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FRACTIONAL-STEP METHODS AND FINITE ELEMENTS WITH SYMMETRIC
STABILIZATION FOR THE TRANSIENT OSEEN PROBLEM

ERIK BURMAN!, ALEXANDRE ERN? AND MIGUEL A. FERNANDEZ>*

Abstract. This paper deals with the spatial and time discretization of the transient Oseen equations.
Finite elements with symmetric stabilization in space are combined with several time-stepping schemes
(monolithic and fractional-step). Quasi-optimal (in space) and optimal (in time) error estimates are
established for smooth solutions in all flow regimes. We first analyze monolithic time discretizations
using the Backward Differentation Formulas of order 1 and 2 (BDF1 and BDF2). We derive a new
estimate on the time-average of the pressure error featuring the same robustness with respect to the
Reynolds number as the velocity estimate. Then, we analyze fractional-step pressure-projection methods
using BDF1. The stabilization of velocities and pressures can be treated either implicitly or explicitly.
Numerical results illustrate the main theoretical findings.
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1. INTRODUCTION

The computation of Navier—Stokes flows at high Reynolds number is an important challenge in scientific
computation. Many space discretization methods rely crucially on the presence of non-negligible viscous dissi-
pation and therefore lack robustness when the mesh Reynolds number @ (6 is the flow velocity, h the mesh
size, and p the viscosity parameter) is much larger than one. In this regime, the standard Galerkin formulation
is known to be unstable even in the linear case, and these instabilities tend to be amplified by nonlinearities.
To counter such instabilities, one may resort to stabilization techniques, such as SUPG [23], discontinuous
Galerkin [13,22], or H!-conforming finite elements with symmetric stabilization in various flavors [1,6,9,17].
The effect of stabilization is on the one hand to improve the convergence to smooth solutions. On the other
hand, for rough solutions, stabilization limits the propagation of perturbations generated in the vicinity of sharp
gradients; stabilization also turns out to promote the Gibbs phenomenon when approximating rough solutions
to conservation laws, and this effect can be tempered by some nonlinear weighting mechanism [14].
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In this paper, we are interested in combining stabilized finite elements for space discretization with time
discretization schemes for fluid flow problems in the high Reynolds number regime. The importance of stabi-
lization in the high Reynolds number regime for fractional-step methods was illustrated numerically in [19] for
Navier—Stokes flows, showing that the pressure-projection method can fail to converge in the high Reynolds
number regime unless some stabilization is applied. Our goal here is to provide some theoretical background
analyzing this fact. For simplicity, we focus on the linearized version of the Navier—Stokes equations known as
the Oseen equations, and we prove that stabilized finite element methods also improve the convergence rate to
smooth solutions when using a fractional-step pressure-projection scheme for time discretization. Let {2 be a
bounded polyhedron in R¢, d € {2, 3}, with boundary 92 and outward pointing normal v, and let ¢¢ be a finite
positive time. We consider the Oseen equations posed in the space-time cylinder @ := 2 x (0, tp),

Oy + B-Vu — pAu+ Vp = f, (1.1a)
V=0, (1.1b)

where the unknowns are the velocity field v and the pressure p, while the data are the advection velocity 3,
the viscosity p, and the body force f. We assume that the velocity field (§ is Lipschitz (with Lipschitz constant
denoted by Lg) and divergence-free, that  is a positive real number, and that f € L2(0, tp; L2(£2)?). The Oseen
equations are supplemented with a homogeneous Dirichlet boundary condition on the velocity and an initial
condition on the velocity of the form u|;—¢ = ug, with ug € H}(£2)4 and V-uy = 0.

The quasi-optimal approximation of smooth solutions to the stationary Oseen equations using finite elements
with symmetric stabilization in various flavors has been investigated in [2]. In the unstationary case, the literature
on projection methods for the Navier—Stokes equations is very rich, starting with the pioneering work by
Chorin and Temam, Yosida and more recent work (see, e.g., [10,20,26] and references therein). Nevertheless,
a complete analysis including space discretization using stabilized finite elements is, to our knowledge, not yet
available, even in the linearized case of the unstationary Oseen equations. In the present work, we provide such
an analysis. We focus on stabilization using the continuous interior penalty finite element method analyzed
in [7] for the stationary Oseen equations. The stabilization concerns the advective derivative and the pressure-
velocity coupling, whereas a least-squares penalty on the velocity divergence is also considered. Moreover, the
homogeneous Dirichlet boundary condition on the velocity is enforced weakly using the classical boundary
penalty method of Nitsche [25]. Tt is straightforward to extend the present results to other methods using
symmetric stabilization such as interior penalty discontinuous Galerkin methods [11,12,15], or the orthogonal
subscales method [9]. Nonsymmetric stabilized methods like SUPG on the other hand do not fit the proposed
analysis framework and remain a topic for future work.

This paper is organized as follows. In Section 2, we present the discrete setting. In Section 3, we analyze
monolithic time discretizations, including both first- and second-order Backward Differentiation (BDF') schemes.
The main result is Theorem 3.1. While the velocity estimate follows using standard arguments based on [4],
the pressure estimate, inspired by the recent asymptotic analysis of [8], is, to our knowledge, new. The idea is
to bound the time-average of the pressure error, so as to achieve the same type of robustness with respect to
the Reynolds number as for the velocity estimate. Note that stabilization plays a role in achieving this result.
In Section 4, we analyze the fractional-step time discretization using pressure-projection, focusing on the first-
order BDF scheme. The main result is Theorem 4.7 providing (quasi-optimal in space and optimal in time) error
estimates that are independent of the viscosity (but not of high-order Sobolev norms of the exact solution).
Moreover, Corollary 4.2 shows that it is possible to treat velocity and/or pressure stabilization either implicitly
or explicitly in time, up to some modifications of the CFL condition on the time step. From the point of view of
computation, it can be advantageous to treat the stabilization explicitly. In particular, this eliminates the need
for the construction of a system matrix with a nonstandard stencil. Finally, in Section 5, we present numerical
results illustrating the theoretical analysis.
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2. THE DISCRETE SETTING

Let L := L*(2) and L, := {q € L; [,q = 0}. For a subset S C §2, we denote by (-,-),s and |-||L,s
respectively the standard inner product and norm of L?(S), with the convention that the index S is omitted if
S =10.

