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A HYBRID HIGH-ORDER DISCRETIZATION COMBINED WITH
NITSCHE’S METHOD FOR CONTACT AND TRESCA FRICTION IN
SMALL STRAIN ELASTICITY*
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Abstract. We devise and analyze a hybrid high-order (HHO) method to discretize unilateral
and bilateral contact problems with Tresca friction in small strain elasticity. The nonlinear frictional
contact conditions are enforced weakly by means of a consistent Nitsche technique with symmetric,
incomplete, and skew-symmetric variants. The present HHO-Nitsche method supports polyhedral
meshes and delivers optimal energy-error estimates for smooth solutions under some minimal thresh-
olds on the penalty parameters for all the symmetry variants. An explicit tracking of the dependency
of the penalty parameters on the material coefficients is carried out to identify the robustness of the
method in the incompressible limit, showing the more advantageous properties of the skew-symmetric
variant. Two- and three-dimensional numerical results, including comparisons to benchmarks from
the literature and to solutions obtained with an industrial software, as well as a prototype for an in-
dustrial application, illustrate the theoretical results and reveal that in practice the method behaves
in a robust manner for all the symmetry variants in Nitsche’s formulation.

Key words. general meshes, arbitrary order, hybrid discretization, Nitsche’s method, unilateral
contact, Tresca friction, elasticity, locking-free methods

AMS subject classifications. 65N12, 65N30, 74M15

DOI. 10.1137/19M1286499

1. Introduction. Hybrid high-order (HHO) methods have been introduced for
linear elasticity in [22] and for linear diffusion problems in [23]. HHO methods are
formulated in terms of face unknowns that are polynomials of arbitrary order k > 0
on each mesh face and in terms of cell unknowns which are polynomials of order
l € {k,k+1}, with !> 0, in each mesh cell. The devising of HHO methods hinges
on two operators, both defined locally in each mesh cell: a reconstruction operator
and a stabilization operator. The cell unknowns can be eliminated locally by static
condensation leading to a global transmission problem posed solely in terms of the face
unknowns. HHO methods offer various assets: They support polyhedral meshes and
lead to local conservation principles and optimal convergence rates. HHO methods
have been bridged in [18] to hybridizable discontinuous Galerkin methods [19] and to
nonconforming virtual element methods [5]. HHO methods have been extended to
many other PDEs. Examples in computational mechanics include nonlinear elasticity
[7], hyperelasticity with finite deformations [2], and elastoplasticity with small [4] and
finite [3] deformations.

The goal of the present work is to devise, analyze, and evaluate numerically an
HHO method to approximate contact problems with Tresca friction in small strain

*Submitted to the journal’s Methods and Algorithms for Scientific Computing section September
10, 2019; accepted for publication (in revised form) May 19, 2020; published electronically July 28,
2020.

https://doi.org/10.1137/19M 1286499

TUniversité Bourgogne Franche-Comté, Institut de Mathématiques de Bourgogne, 21078 Dijon,
France (franz.chouly@u-bourgogne.fr).

fUniversité Paris-Est, CERMICS (ENPC), 77455 Marne-la-Vallée Cedex 2, France, and INRIA
Paris, 75589 Paris, France (alexandre.ern@enpc.fr).

SEDF R&D/ERMES, Palaiseau, France, IMSIA—UMR EDF/CNRS/CEA/ENSTA 9219,
Palaiseau, France, Université Paris-Est, CERMICS (ENPC), 77455 Marne-la-Vallée Cedex 2, France,
and INRIA Paris, 75589 Paris, France (nicolas.pignet@edf.fr).

A2300


https://doi.org/10.1137/19M1286499
mailto:franz.chouly@u-bourgogne.fr
mailto:alexandre.ern@enpc.fr
mailto:nicolas.pignet@edf.fr

HHO-NITSCHE FOR CONTACT AND TRESCA FRICTION A2301

elasticity. Either unilateral or bilateral contact can be considered. The main ingredi-
ent is to employ a Nitsche-type formulation to enforce the nonlinear frictional contact
conditions. The present HHO-Nitsche method can be deployed on polyhedral meshes.
As is classical with Nitsche’s technique, we can consider symmetric, incomplete, and
skew-symmetric variants. Our main results, Theorem 12 and Corollary 14, provide
for all symmetry variants quasi-optimal energy-error estimates with convergence rates
of order O(h") for solutions with regularity H'*", r € (1, k + 1], where h is the mesh
size and k > 1 is the order of the polynomials for the cell and the face unknowns,
except for the face unknowns located on the frictional contact boundary, where poly-
nomials of order (k + 1) are employed. Note that the optimal order of convergence
is O(hF*+1) obtained with 7 = k 4+ 1. These results are established under minimal
thresholds for the penalty parameters weakly enforcing the contact and friction con-
ditions and do not require any assumption on the (a priori unknown) friction/contact
set. Particular attention in the analysis is paid to the dependency of these parame-
ters on the Lamé parameters, showing that the skew-symmetric variant enjoys more
favorable properties regarding robustness in the incompressible limit, at least from a
theoretical viewpoint. Our two-dimensional (2D) and three-dimensional (3D) numer-
ical tests include comparisons with benchmarks from the literature and with solutions
obtained with the industrial software code_aster [26]. We also consider a prototype
of an industrial application featuring a notched plug in a rigid pipe. Our numerical
tests indicate a more favorable dependency of the penalty parameters on the mate-
rial parameters since robustness in the quasi-incompressible regime is observed in all
considered situations.

Let us put our work in perspective with the literature. For most discretizations,
Tresca friction creates additional difficulties in order to establish optimal conver-
gence in comparison to the frictionless case (see, e.g., [34, 29, 25] and the references
therein for frictionless contact). As a consequence, convergence results addressing
Tresca friction are quite rare. The rate O(h") for the energy error with a regularity
HY™7(Q), r € (0,1], has been obtained in the 2D case for a mixed low-order finite
element method (FEM) under some technical assumptions on the contact/friction set
[34, Theorem 4.9] (this is the first optimal bound to the best of our knowledge). In
the 3D case, the rate O(hmi“(%’r)) has also been reached without additional assump-
tion [34, Theorem 4.10]. For the penalty method, the rate of O(h2T5+7") with a
regularity H3+7(2), r € (0, 1), and the quasi-optimal rate of O(h|log h|z) with a
regularity H?(Q) were established in [14] without additional assumptions on the con-
tact/friction set. This result has been improved recently in [24], and optimal rates
have been recovered if the penalty parameter is large enough. An important step
forward for the discretization of contact problems was accomplished in [13] by com-
bining Nitsche’s method with FEM. The FEM-Nitsche method differs from standard
penalty techniques which are generally not consistent. Moreover, no additional un-
known (Lagrange multiplier) is needed, and therefore no discrete inf-sup condition
must be fulfilled contrary to mixed methods. For contact problems with Tresca fric-
tion discretized with FEM-Nitsche, optimal energy-error convergence of order O(h")
has been proved in [11] with the regularity H'*"(Q), r € (3,k], where k > 1 is
the polynomial degree of the Lagrange finite elements. To this purpose, there is no
need of any additional assumption on the contact/friction set. Note that the techni-
cal difficulties associated with the treatment of contact and friction condition when
Nitsche’s technique is not employed are not limited to FEM but appear as well for
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other discretizations, such as the discontinuous Galerkin [32] or the virtual element [33]
methods.

