesh 7'h0
used to build V}? can differ from the mesh 7;3 used in the first time interval I.

For brevity, we only present the fully discrete problem on each time interval,
i.e., resulting from the space discretization of (81). For alln =1,..., N, using the
known value wup(t,—1) € V}?_l from the previous time interval (and ugy for n = 1),
the local, fully discrete problem on I, reads: Find ury|r, € Pr(I,, V") such that,
for all vep, € Pp(1,, V)7),

(3.27) /1 (Brten + At ven)y, dt + ([tenors ven(E5 1)), = Qu((f, ven)1)

We now derive a useful result allowing us to rewrite the fully discrete scheme
B27) using the lifting operator L. introduced in Section

Lemma 3.2. For alln=1,...,N, BZ10) is equivalent to

(3~28) / (8t[-"TuTh + AZuTh7 UTh)L dt = Qn((fv UTh)L) Yo € Pk(lna V}?)
ITI,

Proof. For alln =1,..., N, using integration by parts for the #,-term, we obtain

/ (6t‘CTuTh7 UTh)L dt = / (8tu’rh; 'UTh)L dt + / ([’U’Th}n—l’lgru 8tUTh)L dt
I

n n n

+ ([Urh]n*h 'UTh(t:zr—l))L )

since ¥, (tn,—1) = 1 and 9,(t,) = 0. The integrand of the second integral in the
right-hand side is in Po(l,,R). Then, the (k 4 1)-point right-sided Gauss-Radau
quadrature formula is exact and the integral vanishes. (Il

4. PREPARATION FOR THE ERROR ANALYSIS

4.1. Basic stability result. To state the consistency properties of the fully dis-

crete problem, it is convenient to define, in each time interval I,,, n =1,..., N, the
bilinear form
(4.1) E;TLL(’LU,U) = Qn((atwvv)lz) +Qn((AZw7v)L) )
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where v € C71(M, L) and w must satisfy the following smoothness conditions,
expressed as w € X with

(42) X := {w:f—>L; W(tny) €W + Vi, diw|, (tnn) € L,
Yu=1,....k+1,n=1,...,N},

where t,,, € I, are the right-sided Gauss-Radau integration points. Note that,
although the function w = Liuy, restricted to I, is in Py (1, V,:kl + V;), this
function satisfies w(t, ) € V;* owing to ([B.I4)); hence, w € X. The bilinear form
E}Z is closely related to the fully discrete problem, as we now show.

Lemma 4.1. The fully discrete solution uc, € X, is such that, for all n =
1,...,N,

(4.3) B (Letien, ven) = Qu((fyven)r) Yoo € Pr(Ln, ViV).
Proof. Using definition (1)) yields
B (Letien, ven) = Qu((0Lotien, Ven) 1) + Qu (AR Ltin, ven) 1) -

Since (OyLrtrp, vrp)r is in Pog (1), we obtain

(91 Lvian, ven)1) = / (OuLctian, ven ) dt.

In

Moreover, using (314)) and since (A}, vep)r is in Pog(1,,,R), we infer that

(A} Ltian, ven) 1) = On((ATten, ven)z) = / (Ao, ven)r, dt.

In,

We conclude using ([B:28)). O

The discrete bilinear form E}’LL satisfies a basic stability result which is the starting
point of our error analysis.

Lemma 4.2 (Stability). For given w € C°(I, L)NX*Y(L)NX, let ISRw € XE(L)
be defined in (BR). Then, for alln=1,..., N, the following bound holds:

. 1 1 1
(44) Bjj(w, IT%w) > §||w(tn)||%—5Hw(tn_l)II%+§H[I§Rw]n_1II%+aQn(\lelli) :
Proof. Using definition ({1)) yields

B (w, IE%w) = Q, ((9yw, IS%w) 1) + Qu ((APw, ISRw) ) .

Concerning the first term in the right-hand side, since the integrand is in Pa (1,,, R),
we obtain Qn (0w, IS%w)L) = [; (8tw,I§Rw)L dt. Moreover, since
w € Pry1(In, L), we observe that

w(t) = ISRw(t)+d, 19, (t) with dp_1 = w(t,_1)—IRw(t) ;) = —[I%w], 1,
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t € I, and 9,, defined in (B.I3]). This implies

Qn((atw,ISRw)L) = / (Oyw, w — dp—1Vy), dt
In

:/ (atw7w)Ldt—/ (Oyw, dy—1Uy) dt

I, In

1d
:/ muwu%dt—/ (0L w + dp 109, d1 )  dt
I, n

1d, 2/ 1d .,
— | =% wl2dt - |d,_ = %9, 12dt,
[ sl =l [ 5ol

since fl (BtISRw, dn,lﬂn)L dt = 0 being the integrand in Poy (I,,, R) and vanishing
at all right-sided Gauss—Radau integration points in I,,. As a result,

1

1 1
Qu((Opw, IFw)r) = S lwta)llz = SllwtaDIIZ + 5 ldnalZ-

Furthermore, using ([3.17) (discrete coercivity) and since w and I$Rw coincide at
all ¢, 0, p=1,...,k+ 1, we infer that

Qn ((Afw, ITMw) L) = Qu (AR w, IFw) L) > aQn (117 w]7) = aQu(lwll7) |

whence the assertion follows. O

4.2. Construction of a special interpolate in time. In this section, we assume
k > 1. Let B be a Banach space, typically B € {L,V}. For a function u € C(I, B),
we define a time-polynomial interpolate R¥+lu € CO(I, B) whose restriction to
I, = (tn-1,tn] is in Pry1 (I, B). We first choose a Lagrange/Hermite interpolate
I¥+2y4 € C%(I, B) such that, for all n = 1,..., N, I¥*2y|; € Py (I, B) and

IF2(t,) = u(ty) and O IET2u(t,) = dyult,) VYn=0,...,N.

For k = 1, these conditions fully determine I**+2y (for k = 0, the above construction
is not possible), while, for k > 2, values at, say, additional Lagrange nodes can be
prescribed inside each I,, so that, assuming u smooth enough,

(4.5) 1050 = 0I5 2 ullcocr, my S T ulonea(r, By

(4.6) 1070 — L ulloo(r, my S T Hulorss(r, By

Then, we define RE*1u|; € Pyy1(1,,, B) by means of the (k + 2) conditions
(4.7) ORM  u(t, ) = Ol u(t,,) VYu=1,....k+1,

(4.8) Rt ) = Iu(tn-a),

and finally we set RET1u(0) = u(0) = uo.