2.1. Space semi-discrete Oseen equations

Let {75} n>0 be a family of affine, simplicial meshes of 2. We assume that the meshes are kept fixed in time
and, for simplicity, the family {75 }r>0 is supposed to be quasi-uniform. Mesh faces are collected in the set Fp,
which is split into the set of interior faces, Fi"*, and of boundary faces, F**. For a smooth enough function v
that is possibly double-valued at F' € F;* with F' = 9T~ N9T™", we define its jump at F as [v] := v|p- — v|p+,
and we fix the unit normal vector to F, denoted by v, as pointing from T~ to 7. The arbitrariness in the
sign of [v] is irrelevant in what follows.

We consider continuous finite elements with equal-order to discretize in space the velocity and the pressure.
Let k > 1 be an integer and set

My, == {my, € C°(2); VT € Ty, ma|r € Pu(T)}, (2.1)
with P (7T") spanned by the restriction to T of polynomials of total degree < k. Set
Vi = [My]%, P, = My N L., (2.2)

and observe that the boundary condition on the velocity is to be enforced weakly. We also need the extended
space B

Vi : =V, + VP, (2.3)
To express the divergence-free constraint at the discrete level, we consider the discrete operator By, : V), — P
such that for all (v, qn) € Vi, X Py,

(Bhvn,an)r == —(V-vn,qn)r + (V-0n, qn)L,00, (2.4)

and its transpose B;f : P, — V. As motivated in [18], we also consider the extension of By to 17;“ namely
Ch : Vi, — Py, such that for all (0n,qn) € Vi, X P,

(Crn,qn)r = (On, Van)r- (255)

Integration by parts yields By, = Cpip where i, is the canonical injection of V}, into 17h. Moreover, the transpose
C,? : P, — V}, is the restriction of the gradient operator to Py, and we infer that BE = zEC,? where ZE coincides
with the (restriction to Vj, of the) L-orthogonal projection onto V},, henceforth denoted by 7. To alleviate the
notation in what follows, we omit the operator i,. We extend the domains of By, Cj, and their transposes
to smooth functions by setting (Bpv,qn)r := —(V-v,qn)r + (v, qn) 1,00 and (Cpv,qn)r := (v, Vqn)r for all
qn € P, and all v € [H(£2)], and Cfq = Vq for all ¢ € H'(2), while Bf ¢ =il Vq.

To discretize the convection-diffusion operator in (1.1a), we consider the continuous interior penalty finite
element method analyzed in [7] for the stationary Oseen equations. We introduce the discrete operator Ay, :
Vi, — V3, such that, for all (vp,wp) € Vi, X Vi,

(Apvn, w)r, = (BVon,wp)r + > ((B-ve) vn, wp) L. r
FeFg
+ (uVn, V)L — (u(v-Vop), wn) 00 — (0n, p(v-Vwn)) .00

+ Z vihp! (pon, wp) L, p, (2.6)
FeFpe
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where for a real number z, 2% = 1(|z| — z) denotes its negative part (z® = 1 (|z|+ ) denotes its positive part),
and where 7 is a user-dependent positive parameter related to the boundary penalty method. Furthermore, we
consider the stabilization operators S} : V}, — V}, and SZ : P, — P, such that for all (vp,wy) € V), x V}, and
(qn,n) € Pn X P,

(Siomwn)e ==Y 72€rBurhi([ve-Vunl, [ve-Vun])

FeFint
+ D A max (€pfrhre) (Yoo, Vown)
KeTy,
+ ) v3Br(vEvR, vEwh)LF (2.7a)
FeFext
P — —1;2
(SEan.rn) =Y vaérBp' ha(IVanl, [Vral)e.F . (2.7b)
FeFint
with local velocities 8, r := [|3-vp| L~ (r) and Br := |||z~ (ry)e, user-dependent positive parameters 2, 3,
~v3 and 74, and cut-off function £r = min(1,Rer) with local face Reynolds number Rep := hpBr (note that

14

in (2.7b), fpﬁgl is bounded by pu~'hg if 3 vanishes on F'). The aim of the stabilization operators is to stabilize
the advection operator (sum with 72), achieve additional control on the incompressibility condition (sums with 73
and 7y3), and ensure inf-sup stability for the pressure-velocity coupling (sum with 4). The domain of the discrete
operators Ap, S, and S}, can be extended to smooth functions by setting Apv = m4(3-Vv — pAv), Sjv = 0 for
all v € [H2(£2) N HY(2)]? with Vv =0, and S¥q = 0 for all ¢ € H?(12).

The space semi-discrete Oseen equations take the following form: Find u, € C([0,tg]; Vi) and p, €
C([0,tg]; Pp) such that, for all t € (0,tr),

Oyup, + Apup, + S}juh + B;{ph = fh (in Vh), (2.8&)
—Bpup, + Sﬁph =0 (in Ph), (2.8b)

where fj, := m, f. This problem was analyzed in [4].

2.2. Analysis tools
We consider the following norm on Vj, + [H2(£2)]%:

1

1 —1 1 1
[0ll5 = w2 (IVolle +h™2vll00 + h2[lv-VollLee) + [ 1v]2v]L00, (2.9)

together with the following semi-norms on Vj, + [H%(£2)]¢ and Py, + H?(£2), respectively,

1 1
olse = (Skv,0)f,  lalse == (Syq,0)f- (2.10)

It is well-known that for ~; large enough, using integration by parts and discrete trace inequalities, one can
show that ||[Vu, |2 — 2(v-Vun,vn)rL.00 + ZFE}-’?,@ ’ylhngvhH%F 2 |Vurlz + h_1||vh\|%ﬁQ for all v, € Vj,, so
that the following holds:

(Ahvh,vh)L 2 ||1)hHi”@, Yoy € V. (2.11)

The above assumption on v, is implicitly made in what follows. Here and in what follows, we abbreviate A < B
the inequality A < ¢B for positive real numbers A and B, where the value of ¢ can change at each occurrence
while being independent of the mesh size and the physical parameters 5, p and tg (¢ can depend on the
polynomial degree k and the stabilization constants v;, i = 1,...,4).
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Lemma 2.1 (Boundedness on orthogonal subscales). Let v € Vi, + [H?(2)]% and let ¢ € My, + H?(£2). Assume
that (v,wp)r, = 0 for all wy, € V3, and that (¢, 7). = 0 for all 1, € My, (functions satisfying such properties are
called orthogonal subscales). Let ¢(B,h) := maxFeﬂm(fl;lﬁp) and ¢(B,h) := maxper, (§p5;1), Then, for all
qn € Py and all vy, € V3, the following holds:

