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FINITE ELEMENT QUASI-INTERPOLATION AND BEST APPROXIMATION *

ALEXANDRE ERN! AND JEAN-LUC GUERMOND?

Abstract. This paper introduces a quasi-interpolation operator for scalar- and vector-valued finite
element spaces constructed on affine, shape-regular meshes with some continuity across mesh inter-
faces. This operator gives optimal estimates of the best approximation error in any LP-norm assuming
regularity in the fractional Sobolev spaces WP, where p € [1, 00| and the smoothness index r can be
arbitrarily close to zero. The operator is stable in L', leaves the corresponding finite element space
point-wise invariant, and can be modified to handle homogeneous boundary conditions. The theory is
illustrated on H'-, H (curl)- and H (div)-conforming spaces.
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1. INTRODUCTION

Consider a shape-regular sequence of affine meshes (73)p~0 approximating a bounded polyhedral Lipschitz
domain D in R? and a sequence of finite element spaces (P(7;,))n>0 based on this mesh sequence, composed
of either scalar- or vector-valued functions, and conforming in some functional space W where some continuity
across mesh interfaces is enforced. Estimates of the best-approximation error in P(7},) are invariably invoked
in the convergence analysis of finite element approximations. When the exact solution is smooth enough, the
canonical interpolation operator in P(7}) can be used to obtain decay estimates of the best-approximation error
in terms of the mesh-size. However, in many practical situations, the exact solution only sits in a Sobolev space
WTP(D) (for some p € [1,00]) where the smoothness index 7 can be close to zero. In this case, an alternative
quasi-interpolation operator must be invoked to estimate the best-approximation error.

The aim of this paper is the construction of a quasi-interpolation operator that is stable in L!, leaves P(7},)
point-wise invariant, and approximates (quasi-)locally and optimally functions in WP (D), for all p € [1, co] and
r arbitrarily close to zero. Moreover, the construction can be modified to enforce homogeneous boundary condi-
tions that are legitimate in . The main examples we have in mind are H'-, H (curl)-, and H (div)-conforming
finite element spaces. Let us emphasize that, for vector-valued elements, the present construction is not a sub-
stitute to the notion of commuting bounded cochain projection introduced in the framework of Finite Element
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Exterior Calculus, but instead a vital complement to it. Indeed, as shown in (Arnold et al. [2], Thm. 5.6), the ap-
proximation error for the commuting projection is bounded by the best-approximation error in P(7}), up to a
uniform constant. Therefore, the present quasi-interpolation operator shows that commuting bounded cochain
projections converge optimally for low-regularity solutions. Another important consequence of the present con-
struction in the case of vector-valued elements is that the decay rates of the best-approximation error only
involve the solution seminorm in WP (D) without the need to invoke a bound on the curl or the divergence of
the solution.

Let us put our results in perspective with the literature. The construction of quasi-interpolation operators
with the above properties for H'-conforming finite elements is a well-studied field. In two space dimensions
on triangular meshes, we mention the early work of Clément [9]; see also Bernardi and Girault [3] where the
construction is modified so that the resulting operator leaves the finite element space point-wise invariant. In a
landmark paper by Scott and Zhang [23], an alternative construction is proposed in any space dimension for H'!-
conforming finite elements with and without homogeneous boundary conditions; see [23], page 491, and Girault
and Lions [15] for a modification leading to L!-stability. The so-called Scott—Zhang interpolation operator leads
to optimal decay estimates of the approximation error for functions in H!(D). The extension of this result to
functions in WP (D) with r € (%, 1) has been studied only recently by Ciarlet [7] using the original Scott—Zhang
operator. To the authors’ best knowledge, in contrast to H'-conforming elements, quasi-interpolation results
for H(curl)- and H (div)-conforming elements are missing in the literature.

The main ingredient for the Clément and Scott—Zhang construction is a regularization of functions based on
macroelements consisting of patches of elements. We adopt here a somewhat different route. The key idea is a
two-step construction, namely a projection onto the (fully discontinuous) broken finite element space followed by
an averaging operator that stitches the result in the spirit of (Oswald [20], Egs. (25), (26)). This way, patches of
mesh cells are only involved when handling discrete objects, thereby avoiding the delicate question of reference
patches frequently used in the literature. Averaging operators are often invoked in the literature in various
contexts; we mention, in particular, a posteriori error estimates [1,18,14], preconditioners [22], stabilization
techniques [5], and discontinuous Galerkin methods with improved stability properties [10,6]. The novel feature
here is the analysis of averaging operators in the vector-valued case and the application to quasi-interpolation.
We emphasize that we devise a unifying framework for the analysis that works irrespective of the nature of the
degrees of freedom, i.e. whether they are nodal values, integrals over edges, faces, or cells. Essentially all the
finite elements that are traditionally used to build H!-, H(curl)-, and H (div)-conforming finite element spaces
match the few assumptions of the unified analysis.

The paper is organized as follows. In Section 2, we introduce the notation and construct a sequence of
abstract finite element spaces conforming in some functional space W. Key assumptions are identified and
listed. A local interpolation operator stable in L' is constructed in Section 3. An abstract averaging operator
acting only on discrete functions is introduced and analyzed in Section 4. The final quasi-interpolation operator
is constructed in Section 5 without enforcing any boundary condition. The question of enforcing boundary
conditions is addressed in Section 6. Finally, Section 7 contains two technical results on fractional Sobolev
spaces that are of independent interest: a Poincaré inequality and a trace inequality.

2. FINITE ELEMENTS

In this section we introduce some notation and construct a sequence of abstract finite element spaces, con-
forming in some functional space W. In the entire paper the space dimension is denoted by d and the domain
D is a bounded Lipschitz polyhedron in R?.

2.1. Meshes

Let (7n)n>0 be a mesh sequence that we assume to be affine and shape-regular in the sense of Ciarlet. We
also assume for the sake of simplicity that the meshes cover D exactly, that they are composed of convex cells,
and that they are matching, i.e. for all cells K, K’ € 7;, such that K # K’ and K N K’ # (), the set K N K’
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is a common vertex, edge, or face of both K and K’ (with obvious extensions in higher space dimensions). By
convention, given a mesh 7j,, the elements K € Th are closed sets in R%.

We assume that there is a reference element K such that for any mesh 7, and any cell K € 7j, there is
an affine bijective map between K and K, which we henceforth denote T i . K — K. Since T i is affine and
bijective, there is an invertible matrix Jx € R* 4 guch that

Tx(@) - Tk@) =Ix@—-7), Va.,5¢ck. (2.1)

In what follows, we denote points in R?, R?%valued functions and R?%valued maps in boldface type, and we
denote the Euclidean norm in R? by ||-[|s2(ra), or ||-[|¢z when the context is unambiguous. We abuse the notation
by using the same symbol for the induced matrix norm. Owing to the shape-regularity assumption of the mesh
sequence, there are uniform constants ¢f, ¢” such that

det(@r)| = [KIIKITY Wkl < fhie, 0 e < @R, (2.2)

where hg is the diameter of K. Recall that ¢! = F and ¢ = hg hz for meshes composed of simplices, where
K

px is the diameter of the largest ball that can be inscribed in K, hg is the diameter of [?, and pp is the
diameter of the largest ball that can be inscribed in K.