Lemma 4.3. Assume k > 1. The function Rﬁ“u is continuous in time on I with
REFLu(t,) = u(t,) for alln =0,...,N.

Proof. The function R¥*lu is continuous at 0 since REFlu(0F) = IF+24(0) =
u(0) = RE*1y(0). Now, let n = 1,..., N. From (@) and ([€S)), we obtain for an
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arbitrary time-independent test function v € L,

(R’§+1u(tn),v)L = (Rf“u(t:_l),v)L + / (BtRfHu,v)L dt
I

n

= (I +2u(tn71),U)L + Qn((atRi—Hu,?))L)

Since 0;I%+2u is in Py 1 (I, B) and k + 1 < 2k for all k > 1, we obtain
Qn((8t1’§+2u,v)L) = fln (01 u,v)Ldt. As a result,

(R§+1u(tn), U)L = (If+2u(tn_1), U)L + / (6tlf+2u,v)L dt = (If+2u(tn), U)L ,
I,

proving the assertion. O

Lemma 4.4. Assume k > 1. For alln = 1,...,N and all u € C**2(I,, B), the
following bound holds:

(4.9) lu— RE T ull oz, my S T2 ulcrre (i, p)-

Moreover, the bound ||[RY ™ ullcoz, gy S lullco(r, my + Taltler (s, gy holds for all
u € CY(I,,B).

Proof. See appendix. O

Corollary 4.5. Assume k> 1. Foralln=1,...,N and all u € C**2(I,,, B), the
following bound holds:

(4.10) 100 — O RY ull oz, my S Tl a7, py-
Moreover, the bound ||0,RE  ullcor, 5y S |uloa(r, ) holds for all u € C(I,,, B).

Proof. Let Lkt be the Lagrange interpolate of u in Pktl(me) based on the
(k+1) right-sided Gauss—Radau integration points on each I, and the left endpoint
tn_1. Then,

10 (u = RET )| o7,y < 10e(u — LEY )| oo 1., 5y

+ 0L = R M) o, )

St [ulcrt2(r,, ) + Tn HILE —RiJrlUHCO(fn,B)v

and using the triangle inequality, we infer that

25— R ik

ullcor,.m) < L7 RyH!

u—ullcor, By + llu— ullco(r,.,B)

s Tﬁ+2|u|ck+2(fm3),

thereby proving (I0). To prove the stability bound, we use the C°-stability of
REFL from Lemma [@4] the fact that RE+! preserves constant functions, and an
inverse inequality to infer that HatRk*luHCo 1..5) = IORET (u—u(tn))llcor,.5) S
TR (u—u(tn))llcor,, 5y S T Hlu —ult )HCO(I,L,B) +|uler(z,,B), and the first
term in the right-hand side is bounded by ‘u|cl(fn73). This completes the proof. [
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5. L?>-NORM ERROR ESTIMATES

This section is devoted to the L>(L?) and L?(L?) error estimates, first for static
and then for time-varying meshes. Our main goal is to estimate the error defined
as

(5.1) é(t) ;== u(t) — Louwn(t) Vel

We observe that the error is evaluated using the post-processed solution Lrup,

and that € is continuous in time on I and, moreover, ¢ € X (see ([E2)) if we
assume for our analysis that the exact solution u has at least the regularity u €
CO(I,W)n CYI, L). Throughout this section, we assume k > 1. The case k = 0
corresponding to the implicit Euler scheme is briefly discussed in Remark 5.8 We
start with the following consistency result.

Lemma 5.1 (Consistency). Assumeu € CO(I, W)NC*(I,L). Foralln=1,...,N,
the following equality holds:

(5.2) Bl ve) =0  Yug, € X5,
Eroof. We recall from Lemma[Tlthat, for alln = 1,..., N and all vy, € Py (I, Vi),
B (Lxtren, V) = Qn((f, ven) ). Moreover, since the exact solution satisfies
Owu(tn,) + Au(tn ) = f(tn,,) forallp=1,...k+1,
we infer using the consistency of A, (see (BI6) that
By (u,ven) = Qu((Dru + Apu, ven) ) = Qu (O + Au,ven) 1) = Qu((fven)r)

whence the assertion follows. O

5.1. Static meshes. In the case of static meshes, we drop the superscript n on
the mesh 7Ty, the finite element space V},, and the discrete differential operator Ay,.
Our analysis hinges on the following error decomposition:

(5.3) é(t) = (u(t) — PRy u(t)) + (PoRy M ul(t) — Louen (1) Ve

=m(t) =éxn(t)

observing that both 7 and é, are continuous in time on I. The function 7 is
referred to as the interpolation error. Note that both 1 as well as é;, are in the
space X (see (2)) so that they can be used as arguments in the bilinear form B}’

Lemma 5.2 (Boundedness). For alln =1,...,N, the following bound holds:

(G4) B o] S {(ET@)? + (B w)2H " {Qu(loal?)}?,
with the time and space errors respectively given by

(5.5) (B (u))? = Qu(10:(u — I *u) |17, + llu — RTull})
(5.6) (BS()? = Qu (IREu — PLREF I, ).

Proof. We decompose gﬁ(n,vm) as

B, vep) = Qn (0¢(u — PyRE M), vep) 1) + Qn ((An(u — RETu), vep) 1)
+ Qn((Ah(R,1§+1u — PhRﬁ'Hu)wTh)L) =T+ 15+ T;.
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Concerning T}, we can drop the projection Pj, and use the property [@T) of RFT!
followed by the Cauchy—Schwarz inequality to infer that

T3] < {Qn (10 (u = I52u)12) 12 {Qu (foenll2) } 2.