(Choyan)r S e(8, D) 2R % o]l ]an]sw, (2.12a)
(BRa,vn)r S &8, 1) (W2 ||qllz + llallz.00)([valse + l[vnlls), (2.12b)
S e(B,h) R E v Loy

=

(Apv, o)L s« + Lg|vllllvnllz + 1] wpllvnll.6- (2.12¢)

Proof.
We only sketch the proof and refer to [7] for further insight. The bound (2.12a) results from

(Crv,an)r = (v, Van)r = inf (v, Van —yn)r < vl nf [[Var —ynllz.
Yn€Vh yn€EVY

Taking for y;, a quasi-interpolate of V¢, in Vj, based on averaging and proceeding as in [7], we infer that
infy, cv, [Van — ynlle < ¢(B,h)2h~2|qn|s». To prove (2.12b), we first observe that

(Bra,vn)r = (¢, V-vp)L + (¢, vvp) 1,00

The first term in the right-hand side, say %1, can be bounded using either the stabilization or the viscous term as

1
%1] S h™2lae max min(§x" 85" hpu ) (Jnlse + [onll,ue).
h

Then, observing that min({;lﬁgl, hpu=t) = min(ﬂ;l, hp,ufl)_: fpﬁgl and proceeding similarly for the bound-
ary term, we obtain (2.12b). Finally, for (2.12c), denoting by ( the element-wise average of the velocity field S,
we infer that

(Apv,wp)r S y:g@h { = (,BVwn —yp)r} + (v, (B = B8)-Vwn)r + 0]l wsllwnl s,

using Cauchy—Schwarz inequalities on the diffusive part and the boundary terms. For the convective terms, we
conclude as above for the first term in the right-hand side (note that 5, < Sr), the Lipschitz property of (3,
and inverse inequalities. O

For the proof of the following approximation results, we refer to [7]. For simplicity, we assume that the
functions to approximate are smooth enough. We also use 7, to denote the L-orthogonal projection onto Mj,
as well as that onto V},.

Lemma 2.2 (Approximation). Let k > 1 be the polynomial degree. Assume that v € [H*1(2)]¢ and q €
HMY(0). Set Bg = 1Bl{zoe ()¢ Then, the following holds:

lv = mhol|p S AP |Vl a1 (2))4, (2.13a)
lg — mnallz + h¥llg — mhallzon < W gl e (o), (2.13b)
lv = mnvllus S e(B, h) 2R 5 0] s e, (2.13¢)
|[v — mhvlge S E(0, h)§ﬁnhk+%|v|[Hk+l(Q)]d, (2.13d)
g — 7nalse S B, h)EREFE gl pren (- (2.13¢)
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3. MONOLITHIC TIME DISCRETIZATION

Let 7 be the time step, taken to be constant for simplicity and such that N7 = tp. We define the Courant
number as
Bar

h
In what follows, for 0 < n < N, a superscript n indicates the values of a function at the discrete time nrt, e.g.,
u™ = u(t") and p" = p(t"). We assume at least that u™ € [H?(£2)]? and p" € H?(R2) for all n > 1.
In this section, we consider a BDF1 (I = 1) or BDF2 (I = 2) monolithic time discretization of the space
semi-discrete problem (2.8a)—(2.8b). The fully discrete scheme takes the following form: For all n > — 1, find
n“ €V, and th € P, such that

Co = (3.1)

Ot + Apuptt 4 Spuptt 4 BIpntt = ot (in V), (3.2a)
—Bpujtt 4+ Shp Z“ =0 (in P,), (3.2b)
where fy, == mpf, Otul ! = 1(112"’1 ult), and O2uptt = = 2 (u}, P Al 4 3up ).

We now derive error estimates for the velocity and the pressure. Define the Velocity error " := u" — u} and
the pressure error n" := p" — pj. It is readily seen that the equations governing the velocity and pressure errors
read as follows:

mRole™ T+ Ape™ T 4 Spem ™ 4+ Bt = mutt (in V), (3.3a)
—Bpe" T+ SPpmtt =0 (in Py), (3.3b)

where ¥)" := 9Lu" — (Oyu)" for all n > 1.
In what follows, we consider the discrete L2-in-time (at the time nodes) norm of a space-time function z
that we denote Hz||§2(0 teiz) = ng L 1z(t™)||% where Z is some space of functions in space. We define the

time-averaged pressure error 77V := N1 Z _;n". To avoid technicalities with the initialization of the scheme,
we neglect the error for n <1 —1. The discrete initial data uy can be chosen to be any L-stable approximation,
and the approximation u}l necessary to initialize BDF2 can be computed using one step of BDF1. Observe that
it is not necessary to use the discretely divergence-free Stokes projection to initialize the scheme as suggested
in [5], since we only use the energy stability and we only estimate the time-averaged L?(§2)-error on the pressure,
which is a weaker measure than the L?(0,¢p; L?(£2))-norm considered in [5].

To simplify the pressure estimate, we assume that max(u, Sphp) < 1 for all F' € Fp, so that ¢(5,h)h < 1,
that B < 1, and that tp > 1.

Theorem 3.1 (Error estimates). Assume that u(t") € [H*1(2)]? and p(t™) € H*1(Q) for all n > 1, and
8£+1u € L?(Q), recalling that Q is the space-time cylinder 2 x (0,tr). Then, the following estimates hold:

2

el + | D7 (e 7 5+ le" 13 + 0"%)

n>l
1 . 1 1 1 +1
S (8. +&(8,1)4 Ba + (2 Lah ) I ulla o s sy

. 1 1 1

+ (B, ) T2 ||pll 20,4 1o () + LETHNON g (3.4a)
17V e S BRI g (2

_1 1

+itp? ( (8,h)% + &(3,h)? B +tﬁLﬁh%) W2 ull 20,401 ()

-1 1 1 _1
e 2 8B, h)E Rl 2 0 s () + e 2 10l g (3.4b)
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Proof.
The estimate (3.4a) can be derived using the arguments of [4], the boundedness estimates from Lemma 2.1,
the approximation results from Lemma 2.2, and the standard truncation error estimates for the discrete time
derivative. We detail here only the proof of (3.4b). Let v, € [H}(£2)]¢ be such that