2.2. Finite element generation

We are going to consider various approximation spaces based on the mesh sequence (7;,)p>0. Again for
the sake of simplicity, we assume that each approximation space is constructed from a fixed reference finite
element (K P 2) The reference degrees of freedom are denoted {71,...,0,,,} and the associated reference
shape functions are denoted {51, . Onsh} by definition UZ(G ) = 0ij, Vi,j € {1:ngn}. We denote N := {1:ng,}
to alleviate the notation. The shapeAfunctlons are RY%-valued for some integer ¢ > 1. We henceforth assume
that P C WhH°(K;R?) (recall that P is typically a space of polynomial functions, but we do not require this
assumption here).

We assume that there exists a Banach space V(I?) C LI(I/(\';R‘J) such that the linear forms {o1,...,0,,, }
can be extended to /.:(V(IA();R), i.e. V(K) is the domain of the degrees of freedom (see [13], p. 39). Then, we
define 7 : V(IA( ) — ﬁ, the interpolation operator associated with the reference finite element (IA( , ﬁ, 2’), by

Iz(0)@) =Y 6:i()6:(@), vVaek, VieV(K). (2.3)

By construction, Z € [,(V(IA{); ]3), and P is point-wise invariant under Iy
We now address the question of constructing finite elements for any mesh cell K € 7,. We assume that there
exists a Banach space V(K) C L'(K;RY) and a bounded, bijective, linear map between V(K ) and V(K ):

b VIK) 30 — v (v) € V(K). (2.4)
We then set

Px == 1{p=vg' ()| pe P}, (2.5a)
EK = {O—K’i}ieN s.t. UK,i = /J\Z o ’l/JK (25b)
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Proposition 2.1 (Finite element). The triple (K, Pk, Xk) is a finite element.

Proof. Note first that dim(Px) = dim(P) = ng, since ¥ is bijective. Moreover, a function p € Pk such that
ok.i(p) = 0foralli € N is such that ¢ (p) = 0 by the unisolvence property of the reference finite element; hence,
p = 0. Finally, the linear forms ok ; are in L(V(K); R) since |ok,i(v)] < G3ll (v () 1V 5 M| (v (502w (7 10V ()
for all v € V(K).

The above definitions lead us to consider the canonical interpolation operator associated with the finite
element (K, Pk, Yk):

Ik (v)(x) = Z ok,i(V)0k.qi(x), Ve e K, YveV(K), (2.6)
ieN

where we have set 0k ; := 1/}1_(1(52) Note that Zx € L(V(K); Px) and that Pk is point-wise invariant under Zg .
Since the mesh is affine, we assume that ¢ x has a simple structure; more precisely, we assume that there is

a ¢ X q invertible matrix A such that
Vi (v) = Ag(voTk), (2.7)

which implies that ¥x can be extended as a map from L'(K;R?) to L'(K;R?). The following classical result

shows that 15 maps WP (K;R?) to WP (K;R?) for all | € N and all p € [1, c0]. In particular, this implies that
. [ (V)i &,

Px € WH°(K;R?). We use the notation WK‘L(WW(K;Rq);Wl,p(I?;Rq)) t= SUD, eyt (K Ra) Wm and

similar notation for |1/)]_(1\L(Wl,p(l?;Rq);Wl,p(K;Rq)), where it henceforth implicitly understood the denominator is

not zero.

Lemma 2.2 (Bound in Sobolev norms). Let | € N. There is a uniform constant ¢ depending on the shape-
reqularity of the mesh sequence (Tp)n>0 and on 1 such that the following holds:

1

W)K|[;(Wl,p(K;Rq);Wl,p(f(;Rq)) <c HAKHK2 HJKHIZ? |det(JK)‘ ) (2.8&)

i~

_ _ _ 1
W}Kl|[)(leP(IA(;RG);leP(K;RG)) < CHAKIHK2 HJKIHZ"’ |det(Jx)][7, (2.8b)
for all K € Ty, and all p € [1, 00| (with A = 1,Vz2>0if p=00).

Proof. For any multilinear map A € M;(R%, ... R% RY), let us set

Ay, ...,
1Al (R et imey = sup AW y)llee
(Y1yeeryy)ERD X ... X R lyllez - llyille

Then, denoting by D' (v) the l-order Frechet derivative of ¢ at v, the assumption (2.7) implies that
HDle('U)HMZ(Rd’”',Rd;Rq) < Ak |le2|| DY (v o T k)|l pm, (re,... reray for all I € N. Then, standard results about
the transformation of seminorms in the Sobolev space WP using the pullback by Tk lead to (2.8), see e.g.
(Ciarlet [8], Thm. 3.1.2 or Ern and Guermond [13], Lem. 1.101). O

Corollary 2.3 (Bound on Ag). Assume that there is a uniform constant ¢ so that
Ak llellAR e < el Txlle |05 ez (2.9)
Then the following holds for all s,m € N, all K € T}, and all p € [1, o0]:

1 _
Vi |eqwm sy aen 0K v s oo iy < ¢Pic ™ (2.10)

Proof. Combine (2.8) with (2.2) and (2.9). O
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Lemma 2.4 (Norm equivalence). There exists a uniform constant ¢ such that

V]l oo (rcmay < c AR e Y lowa(w)], (2.11)
ieN
Y loki@)] < cllhxlle o] e ey, (2.12)
ieN

for all v € Pg and all K € Ty,.

Proof. We prove (2.11); the proof for the other bound is similar. We observe that

[Vl ow (rcmay = 1" Wrc(0)) | oo (s sma) < NAR 2 (95 (0)] e (7m0)

< cllaitle Y Biwr ()] = cllagtle Y loxi)l,

ieN ieN
using the definition of ¢k, norm equivalence in ﬁ, and (2.5b). O

2.3. Abstract finite element spaces

Let {(K, Px, Xi)} ker, be a Tp-based family of finite elements constructed as in Proposition 2.1. We consider
the broken Sobolev spaces WP (7;,;RY) := {v € LP(D;RY) | VK € WLP(K;RY), VK € Tp}, p € [1,0], and
introduce the broken finite element space

P*(Ty) = {vn, € L"(D;RY) | vy ;¢ € Px, VK € Ty} . (2.13)

Since P C W1°(K;RY), we infer that P"(7;,) C Wh>(T},; R9).