Concerning T, since (u — R¥+1u) is in W, the consistency of the discrete operator
Ay, together with the Cauchy—Schwarz inequality and the boundedness of A lead to

T2 = |Qn ((A(u — RET W), ven) 1) |
< {Qu(llu— R ul3) ) {Qu (loenll?) 12

Concerning T3, we use boundedness on orthogonal subscales (see (BI8) to infer
that

1/2
o] S {@u (RS u— PUREl 4 ) b {Qu(loenl®)} 2

Collecting the above bounds yields the assertion since || - |1 < || - ||; see GI9). O

Lemma 5.3 (Estimates on é.p,). For allm =1,..., N, the following bound holds:

BT lewm(tm)llz + Z Qn(le=rl?) ’+ Z{ (B, (u Ep(u))*},

with nitial error Ey = ||Ppug — uon||r,. Moreover, assuming t, < Tp—1 for all
n=2,...,N and 11 <1, the following bound holds:

(5-8) exnllEa (s ) < (Bo)* + Z{ (Ep (w)? + (5 (w)?}-

Proof. Owing to Lemma [B.] (consistency) and the error decomposition (53], we
infer that B} (€<, ven) = —Bj (1, ven), so that using Lemma [5.2] leads to

By @enyven) S {(EX )2 + (B3 )2} {Qu (Joan )}

Setting v, = ISRé., and using the stability property of B{j stated in Lemma
for w = é, together with the continuity in time of €., and a Young inequality, we
infer that

1, 1. . S
lentllE = 5len (DI + Qe l®) S (Bn (w)? + (En(w)?,

where we have dropped the nonnegative jump term at ¢,,_; from the stability prop-
erty. Taking an arbitrary m = 1,..., N and summing the above inequality from
n =1 to m leads to (B.7]) since é-,(0) = Pyug — uop. To prove (B.8), we start with
the estimate

lwellZaer,) S @n(lwellL) + Tallwe(ti DI Vwe € Prga (I, L),

1,1] and ap-
plication of a norm equivalence on the time polynomial space P11 (I, L). Applying
this inequality to é.p, which is continuous in time, leads to

which follows by transformation from I,, to the reference interval I= [

lexnlZar, ) S @n(lléxnllZ) + Talléxn(ta-1)lIZ-
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Summing this bound from n =1 to N and observing that, for all n > 2,

Toll€en(tn-1)17 < Tnlléen(tn-1)l17 S Qur([éxnllF) since T < Tus and
tn—1,k+1 = tn—1, we infer that

N
lenlZacroy S Y QnlllEmllt) + Tillém(0)1Z,

n=1

whence (B.8)) follows since 11 < 1. O

Theorem 5.4 (L2-error estimate). Let u be the exact solution and let u.y be the
fully discrete solution. Assume k > 1 and t, <1 for alln =1,...,N. Assume
(H) in the case of conforming FEM. Then, for the error é(t) defined in (B.1), the
following bound holds for allm =1,..., N,
(5.9)

e(tn)lI3 S (Bo)? + tm max {CF (a2 4 CHR 1} + O (w20,
with Cg(u) = |U|2Ck+3(ij) + |u%k+2(jmv)’ CS(U) = Hunél(ijrﬂ(Q)); and
Cl(u) = |u(tm)|ip+1(m. Moreover, assuming T, < Tp—1 for allm = 2,... N,
the following bound holds:

(510) H ||L2(IL) (EO) +T max {CT( ) 2(k+2) -I—CS( )h2T+1}.

Proof. From definitions (GH)-(&0) of Eg(u) and ES(u) for all n = 1,..., N, we
infer that

(B, (w)? < T (Tn (k+2) W|ck+3(1 L) + \U|ck+2(1 V))
(Es(u))2 S Tnh2r+1”“Hcl(ijrH(Q)),

where the bound on E(u) results from (@3] with B = L and [£9) with B =V,
and that on ES(u) from the approximation property (3.25) of P, combined with
the stability of R**! from Lemma @4 with B = H"*(Q) and the assumption
T, S 1. Moreover, recalling the error decomposition (B.3]), we observe that, for all
n=1,...,N,

In(ta)llz = lu(ta) = PoRe  ulta)lln = lulta) = Pruta)llz S h™Hultn) e o),

where we used Lemma 3] and
||77||%2(1n,L) = [lu— Pth+1U||2L2(1 ,L)
< 2llu — Pyull72(r, ) + 21 Pu(u = RY ) |Ta s, )

ny

<2fu-— Phu”Lz(ImL) +2|u — RET u”L?(ImL)
<1, (hQ(TH)||U||%*0(1‘n,H7-+1(Q)) + Ti(k+2)|u%k+2(;mm> .

We conclude using Lemmal[b3land the triangle inequality, as well as h < diam(Q2) <
Land || - [l < |- [lv for (B.I0). O

Remark 5.5 (Assumption on the time steps). The assumption T, < T,_1 is quite
mild; it means that the time step can be increased at most by a uniformly bounded
factor. The assumption T, < 1 is also quite mild; it means that the time steps
resolve the fastest time scale present in the governing equations, which is here

given by min(uo, Lg) with po from (2.2) and Lg the Lipschitz constant of S.
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Remark 5.6 (Initial error). The initial error Fy vanishes when the discrete initial
condition is chosen to be ug, = Prug. Otherwise, this error is typically of order
hTt1 if g is smooth enough.

Remark 5.7 (Estimate on the error (v —u+p)). Since é(tn,) = u(tm) — Lotrp(tm) =
w(ty) — uep(ty,) for all m = 1,..., N, the right-hand side of (B.9) also bounds
the error ||u(t,,) — wen(tm)||z, showing that a superconvergent L2-error estimate
of order (t*+2 4 h7+1/2) also holds under the assumptions of Theorem [54] for the
original fully discrete solution wu., at the discrete nodes defining the time partition.
Instead, the bound on ||u —wxp||z2(s,1) is of order (tF+1 +h™+1/2) which is optimal
with respect to T. This bound can be derived from

15" = wen 2z, 1) = @n (15 0 = uanll7) = Qu(ll€ll7)
S Qn(”é’th%) + Qn(||77||2L) )

where €, €., and 5 are defined in (£3]). The sum over alln =1,..., N yields as in

the previous analysis the same upper bound as the right-hand side of (&.I0). Then,

invoking the triangle inequality |u — wenllr2(r,r) < [lu — ISRl p2(r,n) + [ IR0 —

Uen | p2 1,2y yields the claim. Finally, since [u<p]n—1U5(t) = un(t) — Loten(t) for

all t € I,,, we infer by means of the triangle inequality the same bound for the jump
; N 2\1/2

semi-norm (32, [|[wen]n—1[IZ)=.

Remark 5.8 (Implicit Euler). For k = 0, the interpolate R%*1v is not available since
the construction of Section requires k > 1. The analysis proceeds by replacing
in the above proofs R¥*1y by the piecewise affine Lagrange interpolate of u in time
and leads to an error bound of order (T4 h"*1/2) for the error é in the L norm at
the discrete times defining the time partition and in the L?(I, L) norm.