Veip =i, |opll e S N7V

Then, using y; = m,p™ — pj;, and letting g{l\’ and p" be the discrete time averages of the functions y;, and p",
we infer that

17N = (3™, Vo) = (7, V-(0p = 70p))1 + (7Y, Vomn o)1
= (ﬁN - WhﬁN7 v'(@p - 71'hﬁp))L + (?IJ«LVa V'(@p - ﬂ'h@p))L + (ﬁNv v'7"117713)L
= —(V@" = mp™), 0 — 7)1 — (58, Cu(Bp — 7)) + (7™, Vo)1
Let us denote T 2 3 the three terms in the right-hand side. We first observe that
1T1| S PPN e (177 || -

The second term is bounded using (2.12a) leading to

1, _1,_ _ _ _ _
%ol S (B, )2 h™2 [0y — mnpl Ll 1se < 170 1, 177 ] 2

where we have used that ¢(3,h)h < 1 to simplify the estimate. Moreover, using the triangle inequality and a
discrete Cauchy—Schwarz inequality in time leads to

_1
o' ls, <t | Do TlunlE,
n>l

For the third term, we use T3 = —(BI 7", m,7,) 1, and we sum (3.3a) over n to infer that

1 L 5
Ty = = D (O™ + Ane” + Spe” + U, mad, ).

n>l

Since w0, does not depend on time, owing to the classical telescoping properties of BDF methods, we infer

that + >, (0Le™, Th0y) L < te (leNn + €N )17V ]| (the second term is needed only for I = 2); note
1 1

also that ¢ 1< tp 2 owing to the simplifying assumption tp > 1. We observe that (using again that Sphp < 1)
(Ane™, mop)r S (lle™ s + le™ )17 |z,

(Spe", mnvp)r < le” 7™z

1 1
u 2h2 v ) S "
s Fnéa;,i(ﬁFhF)HUPH[Hl(Q)]d Sle

] n
Su 7Th’l}p Su 5 |€ Su

Using a discrete Cauchy—Schwarz inequality in time, we infer that

1 B _1 B
= S+ S i) St | S ren s + eI 4 1B | 1
n>l n>l

Moreover, using the classical properties of the time truncation error in BDF methods, we infer that (¥, m,0,) 1, <
O | on |7V ||, with Q™ := £ x [t",#"F!]. The pressure estimate now follows from the velocity
estimate. O

Remark 3.2 (High Reynolds number). Observe that in the high Reynolds number regime and for smooth u
. . . 1 . . .

and p, we recover the classical velocity estimate of order h**= + 7!, while the estimate on the time-average

pressure is of the same order.
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4. FRACTIONAL-STEP TIME DISCRETIZATION USING PRESSURE PROJECTION
Given u?L eV, ﬂ% € Vh, and p?L € Py, the BDF1 projection method consists in solving for all n > 0,

(1) an advection-diffusion problem yielding uZ'H € Vi,
1 —n « .
;(uﬁ“ — mpap) + Apup Tt 4+ Sp(uy) = f7 = Biipl (in V), (4.1)
with the choice u} = uh+ for implicit velocity stabilization or uj = mpu} or uj = uj for explicit velocity

stabilization. B
(2) A Poisson problem with homogeneous Neumann boundary conditions yielding pj "t e poand @ uy Le W,

1 1~ ~
Lt )y + OF @R o) + S5 =0 (n ) (4.22)
Crup™ =0 (in Mp), (4.2b)
with pj = p”Jrl (implicit pressure stabilization) or p; = pj (explicit pressure stabilization) and where
Sp My, — Vj, is such that for all (gn,vn) € Py x Vi,
(Skan, o) = > 1€rlBILE pyuh([Van], [Ba]) L, e (4.3)
FeFint

Since CI is the restriction of the gradient operator to Py, we obtain for all (gs, 1) € Py X Py, (Shqh, Clra)e
(S} an,rh) L, so that
CnSy =S1. (4.4)

Moreover, since V;, is H'-conforming, for all ¢, € M, §£qh is L-orthogonal to V}, that is, for all (gn,vs) €
Py, X Vi, (SYan,vn)r = 0, so that
TSy = 0. (4.5)

Finally, using a discrete trace inequality, we infer that there are Cs, Cs such that for all g5 € Py,
~ 1 1.1
ShanllL < Coi (B, h)2h2|qn|se. (4.6)
Applying the projector 7, to (4.2a) at step n, using m,C;f = B}l and (4.5), and combining with (4.1) yields

forn>1,

1 . n ey
F(UZ“ —up) + Apup T+ Si(ug) = fi T = B (20 —pp 7t (in Va). (4.7)

Moreover, applying the operator Cj, to (4.2a) and using (4.2b) and (4.4) yields
ChCpy (it —pit) = (Bhu”Jr1 Shph) (i Pr), (4.8)

since uZH € V, and C}, is an extension of By,. Using equation (4.8) and (4.2a) we can derive an explicit

expression for ﬂﬁ“. For p* = p™, we get
Tt = uy = CY(ChCY) T (Bt — Shph) — Siis
and for p* = p"t1

=t = (O + S (rCRCOR + S5) 7 (Brup T — Sy — Sha
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4.1. Stability

In this section we prove a discrete stability result for the projection scheme (4.2). We first prove a generic
result without specifying v* and p* and then we detail the different explicit or implicit treatments of the
stabilization terms.