Our aim is to define a subspace of P"(7;) by means of some zero-jump condition across the interfaces
separating the elements. We say that a subset F' C D is an interface if it has positive (d—1)-dimensional
measure and if there are distinct mesh cells K, K, € 7j, such that F' = 0K; N JK,.. The numbering of the two
mesh cells is arbitrary, but kept fixed once and for all, and we let np be the unit normal vector to F' pointing
from K; to K,. This defines a global orientation of the interfaces. We denote by ng, and ng, the outward unit
normal of K; and K., i.e. nr = ng, = —ng,. We say that a subset F' C D is a boundary face if it has positive
(d—1)-dimensional measure and if there is a mesh cell K € 7, such that F' = 0K N 0D, and we let np be the
unit normal vector to F' pointing outward D. The interfaces are collected in the set F}, the boundary faces in
the set }',? , and we let Fp, = Fp U }',? . We now define a notion of jump across the interfaces. Recalling that
functions in W11 (7;,;R?) have traces in L'(0K;R?) for all K € 7j, let F € F} be a mesh interface, and let
K, K, be the two cells such that F' = dK; N OK,; the jump of v € W1(T},;R?) across F is defined to be

[v]r(x) = vk, (2) — vk, (x) a.e. x € F. (2.14)

In what follows, we need to consider the jump of only some components of v across F'; we formalize this by
introducing bounded linear operators v g : WH(K;RY) — LY(F;R?), for all K € 7y, all face F' € F}, that is
a subset of 0K, and some t > 1, as follows:

[o]F (@) = K. r (VK (®) = vE (Vi ) (@) ace. z € F (2.15)
We assume that |[v]5(x)| < |[v]r(x)], a.e. x € F, for all v € Wh1(7,;R?). Since functions in W1 (D;R?)

have zero jump across interfaces (see, e.g. [11], Lem. 1.23), we infer that
ve WHH(D;RY) = [v]L =0, VF € Fy. (2.16)
With this setting, we introduce the

P(Ty) = {v, € P"(T3) | [on]3 =0, VF € Fy}. (2.17)
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2.4. Finite element examples

The present theory is quite general and covers a large class of scalar- and vector-valued finite elements.
For instance, it covers finite elements of Lagrange, Nédélec, and Raviart—Thomas type. To remain general, we
denote the three reference elements corresponding to these three classes as follows: (K, P8, X8), (K, P ,X°) and

~ ~d ~ ~ o~ o~
(K, P, X%). We think of (K, P#, X2) as a scalar-valued finite element (¢ = 1) that has some degrees of freedom
which require point evaluation, for instance (K, P8, X8) could be a Lagrange element. We assume that the finite
element (K, PC, X)) is vector-valued (¢ = d) and some of its degrees of freedom require to evaluate integrals
~ o~ o~ ~ ~d ~
over edges. Typically, (K, PC, X¢) is a Nédélec-type or edge element. Likewise, the finite element (K, P , X9)
is assumed to be vector-valued (¢ = d) and some of its degrees of freedom are assumed to require evaluation
~ ~d ~

of integrals over faces. Typically, (K, P , %) is a Raviart-Thomas-type element. It is not necessary to know
the exact nature of the element that we are handling at the moment. We denote by V&(K), V(K), V4(K)
admissible domains of the degrees of freedom in the three cases. Let p € [1,00]. The above assumptions imply
that we can choose V&(K) = W*P(K) with s > %, VY(K)=W?*P(K) with s > %, and VY(K) = WP (K)
with s > %. Actually, when p = 1 we can choose Vg(IA() = Wd’l(f() (since Wd’l(f() < CY(K), see e.g. Ponce
and Van Schaftingen [21]), VYK) = WYY(K) (since functions in WU (K) have a trace in L'(9K)), and
V¢(K) = WP B(K) (since functions in W9 11 (K) have traces in L' on the one-dimensional edges of K).

Let 75 be a mesh in the sequence (7;)n>0 and let K be a cell in 7,. We denote by %, 9%, w(}( the linear
maps that are classically used to generate the above finite elements, i.e. 1% is the pullback by Tk, and ¢§, and

1% are the contravariant and covariant Piola transformations, respectively. All of these maps fit the general
form (2.7), i.e.

A% =1, Y5 (v) =vo Tk, (2.18a)
AS =171, Y5 (v) = (v o Tk), (2.18b)
A% =det(Jx) I, P (v) = det(Jr) I (v o Tk). (2.18¢)

Note that ¢ =1 in (2.9) for the above examples.
The corresponding broken finite element spaces are:

PEY(T;) = {vn € LY(D) | ¢% (o) € P8, VK € Tp}, (2.19a)
PY(Ty) = {vn € L(D) | % (vnx) € P, VK € T,.}, (2.19b)
D) | ¢ (wayi) € P°, VK € Th}. (2.19¢)

—_~ o~

P (1) = {v, e L!

This leads us to consider the following ~y-traces:

Vi r (V) (®) = v (), vV € F, (2.20a)
Ve r(vig)(®) =vig(T) X np, YxeF, (2.20b)
'y}i(’F(vu()(a:) =vg(x)nr, Vo € F, (2.20¢)
and the following conforming finite element spaces:
PE(Ty,) = {vp € PE*(Ty,) | [on]% =0, VF € T3}, (2.21a)
P(T,) = {vy, € P°°(T) | [vs]§ = 0, VF € Fp}, (2.21b)
PYT) = {vy, € PY(T3) | [va]$ =0, VF € Fi}, (2.21c)

where we slightly simplified the notation by using [vj]% instead of [[vh]]}g, etc. Upon introducing the spaces
Ve .= {ve LYD)| Vv e LY(D)}, V¢ := {v € LY(D) | Vxv € L*(D)}, V! := {v € L' (D) | V-v € LY(D)},
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we have P&(T;,) := P&P(T;,) N VE, PS(T;,) := P°"(T,) N V®, PYT,) := P*"(T;,) N VY, that is to say, the finite
element spaces P%(7), P°(7p), Pd(ﬂ) are conforming in V&, V¢, V4, respectively.

Let us introduce the canonical interpolation operators Zy, 7!, Zf such that Zj (v) x = Z§ (vik), Iy (v) | =
If(('vu(), I,‘f('u)‘K = I?(('vu(). The considerations in Section 2.4 show that it is legitimate to take W*P?(D),
s > %, for the domain of I%, W*P(D), s > %, for the domain of Zg, and W*?(D), s > %, for the domain
of Ty}, i.e. the canonical interpolation operators Zj;, Z¢ and Zj are not stable in any LP(D) space (or L”(D)). The
objective of this paper is to construct quasi-interpolation operators mapping onto the spaces P&(7), P°(7},)
and PY(T;,) that are stable in L' (D) (or L'(D)) and have optimal approximation properties with and without
boundary conditions.

2.5. Summary of the assumptions

Let us now summarize the assumptions that will be used in the rest of the paper. Henceforth (7;,)n0 is a
shape-regular sequence of affine, matching meshes so that (2.1) and (2.2) hold. We also assume that the map
Y satisfies (2.7) and (2.9). {(K, Pk, Xk)}kxeT, is a Tp-based sequence of finite elements constructed as in
Proposition 2.1. In view of approximation, we define k to be the largest natural number such that [Py, 4]9 C 16,
where P ¢ is the real vector space of d-variate polynomials functions of degree at most k, and we assume that
P c Whthoo ([ RY).

We assume that we have at hand a notion of 7-jump across mesh interfaces as described in Section 2.3.
The finite element space P(7},) is the subspace of the broken finite element space P®(7},) characterized by zero
~-jumps across interfaces, see (2.17). Finally, two important assumptions relating the degrees of freedom to the
~-jump and vy-trace are the estimates (4.2) and (6.6) below.

In what follows, ¢ denotes a generic positive constant whose value may depend on the shape-regularity of the
mesh sequence (73 )n>0 and on the reference finite element (K P, Z‘) The value of this constant may vary from
one occurrence to the other.

3. L'-STABLE LOCAL INTERPOLATION

In this section we extend the degrees of freedom in order to be able to approximate functions that are only
integrable.