The devising and analysis of HHO-Nitsche methods was started in [10] for the
scalar Signorini problem. Therein a face version and a cell version were analyzed,
depending on the choice of the discrete unknown used to formulate the penalty terms.
The cell version used cell unknowns of order (k+1) (these unknowns can be eliminated
by static condensation) and a modified reconstruction operator inspired from the un-
fitted HHO method from [9], leading to energy-error estimates of order O(h") with
H'Y"_regularity, r € (%, k + 1]. Unfortunately, the modification of the reconstruction
operator is not convenient in the context of elasticity, as it hampers a key commuting
property with the divergence operator, which is crucial in the incompressible limit.
This difficulty is circumvented in the present work by using face polynomials of order
(k4 1) on the faces located on the contact/friction boundary. The numerical analysis
also involves two novelties. First, the error analysis, which adapts ideas from [15, 16]
for FEM-Nitsche to HHO-Nitsche, is more involved than [10] since it covers all the
symmetry variants and since it hinges on a sharper bound on the consistency error,
allowing for a sharper threshold on the penalty parameters, especially in the case
of the skew-symmetric variant. Second, for the first time concerning FEM-Nitsche
as well, we track explicitly the dependency of the penalty parameters on the Lamé
parameters for the various symmetry variants. Furthermore, the present study is
completed with 2D and 3D numerical tests, including a prototype for an industrial
application. Finally, let us mention that polyhedral discretizations for contact and
friction problems have received some attention recently, as motivated by some nu-
merical evidence illustrating their flexibility and accuracy. These discretizations use,
for instance, the virtual element method [35, 33], the weak Galerkin methods [28], or
the hybridizable discontinuous Galerkin method [36], combined with different tech-
niques to handle contact and friction (such as a direct approximation of the variational
inequality, node-to-node contact, penalty, Lagrange multipliers). The present work
constitutes, to our knowledge, the first polyhedral discretization method for frictional
contact problems using Nitsche’s technique.

This paper is organized as follows. The model problem is described in section 2.
The HHO-Nitsche method is introduced in section 3, and the stability and error
analysis is contained in section 4. Numerical results are discussed in section 5.

2. Model problem. Let € be a polygon/polyhedron in R?, d € {2,3}, repre-
senting the reference configuration of an elastic body. The boundary 0f) is parti-
tioned into three nonoverlapping parts (see Figure 1): the Dirichlet boundary I'p,
the Neumann boundary I'y, and the contact/friction boundary I'c. We assume
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meas(I'p) > 0 to prevent rigid body motions and meas(I'c) > 0 to ensure that
contact is present. The small strain assumption is made, as well as plane strain if
d = 2. The linearized strain tensor associated with a displacement field v : Q — R? is
e(v) == 3(Vu+ V') e REX4. Assuming isotropic behavior, the Cauchy stress tensor
resulting from the strain tensor €(v) is denoted by o (v) and is given by

(2.1) o(v) = 2ue(v) + Atrace(e(v))I4 € REX4

sym’

where p and A are the Lamé coefficients of the material satisfying p > 0 and 3A+2u >
0 and I, is the identity tensor of order d. In what follows, we set x := max(1, 2%)
Let n be the unit outward normal vector to . On the boundary, we consider the
following decompositions into normal and tangential components:

v=v,n+v, and a,(v) =o(@)n=o0,(v)n+ o (v),

where v, 1= v-n and 0, (v) := g,,(v)-n (so that v,-n =0 and g,(v)-n = 0).

The body is subjected to volume forces f € L?(Q;R?) in Q and to surface loads
gN € L?(I'n;RY) on Ty, and it is clamped on I'p (for simplicity). The model problem
consists in finding the displacement field v : Q — R? such that

Vo) +f=0 in Q,
=0 Ip,
(2.2) L= on-b
o, (u) =g~ on I'y,

(2.3) and (2.4) hold true on I'c,
where the unilateral contact conditions on I'c are
(2.3) (i) un <0, (i) on(u) <0, (i) on(w) up =0,
whereas the Tresca friction conditions on I' read

24) (i) |o(w)|<s ifu, =0,  (v) gt@):—s'ﬁ—t' if Ju,| > 0,
=t

where s > 0 is a given threshold and |-| stands for the Euclidean norm in R? (or the
absolute value depending on the context). More generally, s can be a nonnegative-
valued function on I'c.

Remark 1 (Tresca conditions). Let us recall the formulation of Tresca friction
conditions as stated in Kikuchi and Oden [30, equation (10.8)]:

(i) o @] <s,
(2.5) (i) o (w)] <s = =0,
(i) o, (w] =s = GCA=0,u = —Ag,(w).

One can verify that if s > 0, (2.4) is equivalent to (2.5). The advantage of (2.4) is
that it remains meaningful for s = 0 since it only implies o,(u) = 0 (thus allowing
sliding), whereas (2.5) implies that both o,(u) =0 and u, = 0.

Remark 2 (variants). The case of frictionless contact is recovered by setting
s:=01in (2.4). The case of bilateral contact with Tresca friction can be considered
by keeping (2.4), whereas (2.3) is substituted by the following equation:

(2.6) u, =0 on I'c.
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In the case of unilateral contact with Tresca friction, nonzero tangential stress (|a,(u)]
> 0) can occur in regions with no adhesion (u,, < 0), which is not expected physically
(for Coulomb friction, g,(u) = 0 when u,, < 0). The setting of bilateral contact pre-
vents such situations (since u,, = 0, there are no regions with no adhesion). Therefore,
the setting of bilateral contact with Tresca friction can be useful for the numerical
simulation of specific situations that essentially correspond to persistent contact be-
tween elastic bodies with a high intensity of contact pressures (see, e.g., [30, section
10.3] or [31)).

We introduce the Hilbert space V and the convex cone K such that
V= {yeHl(Q;Rd)|y:QonFD}, K:={veVy|v,<0onTc}.

Notice that the Dirichlet condition on I'p is explicitly enforced in the space V, and
the noninterpenetration condition on I'c is explicitly enforced in the cone K. We
define the bilinear form and the linear and nonlinear forms

(2.7) a(v,w) = (o(v),e(w))a = 2u(e(v),e(w))a + A(V-u, V-w)a,
(2.8) lw) = (f,w)a + (gn, w)ry,  J(w) = (s [w|)re,

for any v and w in Vpy, where the notation (-,-),, stands for the L2-inner product on
the set w. The weak formulation of (2.2) as a variational inequality of the second
kind is
(2.9) Find u € K such that

' a(w,w—u) +j(w) —j(u) = l(w—u), YweK.

This problem admits a unique solution according, e.g., to [30, Theorem 10.2].

An important observation is that it is possible to reformulate the contact and
friction conditions (2.3)—(2.4) as nonlinear equations. For any real number z € R, let
[z]g := min(z, 0) denote its projection onto the closed convex subset R~ := (—o0, 0].
Moreover, let [-], denote the orthogonal projection onto %(0, a) C R?, where %(0, a)
is the closed ball centered at the origin 0 and of radius o > 0, so that for all z € R,
we have [z], =z if |z] < @ and [z], := a% if |x] > «. The following result has been
pointed out in [20] (see also [11] for formal proofs).

PROPOSITION 3 (reformulation as nonlinear conditions). Let v, and v be pos-
itive functions on T'c. The conditions (2.3)~(2.4) enforcing unilateral contact with
Tresca friction can be reformulated as follows:

(2.10) on(w) = [Tn(W]e,  Ta(w) = on(w) — Ynun,
(2.11) o, (u) = [1,(u)]s, T, (u) = g, (u) — .

3. HHO-Nitsche method. In this section, we devise and analyze the HHO-
Nitsche method to approximate the frictional contact problem (2.9).