Lemma 4.1 (Stability). The following holds:

2

a L - IIWhﬂhllzL —IIu”+1 = mnti |7, + T (Anup L+

—H7T

s 1 n s
+ TZHVP L - 57 I VPRIIZ + §T2H(I— TV (= oL+ Tl

= T( T P e (e T R VR S (e PAN g I (4.9)

Proof.
Step 1. Testing (4.1) with 7)™ yields

u

S - )+ R =

\|7Thuh||L + —||U”Jrl — g |2+ T(Apup
T(fi Ty e+ r(Sh (T k) gt — T(Byp up . (4.10)
Step 2. Applying 7, to (4.2a) yields
Tty — T By (T — pit) = 0. (4.11)
Applying By, to this equation, we infer that
Bhﬂ'hu"+ BthJrl + TBhBh ( nl pp) = 0. (4.12)
Applying C}, to (4.2a) and using (4.2b) yields
Byup ™ = 17ChCy (0p ' = o) + SEpi,s (4.13)
and adding (4.13) to (4.12) leads to
Bymptptt = 7(ChCy — BBy ) (™ — pi) + Shwi.- (4.14)

Testing (4.13) with 7p}’ and recalling that C;f is the restriction of the gradient operator to P, we infer that
T(Bypi,up )L = 2Han+1HL - %T2||VPZ”% TV = oL+ (S P (4.15)
Step 3. Testing (4.11) with m,u, ™" and using (4.14), we infer that
_||7rh~n+1HL 5 2u h+1||L+ 7'2||7rhV( W=l =~ =m)V (o, =ph) I —7(Shph, P —Ph)L, (4.16)

since ||may ' — w1 = 72|V () — o) -
Step 4. Comblmng (4.10) with (4. 15) (4.16) and re-arranging terms yields (4.9). O
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4.2. Implicit or explicit of stabilization

We now apply Lemma 4.1 to the various choices for the arguments of the stabilization operators to show that
different options are possible leading to slightly different CFL conditions. To formulate these CFL conditions,
we observe using discrete trace and inverse inequalities, that for all v, € V3,

1 1 g
[onlse < Can? &(B,h)2 B~ |uall L. (4.17)
Corollary 4.2. Take in Lemma 4.1 u* = uﬁ“ or u* = myay, or ut = uy for the special case of piecewise

linears (i.e., k = 1). For the pressure stabilization, take p* = p”Jrl or p* = pp. Then, the following holds:

N—-1
lmnun 12 +7 Z (M IR 5+ lun ™ Ee) + T2 IV I +7 D o 3
n=0
S Z teTl| A + lm i I2 + 72 VRl (4.18)

provided the following standard hyperbolic CFL condition holds for the explicit treatment of the velocity:
Co < L(CEne(B,m) 7", (4.19)
and provided the following additional condition holds for the explicit treatment of the pressure:
C2y4¢(B,h)h < T, (4.20)
with Cy defined by (4.6).

Proof.
In the implicit case where u* = u"'H and p* = p;:“, there is only one term in the right-hand side of (4.9) since
the stabilization terms vanish. We obtain that

N—-1 N—-1 N—
Z n+1 n+1 _ Z n+1 ~n+1 Z n+1 v n+1 . n))
U h Pr))L
n=0 n=0 n=0
5 N—
<2 ZTHf"“HmL tF1§jT||m~"+l||L+ tFlz IR + 3t VAR,

and (4.18) is an immediate consequence of the discrete Gronwall’s lemma, observing that 7/tp < 1 so that
the term 3 (7/tp)(||mnuf |* + 72||Vpf'[|2) in the righ-hand side can be absorbed in the left-hand side. Taking
uf = mpuy, the second term on the right-hand side of (4.9) is absorbed by the third term in the left-hand side
owing to (4.19) since

2
u

T(Sh(up™ = may), upy ™)L < Cime(B, h)Colluy™ — muah |7 + T\ .

Taking u; = wuj is feasible for piecewise linears. To see this recall that by equation (4.11), up = m,uy —
TV (p), norl —pp). For k = 1, the following holds:

(Sh (up ™t =) up ™ = (Sp(uy ™ = mnig), up )+ (SEr(L =) V(pp ™ = ph),up )
since S¢(V(py™ — pi)) vanishes because V(pZJrl — p}p) is piece-wise constant. The first contribution on the

right-hand side is absorbed by the third term in the left-hand side of (4.9) using (4.19) as before. For the second
term, we deduce from (4.17) that

T(Sir( = m) V(i = ph)up e < 75 \U”“ S+ Cime(8, h)Collm(I — m)V (P ™ — ph)IIZ.
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The first term can be absorbed by the contribution from the velocity stabilization in the left-hand side, and the
second one can be absorbed by the second to last term in the left-hand side of (4.9) still using (4.19). Finally,
taking p; = pj, we observe that

T(Shoi ! = ph)oph L = (I =) VR = o), Shop e
T = 7)YV (ph ™ = pIT + C3yac(B, h)hlpy ™[50,
and the last term can be absorbed in the left-hand side using (4.20). O

Remark 4.3 (Reverse CFL). For high-Reynolds flows, condition (4.20) yields a reverse hyperbolic CFL con-
dition; it can be made compatible with other bounds on the Courant number by choosing 74 small enough. In
the low-Reynolds regime, this condition becomes milder, of the form h? < pr.

Remark 4.4 (Stabilized Darcy). Since we use equal-order interpolation, the projection step, which is equivalent
to a Darcy problem, has inf-sup constant that tends to zero as h — 0 unless stabilization is applied. Corollary 4.2
shows that applying the stabilization operator with the pressure from the previous time step is enough to restore
uniform inf-sup stability.

Remark 4.5 (Control on ulY). It also follows from (4.18) that control of 7, is sufficient to control uf, which
justifies the analysis in the variable 7, a2 . Indeed, let us first note that since (4.18) holds for all N, we infer

that
N-1

1 1
ma; anZ ma. 2vn2< n+1 - ﬂ2 —QVOQ.
s IR s IVBRIE S 3 A + gl + 7RI
Owing to (4.11) we infer that
~ N—
lun |17 < llmnay 17 + 721 VPR 12 + 21 Ve HIZ S e fha }||7Thuh||L +n€{1})13XN}72||VPZ||2L7

which leads to the desired stability bound on [|ulY |2 and later to the same error estimates for ||ulY||? as for
|mnud||%. Hence, it suffices to consider the variable 7,1}, keeping in mind that all the estimates carry over
without modification to ).

4.3. Error analysis

The error analysis follows in a relatively straightforward fashion, using the stability result (4.18), followed
by consistency (Galerkin orthogonality) and the boundedness result from Lemma 2.1. The order in time is a
consequence of the truncation error of the BDF1 scheme and the first-order splitting error of the incremen-
tal pressure-projection method. We first introduce a suitable error equation, with approximation errors and
truncation errors as data. Then we apply the stability result from the previous section to this error equation,
repeating some steps for enhanced clarity. The error estimates are then obtained using consistency followed by
boundedness; convergence rates finally result from the approximation properties of finite elements.