3.1. Extension of degrees of freedom

Let us consider p; € ]3, i € N, be such that
1 o R o~
— /A (Pi,D)e2(ray dT = 04(p), Vp € P. (3.1)
K| /&

Note that p; is well defined since it is the Riesz representative of 0; in P when P is equipped with the L2-scalar
product weighted by 1/|K|. This leads us to define

oi(0) := K|/ D, 0)e2mey dZ, V0 € L'(K;RY). (3.2)

Note that the assumption P c L°°(K;Rq) implies that p; € LW(K;RQ), which in turn implies that all
the extended degrees of freedom {Ef}ieN are indeed bounded over L!(K;R?) since HE?HMU([A{;RQ);R) <
|K|_1Hﬁi”Lw(f{;Rq)' In passing we have also proved that HG?”[)(LP(IA(;R(I);R) < |K|_1Hﬁi\|L,,/(f<;Rq) forallp € [1, o0],
where % + 1% = 1. We then define

75 (0) = %Aﬁ( 0)0;,  VoeLY(K;R9). (3.3)

P is point-wise invariant under Iﬁ? since 35 (p) =5:(p) for all pe P and all i € N.
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Let K € 7, and let (K, Px, X'k) be a finite element constructed as in (2.5). Note that the assumption (2.7)
implies that ¢ (L1 (K;R?)) = L*(K;R?). We then extend the degrees of freedom in X to L!(K;RY) by setting

ol i (v) == (e (v)). (3.4)
The above definition leads us to define
T (v) =Y oh,(0)0k:, Vo€ L' (K;RY). (3.5)
iEN

Proposition 3.1 (Stability, commutation, invariance). (i) There exists a uniform constant ¢ such that
Hz-g(||£(Lp(K;Rq);Lp(K;Rq)) < ¢ for all p € [1,00] and all K € Tp; (ii) Iﬁ{ commutes with Yy ; (i) Pk is
point-wise invariant under Ig(.

Proof. Using the triangle inequality in (3.5), the fact that Ok ; := 1/1;(1(52) and Ug(,i = 3? o (see (3.4)), and
finally using (2.8) with [ = 0 and the assumption (2.9), we infer that

HI§<HE(L”(K;RQ);LI’(K;R")) = Z Ha—?Hll(LP(f(;R‘I);R)|wK‘E(LP(K;Rq);LP(f(;R4))le_(l(gi)”LF(K;Rq)
ieN

—1 ~f -~
< Ukl pon ey o (ko VK oo (Remoysnocema 2 10 oo mom 103l Log mo)
ieN

<clhxlelbg e Y 15 e mnm 10 Lo @ g0
ieN

< clBxlle TR e B S N7l o 74ge)-
iEN

The conclusion readily follows from the shape-regularity assumptions. To prove the second statement, we use
again that O ; = zp;(l(ei) to infer that

Ui (Th(w) = (Z O @)) = 3" G k)8 = T (i (v),
ieN ieN

for all v € L*(K;RY). To prove the third statement, let us consider any g € Px = wK(]S); then using the above
definitions we have

05i(9) = F (Vi (9) = %' /f((ﬁi» UK (9))e(me) 4T = 7i(Vk (9)) = 0xi(9)-

This proves that Iﬂ (9) = Ik (g), hence I§< (9) =g -

Remark 3.2. The construction of Iﬂ is similar to that used in (Girault and Lions [15], Appendix) to extend
the Scott-Zhang quasi-interpolation operator and make it stable in L!(D) for scalar-valued functions.

3.2. Error estimates for I%-
We establish in this section error estimates for the operator Ig(.

Theorem 3.3 (Local interpolation). There exists a uniform constant ¢ such that the following local error esti-
mate holds:
|1) — I§(1)|W'rn,p(K;Rq) < Chllgm|v|wl,p(K;Rq), (36)

for alll € {0:k + 1}, all m € {0:1}, all p € [1,00], all v € W'P(K;RY), and all K € Ty,.
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Proof. Let | € {0:k+ 1} and m € {0:1}.

(1) Let us set G(w) :=w —Ig?(ﬂ)\) for all w € Wl’p(f(; R?). The operator G is well-defined since Wl’p(f(; RY) —
LY(K;R9). Since all the norms are equivalent in P and P C W*+Lp(K;R) < W™?(K;RY), there exists ¢
depending only on ng, and K such that HI%(&)\)HWWP(KRQ) < cHI%(@)HLl(f(;Rq), which in turns implies
that Hl'ti (@) ] yym. p(RRY) S cH@HL1 RiRa) since we have already established that IE is uniformly bounded

over Ll(K R9); hence, G € [,(Wl’p(K R9); Wm’p(K RY)). Assume first that [ > 1 then [P;_1]9 is point-
wise invariant under If( since I — 1 < k and [P;_1]? C [Px]? C P; this in turn implies that the operator G
vanishes on [P;_1]?. As a consequence, we infer that

‘@ _I%'&)\|Wm,p(f(;ﬂgq) = |g('&)\)‘wm,p(f(;Rq) = Ae[}P}I’lfl]q ‘g(@‘i'ﬁ”Wm,p(f(;Rq)
< HgHL Whe(RiRO;Wmop (RiRD) 5 [ o Hw + Py, »(K;R9)
Scﬁe[}P’I}fl Hw"i'pHWlp(KRq) ‘w|wlp (I;Ra)

for all w € Wl’p(f( ;R?), where the last estimate is a consequence of the Bramble-Hilbert/Deny-Lions
Lemma. Finally, the above inequality is trivial if [ = m = 0.

(2) Now let v € WHP(K;R?). Using the above argument together with the fact that Ig( commutes with g
(see Prop. 3.1), we have

v — Iﬁ(”‘w’”*f’(K;Rq) < ‘wl?l|L(W'"L,P(IA(;R(I);Wm,p(K;Rq)) K (v K(Ig(vﬂwm,p(f(;]gq)
7t

) —
< W}?l|£(Wm,p(f(;Rq);Wm,p(K;Rq)) WK(U) ( (U))|Wm,p(f(;ugq)

-1
<clvg |£(Wmm(f(;Rq);wm,p(K;Rq)) WK(”)‘WLP(R;W)
—1
<clyk |z:(Wm,p(R;Rq);wm,p(K;Rq))W’K|g(Wz,p(K;Rq);Wz,p(f(;Rq))|U|W17P(K;RQ)~

The estimate (3.6) follows by using (2.10). O

4. AVERAGING OPERATOR

In this section, we introduce a bounded linear operator J2¥ : P*(7;,) — P(7},) based on averaging.

