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STABLE BROKEN H! AND H(div) POLYNOMIAL EXTENSIONS
FOR POLYNOMIAL-DEGREE-ROBUST POTENTIAL AND
FLUX RECONSTRUCTION IN THREE SPACE DIMENSIONS

ALEXANDRE ERN AND MARTIN VOHRALIK

ABSTRACT. We study extensions of piecewise polynomial data prescribed on
faces and possibly in elements of a patch of simplices sharing a vertex. In
the H! setting, we look for functions whose jumps across the faces are pre-
scribed, whereas in the H(div) setting, the normal component jumps and the
piecewise divergence are prescribed. We show stability in the sense that the
minimizers over piecewise polynomial spaces of the same degree as the data
are subordinate in the broken energy norm to the minimizers over the whole
broken H' and H(div) spaces. Our proofs are constructive and yield con-
stants independent of the polynomial degree. One particular application of
these results is in a posteriori error analysis, where the present results justify
polynomial-degree-robust efficiency of potential and flux reconstructions.

1. INTRODUCTION

Braess et al. [I, Theorem 1] showed that equilibrated flux a posteriori error
estimates lead to local efficiency and polynomial-degree robustness (in short, p-
robustness). This means that the estimators upper-bounding the error also give
local lower bounds for the error, up to a generic constant independent of the poly-
nomial degree of the approximate solution. These results apply to conforming finite
element methods in two space dimensions. They are based on flux reconstructions
obtained by solving, via the mixed finite element method, a homogeneous Neumann,
hat-function-weighted residual problem on each vertex-centered element patch of
the mesh. The proof of the p-robustness in [I] relies on two key components:
p-robust stability of the right inverse of the divergence operator shown in Costa-
bel and McIntosh [10, Corollary 3.4] and p-robust stability of the right inverse of
the normal trace shown in Demkowicz et al. [I8] Theorem 7.1]. In our contribu-
tion [21, Theorem 3.17], we extended p-robustness of a posteriori error estimates to
any numerical scheme satisfying a couple of clearly identified assumptions, includ-
ing nonconforming, discontinuous Galerkin, and mixed finite elements, still in two
space dimensions, while proceeding through similar stability arguments. A second
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type of local problem appears here, where one is led to solve a homogeneous Dirich-
let, conforming finite element problem on each vertex-centered element patch, with
a hat-function-weighted discontinuous datum, yielding a potential reconstruction.

The present work extends the results of [I] on flux reconstruction to three space
dimensions and reformulates the methodology of [2I] for potential reconstruction
so that it can be applied in the same way in two and three space dimensions. In
doing so, we adopt a different viewpoint leading to a larger abstract setting not
necessarily linked to a posteriori error analysis. The two main results of this paper
are Theorems and They concern a setting where one considers a shape-
regular patch of simplicial mesh elements sharing a given vertex, say a, together
with a p-degree polynomial rr associated with each interior face F' of the patch
(H' potential reconstruction setting) or p-degree polynomials rz and r associated
with each interior and boundary face F' and element K of the patch, respectively,
(H (div) flux reconstruction setting). These data, satisfying appropriate compati-
bility conditions, are to be extended to functions defined over the patch, such that
the jumps across the interior faces of the patch are prescribed by rx (H' setting) or
such that the normal component jumps and boundary values are prescribed by rg
and the piecewise divergence is prescribed by rx (H(div) setting). Crucially, we
prove that the extension into piecewise polynomials of degree p that minimizes the
broken energy norm is, up to a constant only depending on the patch shape regu-
larity, as good as the extension into the whole broken H' space with the same jump
constraints. Similarly, our broken p-degree Raviart—Thomas—Nédélec extension is
stable with respect to the broken H (div) one.

Section Bl reformulates equivalently the above theorems as Corollaries 3.1l and [3.3]
to show that best-approximation of trace-discontinuous or normal-trace discontin-
uous piecewise polynomial data by H}(wg)- or Ho(div,w,)-conforming piecewise
polynomials (i.e., by trace-continuous or normal-trace continuous piecewise poly-
nomials on the open set w, composed of the elements in the patch sharing the
given vertex a) is, up to a p-independent constant, as good as by all H}(wg) or
Hj(div,wq) Sobolev functions. This section also sheds more light on the continuous
level, uncovering that three different equivalent formulations of our results can be
devised using the equivalence principle of primal and dual energies. This, in partic-
ular, allows us to make a link with the previously obtained results in [IL21] and to
describe the application of our results to a posteriori error analysis in Sectiondl In
particular, a guaranteed error upper bound for a generic numerical approximation
of the Laplace equation is recalled in Corollary 1] and p-robust local efficiency is
stated in Corollary 2], with potential reconstructions treated in formula ([£9a)) and
flux reconstructions in formula (£.91).

The proofs of Theorems and [2.3] are, respectively, presented in Sections
and [6l In contrast to [I], where the work with dual norms was essential, we design
here a procedure only working in the (broken) energy norms. The proofs are con-
structive and therefore indicate a possible practical reconstruction of the potential
and the flux which avoid the patchwise problem solves by replacing them by a sin-
gle explicit run through the patch, with possibly a solve of a local problem in each
element. The key ingredients on a single element are still the right inverse of the
divergence [10, Corollary 3.4] and the right inverse of the normal trace [I3| The-
orem 7.1] in the H(div) setting, but the single key ingredient becomes the right
inverse of the trace shown in Demkowicz et al. [I1, Theorem 6.1] in the H? setting.
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We combine these building blocks into a stability result on a single tetrahedron in
Lemmas [AT] and [A3] in Appendix [Al Gluing the elemental contributions together
at the patch level turns out to be a rather involved ingredient of the proofs in three
space dimensions, and we collect some auxiliary results for that purpose in Appen-
dix[Bl A first difficulty is that the two-dimensional argument of turning around a
vertex can no longer be invoked. To achieve a suitable enumeration of the mesh
cells composing the patch in three dimensions, we rely on the notion of shelling of
polytopes; see Ziegler [24) Chap. 8], which we reformulate for the present purposes
in Lemma [B.Il Another difficulty is that we need to devise suitable functional
transformations between different cells in the patch. This is done by introducing
two- and three-coloring of some vertices lying on the boundary of the patch, possi-
bly on a submesh of the original patch; how to achieve such colorings is described
in Lemmas and B3

For the sake of clarity of our exposition, we focus on discussing in detail patches
completely surrounding the vertex a, corresponding to an “interior” vertex when
considering a mesh of some computational domain. Our technique, though, ex-
tends to the case where one considers a “boundary” vertex as well. Our main
results in this context are Theorems [2.4] and 2.5] whereas the reformulations as
best-approximation results on piecewise polynomial data can be found in Corol-
laries 37 and B8 The proofs of our main results concerning boundary vertices
are given in Section [l The aforementioned application to a posteriori error anal-
ysis (Section M) then also covers some configurations of inhomogeneous Dirichlet
and Neumann boundary conditions. In the H' setting, we restrict ourselves for
simplicity to the case where either Dirichlet or Neumann conditions are enforced;
there is no such assumption in the H(div) setting, which allows also for mixed
Neumann-Dirichlet conditions.

Let us finally discuss some extensions of the present results. In [I8], we were
recently able to employ them to construct p-robust H(div) liftings over arbitrary
domains, not just patches of elements sharing a given point. A natural extension
of [18] would be to obtain the same type of results in the H' setting. Another
extension of the present work would be to cover the H(curl) case, hinging on the
single tetrahedron results of Demkowicz et al. [I2, Theorem 7.2]. We also mention
that the application of the present results to the construction of p-robust a posteriori
error estimates for problems with arbitrarily jumping coefficients is detailed in [9],
to eigenvalue problems in [5L[6], to the Stokes problem in []], to linear elasticity
n [I7], and to the heat equation in [19120].

2. MAIN RESULTS

This section presents our main results, once the setting and basic notation have
been fixed.

2.1. Setting and basic notation. We call tetrahedron any nondegenerate
(closed) simplex in R3, uniquely determined by four points in R?® not lying in a
plane. Let a be a point in R3. We consider a patch of tetrahedra around a, say
Ta, i.€., a finite collection of tetrahedra having a as the vertex, such that the in-
tersection of any two distinct tetrahedra in 7, is either a, or a common edge, or a
common face. A generic tetrahedron in 7, is denoted by K and is also called an
element or a cell. We let w, C R® denote the interior of the subset |J e, I For
the time being, we focus on the case where w, contains an open ball around a. The
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main application we have in mind is when a is the interior vertex of a simplicial
mesh 7T, of some computational domain €2, so that a lies in the interior of the patch
wq surrounding it; see the left panel of Figure [l for an illustration. The case where
a is a boundary vertex of the mesh entails some additional technicalities that we
detail in Section 241

FIGURE 1. Left: example of an interior patch 7,. Right: an edge
e € &g, the set F, of all the faces that share it, the face normals,
and the orientation indicators tp .

All the faces of the elements in the patch 7T, are collected in the set JF, which is
split into

(2.1) Fa=Fg  UFS,

with Fiit collecting all the interior faces (containing the vertex a and shared by
two distinct elements in 7,) and F&X* collecting the faces located in Owg. For all
faces F' € F,, np denotes a unit normal vector to F' whose orientation is arbitrary
but fixed for all F' € Fi* and coinciding with the unit outward normal m,,, to we
for all F' € F&*. We consider the jump operator [-]r for all F € Fi'*, yielding the
difference (evaluated along nr) of the traces of the argument from the two elements
that share the interior face F' (the subscript F' is omitted if there is no ambiguity).
We also need to consider edges. Let &, collect all the edges in 7T, sharing the
vertex a; we refer to these edges as interior edges. Then, for each e € &,, the set
F. collects all the faces in Fi* sharing e, and the set 7. collects all the cells in 7,
sharing e. For each e € &,, we fix one direction of rotation around e, and indicate
for all F' € F by tp. either equal to 1 or to —1 whether np complies with this
direction or not; see the right panel of Figure [l for an illustration.
We define the broken H'-space on the patch Ty as

(2.2) HY(Tq) == {v € L*(wa); v|x € H'(K) VK € Tg},
and similarly the broken H (div)-space on the patch 7, as
(2.3) H(div,Tg) := {v € L*(wa); v|x € H(div, K) VK € T,}.