To derive the error equation, we set

=u" —mpu”, (4.21)
=p" — mpp”, (4.22)

no.__ n n
Ep = Up —THU -, (&

N =P, — Tp", n

A3 33

together with €} := uj — mpu™ and € := ell. We introduce the truncation errors

1
e e O N e (4.23)
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Finally, we set
G =1 — ¥y, (4.24)

so that (' = pi' — m,p" 1. Owing to Remark 4.5 we infer that
I€xle < ekl +7IVaRle + 7V~ e + 7 Vs = . (4.25)

We also recall the following standard truncation error estimates

N
Dot +IVERIL) S 72107 ulfa 0,00, + 106V DI (0 101 (4.26)

n=1

Lemma 4.6 (Error equations). The velocity error equation takes the form

1
—(ep ™ = mneq) + Anep ™t + Si(eq) + B = Byny T+ mlt + Apertt + Siel, (4.27)
with e}, = eZH and e = el for implicit velocity stabilization, while e}, = Trel or e}, = e} and ei = e for
explicit velocity stabilization. Moreover, the pressure error equation takes the form
Lo n+1l n+1 n Lap « Lap o«
;(eh —ey )+ Ch (™ — )+ —Shnh = ;Shnm (4.28a)
Creptt = Cpen™, (4.28b)

where 0y = 177”rl and ni = n2Tt for implicit pressure stabilization and n; =it and ni = n2 for explicit pressure
stabilization.

Proof.

Use the fact that mp0u™' + Apu™™t + Blp"*tt = f! to prove (4.27). Moreover, (4.28a) is di-
rectly verified by adding and subtracting 7,u"t! and 7,p"*!. Finally, use the fact that Cpu"*t! = 0 to
prove (4.28b). O

Theorem 4.7 (Error estimate). Assume that (u,p) € [H*1(2)]+L for the solution of (1.1). Let u}! and p}! be
the solutions of (4.1)-(4.2b), n =1,..., N, with mesh-parameters satisfying the assumptions of Corollary 4.2 if
an explicit treatment of stabilization is employed. Then the following holds with e™ := u}l —u(t"), 0™ := pj} —p(t™)

and 7V = N~1 22721 n":

2
ez + V™l + (Z (le™ (15,5 + le™ & + Inzsv)>

S (c(8.1)F + (B, )} 8o+t Lahd ) Bl a2y
- 1 1 1
+ (B, 1) 2 W2 |pll 20,1 ) + (107Ul L + 10: VPl L.Q), (4.29a)
11l S APV | o
_1 1
e (c(B,)E + 2B, ) B+ tELoh Y ) W [l )

-1 1 1
-t 2B, h)ERE 2o () + T(10Pul L. + 190V 2.)- (4.29b)
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Proof.
After a standard decomposition of the error in an approximation part e, n? and a discrete part e}, n; and
recalling equation (4.25), we observe that it is enough to bound for all N the discrete error

N
e 117 + 721V NE + 7 Y (et s + et 3 + 7l T Es)- (4.30)
n=1
Step 1. Multiplying (4.27) by T@"H yields
—H RHE - _||7rh€h||L + —||€"+1 — |2+ T(Aner T e+ rlep G =

—r(BEGL e L+ T4+ T, (4.31)

with
_ ( g‘nnJrl n+1)L7
= (Wl’ n+1) L
. = r(SH(ep = i) e e,
T4 = T(Aheerl n+1)L’

Ts = 7(Shen en L.

%5 is handled using equation (2.12b), exploiting the stabilization on the divergence and on the normal component
at the boundary, followed by Young’s inequality, absorbing the term T\@”H |2 Su in the left-hand side. ¥ is handled
by Gronwall’s inequality; T3 is handled as in Section 4.2, depending on the choice of velocity stabilization; T4
is controlled using (2.12¢), leading to the term 7'(||6h+1|| s left11%.) that we absorb in the left-hand side
and a term of the form L5||eh+1\| 7 that is treated using Gronwall’s inequality. Finally T is controlled using a
Cauchy—Schwarz inequality and Young’s inequality and absorbing the term T\@”H |%. in the left-hand side.

Step 2. Applying 7, to (4.28a) yields

(et — e ™) + Bt = ¢ = 0. (4.32)
Applying By, to this equation leads to
Bymney ™ — Brel ™ + 7By B (it — ) = 0. (4.33)
Applying C}, to (4.28a) and using (4.28b), we infer that
Crett = Brep ™ + 7CLC (™ = ¢ + S8 (ny, — ) = 0. (4.34)
Subtracting (4.34) and (4.33),
Bh7ThNZJrl = T(ChCh BhBh ) (1 e — )+ Creltt + Sy —m5)- (4.35)

Testing (4.34) with (j’ yields

2||V77”+1||L 2HVCh 17— —72||V( W= GO+ T(SE (s =), G
(Bh Ch ’ n+1)L - T(CheZJrlv C}?)L
Step 3. Testlng (4.32) with mfﬂﬂ yields

||7rh~n+1HL H PP+ H?rh””“ e HUIE = =By (™ = ) ey )i
and using

lmney ™ = en I = 2wV O = IR (4.36)
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together with (4.35) for the right-hand side, we arrive at

1
Slmnen L = 5 e (R Tz\lﬂhV( W= COIE = =P ) VT = DI

— 7(Crep ™ = G — 7 (SE (s — ) = G
Step 4. Final combination. We infer that

2
Su

~n+1||L n+1 n+1 n+1

—||7rh - —||7rh€h||L+—||e = mnep |l + Tllen A + 7ler

4 5PNV = Sr VGG + 52 = )V = G+ Tl
= 31 +...+ %,
with
T = —T(C'henﬂ,ngﬂ) .,

L= T(SinZJrl» %)L’
T = 7(SE gt =)L

The lack of a telescoping form for 72|V (|3 — $72(|V¢7||2 is not a problem since by a triangle inequality,
we infer that
IVGIIZ < @+ DIVaRlL + @+ 77 )V |1z, (4.37)

the first term is handled by Gronwall’s inequality and the second yields an O(7)-error. The term T¢ is bounded
using (2.12a) and the term %7 by the Cauchy—Schwarz inequality. The pressure stabilization contributions are
then absorbed in the left-hand side. The term Ty is treated as detailed in Section 4.2.