4.1. Connectivity array

Let {@aq}taca, be a basis of P(73); the functions ¢, are called global shape functions. We assume that
this basis is constructed so that for any K € 7y, either int(K) N supp(p,) = @ or there is a unique i € N
such that ¢, = 0k ;. (Recall that this is the usual way of constructing finite element bases.) We denote by
a: T, x N — Aj the map such that ¢,k ) x = 0k,i; this map is henceforth called connectivity array. Note
that a is surjective by definition, but in general a is not injective. Denoting by a=!(a) the preimage of a € Ay,
we define the connectivity set C, C 75, x N for any a € A;, such that

Co=aYa) = {(K,i) € Ty x N | a = a(K, i)} (4.1)

Remark 4.1 (Particular case card(C,) = 1). Assume that card(C,) = 1, i.e. C, = {(Ko,i0)}. Let K # Ko,
then it is not possible to find an index i € N such that a = a(K, i) since card(C,) = 1; this in turn implies that
int(K) N supp(p,) = 0, hence Pqpint(x) = 0- This means that ¢, is supported on one element only, i.e. ¢, is
the zero extension of f, ;,. Given the characterization of P(7},) assumed in (2.17), this means that the y-trace
of ¢, on the interior faces of K is zero.
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For any a € Ap, we set Fy = 0 if card(C,) = 1. If card(C,) > 2 we define 7 C F; to be the set of the
interfaces F' such that there are (K,i), (K',i') € C, so that FF = 0K N JK'. We now relate the ~y-traces to
the degrees of freedom by making the following assumption: there exists a uniform constant ¢ such that the
following holds for all v in P"(7},) and all @ € A, such that card(C,) > 2:

lok,i(vk) — ok (V)| < e min([[Ax e, Ak ) | [0]F | Lo ity (4.2)

for all F' € F? and all pairs (K1), (K’,i") € C, such that F = 9K NJK'. The estimate (4.2) is natural since
the degrees of freedom of finite elements providing some conformity in H', H(curl), or H(div) are devised
to coincide across interfaces when the ~-jump is zero and when the degrees of freedom in question belong to
the same connectivity class. In particular, the estimate (4.2) holds true for all the finite elements considered in

Section 2.4. Owing to (2.17), the assumption (4.2) immediately implies that

’UK,Z'(U\K) — UK/,i/(U\K’) = 0, VU S P(%), Va S Ah, V(K,l), (K/,i/) S Ca. (43)

4.2. Averaging operator

We define the operator J : P(7;,) — P(75,) by
av 1
N/ (U) = Z m Z UK,z'(UlK) Pa- (4-4)
a€EAy (K,i)eC,
For any K € 7j,, we introduce the notation

Tk = UiEN{K/ €7y, ‘ 3’ e Na (K/ai/) € Ca(K,i)}a (458‘)
Dg = int{UK/eTKK’}. (45b)

The set 7k is the union of all the cells that share global shape functions with K and Dy is the interior of the
collection of the points composing the cells in 7.

Lemma 4.2 (LP-stability). There exists a uniform constant ¢ such that
T3 ()| e (scmay < € llollLe(Dicira), (4.6)
for all p € [1,¢], all v € P°(T},), and all K € Tj,.

Proof. We prove the result for p = oo; the other cases are obtained by using local inverse inequalities in P"(7,).
Using the triangle inequality and the shape-regularity of the mesh sequence (7},)n>0, we infer that

v ||9K,||L°C K;Ra
| T5Y (V)] Lo (riRa) < Z DHATLS (K RY) Z |UK/,y(v|K/)
iEN

CaI‘d(Ca(K,i)) (K’,i")€Ca(k 1)

3 A% |2 3
< _ Y ’
=¢ card(Ca(x,i)) |0K (i)

ieN (K'",i")€ECy(k,1)

<c Y AR e Y ok ()

K'eTk i'eN

< c||lvllLo(Dgira)s

where the last estimate results from |ox i (v /)| < ok (v g') — 0K, (VK )|+ |0k, (VK )], the assumption (4.2),
the inequality H[’U]]’Z;"Loo(F;Rt) S |[[U]]F|L°C(F;Rt) S ||UHL°°(DK;R‘1) and (212) U
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Lemma 4.3 (Approximation by averaging). There exists a uniform constant ¢ such that the following holds
with the notation Fy = UiEN]::(K o

o(3-4)ohom

v — T3 () lwms (i ray < e R [ P PR or (4.7)
FeFy

for allm € {0:k + 1}, all p,7 € [1,0], all v € P*(7},), and all K € Ty,.

Proof. We only prove the bound for m = 0 and p = r = oo, the other cases follow by invoking standard inverse
inequalities. Let v € PP(7},), set e = v — J¥(v) and observe that e € PP(7},). Let K € 7. The bound (2.11)
implies that
lell L (ximay < cllAK e D loxilepx)l.
ieEN
Owing to the definition of 7V in (4.4), we first observe that

1

card(Core)) (o (vr) = o (v5cr)) - (4.8)

(K',i")€Ca(k i)

orilex) =

Note that ox i(ejx) = 0 if card(Ca(x,;)) = 1 (see Rem. 4.1). Let us now consider the case card(C,k,:)) > 2.
For all (K',i") € Cy(k.,), there is a path of mesh cells in 7 linking K to K’ so that any two consecutive
mesh cells in the path share a common face F € .7-";’( K.i) and each face is crossed only once. Furthermore, if
(Ki1,i1), (K, i) € Cak,i) are such that 0K; N 0K, = F € ‘7:5(1(,@)7 then (4.2) implies that

lok, i (VK,) = 0k, i, (UK, )| < emin([|Ag, [z, [[Ak, [le2) 1 [V] 5 || oo (7m0 -

As a result,

lelloeieay < clAR ekl Y (IRl e rme),

FEFS s

whence the estimate (4.7) readily follows since Fj := U;e Nfao( K.y card(N) is uniformly bounded, and the
mesh sequence (7)o is shape-regular. O

5. QUASI-INTERPOLATION OPERATOR

Let I,ﬁl : LY(D;RY) — P®(7},) be such that I,g(v)‘K = Ig((vu() for all K € 7;,. We now construct the global
quasi-interpolation operator 73V : L'(D;R?) — P(73,) by setting

I = J o Ih. (5.1)

Note that P(7) is point-wise invariant under Z3V since P(75) is point-wise invariant under 72V and Ifl. Hence,
T2V is a projection, i.e. (ZiV)? = I3V,

Lemma 5.1 (W™ P-stability). There exists a uniform constant ¢ such that
|IE‘V(U)|W'"L,;)(K;Rq) g C |/U|W'm,p(DK;Rq), (5.2)

for allp € [1,00], all m € {0:k + 1}, allv € W™P(Dg;RY), and all K € Ty,.
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Proof. For m = 0, the estimate follows by combining Proposition 3.1 with Lemma 4.2. For m > 1, the triangle
inequality implies that

T3 (0) e (s ) < [T (0) e sy + [T () = T (T (0)) vy (56 -

Let 1 and T4 be the two terms on the right-hand side of the above inequality. %7 is estimated using The-
orem 3.3 with [ = m, yielding |T1| < c|v[ymr(xra). T2 is estimated using Lemma 4.3 and the fact that
v € WMP(Dg;RY) € WH(Dg;R?) has zero v-jumps across interfaces (see (2.16)). More precisely, we have

1 1
WR|T| < chl > IZ5 3| o (i) = chi > v — T (I}l ez

FeFy FeFg
Z > =T )k Loz < b Y [vlwmr(krimay,
K'ETK FCOK'NFy, K'eTk

where we have used the triangle inequality to bound the jump by the values over the two adjacent mesh cells, the
trace inequality from Lemma 7.2 with s = 1, the approximation result of Theorem 3.3, and the shape regularity
of the mesh sequence. Combining the bounds on ¥; and %o gives (5.2). O