For any v € H(Tg), we can consider its piecewise (broken) gradient Vv defined
as (Vyu)|xk = V(v|k), and similarly for any v € H(div,7T,), we can consider its
piecewise (broken) divergence Vv defined as (Vr-v)|x = V-(v|k) for all K € T,.
For any v € H'(T,), the jumps [v] r across any face F' € Fi'* are well defined since
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the traces of v on F from the two cells sharing F are in L?(F); similarly, the traces
v|Fexe are well defined. We note that any function v € H'*¢(Tg), € > 0, is such
that

(2.4) Z tre [v]Fle =0 for all interior edges e € &g,
FeF

since the oriented sum of the jumps along a closed path around an interior edge is
always zero. The definition of traces is a bit more subtle when one considers a field
v € H(div,T,). Let rp € L2(F) for all F € F,. Then we say that

(2.5a) vnp=rrp YFe€FI,
(2.5b) [vlmp =rp VF e FX

for a function v € H(div, 7,) if and only if

(2.5¢) (Vrv,v), + (v,V),, = Z (rp,v)p Yo € H (wg).
FeF,

We will also need to prescribe the normal component of vector fields in a single cell

K € T, with unit outward normal nx. Consider a nonempty subset Fx C Fg

where Fr collects the faces of K. Given functions rp € L?(F) for all F € FY, we

say that vng|r =rp VF € Fx for a function v € H(div, K) if

(2.6)

(V-v, )k +(v, Vo) = Y (re,¢)r V¢ € H'(K) st. ¢|p = 0VF € Fi\Fx.
FeF}

Let p > 0 denote an integer. We use the notation P,(K) for polynomials of
order at most p in the element K € 7, and P,(F') for polynomials of order at most
p in the face F' € F,. We denote by P,(7,) the space composed of all functions
defined on the patch 7, whose restriction to any K € 7T, is in P,(K). Similarly,
P,(Fg) stands for the space composed of all functions defined on all faces from
Fa whose restriction to any F € Fq is in P,(F). Analogous notation is used for
any subset of F,. We denote by 7k the restriction of r € P,(7,) to K € T, and
similarly by 7z the restriction of r € P,(Fg) to F' € F,. Let RTN,(K) be the
Raviart—Thomas—Nédélec polynomial space of vector-valued functions of order p in
the element K € Tg, i.e., RTN,(K) := [Pp(K)]® + P,(K)z. Finally, RTN,(T,)
denotes the broken space composed of all functions whose restriction to any element
K €7, isin RTN,(K).

For an element K € 7, its shape-regularity parameter vk is defined to be the
ratio of its diameter to the diameter of the largest inscribed ball, and the shape-
regularity parameter of the patch 7g is then defined to be vy, := maxger, V-

Remark 2.1 (Orientation). The orientation of np is irrelevant in (2.4). Indeed,
changing the orientation of nr changes the sign of the jumps (evaluated along np)

and at the same time the sign of tp.. Similarly, the orientation of np is irrelevant
in the left-hand side of (2.5h)).

2.2. Broken H' polynomial extension. Our main result for broken scalar ex-
tensions is the following.
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Theorem 2.2 (Stable broken H' polynomial extension). Let p > 1. Let the
interface-based p-degree polynomial v € P,(Fint) satisfy the following compatibil-
ity conditions:

(2.7a) rr|Prow, =0 on all interior faces F € Fir,

(2.7b) Z tpeTrle =0 on all interior edges e € E,.
FeF

Then there exists a constant Cg > 0 only depending on the patch shape-reqularity
parameter vy, such that

(2.8) min [V7vpllw, < Cst min V70l
vp€P,(Ta) veH (T,)
vp| F=0 VFGJT;"‘_t v|p=0 VFEF*
[vplr=rFr YFEFI* [w]lrp=rr VFEFLM

where the minimization sets are nonempty and both minimizers in [28)) are unique.

The compatibility conditions (2.7 are natural since r is used to prescribe inter-
face jumps. Indeed, these jumps necessarily vanish on the points of the interfaces
located on dwg since the considered functions vanish on dwg; moreover, (2.70) fol-
lows from (2.4). The minimizers in (28] are, respectively, denoted by v and v*,
so that (Z8)) becomes

(2.9) ||VTU;||wa < CstHVTU*”wa'

Note also that since the minimization sets are nonempty and the left one is a subset
of the right one by definition, the inequality in the other direction, ||V7v*|,, <
Vg llw,, is trivial.

2.3. Broken H(div) polynomial extension. Our main result for broken vector
extensions is the following.

Theorem 2.3 (Stable broken H (div) polynomial extension). Let p > 0. Let the
element- and face-based p-degree polynomial r € P,(Tq) x Pp(Fa) satisfy the fol-
lowing compatibility condition:
(2.10) > (e, k= Y (re,1)p =0.

KeT, FEFq

Then there exists a constant Cg > 0 only depending on the patch shape-reqularity
parameter vy, such that

) . < .
2.11) o ol G min ol
VpNE=TF VFE]-";"t vNEp=rp V’FE]—";"t
[vp]l mp=rp YFEFrt [v]-np=rr YFeFM
Vrvp|lk=rx YVKeT, Vrv|k=rk VKeT,

where the minimization sets are nonempty and both minimizers in 211)) are unique.

The compatibility condition ([2I0) is again natural here, since it follows from
([235d) with the test function equal to 1 in wg. The minimizers in (2.11]) are, respec-
tively, denoted by v, and v*, so that (ZIT)) becomes

(2.12) [V llwa < Catl[ vl

Since the minimization sets are nonempty and the left one is a subset of the right
one by definition, the inequality in the other direction, [[v*|l,, < [[vpllw,, is again
trivial.

|
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F1cURE 2. Two examples of boundary patches T,; in both cases,
the faces in F**, and thus the subset wS*', are shown in white.
Left: patch where all the faces in Fg** have at least one vertex
lying in the interior of wS**. Right: patch where there are faces

in F&X* (actually both of them) that do not have any vertex lying
in the interior of w* but where |T4| < 2.

2.4. Boundary vertices. We consider in this section the case where the patch
domain w, does not contain an open ball around the point a; typically, a is a mesh
vertex lying on the boundary of some computational domain 2. In this case, the
patch domain w, only contains an open ball around a minus some sector with solid
angle 6, € (0,47); see Figure 2 for two examples.

The set Fg collecting all the faces of T4 is now divided into four disjoint subsets:

(2.13) Fo=FotyrtyrRuFy,

where the set Fi'® collects (as before) the faces interior to wg, that is, the faces
containing the vertex a and shared by two distinct elements in Tg, the set F&xt
collects the faces that are subsets of Gw, that do not contain a, and FLUFY collects
the faces that are subsets of dw, that contain a. The distinction between ]-"33 and
FXN is needed because some prescription is to be enforced on F2 (H!-extension)
or on Fy (H (div)-extension). These additional prescriptions are motivated by the
handling of Dirichlet or Neumann boundary conditions as further highlighted in
Section @l Correspondingly, we set dwg™ = (Jp, Foxe F, Owy = Upe #o I, and

Owy :=Upern F, so that
(2.14) Owa = 0w U Ow? U dwY;

see Figure 2l Faces in the three sets FSx', FD, and FL are assigned a unit normal
vector np pointing outward w,. We remark that ' can be empty (if 75 consists
of a single tetrahedron), that F<*' is always nonempty, and that either F2 or FJ
can be empty, but not both at the same time. Finally, the set &, collects all the
edges in 7T, sharing the vertex a (note that some of these edges are now located on
Owg) and, for each edge e € &,, F. collects all the faces in F, sharing e (note that
F. is now a subset of Fi'* U FP U FN). As above, for each edge e € &, and each
face F' € &, iy, is either equal to 1 or to —1 and indicates whether np complies
with the fixed direction of rotation around e or not; see the right panel of Figure [l

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



558 A. ERN AND M. VOHRALIK

We now present our main results for boundary vertices. In the H' setting, they
request that either (the Dirichlet part of the boundary) dwl is empty, or (the
Neumann part of the boundary) dwY is empty. No such assumption on dw? and
OwX is needed in the H(div) setting. Moreover, in both settings, we assume that
either all the faces in F2** have at least one vertex lying in the interior of dwS**,
or that the number of elements in the patch 7, is at most two. For instance, the
patch in the left panel of Figure [ satisfies the first assumption, and that in the
right panel the second assumption. Other cases can be treated, see Remark
below, but the analysis is increasingly technical.

Theorem 2.4 (Stable broken H! polynomial extension). Let p > 1 and let either
FD =0 or FY = 0. Assume either that all the faces in F<* have at least one
vertez lying in the interior of OwS®, or that |Tg| < 2. Let r € P,(FIP*UFY) satisfy
the following compatibility conditions:

(2.15a) TF|Frowse =0 VF € Ft U FY,
(2.15b) Z treTple =0 Ve € €, such that F. N faN = 0.
FeF

Then there exists a constant Cg > 0 only depending on the patch shape-reqularity
parameter vy, such that

(2.16) min V7 pllw, < Cst min (IV7 V]| wa »
vp €Pp (Ta) UEHI(TQ)
vp|p=0 VFeF** v|p=0 VFEF*
vp|p=rF VFEFY v|p=rr YFEFY
[vpl p=rr YFEFt [vlp=rr YFEFn®

where the minimization sets are nonempty and both minimizers in [216) are unique.