3.1. Meshes and discrete unknowns. Let (7;,),>0 be a mesh sequence, where
for all h > 0, the mesh 7}, is composed of nonempty disjoint cells such that Q =
UTeTh T. The mesh cells are conventionally open subsets in R? (not necessarily
convex), and they can have a polygonal /polyhedral shape with straight edges (if d = 2)
or planar faces (if d = 3). This setting in particular allows for meshes with hanging
nodes. The mesh sequence (73 )n>0 is assumed to be shape-regular in the sense of [22].
In a nutshell, each mesh 7, admits a matching simplicial submesh <, having locally
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I'c
(a) Pentagonal cell with no (b) Pentagonal cell with a con-
contact face (ng = Foar) tact face in red (]—'gT & For)

F1G. 2. Face (black or red) and cell (gray) degrees of freedom in Qljﬂ for k=1 and d =2 (each
dot represents a degree of freedom which is not necessarily a point evaluation).

equivalent length scales to those of 7y, and the mesh sequence (Sp)pso is shape-
regular in the usual sense of Ciarlet. The mesh size is denoted h := maxre;, hr,
with A the diameter of the cell T and np denoting the unit outward normal to T'.
Discrete trace and inverse inequalities in the usual form are available on shape-regular
polyhedral mesh sequences (see, e.g., [21]).

A closed subset F of § is called a mesh face if it is a subset with nonempty relative
interior of some affine hyperplane Hp and if (i) either there are two distinct mesh
cells Ty, Ty € Ty, so that FF = 971 N 9T, N Hp (and F is called an interface) (ii) or
there is one mesh cell T} € T, so that FF = 90Ty NT'N Hp (and F is called a boundary
face). Remark that this definition allows for hanging nodes since a mesh cell can have
various faces that belong to the same hyperplane. The mesh faces are collected in the
set Fp, which is further partitioned into the subset of interfaces 7} and the subset of
boundary faces FP. We assume that the meshes are compatible with the boundary
partition 092 = I'p Uy U T, which leads to the partition of the boundary faces as
Fp = }'E’D U ]-'E’N U ]_-}t:,c (with obvious notation).

Let k£ > 1 be the polynomial degree. For all T' € Ty, let Far be the collection of
the mesh faces that are subsets of 9T, let ]-'éT = Far ﬁ]:,i“ fg%c = Far N ]—'E’C, and
we use a similar notation for fg’TD and fg’TN. We set ng = Fip U fg’TD U ]-'gTN for
the collection of all the faces composing 0T except those located on I'c. The local
HHO discrete space is

Uk = PH(T;RY) x PY*H1 (Fop; RY),

where P*(T;R?) is composed of the restrictions to 7' of d-variate polynomials of total
degree at most k and

Pk/k-‘rl(]_‘aT;Rd) — ]P)k(]:(;TaRd) % Pk+1(F§i‘C;Rd)a

where Pk(ng; R%) and IP”“H(}"E’TC; R?) are composed of the restrictions to ng and
.7-"5&9, respectively, of piecewise (d — 1)-variate polynomials of total degree at most
k and (k + 1), respectively. A generic element in Q’} is a pair Up = (up,vsr),
where vy € PF(T;R?) is the cell component and vy, € PF/*+1(Fyp; R?) is the face
component. The degrees of freedom are illustrated in Figure 2, where a dot indicates
one degree of freedom (which is not necessarily computed as a point evaluation but

can be, for instance, the moments against a selected set of basis functions defined on
the cell or the face; see [17]).
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Remark 4 (degree on contact faces). We use a polynomial order (k + 1) on the
faces located on the contact boundary (it is also possible to use this order on all the
boundary faces). This choice is motivated by the error analysis, where it will be shown
that it allows one to recover error bounds with optimal convergence order. Moreover,
this choice increases only marginally the computational cost with respect to using the
same order k for all the faces.

3.2. Local HHO operators. The first key ingredient in the devising of the
HHO method is a local symmetric strain reconstruction in each mesh cell T' € 7.
Following [2, 7, 4], we define the local discrete symmetric gradient operator E : Uk —
P*(T; R%%%) such that, for all o, € Ql%, E(0y) € PE(T;REX9) solves the following

sym sym
local problem: For all T € P*(T; ngxn‘f),
(3.1) (E(r), 7)r=—(vp, V-T)1 + (Lor, T-007)07-

The local problem (3.1) mimics an integration by parts at the discrete level. Moreover,
the local discrete divergence operator D : U ’qﬁ — P*(T;R) is simply defined by taking
the trace of the discrete symmetric gradient: For all v, € U’ ’727

(3.2) D(vy) := trace(E(0r)).

The second key ingredient is a local stabilization operator S : U ks PR/EHL(OT; RY)
used to penalize in a least-squares sense the difference between the face unknown vy,

and the trace of the cell unknown vriar- Let ﬂg/TkH and ﬂl% be the L?-orthogonal
projections onto PF/*+1(Fap: R?) and P*(T;RY), respectively. Then we set, for all
/Q\T € Qé:“a

(3.3) S(0y) = Iy (vor — R(@p)jor) — W (v — R(T7)) o7

Here R : Q’} — PEFY(T;R?) is a local displacement reconstruction operator such
that, for all v, € Uk, R(0y) € PFH(T;R?) solves the following local problem: For
all w € PF+1(T; RY),

(3-4) (e(B(vr)), e(w))r=(e(vr), e(w))r + (Lor — vrjor, €(w) 7)o

The reconstructed displacement is uniquely defined by prescribing additionally that
Jp R(©07)dT= [, vpdT and [, V**(R(07))dT= [, 3 (vor @nr —nr @vyr)dOT, where
Vi (v) = 3 (Vo — VQT) is the skew-symmetric part of the gradient (see [22]). Com-
paring with (3.1), one readily sees that e(R(¥)) is the L?-orthogonal projection of
E(37) onto e(PF1(T;RY)).

We use the above operators to mimic locally the exact local bilinear form a defined

in (2.7) by means of the following local bilinear form defined on U: K x U % (compare
with (2.7)):

ar (Up, Wy) =2u(E@r), E(@Wr))r + MD(@r), D(@r))r
(3.5) + 2uh; ! (S(@r), S(@r))or-

The stabilization term is weighted (as in the linear case) by the Lamé coefficient p.
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3.3. Global discrete problem. For simplicity, we employ the Nitsche tech-
nique only on the subset I'c where the nonlinear frictional contact conditions are
enforced, whereas we resort to a strong enforcement of the homogeneous Dirichlet
condition on the subset I'n. The global discrete space for the HHO-Nitsche method
is

(3.6) Ul = P*(Th; RY) x (Pk(]—‘,'; U FPP U FNRY) x PEHLY(EDC, Rd)),

leading to the notation v, := ((QT)TeTh, (QF)FE}-h) for a generic element v, € QZ
For all T' € Ty, we denote by Uy := (vp, (Vp)Feryy) € UL the local components of
v,, attached to the mesh cell T" and the faces composing 07, and for any mesh face
F € Fp,, we denote by vy the component of u;, attached to the face F. We enforce
strongly the homogeneous Dirichlet condition on I'p by considering the subspace

Uko:={t, €Uf |vp=0 VFeF"}

The HHO-Nitsche method uses a symmetry parameter § € {—1,0,1} and two
penalty parameters v, > 0 and ~; > 0 to enforce weakly the contact and friction
conditions on I'c, respectively. Choosing 6 := 1 leads to a symmetric formulation
with a variational structure, choosing 0 := 0 is interesting to simplify the implemen-
tation by avoiding some terms in the formulation, and choosing 8 := —1 allows one to
improve on the stability of the method by exploiting its skew symmetry and making
it more robust in the incompressible limit. It is convenient to define the subset 7,¢
as the collection of the mesh cells having at least one boundary face on I'c and to
set OTC := 0T NT¢ for all T € ’7710. The subset 7,N is defined similarly, and we set
OTN := 9T NIy for all T € T,N. We consider the following discrete HHO-Nitsche
problem:

Find @, € U , such that
(3.7) { Thom o

b (@ @p) = (@) Vi, € U,
where the global discrete semilinear form by, and the global discrete linear form 0 h are

defined as follows:

o~

bh@\m@h) = Z aT@\T’@T)

TeTh
-y Gzl (0n(@r), 00 (@1))gre = 9}}% (2:(8r), 2e(@r)) oo
TeTC n TeT,LC K
+ 3 2 (Gl ( + (6= 1)) Er)oge
TeTe "
+ 3 (@l + (6~ D2 (@r))ore
TeTE ¢

and

~

Cp(Wy,) = Z (f;wr)r + Z (gN; War)ar-

TETh TeTN

Here, with a slight abuse of notation, we have written

(3.8) o (y) = 2pE(@y) + AD(@y)1a € PM(T3RE),

Sym
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together with the decomposition o (@Wy)nr = o, (Wy)nr + o,(Wr), and we have
introduced the linear operators (again with a slight abuse of notation)

—~ ~ Y ~ ~ Vt
T (Wr) = o (W) — ﬁwaT,m 7, (Wy) = g, (Wy) — EMBT,M

together with the decomposition wy = war nir + Wor 4 for the face polynomials.
Note that in the definition of 7,, and 7,, the penalty parameters are rescaled by h;l in
each mesh cell in 7,C. Proposition 3 still holds true with this rescaling of the penalty
parameters since the only requirement there is that v, and ; be positive.

Remark 5 (comparison with FEM-Nitsche). In the FEM-Nitsche method de-
vised in [11], one restricts the setting to simplicial meshes and considers the usual
H'-conforming finite element space V,, composed of continuous functions that are
piecewise polynomials of degree at most k > 1 in each mesh cell. The discrete prob-
lem is formulated in the subspace V,  explicitly enforcing the Dirichlet condition on
I'p and involves the global discrete semilinear form

b (g wy) = alyy, wy,) — (%Un@h)von(mh))Fc - (%Qt(ﬂh)agt(wh))Fc

+ (Gl @iles (Tn + (0 = Do) (wp))re
+ Gz (wp)ls, (2, + (0 — Day) (wn)re

as well as the linear form ¢ (w,,) := ¢(w,,), where a and ¢ are the same as for the
continuous problem. The notation 7,, op, 7;, and g, is that employed for the exact
solution, the symmetry parameter 6 is taken again in {—1,0,1}, and the penalty
parameter 7y is a piecewise constant function on I'c such that J57¢ = h;lfy with
v>0forall T € 77LC. Note that there is only one penalty parameter in [11] since the
analysis there did not consider the scaling with respect to the Lamé parameters.

Remark 6 (comparison with [10]). There are various differences compared to
the HHO-Nitsche method devised in [10] for the scalar Signorini problem. Here we
address the vector-valued case and include Tresca friction. Moreover, we use the face
polynomials in the definition of the operators 7, and 7, which corresponds to the face
version considered in [10]. However, we employ here a higher polynomial degree on
those faces located on I'c.

4. Stability and error analysis. In this section, we perform the stability and
error analysis of the above HHO-Nitsche discretization of the frictional contact prob-
lem. We first collect some useful analysis tools. Then we establish a stability property
and infer the well-posedness of the nonlinear discrete problem (3.7). The stability
property is valid if the penalty parameters =, and ; are bounded from below, this
bound being 0 for the skew-symmetric variant § = —1. Then we slightly tighten these
minimal values to derive an error estimate bounding the energy error and the error on
the nonlinear boundary condition on I'c and featuring optimal decay rates of order
(k + 1) for smooth solutions. The following properties of projections onto a convex
set will be useful:

(4.1) ([7le = lle) (@ —v)
(4.2) (lzls = [yls)(z —y)

v

([.’E]@ - [y]@)2 >0 vxay € Ra
2l — > >0 Vz,yeR%

We use the symbol C' to denote a generic constant whose value can change at each
occurrence as long as it is independent of the mesh size and the Lamé parameters.

v
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The value of C' can depend on the mesh regularity and the polynomial degree k£ > 1.
We abbreviate as a < b the inequality a < Cb with positive real numbers a,b and a
constant C' > 0 as above and whose value can change at each occurrence.

4.1. Analysis tools for HHO operators. We equip the space Q’% with the
following local discrete strain seminorm:

(4.3) o7l r = le(wr) 17 + h1'lvar — vrjor 3,

where |-||7 (resp., ||-|lor and ||-||grc) is the L2norm on T (resp., on OT and OT°).
Notice that |[0p|1,» = 0 implies that v is a rigid-body motion and that vyp is the
trace of vy on 0T. The following local stability and boundedness properties of the
strain reconstruction and stabilization operators are established as in [22, Lemma 4].

LEMMA 7 (boundedness and stability). Let E be defined by (3.1) and S by (3.3).

There are 0 < oy, < oy < +00 such that, for all T € Ty, all h > 0, and all Uy € Uk,
we have

2
(4.4) a[Upfir < <||E(5T)||2T + h?IIS(?T)II%T> < ayfvrfi 7

The key operator in the HHO error analysis is the local interpolation operator
Ik HY(T;R?) — U such that

(4.5) I%(v) i= (I (v), I (vjar)) € Th

for all v € H*(T;R?) and all T € T;,. The global version B“L Vy — Qﬁ,o is defined

locally by setting the local HHO components offfl(y) to (ffl (v)r = ﬁT(gT) € Q? for
all v € V5 and all T' € 7,. This definition makes sense since the functions in Vi, do
not jump across the mesh interfaces and vanish at the boundary faces located on I'p.
The HHO interpolation operator allows one to obtain important local commuting
properties satisfied by the reconstruction operators (see, e.g., [22, Proposition 3]);
namely, we have

(4.6) E(I}(v) = T(e(v),  D(I}(v) = 5 (V-v)

for all v € HY(T;RY), all T € Ty, and all h > 0, where IT% is the L2?-orthogonal
projection onto P*(T Rg;n‘f) and TI% that onto P*(T;R) For all v € H'*V(Q;RY),
v > %, and all @, € QZ’O, let us set (the reason for the notation will become clear in
the proof of Theorem 12 below)

(4.7)

T2 (0, @) = Y — (Vo (), wr)r+ar([5(v), @)+ Y (€.(), war)arsuare,
TET TeTNUTE

where we recall that @, = (wg,wyp) are the local components of the test function
wy, € Qﬁ,o attached to the mesh cell T € 7Ty,. For a function z € H"(T;R), v > 1, we
employ the notation

213 7 = 12l17 + hrll2l3e

and the same notation for tensor-valued functions.
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LEMMA 8 (cousistency for linear elasticity). Let T ;(v,w),) be defined in (4.7)
for allve HYW(;RY), v > 1, and all @), € QZ,O' Then

(4.8) T} (0, @) < Ao (Z2u|wT|1T)

TETh
holds true with the interpolation error
1
A(w) = Y o ((2u)2|\€(9) ~ I (e@)F 7 + 2p)*[le(w - I ()17
1
TE,]—}L
(4.9) + N Ve — T (V-0) [ )

Proof. The proof essentially follows from [22, Theorem 8] and is only sketched
here. Integrating by parts the term (V-0 (v), wy)r for all T € T, using (2.1) together
with the definitions (3.1)—(3.2) for E(@wy) and D(@y ), respectively, rearranging the
terms, and setting nr = e(v) — E(ffT(g)) = e(v) — Ik (e(v)) and (7 = V- —

D(ffT(y)) = V.w—1Ik(V-v) (owing to the commuting properties (4.6)) leads to (details
are skipped for brevity)

T (0, @,) = Y (2u(nr,e(wr))r + 2p(nrnr, wor — wr)or
TETh

— 2uhz (S(T5(v)), S(@7))or
+ A¢r, Vowp)r + MCrnr, wor — wT)aT).