Let us now estimate the approximation properties of Z;¥. Since we are going to establish error estimates
in fractional Sobolev spaces, in the rest of the paper all the results that are stated in fractional Sobolev
spaces assume that p € [1,00), whereas the results with integer degree of smoothness hold for p € [1,00].
Assuming that r ¢ N and denoting by |r] the largest integer less than or equal to r, we consider the so-called

Sobolev-Slobodeckij norm defined as ||[v||yrr(p;ra) = (||UH€VL'”J»P(D;RQ) + \v\f;vw(D;Rq))% with

|6 v(a) — 0*0(y)[% g ’
"U‘er (D;Ra) = Z // —rDpid dx d . (53)

jal=1rJ e — y||£2 ()
Theorem 5.2 (Local approximation). There exists a uniform constant ¢ such that
lv =I5 (v)[wm.r (kira) < By ™ [olwrr (D ira),s (5.4)

forallr € [0,k + 1], all m € {0:[r]|}, allp € [1,00) if r €N or allp € [1,00] if r € N, all v € W"P(Dg;RY),
and all K € Ty,.

Proof. Using that Z;V(g) = g for all g € [Py q]? together with the stability of Z;¥ in the W™ P-seminorm and
the triangle inequality, we infer that

v =I5 (V) [wmee (i ray = [0 — g — I¥ (v — ) lwm . () Ra)
<lv-— 9|W"'%P(K;R4) + |23 (v — g)‘W”hP(K;Rq)

S C |U - g|W'm,p(DK;Rq).

That is to say, [v — IV (V) lwmr (kire) < cinfyep, 4ja [V — glwm.p(Dyira)- We conclude by applying Lemma 5.6
below componentwise. O

Corollary 5.3 (Global best approximation in LP). There exists a uniform constant ¢ such that

inf  [|lv— 2 < ChT 0l papas 5.5
whelg(,[h)ﬂv wal|Le(Dray < h”|V|wrs(DiRa) (5.5)

forallr € [0,k+1], allp € [l,00) if r €N or allp € [1,00] if r €N, and all v € W"P(D;R?).
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Remark 5.4 (Interpolation). Corollary 5.3 can also be proved using (5.4) for » € N and the real interpolation
method (i.e. the K-method), see e.g. (Tartar [24], Chap. 22).

Remark 5.5 (Approximation for Ig() Note in passing that Theorem 3.3, which states the approximation
properties of Ig(, can be re-written with fractional Sobolev norms, i.e. the following also holds:

v = Zhe (v)[womn (ma) < Bl ™ |0l wrn (e (5.6)

for all r € [0,k + 1], all m € {0:|r]}, all pe [1,00) if r N or all p € [1,00] if r € N, all v € W™P(K;RY), and
all K € 7p,.

Lemma 5.6 (Polynomial approximation in Dg). The following holds:

f - an < h, P , .
gel% [v = glwmr(Dr) < chi ™ [vlwre (i) (5.7)
for allr € [0,k+ 1], allm € {0:[r]}, allp € [1,00) if r €N or allp € [1,00] if r € N, allv € W™P(Dg), and
all K € Tp,.

Proof. We proceed as in (Bramble and Hilbert [4], Thm. 1), but instead of invoking (Morrey [19], Thm. 3.6.11),
where the constants may depend on Dy, we are going to track the constants to make sure that they are
independent of Dg. If m = r, there is nothing to prove. Let us assume that m < r. Let £ € N be such that
¢ =r —1if r is a natural number or ¢ = |r]| otherwise (note that 1 < r if r is a natural number since we
assumed that 0 < m < r). In both cases the integer ¢ is such that m < £ < k. Let Ay q = {a € N? | |a :=
a1+ ...+ ag < ¢}. Note that card(Ae,q) = dim(Py,q) = (Z'Zd) =: Ny 4. Since the mapping @, 4 : Prq — RNed
such that &y 4(q) = (fDK 0%qdx)aca, , is an isomorphism, there is a unique polynomial 7¢(v) € P¢ 4 such that
Pra(me(v)) = ([p, 0vdT)aca,  , b6 [p 0%(v —m(v))dz = 0 for all a € Agq (this result is actually stated
in (Morrey [19], Thm. 3.6.10).

Since by definition fDK 0%(v—m¢(v))de = 0 for all |a] = m < ¢, we can apply Lemma 5.7 below, i.e. there is
a uniform constant ¢ such that [v — ¢ (v)|wm.» (D) < chi|v — T (V)|wm+1.0 (D). We can repeat the argument
if m 4+ 1 < { since in this case we also have fDK 0%(v — mp(v))da = 0 for all |a] = m + 1 < /. Eventually, we
obtain

[V = (V) [ (D) < cht ™ v — 70 (V) [ wer (Dy)-

If r is a natural number, then £+ 1 = 7, and we can apply the above argument one last time since f 0%*(v—

me(v))dz = 0 for all |a] = ¢, which then gives (5.7) because 0%my(v) = 0 for all || = £+ 1. Otherwme L= r|
and we apply Lemma 7.1 to all the partial derivatives 0%(v — mp(v)) with |a| = ¢, s = r — [r] € (0,1) and
O := Dg; this is legitimate since all these partial derivatives have zero average over Dg. We infer that there is
¢ uniform with respect to s, p, K, and v such that

rT|l—m,r—|T h’d ;
[0 = 70V [wmn (D) < chigd "R (ﬁ) [ = 700 lwrn (D)

Note that [v — 7¢(v)|wr» (Dyire) = [V|wre(Dyre) since 0%my(v) is a constant in R? for all |a| = £. We conclude
that (5.7) holds owing to the shape-regularity of the mesh sequence. O

Lemma 5.7 (Poincaré inequality in Dg). Let wp, be the average of w over Dy. There exists a uniform
constant ¢ such that

[v=vpllLe(pi) < chilvlwir(pg), (5.8)

for all p € [1,0], allv € WHP(Dg), and all K € Ty,
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Proof. Let K € Tp,. Let K;, K, € T sharing an interface F' = 0K; N 0K,. We observe that

_1
vk, — v, | = |F|" 7 |lug, — vk, + vk, — vk, e (r),

since v g, = v). on F. By using the triangle inequality, estimating the two norms in LP(F') with the trace
|K; | K Yy g g q N g
inequality (7.2) (with s = 1), and by applying the Poincaré inequality in K; and K, separately (both with
1-
constant 7! since the mesh cells are convex sets), we obtain |vg, —vg, | < c(hy \v\Wl »(K)) "‘th [vlwie(k,))-
After invoking the shape regularity of the mesh sequence, we infer that

1
|K|» ‘QKI - QK,,,| < ChK‘U‘Wl’P(KzuKW)- (5-9)

Observing that vp, — vk = D grer, fg—;ll(y,(,, — vg) for any K’ € Tk, we infer that

K|

1
lo = vp, Moy < o —vgerllioen + D K" |7 wgen = vge]-

K"eTk ‘ K‘

For any K" € Tk, we can find a path of mesh cells in 7x linking K’ to K" so that any consecutive mesh cells in
the path share a common face and this face is crossed only once. Using (5.9) together with the shape regularity
of the mesh sequence, we infer that ||v — v | Lr(x7) < chr|v|lwir(py), and the conclusion follows by summing
over K’ € 7;, and using the fact that card(7k) is uniformly bounded. O

6. QUASI-INTERPOLATION WITH BOUNDARY PRESCRIPTION

Our goal in this section is to construct a variant of the quasi-interpolation operator 7V that prescribes
homogeneous boundary values.