5.2. Time-varying meshes. Now, we allow that, on each time interval I,, =
(tn—1,ts], we can have a new mesh 7,*, which can be created from the previous mesh
7;”71 by means of local refinements and derefinements. Therefore, it is necessary to
use the superscript n also for the finite element space V' and the discrete differential
operator A}. By hy we denote the maximum of all diameters hg of the mesh cells
K € T;". For each n = 0,1,...,N, let P : L — V;" denote the L2-projector
onto V;*. For a time-dependent function w : I — L, we define its space projection
Poyw:I— L as

(5.11) (Pow) (1) ;_{ ﬁg((g(((t);% i et =t )

Note that, even for a continuous function w € C°(I, L), its space projection Pw
can be discontinuous in time at the discrete points t,_1, i.e., P,w € C~1(Mq, L)
with the jump

(5.12) [Powlp—1 = Prw(t)_,) — PP tw(t,—1) € Vi + V'L,
which is in general nonzero if V;* # V"',

5.2.1. Error estimates with projection error. Recall the error é(t) defined in (EI).
In the case of time-varying meshes, the decomposition (53)) of the error €(¢) has to
be modified as

(5.13)  é(t) = (u(t) — Lo PR¥ M u(t)) + (Lo P RET u(t) — Louen(t)) Vtel,

=m(t) =Exn(t)
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where the use of the lifting operator in the definition of 1 allows us to recover a
continuous function in time. We can write 7(t) for ¢t € I, as

n(t) = (ut) = PRy u(t)) + [Puuln-19a(t),

=l (2)

where we have used that RE*1u(t, 1) = u(t,_1) and n°'(¢) denotes the interpola-
tion error used for the L2-analysis in the case of static meshes. The part [Pru]n—1
leads to an extra term in the error analysis for time-varying meshes and can be re-
garded as the projection error for the time interval I,,. Note that again 17 and €, are
contained in the space X defined in [@2). Let I}~ " : V"1 + V» — V"~ denote
an L%-stable, linear quasi-interpolation operator satisfying the following properties:

(5.14) 7oy, = vy, Vo, €V
(5.15) I opllr S llvelle Yon € VPt + Vi
Lemma 5.9 (Boundedness). For alln=1,...,N, the following bound holds:
(5.16)

1By (n,ven)| S {(EE @) + (E5(w)?} " {Qu (Ioenl2) } 7 + BE () [ [oea]n-1 1,
with EY(u) given by BH), (ES(u))? = Qn<|||Rf+1u— P;}Rﬁ*lumiévn» and the
local projection error defined by

w(tn_1) — PP Yu(tn_1),vp — I 1o
(5.17) EY(u) := sup ( (tn-1) h ( 7:1711) h h h)L
v EVY ||’Uh _Hh Uh”L

1/2

Y

with the convention that the ratio is zero if vy, € Vh"71, which means, in particular,
that EY (u) = 0 in the case that V;* C V;" '

Proof. Since ¥,, vanishes at the (k+ 1) right-sided Gauss—Radau integration points,
we can decompose B} (1, vp,) as
Bji(n,ven) = Bl (°, ven) + Bit ([Pattln 19, ven)
= (Tl + 15 + TS) + Qn(([Phu]nflﬂ;mUTh)L)v

:ZT4

where T 2 3 denote the terms introduced in the proof of Lemma Concerning
T4, we exploit that the integrand is a polynomial in Po (I, R) to infer that

T4:/ ([Phu}nflﬁ;l,’l)—fh)lldt
I,

__ / (a9, Beven) , dt — ([Pl ven (5 1)),
I,

= ([u— Phu]n,l,vTh(tfhl))L = — (utn-1) — P Mu(tn-1), ”Th(trtq))L

= - (u(tn—l) - P}?_lu(tn—l)a [U’rh]n—l)L
using that O, (t,,,) =0 for p=1,...,k+1,9,(t ) =1, [ul,—1 =0, ven(t;)_) €
Vit and vep(tn—1) € V"', We use the notation v, = v () ) € V" and
v}:*l = Ugp(tn1) € V,:“l. If U,J{ turns out to be in V,:“l, then T, = 0 which
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obviously satisfies |T4| < EY (u)||[vcn]n—1]lr- Otherwise, v;7 — I} 'vf # 0 and
since, owing to (B.14),

[oenlnt — I foenlr = (o — I 1) — (o~ = I hop ) = of — 101

we infer that

I Ta] = | (u(tn-1) = Py~ utn—1), v — 7 o) |
_ |(U(tn_1) - P}?_l ( n— 1) + H" ! h) | ||[’U ] anl[v } H
= — hln—1 — hin—1||L
oy 11, 1v;||L ' S

< Ep ()lllven]n-1lz,

where we used (5.15)) in the last bound. Collecting the bounds for T 2 3 from the
proof of Lemma and the above bound for T} yields the assertion. |

Theorem 5.10 (L%-error estimate). Let u be the exact solution and let u., € Xk,
be the fully discrete solution. Assume k> 1 and T, S1 foralln=1,...,N. As-

~

sume (H) in the case of conforming FEM. Then, for the error é(t) deﬁned in G,
the following bound holds for allm=1,... N,

(5.18) [|e(tn)l} < (Bo)” + t max {CF () + Clu)h |
+ Cr(Whe ™ + (Bpym (u))?,
with CF (u), C3(u) and C!,(u) defined in Theorem 5.4l and Eo := || PPuo — uonl|z,

while the cumulated projection error Ep,(u) is defined as

(5.19) (Ep,m(u Z with EY (u) defined in (G.17).
Moreover, assuming T, < Tpo1 for alln=2,..., N, the following bound holds:

(5.20) |le ||L2(1 0 S < (Fp)? +T11<I}?<XN{OE(U)T3L(’“+2) +C§L(u)hir+1}+(ERN(u))2.

Proof. Applying Lemma .1l we again infer that Eﬁ(éTh,vTh) = —E}Z(n,vm), SO
that Lemma leads to

By (exn, ven) S {(EX(W)? + (BS(w)2}? {Qu (loenl2) }* + EP () | [venln1 2.