Theorem 2.5 (Stable broken H (div) polynomial extension). Let p > 0. Assume
either that all the faces in FX' have at least one vertex lying in the interior of
0w, or that |Ta| < 2. Let 1 € Pp(Ty) x Pp(Ft U FXYUFY) satisfy the following
compatibility condition:

(2.17) Yok D= Y (e hp=0  if Fg =0
KeTa FeFa

Then there exists a constant Cg > 0 only depending on the patch shape-reqularity
parameter vy, such that

(2.18) min lvpllwe < Cst min 1Vl s
v, ERTN,(Ta) veH (div,Tq)
vpmp=rr VFEF" vnp=rr VFEFI"*
Vp MEp=TF VFG]-'aN vVNE=Trp VFE./":(I;I
[vp] mp=rp YFEFt [v]-np=rr VFEF
VT-’U,,‘K:TK VKET, VT~’LJ|K:’I‘K VKETq

where the minimization sets are nonempty and both minimizers in [218)) are unique.

Remark 2.6 (FP UFY lying in two hyperplanes). Theorems 2.4 and 5] for instance
also hold in the case where the set FD U FY is contained in two hyperplanes as in
the right panel of Figure Pl and in topologically equivalent situations, in place of
the interior vertex condition in Fg** or the condition |7, | < 2, with a similar proof
as in Section [Tl below.
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3. EQUIVALENT REFORMULATIONS

We reformulate in this section Theorems and 23] in an equivalent way as
best-approximation results of discontinuous piecewise polynomial data. This will
in particular allow for a straightforward application to a posteriori error analysis
in Section @l For further insight, as well as to make a link with previous contri-
butions on the subject, we also give equivalent reformulations of the right-hand
sides in (Z8)) and (2II). Finally, we also reformulate Theorems [Z4] and as
best-approximation results.

3.1. Reformulation as best-approximation results. Let us set
(3.1a) Hj(wg) := {v € H (wq); v|ow, = 0},

(3.1b) Hy(div,wg) := {v € H(div,wq); v-ny,, = 0}.
The result of Theorem can be rephrased as follows.

Corollary 3.1 (H! best-approximation). Let the assumptions of Theorem hold
true. Consider any 1, € P,(Ta) so that 7p|p = 0 VF € F&' and [1,]r = rr
VE € Fint. Then the following holds true:

3.2 min Vor(t, —v < C, min ||Vy(1p, — v .

( ) v,,e]Pp(Ta)ﬂHé(wa)H T( P p)Hwa = stv 1 wa)” T( P )”wa

Proof. Direct consequence of (2.8) upon shifting the minimization sets by 7,. Note
that the existence of 7, follows from the nonemptiness of the discrete minimization

set in (2.8)). O

Remark 3.2 (Minimizers). The unique minimizers in (3.2) are, respectively, s7 €
P,(Ta) N Hg (wg) such that

(3.3) (Vs2,Vp)uw, = (V7Tp VUp)w, Yo, € P,(Ta) N Hy (wa),
and s* € Hg(wgq) such that
(3.4) (Vs*, V), = (Vr1p, Vo), Yo € H (wg).

The minimizers in (Z8) are such that vy = 7, — 57 and v* = 7, — 5.
Similarly, in the H (div)-setting, Theorem [Z3] can be reformulated as follows.

Corollary 3.3 (H(div) best-approximation). Let the assumptions of Theorem 23]
hold true. Consider any 17, € RTN,(Tq) so that Tpnp = rp VF € F& and
[mplmr =rp YF € Fi'. Then the following holds true:

(3.5)
mi + v < C mi +v .
vpeRTNp(Tal)%Ho(div,wa) 175 + Opllua < Cut vEHo(ilIilv,wa) I e
V-vp |k =rk—V7 Tplk VKET, V|g=rg—Vr-7p|xk VKETa

Proof. Direct consequence of ([ZI1]) upon shifting the minimization sets by 7, the
existence of 7, following from the nonemptiness of the discrete minimization set

in (211). O

Remark 3.4 (Minimizers). The unique minimizers in (3.5]) are, respectively, oy €
RTN,(Ta) N Ho(div,wg) with V-a3 |k = 7 — V77| for all K € T, such that

(3.6) (07,Vp)we = —(Tp, Vp)uw, Vv, € RTN,(Ta) N Ho(div,wg), Vv, =0,
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560 A. ERN AND M. VOHRALIK

and 0% € Hy(div,wq) with V-0®|x = rg — V-7, |k for all K € 7, such that
(3.7 (0%, V)w, = —(Tp, V), Vv € Hy(div,w,g), Vv = 0.
The minimizers in (ZIT)) are such that v, = 7, + o5 and v* = 1, + 0.

3.2. Equivalent reformulations at the continuous level. We summarize here
additional equivalence results on the continuous-level minimizations appearing in

the right-hand sides of (3.:2)) and (B.5). Let us first set
H! (wa) = {v € H'(wa); (v, 1), = O},
and let us define the following subspace of H (curl, wg):
H, (curl,w,) := {v € H(curl,wy); (v, V)., = 0Vp € H:(wa)}.

We first show that the H(wq)-minimization of Corollary Bl is equivalent to
evaluating a dual H (curl)-norm of a suitable linear form defined from the data rp,
and consequently to evaluating the energy norm of its H., (curl, w, )-lifting.

Corollary 3.5 (H(curl) form of the H'-minimization). Let the assumptions of
Corollary Bl hold true. Recall that 1, € P,(Tq) verifies Tp|lp = 0 VE € F&X* and
[mlp =7 VF € Fint. Let r* € H,(curl,w,) solve

(3.8) (Vxr?, Vxv),, = —(Vr7y, VXv),, Vv € H,(curl, wg),

where the right-hand side can be formally rewritten as

(VTTP,VX’U)WQZ Z (anF,va)F

FeFint
owing to the elementwise Green formula. Then, we have
(3.9)
i V- — = ||Vxr?® = ng, Vv
i V(=) = oo =, e > (remp, Vxv)p

IV x[lwg=1 \FEFS"

Proof. Since s* solves B4), i.e., (Vs* — V7, Vv),, = 0 for all v € H} (wa), a
distributional argument implies that the vector field Vs® — V7, is divergence-free
in wg. The boundary dw, being connected, we infer that there is % € H (curl,wg)
such that Vs® — Vr7, = Vxr?®, and without loss of generality, we can take r* €
H, (curl,w,) since wg is simply connected so that H (curl,wq) = H.(cwrl,wq) &
VH}(wg) (the sum being L2-orthogonal) and fields in VH}(w,) are curl-free. We
now observe that we have

(3.10)

(Vxr®, Vxv),, =(Vs*=Vrr,, Vxv),, =—(Vr7p, VXv)y, Vv e H, (curl,wg),

since 5@ € H}(wq), so that ([B.8) follows. Finally,

(3.11) min V7 (7, = v)llwe = V7 (75 = %) lwe = IV X7 ||q
vEHj(wa)
= max VrTp, VXVU)y, ,
vEH(curl,wa)( Tp ) @
[VXvllwg=1

using ([B.I0) and noting that any function v € VH] (w,) is automatically excluded
from the maximization set by the constraint |Vxwv||,, = 1. O
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Let us now show that the constrained Hy(div,wg, )-minimization of Corollary [3.3]
is equivalent to evaluating a dual H'-norm of a suitable linear form defined from
the data 75 and rr and consequently to evaluating the energy norm of its H}(wg)-
lifting.

Corollary 3.6 (H! form of the H(div)-minimization). Let the assumptions of
Corollary B3] hold true. Let r® € H}(wq) solve

(3.12) (Vre, Vo), = Z (re,v)x — Z (rp,v)p Yo € H (wq).
KeTa FeFa
Then
(3.13)
min 17 + Vllwa = IVr]w,

vEH((div,wq)
Vulg=rk—V7-1p|k VKET,

= max {Z(TK,’U)K—Z(T‘F,?))F}.

vEH" (wa)
IVelloq=1 ~ %€ fete

Proof. The elementwise Green formula combined with the definition of 7, gives

Z (TK,U)K — Z (’I"F,U)F = Z (’I”K,U)K — Z (Tp"nK,’U)aK

KeTa FeFa KeTa KeTa
= Z (re — Vi1, v)Kk — Z (1p, VU)K,
KeTa KeTa
and we immediately see that (312) is the primal formulation of (31). As both
formulations are equivalent, 6% = —Vr® — 7, cf. [2Il Remark 3.15]. The equal-

ity (B13) follows immediately from (BI2]), writing the maximum first for all v €
H}(wga) with || Vv||,, = 1 and then noting that any function v constant on wy, is au-
tomatically excluded from the maximization set by the constraint ||Vvl,, =1. O

Corollaries and allow us to draw insightful links with the literature.
On the one hand, Corollary explains how the right-hand side in ([B2) links
to the continuous minimization used in [2I] Lemma 3.13]. Therein, in two space
dimensions, the field R+ (V77,) has been employed in the definition of the function
ra by formulas (3.19) and (3.32), where R = (§ 7)) is the rotation by Z; then
[Vrallw, of [21] equals the present min, ¢ g1 (o, V7 (7p — v)|lw,, and, in particular,
we have

i V(s =0l = mpx { = (R(Pr7,), V), }.
V]lwg =1
On the other hand, the maximization form in Corollary B.6lhas been used previously
in [I Theorem 7] and [21, Lemma 3.12 and Corollary 3.16].