6.1. Trace operator

Let F' € .7-",? be a boundary face. We denote by K the unique cell such that F € 0Kp. We consider the
global trace operator v : W1 (D;R?) — L1(0D;R?) such that

YO)1F = vrpF (k). VF € F. (6.1)
We define for all p € [1, oo] the functional space
WA (D RY) = {v € WIP(D;RY) | () = 0}, (6.2

We then set
Po(Th) = {vn € P(Ta) | ~(on) = 0}. (6.3)

The typical examples we have in mind are

P§(Tp) == {vn € PE(T},) | vnjop = 0}, (6.4a)
P{(Ty) = {vn € P°(T3) | v, x njgp = 0}, (6.4D)
Py(Tp,) == {vi € PYT3) | vimjap = 0}. (6.4c)

Upon setting Vi = {v € V& | vjgp =0}, Vi ={v € V° | v xnyp = 0}, and Vi={veV?] vnyp = 0}, we
have P§(T,) = P8(T,) N VE, Pi(Th) = PS(T,) NV, and Py(T,) = PY(7,) NV, i.e. the finite element spaces
PE(Ty,), P5(Th), Pa(T,) are conforming in Vi, V§, V3, respectively.

In the rest of the paper, we slightly abuse the terminology by calling global degrees of freedom the elements
of Aj,. We say that a global degree of freedom a € Ay, is an internal degree of freedom if y(¢,) = 0. The collection



FINITE ELEMENT QUASI-INTERPOLATION AND BEST APPROXIMATION 1381

of all the internal degrees of freedom is denoted Aj ; the degrees of freedom in .Ag = Ap\Aj, are called boundary
degrees of freedom. Let a € Ag, then there is a face F' € .7-',? such that v(¢4)|p # 0. Let K be the unique
cell such that ' C dKp, then supp(¢,) N KF # (. This means that there is a unique ir € A such that
$alkp = Ukpi- Forall a € Ag, we define .7-',13 to be the collection of all the boundary faces F' € .7-',? such that
there is (Kp,ir) € C, and F C 0K p; we set FO = () if a € A5. We abuse the notation by setting

[} (x) = v&p,r(Vk, ) (x), and [v]p(z) =vp(z), ae xzecF, VFe f,?, (6.5)

and assume that |[v]}(z)| < |[[v]#(z)|, a.e. ¢ € F, for all F € F?. In coherence with the assumption (4.2), we
assume that there is a uniform constant ¢ such that the following holds for all the boundary degrees of freedom
a€AY all F e F2, all ip € N such that (Kp,ip) € Cy, and all v € P(Ty,):

0k ,in (V)| < cl[Axp 2|V r, 7 (Ve )| Lo (FiRY), (6.6)
Note that this assumption is satisfied by all the finite elements considered in Section 2.4.
6.2. Averaging and quasi-interpolation operators revisited

We are going to modify the averaging operator J;*V to prescribe homogeneous boundary conditions. We define
Ty PP(Ty,) — Po(7,) by setting for all v € PP(73,),

Tio (v) = Z m Z oki(VK) | Pa- (6.7)

ac A (K.i)€Ca
Lemma 6.1 (LP-stability). There exists a uniform constant ¢ such that
| Tho ()|l e (i) < €|Vl Le(DgiRaYs (6.8)
for allp € [1,00], all v € P*(T3,), and all K € Ty,.

Proof. Proceed as in the proof of Lemma 4.2. O
Lemma 6.2 (Approximation by averaging). There exists a uniform constant ¢ such that the following holds:
11y, 1
d > +F7m
lw — T (W)l wmr (kre) < Chx(p ) > Meldl o rme), (6.9)
FeFuFg

for allm € {0:k+1}, all p,r € [1,00], all w € P*(T3,), and all K € Ty, with F9 = Uiefo(K 0 and Fy. defined
i Lemma 4.3.

Proof. This is a straightforward adaptation of the proof of Lemma 4.3. Letting e = v — 7 (v), we observe that
ok.i(ex) is still given by (4.8) if a(K,i) € A7, while ok i(ejx) = ok,i(w) if a(K,i) € AY, and this term is
bounded using (6.6). O

A global quasi-interpolation operator Z% : L'(D;R?) — Py(75) is then defined by setting
=i oI}, (6.10)

Note that Py(75) is point-wise invariant under Z;¥ since (6.9) implies that Py(7},) is point-wise invariant under
J2v. Hence, I3 is a projection, i.e. (Z%)% = I2%.

Lemma 6.3 (LP-stability of Z3). There is a uniform constant ¢ such that
IZ55 (W) e (ke imey < vl (Dycira), (6.11)

for allp € [1,00], all v € LP(D;R?), and all K € Tj,.

Proof. Proceed as for the proof of Lemma 5.1. O
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6.3. Error estimates

The purpose of this section is to establish error estimates for the quasi-interpolation operator I in the
W™ P-norm (either integer or fractional). Let r € [0,k+1] and p € [1,00) if r ¢ Norp € [1,00] if r € N. If rr > %,
then functions in W"P(D;R?) have traces on 0D, and therefore it makes sense to define

WP (D;RY) := {v € W"P(D;R%) | 5(v) = 0}. (6.12)

We are going to use the following notation

To ={K €T, |VieN,a(K,i) € A}}, (6.13a)
T =T \T° ={KeT,|JieN, aK,i e A}, (6.13b)
D? = int(Ug 7o K). (6.13c)

7y? is the set of the cells whose degrees of freedom are all internal. 7}? is the set of the cells that have at least
one boundary degree of freedom. D? is the collection of the points in D that belong to at least one cell in ’Z;?.

Theorem 6.4 (Approximation). There exists a uniform constant ¢ such that the following estimate holds for
allr € [0,k + 1], allm € {0:|r]}, allp € [1,00) if r €N or all p € [1,00] if r € N, all v € W"P(Dg;RY), and
Al K €T

|v —IZ‘é(’U)‘Wm,p(K;Rq) < ChrK_m|/U|W7‘,p(DK;Rq). (6.14)
Moreover, (6.14) also holds if rp > 1 with ¢ depending on |rp — 1| for all v € WP (D;R?) and all K € T.0.
Finally, if rp <1 (i.e. r € (0,1) and m = 0), we have

[ = Zho (V)| e (posRay < ch[|vllwrr (D), Vo € WHP(D;R?). (6.15)

Proof. Let K be a cell in T,. If K € 7,2, then Z}j(v)|x = Z},¥ (v)|k; this proves (6.14) in this case. Let us now
consider K € 7}?. The triangle inequality implies that
Z5o(v) = vlwmr (reiray < TR (0) = vlwmor (seire) + [Z36(0) — Z5Y (V) [wmor (5;R)-