Since ép(tn,,) € Vi for all right-sided Gauss-Radau integration points ¢, , € I,
the function w = &, satisfies the assumption w € C°(I,L) N X**Y(L) N X in
Lemma (stability property of E{j) so that by setting vy, = ISRér, € XF, | we
infer the lower bound

~ 1, 1 -
By (€, ven) 2 IIETh( I = 5l ()L + SMvenln-1lZ + aQn(lEnllz) -

The rest of the proof is similar to that of Theorem [(.4] and is skipped for brevity. O
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5.2.2. Bound on the projection error. Our goal is now to derive estimates on the
cumulated projection error Ep,,(u) for all m =1,..., N. Obviously, Ep,(u) =0
it Vir C Vh"_1 for all n = 1,...,m, i.e., if only mesh coarsenings occur from one
time interval to the next one. To treat more general situations, we introduce some
additional notation.

Let n = 1,...,N. We denote by 7, the subset of the coarse mesh cells in
7., which are such that either they are in 7;?71 or they can be decomposed by

means of mesh cells from 7,"~!, and by 7;"’ref the subset of the finer mesh cells in
o ie.,
(521) T ={K e T/ AT T K= Th T =T\ T
TeT

We denote by QFf the subset of the domain Q where the mesh 7," is finer than
Tt e, Quef = UKeThn,ref K, and we set hi*f := MAX et hy, while |Qref|

denotes the d-dimensional measure of Qref.
We assume that the quasi-interpolation operator HZ_I has the property that

(522) (Uh — Hz_lvh) ’K =0 Yo, € th, VK € 7—}?7003.

All the assumptions (5I4), (5I5) and (522) are satisfied if we choose for I} vy,
the standard Lagrange finite element interpolate of v, € V" 14 Vi defined on the
mesh 7;1”71 in the case of conforming FEM or the L?-orthogonal projection of vy,
onto the space V}:“l in the case of dG methods where piecewise polynomial spaces
are used. We first estimate the local projection error EY (u) defined in (5.I7).

Lemma 5.11 (Local projection error). The following bounds hold: In the case of
dG spaces,

(5.23) B (u) S 19520 2 { iy 2R S ()

with CFS(u) := [u(tn—1)wr+1.00(rer), and in the case of conforming FEM, under
assumption (H),

(5.24) R () S (02 { (ha) 12005 () }

with CyS(u) = |u(tn—1)|gr+1(a)-

Proof. Owing to (5:22), we infer that |lvp — HZ_lvh||L2(Q\Q$f) =0 for all v, € V.
Hence,

EE(U') < Hu(tn—l) - P}?_lu(tn—l)”LQ(Qﬁff)'
In the case of dG methods, we use the bound

[u(tn—1) = B~ ultn-1)llz2(amery < 552 [ultn-1) = By~ ultn-1)l| 2o (qzer)s

and the local approximation properties of the L?-orthogonal projection in
Wrtbheo(Qrefy to infer (5.23). In the case of conforming FEM, we observe that

Ey(u) < (R )07 2 (u(tn-1) — Pp " utn—1))l| 12 (e
< (Y2072 (ultn—1) = P ultn-1)) |l 2o

and proceed as in the proof of Lemma 3] to conclude. (Il
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We now estimate the cumulated projection error. We define the index set N°f
of those n < m, where V;* contains some refinement with respect to thfl, and the
number M, of its elements, i.e.,

(5.25) NEt={ne{l,...om}; VP g€V, M, = card(NEE).
A straightforward consequence of Lemma [B.11]is the following result.

Corollary 5.12 (Cumulated projection error). The following bounds hold for all
m=1,...,N: In the case of dG methods,

(5:26)  |Epon(u)] S MY? mae {IQ5 202 { ity 1200 S ) }

and in the case of conforming FEM under assumption (H),

(527)  [Bran(w)] £ M7 max {02 {(h) PO
Remark 5.13 (Comparison of (5:23) and (524)). In both estimates, the term be-
tween braces has the same order as the other terms stemming from space errors.
Note, however, that for dG methods, the constant CF-5(u) and the mesh size de-
pend on Q¢f only, while this dependency concerns the whole domain € for con-
forming FEM. Furthermore, the bound on the local projection error in the case of
dG spaces contains the additional factor |Q£L°f|1/ 2, In practical refinement regimes,
a reasonable assumption is that

ref| < pref
(5.28) max [, Sy

m

which is mostly due to the fact that singularities or critical parts of the exact
solution are typically located in (d — 1)-dimensional manifolds that are covered
by a grid part with d-dimensional measure of order A!*f. In this situation, the
bound on EF (u) for dG methods is improved by a factor (h:*f)'/? with respect to
that for conforming FEM. The price to pay is a slightly more stringent regularity
assumption on the exact solution. If assumption (5.28)) cannot be exploited, both
bounds (523)) and (5.24]) exhibit the same asymptotic behavior.

Remark 5.14 (Interpretation of Corollary BI2)). Let Taym = tﬁ denote the aver-
aged time step in the interval [0, t,,]. Then, owing to the obvious estimate M,,, < m,
we infer in the case of dG methods that

ref \1+a« 1/2
(5 29) |Ep (u)| < t1/2 (M) max {(href)rJrl/QCP,S(u)}
. . ~om Tav,m neNxet " " ’

where hfi) := max,eprer B and o = 1 if assumption (B.28) is valid, while o = 0
otherwise. This means that the projection error due to dynamic grids only causes
a weakening of the overall order of accuracy if the averaged time step Taym, is
strongly less than (hfffl))l"’a. This is a mild restriction to practical regimes for

controlling the ratio between mesh and time steps. In the case of conforming FEM,
the bound (5.29) holds with a = 0 and h,, in place of ™! in the term between
braces.
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6. ESTIMATES ON ERROR DERIVATIVES

This section is devoted to estimating the time-derivative error in the L-norm
and the error in the discrete graph norm. Throughout this section, we consider
static meshes for simplicity, so that we drop the superscript n on the mesh 7, the
finite element space V4, the discrete differential operator Ay, and the L?-orthogonal
projector Pj, onto V. In what follows, we assume that the exact solution u has the
regularity « € CY(I, W) N C?(I,L) (so that f € C'(I,L)). Moreover, we assume
k > 1 as in Section

6.1. Time-derivative error estimates. Our main idea is to derive a time-deriva-
tive error estimate by comparing the time-derivative of the exact solution with
the post-processed time-derivative of the post-processed discrete solution. Since
Lo, € XEFY (V) N CO(I, V), the time-derivative of Lcuqy, is well defined in the
interior intervals (t,—1,t,) and can be continuously extended from the left at all ¢,,
by setting

(6.1) O Lty (ty) = 7grtn Ot Lt (t) VYn=1,...,N.