3.3. Boundary vertices. In this section, we reformulate Theorems 2.4] and as
best-approximation results on discontinuous piecewise polynomial data on bound-
ary patches. The proofs are omitted since they are similar to the previous ones.
In view of application to a posteriori error analysis of model problems with non-
homogeneous boundary conditions, it is convenient to introduce some additional
boundary data denoted by u2 and oY in the H' and H (div) settings, respectively.
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Corollary 3.7 (H' best-approximation). Let the assumptions of Theorem 2.4l hold
true. Let ul) € P,(F2) N C°0wY). Consider any 1, € P,(Ta) so that 1,|p = 0
VE € F& 1lp —ul|p = rp YF € FP, and [1,]Fr = rp VF € F™. Then the
following holds true:

(3.14) min VT (7p = vp)lwa < Cst min VT (7 = 0)l|wa-
UPGPP(Ta)ﬂHl(Wa) vEH (wa)
vp|p=0 VFEF* v|p=0 VFEF*
UP‘F:U«2|F VFEJ:B U\F:ug\p VFE]—'E

Corollary 3.8 (H(div) best-approximation). Let the assumptions of Theorem
hold true. Let o} € Pp(FY). Consider any 1, € RTN,(Ta) so that T,mp = rp
VF € F&, 1ynp + oy =rp VF € FY, and [1,]np = rp YF € Fi. Then the
following holds true:

(3.15)
min T+ v < Cy min T+ v|w. -
vp€RT N, (To)NH (div,wa) 17 + vpllen ® weH (div,wa) 7 + vl
v, np=0 VFEFI® vnp=0 VFEF"
vpmp=on|r VFEFY vnp=o)|p VFEFY
v'vlez"‘K_vT'Tp‘K VKET, V'U‘KZTK_VT'Tle VKETq

4. APPLICATION TO A POSTERIORI ERROR ANALYSIS

We show in this section how to apply our results to a posteriori error analysis.
For this purpose, let Q C R? be a polyhedral Lipschitz domain (open, bounded, and
connected set). Let 7, be a matching tetrahedral mesh of €, shape-regular with
parameter y7;, > 0 that bounds the ratio of any element diameter to the diameter
of its largest inscribed ball. All faces of the mesh are collected in the set Fp, with
faces lying on the boundary of Q forming two disjoint sets 75\ and F,> covering two
subdomains I'y and I'p that form a partition of Q2. Consider the Laplace problem

(4.1a) —Au=f in Q,
(4.1b) u=up on I'p,
(4.1¢c) —Vung=on on I'y,

where, for simplicity, f € Py _1(Ta), up € Py (FP)NCO(Tp), and ox € Ppr—1(FN),
for a polynomial degree p’ > 1. If |[I'p| = 0, we need to additionally suppose
the Neumann compatibility condition (f,1)q = (on, 1)aq. The weak solution of
problem () is a function u € H*(Q) such that u|r, = up and such that

(4.2) (Vu, Vo) = (f,v)a — (on, v)ry Yv € HI(Q) such that v|p, = 0.

When I'p = @, uniqueness is imposed through (u,1)q = 0. For more general data
f, up, and oy, data oscillation terms arise in the a posteriori error analysis; see [16]
and the references therein for details.

Let up € Py (7r) be an approximate solution to the problem (@Il); wj can be
primal-nonconforming in the sense that u;, € H'(Q) and up|r, # up, as well
as dual-nonconforming in the sense that —Vyu, ¢ H(div,Q), V-(=Vyup) # f,
and (—Vyupng)|ry # on. The results of this paper have a direct application
to a posteriori error analysis since they allow us to construct two central objects
leading to guaranteed reliability and p-robust local efficiency. The first is a so-called
potential reconstruction s;, € Pp41(7p) N ! (Q), equal to up on I'p. The second
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one is a so-called equilibrated flux reconstruction o, € RT N, (T,) N H(div, ),
such that V.o, = f in Q and o},n|ry, = on on I'y.

Let us collect all the mesh vertices in the set V},, and for any mesh vertex a € Vp,
let the patch Tq C 7Tj, be given by the elements in 7;, having a as the vertex, whereas
wq C € is the corresponding open subdomain of €. Let 14 be the “hat” function
associated with the vertex a: this is a continuous function, piecewise affine with
respect to the mesh 7y, which takes the value 1 at the vertex a and 0 at the other
vertices. Its support is thus the closure of the patch subdomain w,. We also split
the vertex set as V;, = Vi U VX where Vi"* contains all interior vertices and
VXt all boundary vertices. The faces of the elements in the interior patches 7y,
(i.e., associated with an interior vertex a) are collected in F, = F' U F&t in
conformity with Section 2l For a boundary vertex a € Vi**, the split is Fo =
Finty Fet y FP U FY, as in Section 4] where FL collects the Dirichlet boundary
faces from Qw, NT'p and sharing the point a, and F5 the Neumann boundary faces
from Ow, NI’y and sharing the point a. To have a more unified formalism between
interior and boundary vertices, we conventionally define 72 and FY to be empty
sets for all @ € Vit

We define the potential reconstruction following [2I, Construction 3.8 and Re-
mark 3.10], cf. also [7], as sj, 1= }_,cy, S5, where sp is the discrete minimizer of
Corollary Bl given by (B3] for interior vertices and similarly the discrete minimizer
of Corollary B for boundary vertices. We choose the polynomial degree p of our
theory to be p := p’ + 1 and we set for all a € V,

(4.3a) Tp 1= Yaln in we,

(4.3b) rr =Yg un] F onall F e Fint,
(4.3c) rp:=0 onall F e F&*,
(4.3d) rp = Ya(up — up) onall FeFP,
(4.3¢) ul = pgup onall Fe FP.

By construction, the polynomial data satisfy the compatibility conditions (27)
and (2I5). Similarly, following [14], [IL2], and [2I, Construction 3.4 and Re-
mark 3.7], we define the equilibrated flux reconstruction as o, := Zaevh o,, where
oy is the discrete minimizer of Corollary [3.3] given by (3.6]) for interior vertices and
similarly the discrete minimizer of Corollary B.8 for boundary vertices, with the

polynomial degree p := p’. Here we set, for all @ € V,

a

(4.4a) Tp 1= Vo VT U in we,

(4.4b) T = Vo (f + Aguyp) inall K € 7g,
(4.4c) rr = Yo [Vyur] mp onall F e Fint,
(4.4d) rp =0 onall F e F&*,
(4.4e) rr = Ve (Vrupng + ox) onall FeFY,
(4.4f) ol = q0on onal FeFy.

For all interior vertices and for those boundary vertices which are only shared by
Neumann faces (i.e., FL = )), the hat-function orthogonality

(45) (VTU'}H Vqﬁa)% = (f7 wa)wa - (UN7 wa)awaﬂFN
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is equivalent to the data compatibility conditions ([2.I0) and (2I7). This relation
is not verified, for example, for certain discontinuous Galerkin methods; the use of
the discrete gradient Vquyp, from [I5], Section 4.3] in place of the broken gradient
Vrup, allows us to fix this; see [I6L21]. This altogether leads to the following.

Corollary 4.1 (Guaranteed a posteriori error estimate). Let the data in prob-
lem @) satisfy f € Pp_1(Th), up € Pp(FP) N C%I'p), and ox € Py _1(F)),
p' > 1. Let w € HY(Q) such that u|r, = up be the weak solution of {AZ). Let
up, € Py (Th) satisfying (&) be arbitrary. Let sp = ),y Sp, where sp is the
discrete minimizer of Corollaries Bl or B with p = p' + 1 and data [&3). Let
op = Eaevh o, where o is the discrete minimizer of Corollaries [3.3] or with
p=7p" and data (&4). Then

IV (= un)liy < Y- (IVrun + onlk + V7 (un — su)ll%),
KeTy,

as well as

197 (u—un)lig + D> At IR — un] %

FeFrturp
< Y (IVrun + oullk + 11V (un — sn)ll%)
KeTy,
+ > hR I ] lE 4+ D At I — up)|[3-
FeF FeFp

Proof. See [21], Theorem 3.3] or [16l, Theorem 3.3] and the references therein. O

Let
(4.6a)
H(wq) = {v € H (wa); (v,1),, =0}, a€ Vi or (a e VPt and FY = [Z)),

*

(4.6b)
Hwa) :={v € H' (wa); v=0o0nall F € FP}, a € V** and FP # .

*

Then the Poincaré(—Friedrichs) inequality states that
[Wllwa < CPFwohug[Vollw, Vo € H(wa).
Similarly, the broken Poincaré(—Friedrichs) inequality [3,23] states that

||VTU||wa+{ > hEIIIH%[[v]]II%} ]

FeFirtuFrp

[1V]|we < CoPFw, P,

for all v € H'(T,) such that (v,1),, = 1if a € Vi" all v € H'(T,) such that
Y peps (W 1)p = 0if a € V& and FO = 0, and all v € H'(T,) if a € V& and

]:33 7é 0 Let Ccont,PF = maXaevh{l + CPF,wahwa”vwaHoo,wa} and C’cont,bPF =
maxgey, {1 + Copr w, Pw, || Via oo w, }» Where both constants only depend on the
shape-regularity parameter v, . Then we have

(4.7) IV(%av)lw, < Ccont,PF”VUHwa Vv € Hi(‘*"a)a
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see [1] or [21, Lemma 3.12], and, similarly,

(4.8) V7 (Yav)llwe < Ceontbpr [||VTU|wa +{ > hplllﬂ%[[vﬂlfw} ]

FeFirturp

for all v € H'(7,) with the above constraints. Let Vg stand for the vertices of the
element K. The crucial application of our results is the following.

Corollary 4.2 (Local efficiency and polynomial-degree robustness). For the esti-
mators of Corollary BT, the following holds true:

V7 (un — sn)||k < CstCeont,bPF Z [HVT(U = up)[lwa

a€Vi

(4.9a) + { Z hpt | T [u — uh]]||2p} 1 VK € Ty,

FeFMuUFp
(49b) HvTuh + o'h”K S C’stcvcont,PF Z ||VT(U - uh)Hwa VK € 7717
a€Vk
(4.9¢)  hp? |0 [un]llr = hp® [Wplu —wlllr  VF € F,

(4.9)
—= 31770 =3 |170 D
hp? Mg (un —up)|lr = hp? [Uplu —un]llr  VF € F.