Since we have already established that |Z;Y(v) — v|wm.»(kire) < chye " |Vlwrp(Dy;ray in Theorem 5.2, we just
need to estimate |Zjf(v) — ZpY(v)|wm.»(kyra). Let us define the set of the boundary degrees of freedom with
nonempty support on K, A% := {a € A? | 3i € N,a(K,i) € C,}. Then

av av 1
@) =T i == D | =gy Do owan T (0lx) | Oxcie
|\ card(C,) ,
ac A%, (K’,i")€Ca
For any a € A9 and any (K’,i') € C,, there is a face F € F2 and a pair (Kp,ir) € C, such that there is a

path of mesh cells in 7k linking K’ to K so that any two consecutive mesh cells in the path share a common
face in F;, and each face is crossed only once. This observation implies that

o i (@O <Y 10akin (95) = Tatriny @)+ D 10airin) (9150)]
FeF? FeF?

for all g € P°(7},). By proceeding as in the proof of Lemma 4.3, we infer that

av av _m+%
T35 () = T () lwor (remey < che 7> | D0 MO ey + Y IVTH©)1pllerze |-
aeA?( FeF? FeF?
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Case 1, rp > 1: Let us assume that v € W&’g(D; RY). The boundary condition y(v)r = 0, for all F € F?, and
the continuity condition [v]} = 0, for all F' € Fy, imply that
1

—m+
IZi5 () = Ty ()| wmr(remey < chge P > | The(v) = vllorime)-
FeFRUFE

The conclusion follows by invoking the trace inequality from Lemma 7.2, either with s = 1 if r € N or with
s =r — |r| otherwise, and the approximation properties of I§< stated either in Theorem 3.3 or in Remark 5.5.

Case 2, rp < 1: Assume now that rp < 1. Norm equivalence implies that
IZ55(0) = T )18 pozay < CIZE@)IE . posgay-

Let p be the distance to dD; then there is ¢ uniform with respect to the mesh sequence such that ||p| - (poy < ch
and

c(I1ZE (v) — vl opora) + 0]l Lo(poma))

c (R [olwre(piray + 1070 0| Lo (Do RY))

1250 (v) = Z5Y (0) ]| o (Do;Ra)

IAN A

IN

¢ (W olwrs(pme) + 015 = (o) 1o~ 0l o(poszs) ) -
Since rp < 1, we infer that (see Grisvard [16], Cor. 1.4.4.5)
I~ vl r(posray < lp” "0l Le(Dira) < cllvllwrr(Dira)-

In conclusion, || Zj(v) — ZpY ()| r (po;ray < ch”||v]|wr.p(pire). Note that the constant c scales like £1," where £p
is the diameter of D. O

Corollary 6.5 (Global best approximation in LP). There exists a uniform constant ¢, additionally depending
on |rp — 1|, such that

ch"[vlwro(Dray, Vv € WoB(D;RY) if rp > 1

6.16
ch”|[vl|wrr(Diray, Vv € WTP(D;RY) if rp < 1. (6.16)

inf v —wp|l e pray <
whEPo(Th)” h‘|LP(D7Rq) o {

Remark 6.6 (Theorem 6.4). For rp > 1, a similar estimate has been obtained in the scalar-valued case for
the Scott—Zhang interpolation operator by Ciarlet [7]. Furthermore, the estimate for rp < 1 in Theorem 6.4
essentially says that the difference v — Z}(v) does not blow up too fast close to the boundary. A better result
is not expected since Zpy(v) is forced to be zero at 9D whereas v can blow up like p~*w where w is a function
in LP(D;R?).

Remark 6.7 (rp = 1). Let r € (0,1). Using the notation from the real interpolation theory, it is known that
WP (D) = [LP(D), WP(D)],, since D is Lipschitz, (see Tartar [24], Lem. 36.1). Let us define
Woib, (D;RY) = [LP(D;RY), Wy P (D3 RY)],.,. (6.17)

Then, using Theorem 6.4 with [ € {0,1} and m = 0, the real interpolation theory implies that
(D;R2)> (6.18)

for all p € [1,00) and all v € W&’f 'y(D; R?). This estimate is not fully satisfactory for two reasons. First it is not

v =ZR5 (W)l e (Dray < Chr”UHW&;{’W

1
local. Second it is not really clear what WO%:I;(D; R?) is. For instance, let us define

WP (D) := {v e WP(D) | vjop = 0}, (6.19a)
¥P(D) == {v € W"(D) | v x njgp = 0}, (6.19b)
1

(
(D) :=={ve W"P(D) |vnyp = 0}. (6.19¢)
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One then realizes that characterizing [L* (D), W;«’p(D)] 1, and [LP(D), W}\}p(D)}; » in terms of Sobolev reg-
P’ P’
ularity is (possible but) not straightforward, and to the best of our knowledge, a full characterization of these

spaces is not yet available.

7. TECHNICAL RESULTS IN FRACTIONAL SOBOLEV SPACES

This section contains two technical results in fractional Sobolev spaces: a Poincaré inequality and a trace
inequality.

Lemma 7.1 (Poincaré inequality). Let O be an open set in R? and let v, be the average of v over O, for any
v € LY(O). Let ho := diam(O). Then, for all v e W*?(O) with s € (0,1) and p € [1,00), the following holds:

1
— P hS s,p . 71
o= ollso < (12 blw-sco (7.1)

Proof. This result is essentially Proposition 6.1 from Dupont and Scott [12], see also Heuer [17]. We nevertheless
give a proof since the computation gives us the constant in the right-hand side of (7.1), and this in turn allows
us to apply the result locally on shape-regular meshes. Using the definitions, we have

/ jo(x) — o |Pde = / 01| [ (@) - v(y)) dy| da
0] (0]
< o | [ M=) Sﬁﬁ'n ol ay)

Ol =yl
D
=

< [ors [ e SM ma ([ el ) s

where p’ := ﬁ. Then using that || — yl||¢z < ho for all z,y € O, we infer that

P
7

\'U +)p »
o= 2ol < [ 101 / yuw dyd (mass [ o=yl ay

2
7

_ (s+4)p’ P
< |U|€Vs,p(o)‘0‘ P (/ ho ¥ 3 dy)

s S d _
< ol o |01 PIOI B < Jolfy B 1O]

e\ L
Hence |[v — vollrr(0) < 1o (185)7 [vlw=r(0)- O

Lemma 7.2 (Trace inequality). Assume s € (0,1) and sp > 1 with p € [1,00) or s =1 with p € [1,00]. There
exists ¢, uniform with respect to the mesh sequence but depending on |sp—1| if s € (0,1), such that the following
holds for all v e WSP(K) and all K € Tj:

1 St
ol < (hKP ol ey + 7 |v|ws,p<K>) . (7.2)

Proof. Let v € WP(D). Let K € 7, be a cell and F be a face of K. Since the map Tk is affine, using a trace
inequality in WP (K) (recall that s € (0,1) and sp > 1 or s =1 and p > 1), we infer that

_1Fpp

|F|»

5 )y < ol 1P (1050 oy + 1865 Oiwensy)

”UHLP(
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where ¢, , depends on |sp — 1] if s € (0,1). Upon changing variables, this inequality is re-written

11 s
FI»|K|™% ([vllprr) + 15 )l 2% [lwerx)) -

”UHLF(F) < Cs,p

The conclusion follows from the shape-regularity of the mesh sequence, see (2.2). O
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