This defines the piecewise polynomial function ;L u., over I, and at t = 0, we
define

(6.2) O Lrun(0) := Prf(0) — Apucn(0).

The function 9;L<u-p is now defined over I, and 9; L ury € X’T“h.

Lemma 6.1. The fully discrete solution u.p, is such that

(6.3) oL (t) + Apuen(t) = PLISRf(t)  Vtel,

where the time-interpolate ISR f of f is defined as in ([B.8).

Proof. Recalling ([B.28), we obtain, for all n = 1,..., N and all vy, € Pr(L,, V4),
[ (@t + Ao, v dt = Qul (£, ve))

I,
:/ (ISRfaUTh)Ldt:/ (PR ISR f,ven) L dt.
I, I,

Hence, ([63) holds in the interior of all time intervals. Moreover, (63) holds by
definition at ¢t = 0 (see (62)) and at all ¢, for alln =1,..., N, owing to (61 since
both Aju.p, and PhISR' f are continuous from the left at ¢,. O

The error on the time-derivative can now be defined as
(6.4) e(t) := Opu(t) — L0 Loup(t) Vit L
We observe that € is continuous in time on I.

Lemma 6.2 (Consistency). Assumeu € C*(I, W)NC?(I,L). Foralln=1,...,N,
the following identity holds:

(65) éi?(a UTh) = Qn((atf - 8tLﬁ+1f7 UTh)L) V’UTh € thv

where Lﬁ+1f|f is the Lagrange interpolate of f in Py 1(I,, L) based on the (k+1)
right-sided Gauss—Radau integration points on each I,, and the left endpoint t,_.
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Proof. Since 0?u(t) + Adwu(t) = 0,f(t) for all t € I, applying this equation at
the (k + 1) right-sided Gauss—Radau integration points in I,, and using the consis-
tency ([BI6) of the discrete operator Ay, it is inferred that

éi?(atuv UTh) = Qn((&ffv UTh)L) :
Moreover, applying the linear operator £ to (6.3]) yields
L0 Lot (t) + ApLouen(t) = L P ISR f(t) Vi€,

where we have used that LrApucp(t) = ApLrup(t). Taking the time-derivative,
we infer that, forall uy=1,...,k+land alln=1,... N,

QL Lot (tn ) + Or AR Lot (tn ) = 0L PhIS™ f(tn ),
where we have taken the limit~fr0m the left at ¢, x+1 = t,. Recalling the defini-
tion ([@I)) of the bilinear form B}, we obtain
Bi (L0 Lctich, ven) = Qu(0pLcOs Ltich + ApLdLoctian, ven)r)
= Qn((0eL0s Lovien + ApOtLtian, Ven)L)
= Qn((04 L0t Lxtixn + Oy ApLtien, Ven) L)
= Qn((O L PR IE™ fv) 1) = Qu (0L IS™ fLv2n)L)

where we have used ([B.I4) on the second line to drop the £ operator after Ay, the
fact that Ay is time-independent on the third line, and dropped the projector Pj,
on the last line since P, commutes with the operators L. and J;. To conclude, we
observe that LEt1f = £ TCR f since the restrictions of both functions to I,, are in
Py11(In, L) and coincide at (k + 2) distinct points of I,,. O

Our analysis hinges on the following error decomposition:
(6.6)
e(t) = (Owu(t) — LoPrO REY u(t)) + (L PhORET u(t) — L0 Lounp(t))  VEED,

=:1(t) =:ern(t)

where to define £.P,8; R u(t) on the first time interval, we define 8, R% ™ u(0) :=
Oru(0). We observe that both 77 and e, are continuous functions in time on I.

Lemma 6.3 (Boundedness). For alln =1,...,N, the following bound holds:

S o~ 1/2
6.7) 1B o)l S {(Br@)? + (B (w) } {Qn(lvenl)}
with the time and space errors respectively given by
(6.8) (B () = Qu (/10 (u = REF )|} + 1107 (u — TEFu)]7)
(6.9) (BS ) i= Qu (I RE u — PuORE ul? ).

Proof. We decompose Eﬁ(ﬁ, Urp) S
B (7, ven) = Qn ((0(0yu — L+ P, RE ), Vrn)L)
+ Qn((A (Opu — 8tR,’§+ u), vTh)L)
+ Qn ((AR(ORY ™ u — PLoyRET ), vep) ) = Ty + Tp + T,

where we have used Qn( AhETPhatR’i“u,vTh)L) = Qn((AhPhatRfﬁ“u,vTh)L)
owing to ([BI4). We first bound Ty and T3. Since (Qyu — O, REF1u) is in W,
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the consistency of the discrete operator Aj; together with the Cauchy—Schwarz
inequality lead to
|To| = ‘Qn( (Opu — 8tRk+1 )s Vth) L )’
1/2 1/2
SA{Qu(1100(u = RE ) %)} {Qn (loenllZ) }

For T3, we use boundedness on orthogonal subscales ([3I8]) to infer that

1/2
5] < {Qu (0 RS u = PuoRE 2 3 ) b {@n (loenll?) 7

Finally, concerning T3, we observe that
Ty = Qn (07 (u— IF2u), ven) 1) + Qu (0 {015 2w — Lo PO RE U}, v2p) 1)
=:T11+ T .