Proof. Corollary B1] for interior vertices and Corollary 31 for boundary vertices
immediately give, for any a € V},
VT (Yatn = s3)lwa < Cst min VT (Yatn = v)llw,
vEH " (wgq)
0| p=0 VFEF
’U‘F:’(Z}au]j VFGJ:E

< Cy inf V7 (Yo (un — v))lw,-
vEH (wa)

v|p=up YVFEFY

Indeed, the right inequality follows immediately as any function v € H*(wg), equal
to up on the faces from ]-"E, belongs to the minimization set of the middle term
above when multiplied by the hat function 1,. This means that the discrete fully
computable estimator ||V (Ygun — 55 )|lw, is a local lower bound for a 1)q-weighted
distance to the H'(w,) space (or an affine subspace if F2 # (). We now make
the weak solution u of (I appear in the bound. For a € Vi, let @ := u — cq,
where the constant ¢, is chosen so that (@,1),, = (up,1).,. For a boundary
vertex @ € V& such that F2 = 0, let @ := u — cq, where the constant cq is
chosen so that ZFeFaN (i, )p = ZFe}‘aN (up,1)p. In the other situations, we let
@ = u. Note that in all three cases, Vi = Vu on the patch w, and [a] =
[u] on all the faces F' € Fi. Then, using (@) for v = uj — @ together with
V7 (un = sn)llx < Dgev, IVT(Yatun — 55)|lw,, We obtain ([@Ja). Note that if
the mean values of the jumps of uy are zero, i.e., (Jup],1)r = 0 for all the faces
F € Fi*t and (up, 1) = (up, 1)F for all the Dirichlet faces F' € F2, ([@Jal) actually
simplifies to

V7 (un — sn) ||k < CstCeont,bPF Z V7 (u = up)l|w,-

acVg
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Corollary 3.3 for interior vertices and Corollary for boundary vertices, in
conjunction with Corollary B yield, for any a € Vy,

||anTuh + O'ana
p

< (4 max { Z (rg,v) K — Z (TFav)F}

veH (wa)
ol 2y \KETa FEFa

= Uit Erlglla(x ) (fv 1/)(1@)% - (vTuh,v(wav))wa - Z (UNa'l/Ja'U)F )
19vllq =1 Ferd
using the definition of rx and rp in ([£4) and the Green formula. Thus, the
fully computable estimator g Vrus + o5llw, is a local lower bound for the local
dual norm of the residual with 4-weighted test functions. We now note that
qav, extended by zero outside of the patch subdomain wg, is a function in H*(Q2)
which is zero on the Dirichlet part of the boundary I'p. Thus we can use the
definition ([@.2) of the weak solution to replace the right-hand side by (Vy(u —
up), V(1av))w, - Invoking [ET) together with ||Vruy +onllx < 3 4cp, Ve Vrun+
02w, gives (EID).
Finally, (£9d) and (£.9d)) are immediate by definition. O

5. PROOF FOR BROKEN H! POLYNOMIAL EXTENSIONS

We prove here Theorem In particular, we show in Section [5.] the existence
of the minimizers in (2.8)), in Section their uniqueness, and in Section the
stability bound [28). Let p > 1 and let r € P,(F'%) satisfy the compatibility
conditions (27). Define

(5.1a)  Vp(Ta) = {vp € Bp(Ta); vplr = 0 VF € F, [uplr = rp VF € Fg"},
(5.1b)  V(Ta) :={v € H'(Ta); vlr = 0 VF € F*, [v]r = rp VF € FJ'}.
Then the stability bound (2:8)) becomes

(5.2) .y Errvlir(lTa)IIVTvp\lwa < Gyt vegi(r%a)IIVTvllwa-
To prove it, we crucially consider the enumeration of the cells in the patch T,
from Lemma [B.1 below in the form K, ..., K|7,|. Without loss of generality (see
Remark 2.)), we orient all the interior faces F' = 9K; N 90K; € Fi so that np
points from K; to K; with j <.

In what follows, we abbreviate as A < B the inequality A < ¢B with a generic
constant ¢ whose value can only depend on the patch regularity parameter v, ; the
constant C is in particular independent of the polynomial degree p.

5.1. Existence of the minimizers. Let us first prove that the minimization sets
V,(Ta) and V(7T,) are nonempty; then the existence of the minimizers immediately
follows. Since V,(Ta) C V(Ta), we only consider V,(74). The proof is constructive
in that we build a function in V,(7,) by enumerating all the cells in 7, while
prescribing suitable Dirichlet data on some faces of each cell. For all 1 < i < |Tg],
let us set FX' := OK;N0wa, i.e., F*' is the face of K; lying on the patch subdomain
boundary dwg. Note that Ff** € F&**. Consider a function w, € P,(7,) such that
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its restrictions w}, := wy|f,, for all 1 < i < |Tq|, are defined by induction as follows:

(i) For i =1, w, is any function in
(5.3a) Vp(K1) = {vy € Pp(K1); vplpext = 0}.
(ii) For all 1 < i < |Tq|, w}, is any function in
(5.3b)  Vu(K:) = {vp € Pp(Ki); vplpexe =0, vplp = —rF + w)|pVF € Fi,

where j = j(i, F') is the index of the cell sharing F' with K;, i.e., F' =
O0K; N 0K;. Recall that by definition of the set of previously enumerated

faces .7-'1'i in Appendix [Bl we have j < 4, so that wg is already known from

a previous step of the construction.

Lemma [B.T] below shows that the (affine) subspaces V,(K;) are all nonempty, i.e.,
the above construction is meaningful. Then, it is easy to see that any function w,
constructed as above is in the discrete minimization set V,(7g); in particular, we

note that the prescription (53H) on the faces in F? implies that [w,]p = wl|p —

K3
w;)|p =TF.
Lemma 5.1 (Nonemptiness). For all 1 < i < |Tg|, the set V,(K;) is nonempty.

Proof. The proof is carried out by induction.

(1) First, the linear space V,(K7) is nontrivial. Its dimension is actually equal
to the number of Lagrange nodes of order p in the tetrahedron K; that are not
located on the face F'.

(2) Let now 1 < ¢ < |T4| and suppose that V,(K;_1) is nonempty. To prove
that V,(K;) is nonempty, we need to verify that the prescribed values on the faces
of K; are continuous across the edges they share. Once this is established, it will
follow that V,,(K;) is an affine space whose tangent space has dimension equal to
the number of Lagrange nodes of order p in K; not located in the faces of K; where
a value is prescribed. We distinguish three cases.

(2.) Case 1 < i < |Ta| and |Ff| = 1, say F! = {F}}. There is one edge to
consider, namely e = F™* N F!. The compatibility condition ([2.7a) implies that
rrle = 0, and we have by construction wg;\e = 0 since e C Owg. Hence, the value
we are prescribing on the face F}! restricted to the edge e is zero.

(2.b) Case 1 < i < |Tq| and |}"f| = 2, say ]-'3 = {F! F?} (note that |.7-"f| <3
if i < |Ta| owing to Lemma BIJ{), although we do not need to make use of
this property here). There are three edges to consider, namely e! = F&* N F}l,
e? = FX* N F? and e'? = F! N F?. For e!' and e?, the reasoning is the same as
above. For e := e!2, we first use Lemma [BIIf), giving that K; is the last cell to
be enumerated in the rotational path of cells around e. Thus w, has been already
defined in the previous elements by the induction argument, and the algebraic
properties of the jump operator (see (24)) give

(5.4) Z trefwy] = wg;l — wff,

FeF\{F},F2}
where F! = 0K; N 0K;, and F? = 0K; N 0Kj,, with K;, following K; in the
rotation direction around the edge e. Second, employing in (5.4)) [w,]r = rp for
all F € 7\ {F}, F?} and the compatibility condition ([2.7h), we conclude that

(5.5) W) — WP = =g TR = Lp2 TR = TRl = TR
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on the edge e; the last equality also employs that tpre = —1 and Lp2e = 1 in the
chosen notation (recall that both normal vectors n Fii and n F2 point inward K; as
j1,j2 < 4); see the right panel of Figure [l Equation (53) provides the desired
continuity property on e.

(2.c) Case i = |T4|- Then .7-"1“ contains three faces, and the six edges of K\
need to be considered. The reasoning is the same as above for the three edges
located on Qw, and the three edges inside wg (using again Lemma [BII{) and the
compatibility condition (2.70)). 0

5.2. Uniqueness of the minimizers. The uniqueness of the minimizers in (28]
results from the fact that V,(7,) and V(7,) are convex sets (being affine spaces)
and that the functional we are minimizing is strictly convex on the tangent spaces
of V,,(Ta) and V(7T,) (both tangent spaces are composed of functions vanishing on
Owq, where the H'-seminorm defines a strictly convex functional).