Collecting the above bounds, we obtain the inequality

~n+1H n+1H n+1H n+1|2 ‘ n+1 2
L L Su T TN

= Imnehllg + 7211V = 7| VnpllL + 7lle

S (B, ) (I + L o0)
+7(c(B, hp)h ™t + Lte) e ™ IT + 7ller I 6
+7lexlfe + nzl&e) + e (107 1Z + [VEZ17)
+7tp (lep L + 72V ).

|| 7h, 8 +Tley

We add and subtract 7Th€h+1 in Heh+1|| 7 in the last term in the right-hand side, and we use a triangle inequal-

ity, (4.36), and (4.37). We obtain the inequality
Tt (lep M + 72V 1)
< 27t (lmney T E + lmneg T = ep T + 7V L)
< 27t (lmn@y T + 50+ D)2V L+ 200+ 77 VB |17).
Now assume that 7 is sufficiently small so that the ||m,eN[|2 + 72(|Vn |2 contribution of the right hand side

can be absorbed in the left hand side. Then the velocity error estimate follows after summing over n, applying
Gronwall’s Lemma and bounding the approximation errors using Lemma 2.2.

To prove the estimate on the time-averaged L2-error on the pressure, we observe that the following error
representation holds for all 1 <n < N —1:

et — e + TApe Tt + TSH(uy,) = o (u(t™ ) — w(t™) — TOu (")) — TBEn”H

+ 7By (" = 20" ) 7By () - 2p(") + p(t"_l& 35)
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Following the arguments of Theorem 3.1, we let v, € [Hg(£2)]¢ be such that
=~ _ =N = =N
Vevp =17 pllae) S0

Then using y; = m,p"™ — p) we infer that

1713 = (V" — 70p™), 8 — m00) 1+ (5 Cu (B — m00))1
N-—-1
Tt 3T (@R 4 Ape™ - Spug, miy)r + (Gu(t”) — 7 (") — u(t" ), mty)

n=1

— By ("t =20" 4+ "), map) L + (B (p(t"T) = 2p(t") + p(t" ), mhtp) L |

The only terms that differ from the monolithic case are those in the last line. We observe that telescoping the
sum and using Poincaré’s inequality leads to

N—1
Y (B =2 ), mtp) = (B (0 + 0N =0t ), m)L
n=1
SVl + 1V ) 7Ol )
+ 7(map(t') — p(t*) — mp(t°) + p(t?), V - mu0p) 1
= 7(map(t') — p(t") — mhp(t®) + p(t°), v - (Th0p — Bp)) 1,002
SVl + IV L 4 RV L + AV pol L) Tp] 1 (02)

where 7(||VV ||z + [[VnV 71| L) is bounded in the first part of the proof. We use that |[Vp(t))||L + || Vpolr <
10:VpllL,@ to conclude. O

Remark 4.8. In the high Reynolds number regime, the satisfaction of the divergence-free condition relies on
the stabilization term (2.7a). Expliciting only the dependence of the upper bound on h and 7 in the error bound
for |e”|s,, we may write the asymptotics of V-uj™! as

N 3
(Z |h%vu2||%> S (W*5 7).

n=1

It follows that the choice T ~ h**2 gives a uniform h* convergence rate on the divergence of up .

5. NUMERICAL RESULTS

We illustrate the theoretical results on three test cases at different Reynolds numbers using piece-wise affine
approximations (k = 1) for both velocity and pressure. In all cases we consider the Navier—Stokes equations in
two space dimensions with unit density. The convective term is handled using extrapolation, taking the form
(u* - V)uptt with u* = ul or u* = 2u} — u}'"'. No fixed point iterations are performed. We have considered
the following test cases:

e academic 2D solution at Re = 10°;
e flow around a cylinder at Re = 10?;
e Kelvin-Helmholtz instability at Re = 10%.
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(a) (b) (c)

F1GUurE 1. Convergence plot for the fractional-step method applied to the problem defined
by the exact solution (5.1). (a) Explicit velocity stabilization; (b) implicit velocity stabiliza-
tion. Dotted (resp., dashed) lines correspond to the fractional-step method using BDF2 (resp.,
BDF1). Solid lines mark first- and second-order slopes. Circle markers indicate L?-norm errors
on the velocity and square markers L?-norm errors on the pressure. In (c) all the curves are
collected in one graph for comparison. Here, the dash-dot curve indicates the BDF1 scheme,
and dash-dot-dot curve indicates the BDF2 scheme, both with explicit treatment of the velocity
stabilization.

The stabilization parameters involved in (2.6)-(2.7) have been set to 71 = 20, 72 = 73 = 74 = 1072 and
43 = 0. Numerical tests not reported here indicate that taking 73 > 0 has little influence on the results
reported below. These tests also indicate that the tuning of the discretization parameters when the pressure
stabilization is treated explicitly so that the method is both stable and accurate in all regimes are too delicate to
be of practical use. Therefore, we do not report results with an explicit treatment of the pressure stabilization.
Instead, an example showing the effect of explicit treatment of the velocity stabilization on the accuracy is
presented. Although the theoretical results for the fractional-step method presented above are valid only for
first-order BDF1 time scheme, we present numerical examples also for the BDF2 time scheme. Observe that the
stability result from Lemma 4.1 remains valid in this case, but the order of the scheme is not improved due to
the first-order splitting error.

5.1. Academic 2D solution at Re = 10°%

This academic test case was used in [19] to show the effect of stabilization on the accuracy of a projection-
based fractional-step solver for the Navier—Stokes equations. Let {2 be the unit square and set

(cos(2z) + cos(2y))g>(¢),

e

Uex = u(xay)g(t)a Pex = — (51)

u(z,y) = (— cos(x)sin(y), sin(z) cos(y))T, g(t) = sin(2t).