Invoking the Cauchy—Schwarz inequality and the upper bound from Lemma 7 to

_1
estimate h, 2 ||S(@Wyr)|lor, we infer that

o 1 ~
Tt 2P 5 (3 o (@0 nrlEe + o 1S BB + XlerlEr) )

TeTh
< (X wultnfe ).
TET

Finally, combining the ideas used in [22, equations (20) and (35)] with a local multi-
plicative trace inequality and a local Korn inequality, we infer that

' IS5 @)3r < lle(w = R(IZE )17 < lle(v — T ()7,
which completes the proof of (4.8). ad

4.2. Stability and well-posedness. Let us first establish an important mono-
tonicity property of the semilinear form b; under the assumption that the penalty
parameters -y, and ; are large enough. The lower bound on these parameters in-
volves the constant Cy; from the discrete trace inequality

_1
(4.10) lonllore < Cavhg? [lonllr

for all T € T,°, all h > 0, and all v, € P¥(T;R?), ¢ € {1,d}. We equip the global
HHO space Qlﬁ,o with the norm

[2ln == > (28 r + MD@L)I)-

TETh
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That |-||,,» defines a norm on U¥  follows from the usual arguments since face com-

ponents are null on all the faces in ]—';f P and this set is nonempty by assumption.

LEMMA 9 (monotonicity). Assume that the penalty parameters are such that
(4.11) min(k ™y, 2v:) > 3(0 + 1)2C3, 1,

recalling that xk := max(1, ﬁ) Then the semilinear form Eh is monotone, and we
have for all v, w,;, € QQO,

o~

~ A . o~ ~ 1 . . ~
(4.12) br (U3 Uy, — W) — bp (W3 1y, — W,) > 3 mm(l,af)Hyh - Qh”i,x
Proof. Let v,,w, € QZ,O? and set Zz, = U, — wW,. Recalling the

definition of the HHO-Nitsche semilinear form Zh and exploiting the positivity of
the local HHO bilinear form a7, we infer that
(4.13)

> (26(1BGD)IE +7 1SE) I3r) + AIDEDIE) < Tr+Tan+Ta — Tan—Tay,
TETh

where
T, = Bh@h;zh) — bu(@p; 2),
Z 9*”‘% Zr ||8T0v Z 07“‘775 T ”BTC
TeT,LC TeTC
and
hr 5 N R
Ty, = L ([r@p)e — [ra(@1)]es n(Er))gre
TeTC Tn
h
+ > (0= 1)L ([m@p)le — [m(@p)le, 0nEr))pre
TeTC "
h . . A
Tsei= Y — ([0,@p)]s — [£(@p)]s. 7y Br))ore
TeTC W
h N N
+ 3 (0- 1) ([0, @p))s — [2(@0)]s 0, Er)) e -
o TVt
TeTS

Let us consider Tg,, — T3, Setting dr := [7,(Vr)]e — [7n(@Wr)]s, we infer that

hT hT
Tom —Tsn< Y. ( LowEr)2re = 187200 — (0 — 1) = <6T,an<zT>>aTc)
C Tn Yn
TeT,
C?
<> 3 Loty —||an Z)llfre < 0 5 o1y dtnon(zT)nT,

TeTC TeTC

where we used (4.1) in the first bound, Young’s inequality and the fact that 6 + 5 (6 —
1)2 = 1(6 +1)? in the second bound, and the discrete trace inequality (4.10) in the
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third bound. Recalling the definition (3.8) of the discrete HHO stress and using the
triangle and Young’s inequalities, we infer that

Ty Ton < 3 5(0+1) (<2u> |BGDIE + 221D EIE)
TGTC

< Z 0+ 107 (2l BEDIE +NIDEDIE).

The reasoning to bound Ty ; — T3, is similar except that o,(Z) has only off-diagonal
contributions and is therefore independent of A. We infer that

C?
Ty —Ts < Z 0+1) 2 dtHXQﬂHE(ZT)”T
TeT,?

Combining the above bounds and using the condition (4.11) leads to

2 N ~
Ton + Tou = Ta = Tou < Y 5 (261BE) I + NIDEDIE).
TETh

Recalling (4.13) leads to

Ty > Y < (2u(IEGHIE + bz ISGBr) + DG,
TeTh

Using the definition of T, the lower bound from Lemma 7, and the definition of the
norm ||-||,,» concludes the proof. |

Using the argument from [8, Corollary 15, page 126] (see [13] for the application
to FEM-Nitsche), we infer from Lemma 9 the following well-posedness result.

COROLLARY 10 (well-posedness). The discrete problem (3.7) is well-posed.

Remark 11 (lower bound (4.11)). The monotonicity result stated in Lemma 9 is
robust in the incompressible limit provided that the condition (4.11) does not imply
that the penalty parameters 7, and +; need to be chosen large when the ratio « is
large (remember that this ratio becomes large in the incompressible limit). Robustness
happens in the two following situations: (i) for the skew-symmetric variant § = —1,
for which the penalty parameters 7, and 7 need only to be positive real numbers
(instead, for 6 € {0, 1}, this property is lost for ~,,, which needs to scale as ux), and
(ii) for bilateral contact and any value of 6 since only the parameter ; is used and it
remains independent of .

4.3. Error analysis. This section contains our main theoretical results on the
convergence of the HHO-Nitsche method for the frictional contact problem.

THEOREM 12 (error estimate). Let € € (0,1]. Recall that k := max(l,ﬁ).
Assume that the penalty parameters are such that

(4.14) min(k~ ', 27) > 3((0+1)* + e(4+ (0 — 1)%)) C5, .

Assume that the exact solution satisfies u € H'™V(Q;RY), v > L. Let 4, be the
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discrete solution of (3.7) with local components up for all T € Tp,. Then we have

> (2ulletw) — B@p) + A V-u - D(@p)|)

TETh

€ hT h -~ 2
+2(1+)TZT( T (e ~ I @nle Bre + 2Nzl - @)l e

(4.15

15)
S Ar(u) + Ag(u),

with A (u) defined in (4.9). Moreover, As(u) is given by

h
b= Y (2 2 5 e
TeT? "
hr
(4.16) + Wy rlldre + - Ious rli3re).

with do,p = op(u) — on(Ik (W), 6a, v = a,(u) — gt(ﬂ%(g)), the HHO interpola-
tion operator is defined in (4.5), and du, T and du, - are the normal and tangential

components on I'c of dup = wor — Hg;l(g‘aﬂ.

Proof. Let us set z), := U, — Ei(g), where f,j :Vy — Qﬁyo is the global HHO
interpolation operator defined in section 4.1. The same manipulations as in (4.13)
lead to

S° (26(1B G +h7 ISEDI3r) + MDEDIE) < Ti+Tam +Tae —Ton — T
T€7_’L

where the terms on the right-hand side are defined as above by setting v, := u,
and wh = Ik T(u). We use the fact that u, is the discrete solution to infer that
Ty 1= by (@ 2,) — bu(I (), 2,) = Ea(Z3) — bu(I}(w), 2,). Recalling the definition of
bh and Eh, we obtain Ty := Ty 1 +Ti2n + T1,2,: — T1,3,n — T1,3, with

Tia= Y ((Frzr)r —ar (T3, 20)) + D (9% zor)or,

TETh Te7’}i‘I
h N
Tiomi= . 0—(on(T%(u),0n(Er))are,
rere "
h N
Tign = Y —(r(@e@)e, (7o + (0 — 1)0n) (Er))are,
TeTC Tn

and similar expressions for T;2; and T;3;. We use the identities Un(f“T(g)) =

(00 (Ih(w) — on(w) + o (u) and [r, (T (w)]o = ([ (T (w)]s — [m(w)]e) + [ (w)e
in Ty 2, and Ty 3 ., respectively, and obtain