5.3. Proof of the stability bound (2.8). We now construct two functions ¢, €
P,(Ta) and ¢ € H'(Ta) such that their restrictions ¢ := (y|x, and ¢* := (|, for
all 1 < ¢ <|7,], are defined by induction as follows:

(i) For ¢ = 1, we define the spaces

(5.6a) Vo (K1) = {vp € Py(K1); vl ppse = 0},
(5.6b) V(Ky) :={v e H'(K1); v|pee =0},

and consider the following unique minimizers:

(5.7) ¢y == argmin [|Vup||k,, ¢! = argmin||Vo||g, .
vp€Vp (K1) veV (K1)

Note that these problems are actually trivial, so that we have C; =('=0
in Kl-
(ii) For all 1 < i < |Tq|, we define the spaces

(5.8a) Vp(K;) := {vp € Pp(K5); Up|FfX° =0, vplp =—rr + C;Z|FVF € ]_-iti},
(5.8b)  V(K;):={ve H'(K,); vpex =0, v|p = —rp + (J|p VF € FI},

where j = j(i, F) is the index of the cell sharing F' with K;, ie., F' =
O0K; N 0K;. Note that both spaces are defined using the same Dirichlet
data which are piecewise polynomials of degree p. Consider the following
unique minimizers:

(5.9) ¢, := argmin [|Vup||x,, ¢":= argmin || V||, .
vp €V (K;) veV(K;)

Note that the above minimization problems are well-posed since the mini-
mization sets are nonempty. Indeed, the Dirichlet condition is a continuous,
piecewise polynomial, as established in Section 5.1l Moreover, the set of
faces where a Dirichlet condition is prescribed is always nonempty, and
the minimized functional is strictly convex. We can also observe that the
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continuous minimizer (* € H'(K;) is the weak solution to the problem
5.10a) —ACT=0 in K;,
5.10Db) (lp=—-rp+|r onalFeF
5.10c) C'lp=0 on Ff**,

(
(
(
(5.10d) —V¢ng,|p=0 onall F e F?,

whereas (! is its (spectral) finite element approximation in Py (K;).

We will show the following two statements for all 1 < i < |T4| (the statements
being trivial for 7 = 1):

(5.11a) VG, < IV ks

(5.11b) I9¢ Ik, S 1970 o + S IV 1,

j<i
where the sum in (511D is void if ¢ = 1 and where v* € V(7,) is the global
continuous minimizer in (Z.8)). Since the above inductive construction implies that
Cp € Vp(Ta), the global discrete minimizer vy € V;,(7a) in ([2.8) is such that

||VTU;Hwa < ”VTCp”wa-
Moreover, combining (5ITa) with (EIID) proves by induction that [|[V(i|lx, <

V7v*|lw, forall 1 <i < [Tal, so that [|[Vr§lle, S IV7v*||e,. Hence, [Vruslla, S
IV 7v*|w,, and this concludes the proof of ([2.8).

Proof of (511a). We apply Lemma KTl on K = K; with FR = {F&} U F? and
the p-degree polynomials given by 0 for F' = F™' and —rp + Cg\ r forall F e ]:Z_ﬁ.
The proof that these polynomials are continuous over the edges shared by two faces
in FR has been given in Section E.11 g

Proof of (511h). We distinguish three cases.

(1) Case 1 < i < |Ta| and | F¥| = 1, say F! = {F}. Let K; € Tq be the cell such
that F' = 0K; N 0Kj; the definition of }'f implies that j < i. Let T : K; — K,
be the (unique) bijective affine map leaving F' pointwise invariant. Consider in the

cell K; the function

vi=v"g, — (V'K — C,];) oT™ L.
The crucial observation is that v € V(K;). Indeed, the properties v € H'(K;) and
U|pexe = 0 are straightforward to verify. Moreover, since j < i, we have v*|k; —
v¥|k, = [v*]F = rFp, so that indeed v|p = —rp + (Iﬂp. Using the definition (5.9])
of (* together with the properties of the map T which follow from mesh regularity,
we infer that

V¢ Ik, < IVollx, < IVl + V(0" |k, = G) o Tl
S IVl + IV |k, = Gl < IVOTllk, + 1VOT [k, + IV ;s
so that (5.11D) holds true (recall that j < ).
(2) Case 1 < i < |Ta| and |F| = 2, say F! = {F', F?} with e = F' N F2. We
consider the conforming refinement 7. of 7. from Lemmal[B.2applied with K, = K;
(observe that the partition 7] may add one element with respect to 7.). Recall that

T. contains K;, that all the tetrahedra in 7! have e as edge with their two other
vertices lying on dwg, that the shape regularities of 7/ and 7. are comparable, and
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that, collecting all the vertices of 7. that are not endpoints of e in the set V., there
is a two-color map col : V. — {1,2} so that for all x € T/, the two vertices of x
that are not endpoints of e, say {a} }1<n<2, satisfy col(al) = n. We use the two-
color map to define, for all k € 7/, the (unique) bijective affine map T}, : k — K;
leaving e pointwise invariant and preserving the color of the two other vertices of
K, i.e., col(T,(al)) = n for each n € {1,2}. Consider in the cell K; a function v
defined from the global continuous minimizer v* in K; and from its difference with
the piecewise polynomial ¢, on the previously enumerated elements by

(5.12) Vim0l Y W Gl o T

reT /(K.
where for all x € 7] (thus including K;), €, = 1 if the orientation of the vector
ala? is compatible with the fixed orientation of rotation around the edge e and
€, = —1 otherwise. Note that the binary coloring implies that €, +¢,, = 0 if the two
cells k and &’ share an interior face. Let us verify that v € V(K;). The properties
v € HY(K;) and v| pexe = 0 are again straightforward to verify. It remains to show

that v|p = —rp + C;Z|F for all F € ff. We will do the proof for the face F''; the
proof for the face F? is similar. Let € F', and assume without loss of generality
that the vertex of F'! that is not in e has color 1. Let F! collect all the interior
faces in 7, whose vertex that is not in e has color 1. Then, F* € F! and F? ¢ F..
Moreover, the definition of T}, implies that, for all k € T/, k # K;, the point T,; ! (x)
belongs to the face of x in the set F!. Recall that €, has opposite sign on the two
cells sharing each interior face. As a result, we find that the function v in (EI2)
satisfies

(513)7 * * Il —1 * —1
vlpr = vk [p = (0K, = GY)lm o T + > er([v']r — [Glr)lro TS,
FeFI\{F'}
where K, is the cell sharing F' with K;, ie., F! = 0K; N 0K, whereas ep =
€xp/€Kk; = T1 where kp is the element sharing F' having the lowest enumeration
index. Since [v*]r = [¢p]F for all F € F! (the common value being rp if F is
already a face in 7, or zero if F is a newly created face in 7)) and since j; < i, this
yields

vlpr = 0"k, | — (U*|Kj1 — CIZI)|F1 = —rpi|pm + CIJ,-1|F1.
Hence, v € V(K;). In view of (512)) and (59), we conclude that

IV, < IVolli SIVO IR+ D IVl + VGl
RETI\{Ki}
ST RNV fua + 22 30 IVG
i<i
and (5.11D) follows.

(3) Case i = |Tq|. Note that owing to Lemma [B.IJ[), this is the only case where
\]—'f\ = 3 happens, so that we need to work with all the three interior faces of the
element K;. For this purpose, we apply Lemma [B.3] with K, = K;. Recall that
T, contains K;, that all the tetrahedra in 7. have a as the vertex with their three
other vertices lying on dwg, and that, collecting all the vertices of 7, that lie on
Owg in the set V., there is a three-color map col : V/, — {1,2,3} so that for all
k € T, the three vertices of x that are not a, say {a”}1<n<s, satisfy col(a?) = n.
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We use the three-color map to define, for all k € 72, the (unique) bijective affine
map T}, : kK — K; leaving a invariant and preserving the color of the three other
vertices of k. Consider in the cell K; the function

€
(5.14) vi=vt Y, (0 = G)leo T
€K,
rRETN{K:}
where, for all k € 7., €, = 1 if the vector a}a?xala? points outward w, and
€x = —1 otherwise. Let us verify that v € V(K;). The properties v € H*(K;) and

v Fest = 0 are straightforward. It remains to verify that v satisfies the appropriate

boundary condition on the three faces in Fiﬁ, i.e., on the three faces of K; sharing
the vertex a. We can call these faces F'2, F'3, and F?3, where the superscripts
refer to the two colors of the two vertices of the face that are not a. Let us verify
the boundary condition on F'2; the proof for the two other faces is similar. Let
F12 collect all the interior faces in 7, such that their two vertices which are not
a have colors 1 and 2. Since any interior face in F'? is shared by two cells in 7
having opposite number ¢, and since any cell in 7. has one interior face in 712, we
infer that

vlpz = 0"k~ (VK — )|z o Ty, + > er(vlr -Gl |FoTy),
FeFiz\[F12}

with ex and kp defined as above and where j; is the index of the cell sharing F''2
with K. Since [v*]r = [(p]F (the common value being either 77 or 0) and since
J12 < i, we conclude that v|pi1z = —rpiz|p1z + 4212‘1:‘12. Hence, v € V(K;). Finally,
we can bound |Vv| g, as above, and this completes the proof. O

6. PROOF FOR BROKEN H (div) POLYNOMIAL EXTENSIONS

We prove here Theorem 2.3l In particular, we show in Section [6.1] the existence
of the minimizers in (2ZI1), in Section their uniqueness, and in Section the
stability bound [2.I1]). Let p > 0. Let r € P(Ta) x Pp(Fq) satisfy the compatibility
condition ([ZI0)). Let us set

V,(Ta) :={vy, € RTN,(Ts); vpnp =rp VF € Foxt, Vrvplx =rx VK € T,

(6.1a) [vp]-np = rp YF € F},
V(Ta) i={v € H(div,Ta); vnp =rr VF € Fo*, Vrv|g =1k VK € Ta,
(6.1b) [v]mp = rp VF € FiX},

Then the stability bound ([2I1)) becomes

6.2 min v < (Cq min v .
( ) v,,eV,,(Ta)H p”wa— bthV(Ta)H Hwa

As in Section Bl we consider the enumeration of the cells in 7, from Lemma [B.1]
in the form Kj,..., K7,|. Without loss of generality (see Remark 2.T]), we orient
all the interior faces /' = 0K; N 0K € Fint 50 that np points from K; to K; with
j<i.
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6.1. Existence of the minimizers. Let us first prove that the minimization sets
V,(Ta) and V(Tg) are nonempty, yielding the existence of the minimizers. Since
V,(Ta) C V(Ta), we only consider V,(7g). Recall that, for all 1 < i < |Tgl,
F2X' = OK; N OQw, is the face of the element K; lying on the patch boundary dwsg.
Consider a function w, € RTN,(Ta) such that its restrictions w}, := wy|g,, for
all 1 < ¢ <|7,l, are defined by induction as follows:

(i) For i =1, w, is any function in

(6‘351) Vp(Kl) = {'Up € RTN;D(KI)? Up M pext = T pext, Vv, = rKl}-

ii) For all 1 <1 < |T4|, w? is any function in
, W, y

(63b) ‘/;)(Kz> = {'Up S RTNP(KIL), 'Up'nFL_eXt = TFf""?