It is straightforward to verify that this is the exact solution of the Navier—Stokes equations driven by the
body forces f = u(x,y)(¢'(t) + 29(t)/Re). Dirichlet boundary conditions are imposed on the velocities on 02
according to (5.1). We have performed computations using the fractional-step method and BDF1 time stepping
or BDF2 time stepping combined with either explicit or implicit treatment of the velocity stabilization in
each case. In the implicit case we have set 7 = h € {0.1/2'}3_,, whereas in the explicit case we have set
T = Coﬂélh with Co fixed (approximately) to the largest time step for which the scheme was stable, namely,
(1,h) € {(2.5x1072/2%,0.2/29)}3_,. The results are reported in Figure 1. Observe that the points on the graphs



FRACTIONAL-STEP METHODS AND STABILIZED FEM FOR THE TRANSIENT OSEEN PROBLEM 503

correspond to the same meshes in the two cases. The values on the x-axis correspond to time step sizes and those
on the y-axis to the L2-errors on the velocity (circles) and the pressure (squares). The curves corresponding to
BDF1 time discretization are dashed and the curves corresponding to BDF2 time discretization are dotted. It
follows from the graphics that in the case of BDF1, the reduced time step imposed by the explicit treatment
of the stabilization also improves accuracy. The curves have the same slope in the explicit and implicit case,
but the errors are approximately a factor three smaller and the time step differs by a factor of four. This shows
that for the lowest-order time discretization, the explicit method is expected to be substantially cheaper than
the fully implicit one if a specific accuracy has to be obtained. The situation is less clear for the second-order
scheme where also the time step is taken four times smaller in the explicit case, but the resulting reduction in
error is only a factor of two.

5.2. Flow around a cylinder at Re = 102

Here we consider the classical benchmark proposed in [27] and we refer to that work for details on the
configuration. The problem consists in the computation of the flow around a cylinder at Reynolds 102, and
the benchmark quantities that we consider are the drag Cp and the lift C, on the cylinder. We compare the
fractional-step projection scheme using implicit treatment of the velocity stabilization with the fully implicit
monolithic scheme using either BDF1 or BDF2 for the time discretization. We have used three unstructured
computational meshes with 28 86, 11 055 and 44 540 vertices. Note that smaller time steps have been considered
for the BDF1 schemes. The results are reported in Tables 1 and 2. As expected, the BDF2 scheme delivers
comparable accuracy with larger time steps. We can also observe that the BDF1 projection scheme provides
practically the same results as the BDF'1 monolithic scheme for sufficiently small time steps.

TABLE 1. Computed drag and lift using the BDF2 monolithic solver.

BDF2 monolithic

NDOF T Cb Cy
3 x 2886 102 3.34 1.12
3x11055 5x107®  3.27 1.05
3x 44540 25x 1073 3.24 1.03
lower ref. 3.22 0.99

upper ref.  3.24 1.01

TABLE 2. Comparison of the computed drag and lift using the BDF1 monolithic and fractional-
step solvers.

BDF1 monolithic BDF1 fractional-step

NDOF T CDoo ClLomax CDon ClLomax
3x288  5x1073 3.27 1.04 3.28 1.13
3x11055 2.5x1073 3.25 1.07 3.26 1.09
3 x 44 540 1.25-1073 3.24 1.05 3.24 1.06
lower ref. 3.22 0.99 3.22 0.99

upper ref. 3.24 1.01 3.24 1.01

5.3. Navier—Stokes mixing layer at Re = 10*

Finally we propose a qualitative study of a Kelvin—Helmholtz shear layer. This test was proposed in [24] as a
model problem for 2D turbulence and was shown to have the characteristic cubic decay of the power spectrum.
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F1cURrE 2. Computational configuration for the Kelvin—Helmholtz shear layer instability.

The problem has a smooth solution, but the Sobolev norm of the exact solution is large. In particular, the velocity
gradient is large in the shear layer and the problem is known to be very sensitive to perturbations of initial data
and numerical viscosity. For other numerical experiments on this test case see [3,16,21]. A schematic illustration
of the problem setup is presented in Figure 2. The computational domain {2 is the unit square, u, = 1, 8o = %,
and the viscosity is set to v = 3.571 x 1075, The objective is to explore whether the use of the second-order time
discretization remains stable while delivering the expected improved accuracy and to study how the splitting
affects the approximation accuracy. As reference solutions we use computations from a monolithic solver with
continuous interior penalty stabilization taken from [3]. The time step is 7 = 1.5625 x 1072 (as in [3]).

Figure 3 shows a comparison between the solutions obtained using the fractional-step method combined with
either BDF1 (a) or BDF2 (b) on a mesh with 80 x 80 elements using piecewise affine approximation. We present
a series of snapshots at the non-dimensional times ¢ = 80, 120, 140. In Figure 3c we report the reference solution
obtained using BDF2 time discretization and a monolithic solver using the same space discretization and at the
same time levels. On this coarse scale, the two fractional-step solutions appear to be of similar quality. The two
vortices are merging in the first snapshot at ¢ = 80. The solution obtained using the monolithic solver on the
other hand has not yet entered the transition phase in the first snapshot. A possible explanation of this is that
the fractional-step method is more dissipative on coarse meshes, since it is known that excessive dissipation
tends to speed up the transition sequence.

In Figure 4 we then consider the same sequence of snapshots on the finest mesh with 320 x 320 elements. In
Figures 4a and 4b we present the snapshots of the fractional-step method using BDF1 and BDF2 respectively.
Figures 4c¢ and 4d report snapshots of solutions obtained using the monolithic solver on a 320 x 320 mesh
and piecewise affine approximation (¢) and on a 160 x 160 mesh and piecewise quadratic approximation (d).
In this case, the improved detail of the fractional-step method using BDF2 compared to the one using BDF1
can be clearly seen. On this resolution the fractional-step solutions using BDF2 has similar qualitative behaviour
as those obtained using the monolithic scheme with BDF2.
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) Fractional-step BDF1, k = 1, 80 x 80 mesh

b) Fractional-step BDF2, k = 1, 80 x 80 mesh

(¢) Monolithic BDF2, , k =1, 80 x 80 mesh

FIGUurE 3. Comparison of fractional-step BDF1 (a), BDF2 (b), and monolithic BDF2 time
scheme (c); time levels, from left to right, ¢ = 80,120, 140; computational mesh: 80 x 80;
piecewise affine approximation.
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) Fractional-step BDF1, k = 1, 320 x 320 mesh

) Fractional-step BDF2, k = 1, 320 x 320 mesh

(¢) Monolithic BDF2, k = 1, 320 x 320 mesh

(d) Monolithic BDF2, k = 2, 160 x 160 mesh

FIGURE 4. Comparison of fractional-step BDF1 (a), BDF2 (b); time levels, from left to right,
t = 80,120, 140; computational mesh: 320 x 320; piecewise affine approximation. Monolithic
computations: BDF2; 320 x 320; piecewise affine approximation (¢); BDF2; 160 x 160; piecewise
quadratic approximation (d).
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