(4.17) Ty =T (4 2,) —Tyon —Tios+ Tz, +Tisy
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where T/ ;(u,z},) is defined in (4.7) and (recall that do, r := 0 (u) — an(ﬂ}(@)))

h ~
TIl,Q,n = Z gl(éan,T;O—n(gT))aTC,

TeT,C Tn
Tiam = ) :T([Tn( o = [r(@))]e, (7a + (6 = 1)) (Er))are,
reTe "

and similar expressions for T} ,, and T} ;,. To make the term T} ;(u,Z)) appear
n (4.17), we used that V-o(u )+ f=0in Q0 n(u) = gn on I'y, whereas on T we

used that o, (u) = [m,(u)]s, 2 2L (0o (2r) — (Ta + (0 — 1)on)(2r)) = 2or.n, a similar
identity for the tangential component, and that o, () 2oy = on(w)2or,n+0; (W) Zo7 ;-
Combining Tz, with T/ 5 ,,, we infer that

/2n i=To,n — T/1,2,n = Z 9 ||‘7n ZT)”@TC - (50n,TaUn@T))8TC)»
TeTE Tn

together with a similar expression for T4, := Ty ; — T} 5 ;. Moreover, combining T3,
with T 5 ,,, we infer that

hr ~
Ty = ~Ton+Tign= > —(mWle ~ [m(@r)e, (T + (0 = 1)ow)Er))ore,
e
€7y
together with a similar expression for T3, := —T3; + T} 3,. Putting everything

together, we infer that

> (2u(IBGEIE +h7 ISEDIRr) +AIDEIE)
TETh

(4.18) < T (u,2,) + Ty, +To 4 Ty, + T,

Let us now bound the terms (T, + T3 ,,) and (T, + T3 ;). We only detail the bound
on (T, + Tj3,,) since the reasoning is similar for (T4, + T4 ;). Recalling the above
expression for T ,, and using Young’s inequality (with 3; > 0) for the second term
on the right-hand side, we infer that

)-

hr
T,, < Z —((0+ ) lon@Er)l3re + En |

n

Turning to T’37n, since Zp = Uy — ﬂ}(g) and the operator 7, is linear, we have

(7a + (0 = o) Br) = —(7a(w) = 7(@7)) + (ra(w) = 7 (T5(w) + (0 = Dou(Er),

so that we can rearrange the terms composing Ty ,, as follows:

Tm 3 22 (= (ralwle — [(@r)lo ma(w) = 7ol )ore
TeTc "
+ ([rn(W)]e — [1a(@p)]e, Tn(w) — T (T (w)))are

+ (0 = D)([mm(w]e — [ (ur)le, on(zr )aTc)
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Using (4.1) for the first term on the right-hand side and letting w, 7 := [7(u)]e —
[Tn(tr)]e and 67y, 1 := 7 (u) — 7'n(f€T(g))7 we infer that

h ~
Tg n = Z l( - ||wn,T||%TC + (wn,T767—TL,T)8TC + (9 - 1)(WH7T7 O'n(éT))BTC)-
TeTe "

Using Young’s inequality to bound the second and the third terms on the right-hand
side (with B2 > 0 and 3 > 0), we infer that

h 0—1 0—1|3- ~
Ty, < - L1+ 2+ lwn 112 e + 2 107 wll3re + 232 00 (Zr) 3 e
TeT,LC "

Putting the bounds on T ,, and ']I‘gn together leads to

Thn + Tsp < Z - lon (Zr) 3

TETC

+ ﬁH(SUmTH%TC + 55 16707 lI37¢),

0—1 B 0—1|5
p1 =1 /322 |2ﬁ3|’ 02 =0 21 | 2\ 3

Let € € (0,1], and let us choose 3 := 2¢, By := T and B3 = W, Then we

2 2 2
a7 and p2 = LT) +e(1+ Y5 1) ), as well as ﬁ =L <L <ifand

ﬁ = 124;6 < 1 . Using the above bound on szn + T4 ,, together with a similar bound

on T, + Tj, in (4.18), we infer that

have p; =

(419) Y (2u(1BGD)IE + b7 ISEDIIEr) + MDEDIF)

TeTh
T
oy ( Elnrll3re + - lerlre)
TeTSC e
/ =~ hr = 2 hr = 2 /
STa@2)+ Y p(ColonGrldre + 2 laiErlire ) + 45w,
TeTE " K
with w; 7 := [, ()]s — [1;(tr)]s and
1 hT hT
apw) = Y S (ZE(I0onllire + 197alEre) + = (log, rI3re + 16z, rl3re) ),
TETCG In Tt

recalling that do, 1 = op(u) — UH(E«(Q)), doy 7 = a,(u) — Qt(fjﬂ(g)) are defined
below (4.16), 07y, 7 := T (u) — Tn(f“T(g)) is defined above in this proof, and iz, 1 :=
7, (u)—7, (17% (w)). Recalling the definitions of the operators 7, and 7, and invoking the
triangle and Young’s inequalities, we infer that Aj(u) < As(u), with Ag(u) defined
n (4.16). Note importantly that the face component of ﬂT(g) on OTC is indeed
Hg}'l(y‘aq«) since the polynomial order is (k + 1) on the faces located on I'c. Next,
we absorb the traces of 0, (Z) and ¢,(Zy) in (4.19) (in the term multiplied by p2)
by the positive terms from the left-hand side. To this purpose, we proceed as in the
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proof of Lemma 9, and we invoke the discrete trace inequality (4.10) and the lower
bound (4.14) on the penalty parameters. This yields

1 ~ _ ~ ~
> 3 (2uIBEDIE + h7 ISEI3r) + AIDEIF)
T€eTh

€ hT hT ~
tom TS Z (f”wn,T”%TC + 7”£t,T“?}TC) < T (u,2) + Ag(u).
2(1 + 6) TeTC Tn Mt

h

Finally, we invoke Lemma 8 and infer that [T} ;(u,2,)]* < A1(w) doreTs 2u|§T|iT.
Owing to the lower bound from Lemma 7 and Young’s inequality, we can hide the
factor - 7. 2ulZp|7 - on the left-hand side of the above inequality. We conclude
the proof by means of a triangle inequality. a0

Remark 13 (lower bound (4.14)). The minimal value of the penalty parameters
from the lower bound in (4.14) is slightly tighter than that from the lower bound (4.11)
and tends to it as € | 0. Formally, one recovers the arguments from the proof of
Lemma 9 (which involve only the two functions v, @, instead of the three functions
@h,fg(g), and u as in the proof of Theorem 12) by setting € := 0 so that 51 = 2 = 0,
(6+1)°

T

B3 = ‘0;1‘7 p1 =0, and P2 =

Convergence rates for smooth solutions can be inferred from Theorem 12 by us-
ing the approximation properties of the L2-orthogonal projection on shape-regular
polyhedral mesh sequences. Referring, e.g., to [21, 27] for proofs, we have

(4.20) [lv = IE )llz + hillv = 15 (0) oz + he || ¥ (0 — 5 (v)) |7

3
+ ||V (0 = TE () [lor S h1T+T|U|H1+v(T)

for all v € H'™(T;R), v € (3,k+ 1], all T € Ty, and all & > 0. Similar bounds are
available for the projection of vector-valued functions. Using (4.20) to bound A;(w)
and As(u) in (4.15) readily leads to the following error estimate (note that one can
assume y; < v, without loss of generality).