V-, =rg,, Vpnp =—rp+ wg-np VF € ff},

where j = j(i, F) is the index of the cell sharing F with K;, i.e., F =
OK; N 0K;. Recall that by definition of }'f, we have j < 4, so that 'wg is
already known from a previous step.

Lemma below shows that the (affine) subspaces V,(K;) are all nonempty,
i.e., the above construction is meaningful. Then, it is easy to see that any function
w),, constructed as above is in the discrete minimization set V,,(7g); in particular,
we note that the prescription (E30) on the faces in F? implies that [w,]-np =
(w) —wh)np =rp.

Lemma 6.1 (Nonemptiness). For all 1 < i < |Tq|, the set V,(K;) is nonempty.

Proof. The proof is actually simpler than that of Lemma .1l in the H'-setting in
Section (] as Neumann boundary data in (3] do not request any condition of
continuity on edges between faces of each K;. Thus, property () of Lemma [B.1]
is not used here. The only nontrivial property to verify is the compatibility be-
tween the prescriptions of the normal component and the divergence whenever
]—"f U{F™'} = Fk,, i.e., whenever the normal component is prescribed over the
whole boundary of K;. Here, it is important that this situation only happens when
i = |Tal, i.e., for the last cell in the enumeration; this is indeed the case owing to
Lemma [B.II{i). Then the nonemptiness of V,,(K;) follows from classical properties
of Raviart—Thomas—Nédélec finite elements. Let thus i = |7,|. We need to check
the Neumann compatibility condition

(6.4) (ricos D, = (rpese, Dpese + > (rp —w)mp, 1)p.
FeF!
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(Note that np points inward K; for all F' € ]-'3 since i = |Tq4|.) Using the divergence
theorem in each cell K, 1 < j < |Tq|, we write

Z (’I“K]., 1)K].

1<j<|Tal
= > (Vwpbi = > ) (wpnkgDr
1<j<|Tal 1<5j<|Tal FEFK;
= Z (TF;xtal)F;xt'i‘ Z ([wp]-nr, 1)F + Z (wi-np,l)F
1<5<|7al FeFint\F! FeF!
= Y (e Dpsa+ Y (re e+ Y (whne, D,
1<5<|7al FeFint\F! FeF!

where ng; is the unit normal pointing outward K;. Then (6.4) follows by combining
the above relation with the compatibility condition (Z.I0). O

6.2. Uniqueness of the minimizers. As the affine subspaces V,(7,) and V (7g)
are nonempty convex sets, the uniqueness of the minimizers in (ZI1I) follows from
the fact that the functional we are minimizing is strictly convex on the tangent
spaces (both tangent spaces are composed of divergence-free functions, so that the
|I'lwa = Il E2(div,7) for such functions).

6.3. Proof of the stability bound (ZI1]). We now construct two functions ¢, €
RTN,(Ta) and ¢ € H(div,7,) such that their restrictions ¢}, := ¢p|x, and ¢* :=
Clk,, for all 1 < i <|T,|, are defined by induction as follows:

(i) For i = 1, we define the spaces

(6.5a) Vo (K1) := {v, € RTNy(K1); vpnpest = rpext, Vvp =7k, },
(6.5b) V(K1) :=={v € H(div, K1); v'npee =1, VU =71k, |,
and consider the following unique minimizers:
(6.6) C; = argmin ||v,k,, ¢t = argmin ||v||g, .
v EVR (K1) veEV (K1)

(ii) For all 1 < i < |Tg|, we define the spaces

(67&) ‘/p(KZ) = {'Up S RTNP(Kl), 'Up'nFiext = 7”1:'1_ext7

Vo, =1k, vpnp =—rp + Cg'np VF € }'f},

(67b) V(KZ) = {’U S H(dlv, Kz), v-nFiex: = Tpext,
Vu=rg, vnp=—rp+ Cg'np VF € ]—'f},

where j = j(i, F) is the index of the cell sharing F with K;, i.e., F =
OK; N 0K;. In (61D, the normal trace is prescribed according to (Z0).
Consider the following unique minimizers:

(638) ¢i= argmin oyl ¢ = argmin o]l
v, EV,(K;) veV (K;)

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



574 A. ERN AND M. VOHRALIK

The same reasoning as in Sections and shows that these minimization prob-
lems are well-posed. We can also observe that the continuous minimizer ¢* of (G.8)
is given by —V(*, where (¢ € H(K;) is the weak solution to the problem
~AC =g, in K;,
~V('np=—rp+C¢np onalF e Fl
—vci'anxt = T pext on FiEXt7

Clrp=0 onall F € F,

whereas C;, is its (spectral) mixed finite element approximation in RTIN,,.
We will show the following two statements for all 1 < i < |7,

(6.9a) 10Nk, S
(6.9b) 1Sk, S 0" lwa + D 16K,

Jj<i
where the sum in (6.9D) is void for i« = 1 and where v* € V(7,) is the global
minimizer in (ZI1]). With these two bounds, we can conclude the proof as in Sec-

tion 6.3l

Proof of ([6.9a). We apply Lemma [A3 on K = K; with Fx = {F™'} U }'f, the
p-degree polynomial prescribing the divergence being 7k, , and the p-degree polyno-
mials prescribing the normal components being r Fext for F = F™* and rp — Cg,’n F

for all F € FF (recall that mp points inward K; since F' = 0K; N 0K, with j < ).

3
The compatibility condition for these polynomials on the last element follows by

the same reasoning as in Section |

Proof of (6.90). The principle of the proof is the same as that of (5.I1D) in Sec-
tion [(.3] the only salient difference being that the pullback by the geometric map
has to be replaced by the contravariant Piola transformation. Let us exemplify this
modification in the case where 1 < ¢ < |T,| and \]—'f\ 1, say J’:ti {F}. Let
K; € T4 be the cell such that I = 0K; N 0K}; the definition of ff implies that
j <i. Let T : K; — K; be the (unique) bijective affine map leaving F' pointwise
invariant. Let J be the (constant) Jacobian matrix of T' and consider the transfor-
mation 1 (v) = A(v o T) with A = det(J)J~!. Then 1) is an isomorphism from
H(div, K;) to H(div, K;), and also from RTN,(K;) to RTN,(K;). Consider in
the cell K; the function

(6.10) vi=v"g, - (V'K — (D),

and let us prove that v € V(Kj;). It is clear that v € H(dlv K;). Concerning the
divergence, we use the property V-4~ (v;) = det(J) ™' (V-v;) o T~! in K; for any
function v; defined in K;. Applying this identity to the function v; = vk, — CZZ
which is divergence-free (since j < i), we infer that V.v = V-v*
us now consider the normal component of v. Recalling (Z6]) and that np points
inward K;, we need to prove that

(6.11) (v, V)i, = (ks @)K, + (Fpext, @) pext + (1p — Cj‘nF, P)F

for all ¢ € Hl(Ki) such that ¢|p = 0 for all F' € F?. Let ¢ wa — R be such that
P (;5\ = ¢oT, and ¢ = 0 otherwise, and observe that ¢ € H'(w,). Using
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¢ as the test function in or the global minimizer v*, we infer tha
the test funct for the global * fer that

(’U*, V(b)Kz + (U*7 V((b © T))KJ
—(rk, Pk, — (i, 0 0 T, + (rpext, @) pext + (Tpex, @0 T)pexe + (1, @) .

Considering the term (v, V@), , the definition (610), changing variables in the last

term in the right-hand side, and employing €y = &%((?)‘ = —1, we obtain

(v, Vo)k, = (v*, Vo), — (¥ (v*|k, — ¢)), VP)x,
= A+ (0 V(@0 T))k, — (6, V(poT))k,
= (v",Vo)k, + (v", V(9o T))k,
+ (1, 90T, — (rpexe, p o T)pexe — (&) nr,d)F
—(ri @), + (rpext, @) pexe + (rp — §mp, @) s

where we used the Green formula for the term (¢, V(¢ o T))k, and the prescribed
properties of ¢J together with the above relation satisfied by v*. Hence, 6110
holds true, and v € V(K;) as announced.

The reasoning is similar when .7-"1“ contains two or three interior faces of K;. Let
us still briefly discuss the case where 1 < i < |Tg| and |F?| = 2, say F! = {F*, F2}
with e = F'' N F2. We consider the two-color conforming refinement 7. of the
rotational path 7. around e of Lemma[B.2 below. Define in the cell K; the function

(6.12) vi=vl b Y (0 = G,

RETA{KG}

where we use the same notation as in Section [.3] together with the contravariant
Piola transformation 1, built using the geometric map T, with Jacobian matrix
J... We need to show that v € V(K;). It is again clear that v € H(div, K;)
and similarly, remarking that the restrictions (v* — ()|, for all Kk € T/ \ {K;} are
divergence-free, we infer that V-v = V-v*|k, = rg,. We are thus left to prove that
the normal components conditions in (G7D) are satisfied. Let F!' = 0K; N 9Kj,
and F? = 90K; N 0K,,, where we remark that ji,j» < i. Using (Z6), we need to
show that

(6.13)
('U’ V¢)KL
= —(rg;, @) ic; + (rpese, @) pexe + (e = §Jlmpr, ) g1 + (12 — ()2 mp2, ¢) 2

for all ¢ € H'(K;) such that ¢|p = 0 for all F € F7. Let now ¢ :wq — R be
such that ¢|K = o, ¢|R poT,, ke T\ {K;}, and gb = 0 otherwise. Observe
that qb takes the value zero on the faces lying on the boundary of the submesh 7.
and sharing the vertex a and is continuous over the faces in 7. sharing the edge e.