The term T3 ; can be simply bounded as

1T < {Qu (192 (u — IEP20)12) 32 {Qu (loen]2) } /2

Turning to 712, we can drop the projection P, and since both arguments of the
L?-inner product are in Py (I,,, L), we infer that

T1,2 = / (8t(6tlf+2u — £T8tR§+1u), vTh)L
In

= —/ (O IE 20 — L0, RF  u, Oyven) 1+ [(atlf“u — LR v 1 }t”

T nl
n

The first term in the right-hand side vanishes since the integrand is in Poy(I,,) and
vanishes at all the right-sided Gauss—Radau integration points by construction. The
contribution of the second term at ¢, vanishes for the same reason. Finally, the
contribution of the second term at ¢ | also vanishes since

ALy Pulty_y) — LR u(t) ) = 0Ly P u(tt ) — O Ry u(tn 1)
= atI,ls+2u(ti71) - 5‘Jf+2u(tn,1) = 0.
Collecting the above bounds yields the assertion. O

Lemma 6.4 (Estimates on eqp,). For allm =1,..., N, the following bound holds:
(6.10)

[ tm) 2+ 3 Qu(lEanl?) S (Bo)? + S {(BEw)? + (BS(w)? + (BR(£))?},

with right-hand side error (ER(f))? := Qn(10:f — O, LETLf|13) and initial error
(E0)2 = ||PyAug — Apuon||%. Moreover, assuming t, < T,—1 and 11 < 1, the
following bound holds:

N

(6.11) e l3arny S (Bo)® + > _{(Er(w)? + (ES(u)? + (EX(f)*}.

n=1

Proof. Owing to Lemma (consistency) and the error decomposition (G.6]), we
infer that

B (€xh, ven) = =By (7, ven) + Qu ((Oef — 0, LEY fLven)1) -
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The first term in the right-hand side is bounded using Lemma and the second
one using the Cauchy—Schwarz inequality, yielding

By (@ ven) £ {(BE@)? + (B3 + BE)?Y {Qulllond?)} .

Setting v, = ISR€,, and using the stability property of Eﬁ stated in Lemma
for the time-continuous function e, together with a Young inequality, we infer, as
in the proof of Lemma B3] that

Slen(ta)l — 3 1Een(tn )13+ Qu(IEenl?) < (B ())? + (BS())? + (BR(1)™

Moreover, the initial discrete error is €1, (0) = Pr0;u(0) — ¢ Lrurp(0) = —PpAug +
Apugn. We conclude as in the proof of Lemma [5.3] O

Theorem 6.5 (Time-derivative error estimate). Let u be the exact solution and
let up, be the fully discrete solution. Assume k > 1. Assume (H) in the case
of conforming FEM. Then, for the error e(t) defined in ([64), the following bound
holds for allm=1,... N,

(6.12)

et S (Bo)? + b max {8, R 4 O3} 4 €, (w20,
with CT (u, f) := CT(u) + |f\0k+2(1 )y , CT(u) and CS(u) defined in Theorem [5.4],
and a;n(u) = |8tu(tm)|§p+l(ﬂ) Moreover, assuming T, < Tp—1 foralln=2,...,N
and t1 < 1, the following bound holds:
(613)  IelFegsy S (Bo)? + T max {Cf(u, £y + izt

Proof. We infer that, for alln =1,..., N,

|E;£(u)\2 <1, (T k+1)|u|Ck+3(I L) +T k+1)|u|2 k+2(f,L,V)) )

S
|EL (@) S th® HullZ 7, s oy
IER (NP S ttn ™D fowsar, 1

using (£8) with B = L and (@I0) with B = V for the time error, the approxima-
tion property (B:25) of P, combined with the stability of R¥*! from Corollary
with B = H™"1(Q) for the space error, and the approximation properties of the
Lagrange interpolate LE+! for the right-hand side error. Moreover, recalling the
error decomposition (6.8]), we observe that, for all m =1,..., N,

17(t) L = 18su(tm) — Pudyutm) L S 2™ 0ultm) e+,

since Uy, (t) = 1 and 9, RETu(t,,) = dyu(t,y,). In addition, using the definition of
L+ and the triangle inequality, we infer that

171221,y < 2000u—Prde Re Lo r, 1) 20 PulOc R uln10nllf2 1, 1) = T4+ To.

Again, using the triangle inequality, the fact that P, is a projection, and ({I0)
with B = L leads to

T3] S 100w = Pudrulia, py + 100 — O RT ulZa s, 1)

<1, (h2(r+1)|u|2cl(l_er+1(Q)) + Ti(k+1)|“|zck+2(1‘n,L)) ,
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while using the regularity of u, the fact that 9, RE+1u(t,,_1) = dyu(t,_1), and @EI0)
with B = L leads to
IT2| S talll0e Ry ulna |7 = tallOc R u(ty_y) — Brult-1)II7
< Tnl|Oru — 6tR’I§+1uH%O(fn,L) S Tn’fi(kﬂ)m%kw(in,m'
We conclude using Lemma and the triangle inequality, as well as h < 1 and

I llz < - llv for (613). O

Remark 6.6 (Initial error). The initial error Ey vanishes when the discrete initial
condition is chosen as the solution of the steady transport problem Apug, = PpAuyg.
Otherwise, this error is typically of order h"+1/2 if uq is smooth enough.

6.2. Discrete graph norm error estimates.

Lemma 6.7 (Graph norm estimate on é.p). For all m = 1,...,N, the following
bound holds:

> QulllEnl?) < (Eo)?
(6.14) "'

m

+ ) B (W) + (ES(w)? + (B (w)? + (Es(w)* + (EX ()}

n=1

Proof. Owing to the discrete inf-sup condition satisfied by A, (see (3:20)) we know
that, foralln=1,...,Nand all p=1,...,k+ 1, there is w, , € V} such that

Iexn (tn)lF < (Aneen(tng)swnp)r  and  Jlwpplly < léwn (o)l

Let w<, be the function in th uniquely defined by wep(tn,,) = wy,,, for all
n=1,...,Nand all u=1,...,k+ 1. Then, we obtain

Qn(llexnll) < @n((Anérn,wen)z)  and  Qu(lwenlf) < Qu(léwnlf) -

Using the definition of B,’Z and consistency (Lemma [5.1]), we obtain

Qn((Anéen, wen)r) = By (exns wen) — Qn((OsEn, wren)r)
= —Eg(n,w’rh) — Qn((O¢xn,wen)r)
= —EZ('I?, wTh) - Qn((g’tha wTh)L) ’

since it is readily deduced from (B3] and (G.6]) that exp(tn ) = LcOtrn(tn,,) =
Orbrn(tn,y) forallm=1,...,Nand all p =1,...,k+1. The first term in the right-
hand side is bounded using Lemma and the second term using the Cauchy-
Schwarz inequality, yielding

Qn(l6enll?) S {(EF () + (ES) + Qu(lEen]2) 2 {Qn (Jwen]?) }

Observing that Q,, (JJw<n|?) < Qn (|||wTh|||§) < Qn (mém |||§), by Young’s inequality,
we obtain