COROLLARY 14 (H!'-error estimate). Keep the assumptions and notation from
Theorem 12. Assume that the evact solution satisfies u € HV(Q;RY) and V-u €
H"(:R), v € (3,k + 1]. Then we have

> (2ulle) - Bar) I3 + AIV-u - D) })

TETh
€ hp ~ 2 hr ~ 2
+ o 3 (Flm@le - [ @nlelBre + S @), — [ @) e )
2(1+¢) n Ve
TeT,?
(4.21)
1P P 2u, (2 A2 2v 2
S T; < <2M + E( o + E + ’Yn> hT |Q|H1+V(T) + EhT ‘V'H|HV(T) .
h

Remark 15 (choice of €, robustness). For 6 € {0,1}, the value chosen for e is
not really important, and one can simply set ¢ = 1. Then (4.14) shows that v, ~ ux,
v ~ w, and taking the square root in (4.21) shows that the error upper bound scales
as k2. Instead, for & = —1, choosing ¢ arbitrarily small allows the lower bound on
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the parameters k~'v, and 7, to be arbitrarily small as well, as is expected for the
skew-symmetric variant. Note, however, that the choice of e affects the error upper
bound (4.21), which scales as e~! (a similar issue is also observed for Nitsche-FEM
in [15]). A first possibility is to set ¢ ~ k7! leading to 7, ~ pu and v ~ pk~1,
whereby the error estimate (4.21) delivers an upper bound scaling as k3 after taking
the square root. A second possibility is to set e = 1 and to take ~,, ~ urx to moderate
the dependency on k of the upper bound in (4.21), which then scales as k2 after

taking the square root.

Remark 16 (choice of k). A usual smoothness assumption is u € H%_E(Q;Rd),

e>0,ie,v= %—5, as is generally the case when there is a transition between contact

and no contact. Then the maximal convergence rate is O(h?~¢) and is reached for
kE=1.

Remark 17 (face polynomials). Using face polynomials of order (k + 1) on the
faces located on I'¢ is crucial to obtain the above error estimate in the optimal case
where v = k + 1. This allows us to invoke the approximation properties of H’g;l on
OTC when bounding Ag(u).

5. Numerical experiments. The goal of this section is to evaluate the pro-
posed HHO-Nitsche method on 2D and 3D benchmarks: (i) a 2D manufactured solu-
tion, (ii) a 3D frictionless Hertz contact problem; (iii) a stick and slip transition, and
(iv) a prototype for an industrial application. We employ the notation HHO(k) when
using polynomials of order £ > 1. The implementation of HHO methods is discussed
in [17], and an open-source software is available.! The discrete nonlinear problem
(3.7) is solved by a generalized Newton method as in [20]. In the present implemen-
tation, the penalty parameters for the stabilization and the friction/Tresca condition
are proportional to 2u and are scaled by the reciprocal of the diameter of the local
face rather than the diameter of the local cell (these two length scales are uniformly
equivalent owing to the shape-regularity of the mesh sequence). We compare our nu-
merical results to the analytical solution whenever available or to numerical solutions
obtained either from the literature or using the industrial open-source FEM software
code_aster [26]. In this latter case, we consider a mixed method called T2-LAC (see
[1]), where the discrete unknowns are the piecewise quadratic displacement field and
the piecewise constant contact pressure.

5.1. 2D manufactured solution. We consider the unit square  := (0, 1)?, and
we set I'c := (0,1) x {0} and I'p := {0,1} x (0,1)U(0,1) x {1}. The Lamé coefficients
are p := 2 and A := 1000 (which corresponds to a Poisson ratio of v ~ 0.499). The
manufactured solution is

1 1
1 =14+ — oty =-14—-F Y
60 woa)i= (14 1oy ) o) = (<1 ) ue

The z-dependent friction threshold is s(x) := paz? &%, The displacement imposed

on I'p is the trace of the manufactured solution, and the volume force is computed
accordingly. The penalty parameters are taken as v, = v := 2u. In this test case,
we consider hexagonal meshes to illustrate the polyhedral capabilities of the proposed
HHO-Nitsche method. The displacement Euclidean norm of the manufactured so-
lution is plotted in Figure 3 on the deformed configuration for a hexagonal mesh
composed of 280 cells.

Thttps://github.com/wareHHOuse/diskpp.
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2.33e-06 0.32 0.641
.

Fi1c. 3. 2D manufactured solution: displacement Euclidean norm on the deformed configuration
for HHO(1) and 0 = 0 for a hezagonal mesh (h = 4.60e-2) (the contact boundary I'¢ is the bottom
side).

TABLE 1
2D manufactured solution: H'-error and convergence order vs. h for 6 = 1.

Mesh k=1 k=2 k=3 k=4
size h H'-error | order | H'-error | order | H'-error | order | H!-error | order
3.33e-1 5.42e-3 - 4.41e-4 - 5.56e-6 - 1.84e-7 -

1.75e-1 1.38e-3 2.13 5.87e-5 3.13 3.33e-7 4.06 5.34e-9 5.11
9.06e-2 3.47e-4 2.08 7.62e-6 3.07 2.05e-8 4.02 1.63e-10 5.04
4.60e-2 8.70e-5 2.05 9.72e-7 3.04 1.28e-9 4.00 6.66e-12 4.61

We first report in Table 1 the H!-error (that is, the p-dependent part of the
left-hand side in (4.21)) and convergence rates as a function of the average mesh size
h for k € {1,...,4} on hexagonal mesh sequences and for the symmetric variant with
6 =1. For all k € {1,...,4}, the H'-error converges with order (k + 1) as predicted
in Corollary 14 (except for k = 4 and the finest mesh since we are slightly limited
here by the numerical precision). The results are similar for the other variants with
0 € {—1,0} (not shown for brevity). These convergence rates are consistent with the
predicted rates in Corollary 14 (we are not limited by the regularity of the solution
in this test case).

In Figure 4, we report on a fixed hexagonal mesh the H'-error as a function of
the material parameter A (left panel) and of the penalty parameter o with v, = 2p
fixed (right panel) for k£ € {1,2} and for the three variants with § € {—1,0,1}. We
observe that the H'-error is nearly independent of the values of A and a2, These
results indicate that the HHO-Nitsche method appears to be locking-free in the in-
compressible limit despite the fact that the theoretical analysis is somewhat more
pessimistic. The same comment can be made regarding the necessity to enforce the
lower bound in (4.14).

5.2. 3D Hertz contact. The second benchmark is the well-known 3D Hertz
contact problem of a half ball in contact with a rigid foundation. The half sphere
is centered at the point having coordinates (0,0,100) and has a radius of 100. The
contact boundary is the infinite plane z := 0, and a vertical displacement u, := —2



HHO-NITSCHE FOR CONTACT AND TRESCA FRICTION A2319

—s—-HHO(1) # = —1—— HHO(1) 6 =0 —s-HHO(1) # = —1—— HHO(1) # =0
—— HHO(1) # =1 -=- HHO(2) § = —1 —— HHO(1) # =1 -=- HHO(2) 0 = —1
~e- HHO(2) # =0 -+- HHO(2) 0 =1 L7+ HHO() 9 =0 -4 HHO() ¢ =1
e 1073 ‘ ‘ ‘ ‘ 1
1074 .\.\l—l—l E| i \ i:: |
E E 10~4 5 E
107 ¢ E I ]
I S (U = E
R ] EESR ]
1076 | L e - . [ AN j(*\\ 1
r 3 1076 | S N S A S =
Gl vl vind vl il Ll | | | | ]
10° 10 10? 10 10* 103 107t 10! 0% 10° 107
(a) H'-error vs. A (yn = vt = 2) (b) H'-error vs. g—z (A =1000 and ¢ = 2u)

F1G. 4. 2D manufactured solution: H'-error vs. X\ and ;—Z for a hexagonal mesh (h = 4.60e-2).

is applied on the top surface. For symmetry reasons, one half of the half ball is
discretized. The material parameters are p := 26.9 and A := 40.3. In this benchmark,
we modify slightly without difficulty the formulation of Nitsche-HHO method in order
to take into account the gap between the contact boundary and the obstacle since
this gap is supposed to be equal to zero in (2.3) (see, e.g., [12] for the Nitsche-FEM
formulation with a nonzero gap). We consider frictionless contact, i.e., s := 0, so as
to compare our numerical results with a reference solution computed using the mixed
quadratic formulation T2-LAC implemented in the industrial software code_aster.
For this test case, we do not expect HHO(2) to deliver a more accurate solution than
HHO(1) since the curved boundary is discretized using tetrahedra with planar faces.
We consider only the variant with 8 = 0, and we set 7,, = v := 2u. The displacement
Euclidean norm on the deformed configuration is plotted in Figure 5a for HHO(1).
In Figure 5b, we compare for HHO(k), k € {1,2}, and the reference T2-LAC solution
the evolution of the normal component of the Cauchy stress tensor (see (3.8) for
HHO) vs. the radial coordinate r at the barycenter of the contact faces. The results
for HHO(k), which are computed on a mesh composed of 3,740 tetrahedra, are in
good agreement with the reference solution, which is computed on a finer mesh with
102,436 tetrahedra, although some slight differences are visible near » = 15 where the
transition between contact and no contact occurs.

5.3. Stick and slip transition (Bostan & Han test case). This third bench-
mark has been studied previously in [6]. It consists of a rectangular domain Q :=
(0,8) x (0,4) which is clamped on the Dirichlet boundary I'p := (0,8) x {4} and
subjected to a horizontal surface load gy := (400,0) on the Neumann boundary
I'y := {0} x(0,4). The bilateral contact boundary is I'c := (0,8) x {0}, where a Tresca
friction is considered with s := 150. Moreover, the material parameters are y := 384.6
and A := 576.9. The symmetry parameter is set to 6 := 1 and the penalty parameters
to v, = v := 2u. The reference solution, referred to as Bostan & Han, comes from
[6, Example 6.2], where a mixed method with adaptive mesh refinement is used.

In Figure 6, we compare the normalized quantity ||g,|/s at the barycenter of
the contact faces for HHO(k), k € {1,2}, and the reference solution on two differ-
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Fic. 5. 3D Hertz contact sphere: displacement Euclidean norm on the deformed configuration
and contact pressure vs. radial coordinate.

e HHO(1) e HHO(2) = Bostan & Han *HHO(1) *HHO(2) = Bostan & Han

0.8 0.8

0.6 0.6
0.4 0.4

0.2 0.2

0 | | | 0 | | |
0 2 4 6 8 0 2 4 6 8

(a) mesh composed of 225 quadrangles (b) mesh composed of 10,000 quadrangles

F1G. 6. Stick and slip transition (Bostan & Han test case): ||o,||/s vs. x-coordinate at the
barycenter of the contact faces on a coarse and a fine mesh.

ent meshes: a coarse mesh composed of 225 quadrangles and a fine mesh composed
of 10,000 quadrangles. We observe that the results for the HHO(k) methods are
close to the reference solution even on the coarse mesh. Moreover, on the fine mesh,
both methods accurately capture the transition between slip (||lo,||/s = 1) and stick
(lagll/s < 1) at © ~ 2.7. Additionally, the results are slightly more accurate for
HHO(2) than for HHO(1) on the coarse mesh and quasi-identical on the fine mesh.
We note that increasing k does not improve significantly the results as expected since
the regularity of the solution is a limiting factor in this example.

To evaluate the influence of the penalty parameters -, and 7;, we compare the
total number of Newton’s iterations needed to solve the nonlinear problem (3.7) vs.

— On — Ot

the magnitude of the normalized penalty parameter vy := 3 = 3 The Newton’s
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F1G. 7. Stick and slip transition (Bostan & Han test case): total number of Newton’s iterations
vs. the normalized penalty parameter vo for a mesh composed of 225 quadrangles (no value is plotted
if Newton’s method has not converged after 200 iterations).

Fia. 8. Notch plug: mesh composed of 21,200 hexahedra and 510 prisms in the reference
configuration.

iterations are stopped under a relative residual convergence threshold of 10~7, and
convergence failure is reported after 200 iterations. We present the results in Figure 7
for the coarse mesh composed of 225 quadrangles, the three symmetry variants, and
the polynomial degrees k € {1,2}. For HHO(1), we remark that the different symme-
try variants need the same total number of Newton’s iterations (5 here) if v > 102,
whereas the skew-symmetric variant (6 = —1) is the most robust since the number of
Newton’s iterations is almost independent of vy, contrary to the incomplete variant
(6 = 0), which suffers some degradation in the convergence for vy < 1, and to the sym-
metric variant (6 = 1), which does not converge anymore if 79 < 1072. For HHO(2),
the skew-symmetric variant (6 = —1) is again the most robust, as for HHO(1). How-
ever, both variants with § = 0 and § = 1 now exhibit a similar behavior and do not
converge anymore if 79 < 1073 and 9 < 1072, respectively. Finally, we observe that
for HHO(2), the number of iterations increases significantly for vy > 10* whatever the
value of the symmetry parameter (and do not converge anymore if 7o > 10°). This
effect is not observed for HHO(1). To sum up this numerical experiment, an optimal
range of values for g seems to be 1071 < vy < 103.

5.4. A prototype for an industrial application. This prototype simulates
the installation of a notched plug in a rigid pipe. The mesh is composed of 21,200
hexahedra and 510 prisms in the reference configuration; see Figure 8 (for symmetry
reasons, only one quarter of the pipe is discretized). The notched plug has a length
of 56 mm and an outer radius of 8 mm. The pipe is supposed to be rigid and has an
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F1G. 9. Notch plug: von Mises stress on the deformed configuration (in MPa).
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F1G. 10. Notch plug: normal stress on on the contact zone (in MPa).

inner radius of 8.77 mm (there is an initial gap of 0.77 mm between the plug and the
pipe). The contact zone I'c with Tresca’s friction (s := 3,000MPa) is between the
rigid pipe and the 10 notches of the plug. In the actual industrial setting, an indenter
imposes a displacement to the upper surface of the plug. To simplify, sufficiently large
vertical and horizontal forces are applied to the upper surface of the plug to impose
a contact between the pipe and the notches. The material parameters for the plug
are p := 80, 769MPa and A := 121,154MPa (which correspond to a Young modulus
E := 210,000MPa and a Poisson ratio v := 0.3). The simulation is performed using
HHO(1), the symmetry variant 6 := 1, and the penalty parameters v, = v; := 2u).
The von Mises stress is plotted in Figure 9 on the deformed configuration. The
maximal value is reached where the force is applied. Moreover, a zoom on the contact
zone is plotted in Figure 9b. We remark that there is contact between the notches and
the pipe. Finally, the normal stress o, is visualized in Figure 10 on the inferior surface
of the plug. We remark that all the notches are in contact except the first three (from
left to right) and the last one (where o, = 0) and that a transition between contact
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and noncontact is located at the fourth notch. Moreover, the maximal value of the
contact pressure is reached at the extremity of the notches.

6. Conclusion. We have devised, analyzed, and evaluated numerically an HHO
discretization combined with a Nitsche method to impose weakly contact and Tresca
friction conditions in small strain elasticity. We have proved optimal error estimates
for this nonlinear problem and have studied the robustness of the estimates in the
incompressible limit. The numerical tests indicate that robustness is achieved in all
configurations considered herein. This work can be pursued in several directions,
such as extending the analysis to Coulomb friction and addressing further extensions
(multibody contact, large transformations, plasticity) for industrial applications.
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