1/2

Qu(llE<nll?) < (En(w)* + (ER(w)® + Qu(lleenl) -

We conclude summing from n = 1 to m, and using Lemma to bound
Qn ([[E<nll7)- 0
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Theorem 6.8 (Graph norm error estimate). Let u be the exact solution and let u-p
be the fully discrete solution. Assume k> 1 and v, S1 foralln=1,...,N. As-

~

sume (H) in the case of conforming FEM. Then, for the error é(t) defined in (5.1))
and allm=1,..., N, the following bound holds:

<112 B2 AT 2(k+1 S 2r+1
(015) 3 Qu(IelR) 5 (Bo)* + tu max, {CF e - S pn 1,
n=

where CF (u, f) = |u|20k+3(me) + |u%k+2(fn,W) + ‘f|26'k+2(fn,L) and CS(u) defined
in Theorem [B.4l

Proof. Recalling the error decomposition (B3] and using the triangle inequality, we
need to bound Y. | Qy (|||éThH|§> and Y" Qp <|||77|||§) For the first term, we use
Lemma 6.7 together with the bounds on the various errors derived in the proofs
of Theorems [5.4] and to infer that >/ | @, (|\|éTh |||§) is bounded by the right-

hand side of (615) (observe in particular for the time error that || - ||v < | - |lw
so that ag(u,f) < CT(u, f)). Concerning the second term, we use the triangle
inequality, Lemma 4] (with B = W), the fact that |Jw|; < ||w|jw for all w € W,
the approximation property of P, in the |- [|;-norm, and the stability of R¥*1 (with
B = H""1(Q)) to infer that

Qn(lInlF) < 2Qn(llu — RE T ullf) + 2Qn (IRY ™ u — Py RE T ull3)
ST ulnragg, ) + 02 lEn 1, e )

Summing over n and recalling that T, < 1 yields the assertion. O

~

7. APPENDIX

Proof of Lemma BA4L Let I := [—1,1] denote the reference time interval and 7T}, :
I — T, the affine reference mapping with t = T, (f) := (tn_1 + t)/2 + i We
assign to u € C*2(I,,, B) a reference function @& € C¥*2(I, B) defined by a(f) :=
ulr, (T, () for all £ € I, where we take the right-sided limit u(t; ) for { = —1.
Then, for m =1,...,k + 2, we infer that

ori(i) = O u(T, (1)) (%")m viel,

where for boundary points ¢ = 41 the one-sided derivatives of u are taken that come

from interval I,,. The idea of the proof is to construct an interpolation operator

RETL: CY(I, B) — Ppy1(I, B), which is related to RE+! by

(7.1) REFYG(E) = RF Ity  viel, t=T,(0),

and satisfies the properties

(7.2) REV'p=p Vp € Pri(l, B),
).

B
Let p € Pyy1(I, B) be the Taylor polynomial p(f) := 355 £07a(0)#. Since d;p is

the Taylor polynomial for 0;u of order k, we infer that
1 Tht2

n

||r& _ﬁucl(f,B) S 7(]{:—’_ 1)'|ﬁ|ck+2(f’B) = mmbkw(ﬂ,ﬁ)

(73) VRS blo s ) < Mlldllongrmy Vi€ CUE,
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Then, using (Z.2) and (Z.3) leads to
[ Rﬁ““HCU(TH,B) =la— R’liJrlﬂHCO(f,B)
< o= Dlleocs,py + B (p — @)l oz, m)
<A+ M)la=pllerp S T ulorre 1, By

yielding ([f9), while the stability of RE*! results from (73] and the use of the
reference mapping. It remains to construct the operator RET! and to verify (7)),

([Z2), and (). Let ¢; € Prya(L), j =0, ..., k+2, denote the basis functions of the
Lagrange/Hermite interpolation with respect to the nodal points —1 = §p < -+ <
8, = 1 such that the interpolate I¥*2i € Py, o (1, B) verifying ff“ﬁ(éj) = a(s;),
§j=0,...,k and 9;(I¥t24)(41) = §;a(£1) has the representation

k
1420 = 3" a(3) @5 + Opia(—1) @i + 0pi(1)Pra.

This representation implies the stability estimate

k+2
(7.4) ||ff+2ﬁ”cl(j73) < M1||ﬁ‘|cl(j73) with M := Z ||¢j||cl(i,]g)~

j=0
Moreover, [¥+24(f) = I¥+2u(T,(f)) for all £ € I. Now, let ¢; € Pp(I), 5 =1,... k+
1, denote the basis functions of the Lagrange interpolation with respect to the
right-sided Gauss—Radau integration points £u el , o= 1,...,k + 1, satisfying
the property ¢;(f,) = d;, for all j,u € {1,....k + 1} where §;, denotes the
Kronecker symbol. Using these basis functions, we define functions ’l[}j € ]P’k+1(f ),
j=0,...,k+1, by means of

t
Do) =1, ﬁj(f):z[léj(s)ds Wi=1,.. . k+1.

These functions satisfy the properties 351[)j (t,) = 6, forall j =0,...,k+1 and
p=1...,k+1 as well as 1@-(—1) = 050 for all j =0,...,k+ 1. Therefore, the
functions @[AJJ- form a basis of P41 () and the interpolate

k+1
(7.5) REPLa = TE2a(—1)do + Y 015 2 a(t;);

j=1
satisfies the conditions
REFIG(—1) = IF20(-1),  9RMPa(t,) = o0 %a(d,) Yu=1,... k+1.

This shows that (Z-I) holds since the polynomial R+ 1w (T, (f)) is also in Py1 (1, B)
and satisfies the above conditions owing to ([@7)-(£S)). Applying the definition (73]
to an arbitrary w € C'(I, B) we obtain, by means of (7.4), the stability estimate

k+1

||R’I§+1w||C0(f,B) < ||If+27f1||cl(f,3) Z ||¢j||00(f7R) < M||w||cl(f,B)7
§=0
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where M = M; Zfi& ”1[’1'”00@11{)7 which proves (Z3)). Finally, to prove (2), we

observe that an arbitrary polynomial p € Pk+1(f , B) has a basis representation of
the form

pi) =S "piy(0) viel, p;eB.

From the properties of the basis functions ’(/AJj7 we obtain p(—1) = po and 9;p(f;) = p;

for all j = 1,...,k + 1. Since ff“ leaves Pk+1(f, B) invariant, we infer that
b= p(=1)do + 551 0ty = RETp. O
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