Consequently, ¢ € H! (wa)- Using as above ¢ as the test function in 2XEd), we see
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that
(0" Vo), + Y, (0", V(¢oT))s
RETI\{K:}
(614) = - (TK“QS)Ki - Z (TRaQSOTH)Vv_‘_ (TFiex“agb)Fth
RETI\{K:}
+ Z (TF:XtaquTH)FSXt_‘_ Z(TF7¢OTHF)F7
KETI\{K:} FeF

with the obvious association of F&™*' with F ]'?Xt and where kp € 7] is the element
sharing F' having the lowest enumeration index. Employing the definition (GI2)),
changing variables, noting that €,e s, is independent of the two cells sharing F' € F
since n,, changes orientation, and using that the jumps of {, on the faces from %
other than F! and F? are given by rr whereas the normal component of CZJ; has
zero jumps inside of the original simplices K; from 7., we deduce

(0.V0), = (0", Vo), — 3 (= (07 = 1), V6)
wETI\{K:}

= (Vo) + >, (0 V(@oTu))e— >, (G V(poTy))s

i

RETN{K:} RETIN{K:}
=W Vo), + >, W V(@oT)e+ Y, (reéoTox
KETI\{K:} RETI\{K:}
- Y (pegoT)pee— > ([Glmr doTe,)r
RETIN{ K} FeFN\{F',F2}

- (Cgl.nFl’qsoT’@Fl)Fl - (CgQ'nF27¢OTKF2)F2
= — (TK7,¢)K1 + (TFicxt, ¢)Fl(4xt
+ (rp — Cf;l-npwb)pl +(rpz — C{;?-TLF2,¢)F27

where we have also employed that both np1 and np2 point inwards K;, and, in the
last step, (6.14]). Thus (6.I3]) holds true. O

7. PROOFS FOR BOUNDARY VERTICES

In this section, we prove Theorems[Z.4]and [Z.5] by relating the case of a boundary
patch to that of an interior patch via geometric piecewise affine mappings and
symmetry arguments. Let a be a boundary vertex as specified in Section 2.4
Recall that by assumption, the patch domain w, only contains an open ball around
a minus some sector with solid angle 6, € (0,47). In what follows, as throughout
the paper, we abbreviate as A < B the inequality A < ¢B with a generic constant
¢ whose value can only depend on the patch regularity parameter vy7,. Moreover,
A =~ B stands for simultaneously A < ¢B and B < cA.

7.1. H' setting. We prove in this section Theorem [Z4l Recall that we have as-
sumed that either FY = () or F2 = (). Moreover, either all the faces in F<* have
at least one vertex lying in the interior of dwS*', see the left panel of Figure 2] for
an example, or there are at most two tetrahedra in the patch, see the right panel of
Figure 2] for an example. We show the details under the first assumption and only

give brief comments on the case where this does not hold but || < 2.
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When all the faces in FEX* have at least one vertex lying in the interior of dwxt,

it is possible to design a mapping T of 7T, into a flattened patch Ta lying in a half-
space in R? determined by some plane containing the boundary vertex a. More
precisely, the mapping T is defined by means of a collection of bijective affine
mappings {Tk }ker, such that (see the left panel of Figure Bl for an illustration
in the context of Figure @): 1) Tx : K — K, where K is a tetrahedron; 2) the
tetrahedra K form a patch T topologlcally equlvalent to Ta (i.e., the connectivity
between elements, faces, edges, and vertices of T, is the same as that in T3); 3) all
the faces F' € FD U FY are mapped into a plane P and 7~; lies in a half-space of
R3 bounded by this plane; 4) the shape-regularity parameter of ’7; is equivalent to
that of 7, up to a constant that only depends on 7.

F1cURE 3. Left: boundary patch T of the left panel of Figure
mapped by T to the flattened patch Te lying in the half-space of
R? determined by the plane P. Right: patch ’7~; mapped by the
symmetry S over the plane P and the resulting interior patch 7A;

Let us further map the flattened patch Te by the symmetry S over the plane
P into the other half-space of R? to produce together with 7~'a a new patch of
elements denoted by ’f;; see the right panel of Figure B for an illustration. We
keep the orientation for the face normals n g of faces F in T, the same and let it
be arbitrary for the newly created faces in 72 Then, 7A'a is an “interior” patch of
tetrahedra sharing the vertex a as described in Section 2] where in particular the
patch subdomain &g, defined as the interior of the set | J ReT, K , contains an open
ball around a.

7.1.1. Case 1: Pure Dirichlet conditions. Let us first treat the case where Fy = (),
ie., Fq = Fity Fext U FD and all the faces located on the patch boundary dwg
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and sharing the vertex a are contained in the (Dirichlet) set F2. Denote

(7.1a) Vp(Ta) := {vp € Pp(Ta); vplr =0 VF € FS,
vplp =1p VF € FY, [v,]Fr = rp VF € F'Y,

(7.1b) V(Ta) == {v € H'(Ta); v|r = 0 VF € F*,
’U|F =rp VF € ]:a]?, [[U]]F =rp VF € ]:(iznt}.
Then the stability bound ([2I6]) becomes

7.2 min ||V < Cq min [Vl -
( ) v,,GV,,(Ta)” T pra— “veV(Ta)H T ||Wa

As in Section [5, we denote, respectively, by v; € V,(Ta) and v* € V(Tg) the
minimizers in (Z.2]), supposing for the moment that they exist. Considering on 7~;
the equivalents V,,(7,) and V(j;) of the spaces Vp(7;~) and V(7T,) from (1)), where
Tpi=rpoTg' for F € Fg, F € F, K = Tg(K), F = Tk (F), one readily shows
that

(7.3) IVt llza = VT llwa, V70" [z, = IV70"|wa,

where W, is the interior of the set Uz 7 K and

(7.4) vy = arg  min_ IVz0pllz,, 0= arg min ||V%i7||wa.
Vp€Vp(Ta ve a
For instance, since v* o T~1 € V(7,), we have V50" |lz, < IV2(0* o T Y)|lz, =
1T (Vo) o T Iz, < | det(d)[V21 Tl V7o* o, S V70" ||, since the Jaco-
bian matrix J of T~! and its determinant det(J) are both of order unity.
For each interior face F € ]-A'flnt of the symmetrized patch 7A;, cf. Figure Bl right,

~

consider a polynomial 7z € P, (F') such that

(7.5a) Pa=7z ifF=FeFm
(7.5b) Fa=7y ifF=FeFD,
(7.5¢) Fa=0 if F=S(F),F e F,

where, in the last line, more precisely, F e ff(, F e j-}{, K = S(IN(), F =
S(F). Remark that, crucially, 75l Fron, = 0 on all interior faces F e .7?2"3 and
Y FeF Lﬁ7g7/"\ﬁ|g = 0 on all interior edges ¢ € &,. Indeed, the former property
follows by (Z.I5al), whereas the latter property is trivial for edges only present in
the extension by S (not lying in the patch 7:,, to the left of the plane P in the right
panel of Figure[3) and follows from (Z.I5D) together with our definition in (ZH) for

edges already present in T Thus, by the results of Sections 5.1l and for interior
patches, there exist unique minimizers of the problems
(6)  y—arg min |Vyolo,. 0 —arg min [[Vyill,.

v, veV (Ta)

Up EVP a

where
(7.7a) (

Vo(Ta)
(7.70)  V(

By € Pp(Ta); Tplp =0 VE € F&, [0,]p = 7p VF € Fit},
)= o

. Dlp = 0VE € F&, [0]p =75 VF € Fir).

v

Ta
Ta

m

Sy
=

E:])

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



STABLE BROKEN H' AND H(div) POLYNOMIAL EXTENSIONS 579

Moreover, as proved in Section 53] the claim (2.8)) of Theorem holds true, i.e.,
(7.8) V70, llza S IVE0" o, -

We now show that there exist unique minimizers in problems ([T4]) and, a fortiori,
in problems (Z.2). Consider v, given by (Z.4)) and define on w,

(7.9) Up =y lz, — Vploa\aa © S
Immediately, v, € Pp(ﬁ); moreover, it is easy to verify that actually v, € ‘7p(7~;)
Thus, the minimization sets in ([Z.4]) are nonempty, and uniqueness of the minimizers

follows as in Section From (74) and the definition (9] of v,, we immediately
conclude that

(7.10) V503 5. < IV50pllza < V2(V70; |12,

Finally, let us extend the continuous minimizer v* from (74) from w, to Ws by
zero, which we denote by E(v*). Immediately, we have E(v*) € V(7,), so that
(7.11) V30 |z, < IVFE@)lla, = V70" |z, -

Combining (ZI0), (Z8), and ([ZII) gives ||V, |z, S IV70*]z,, and [L3) yields
the desired stability property (.2]).

FIGURE 4. Left: boundary patch T, with FY = (), the two faces
in F&* not having a vertex lying inside OwS**, and four edges e;,

1 < i < 4 having a as the vertex and lying in Ow?. Right: extended
patch T 4.

At most two elements in the patch Tq. Let there be a face in F&X' not having a
vertex lying on dwS* but let |7,| < 2, as in the left panel of Figure @ We now
show that (C2) also holds true in this case. If |T,| = 1, i.e., the patch consists of
a single tetrahedron, then (Z.2)) holds true by virtue of Lemma [AJl If |T4| = 2,
then there exists an edge e between the vertex a and one of the vertices in Fg** not
lying inside dwS** such that all the faces F' € F2 that share e either lie in a plane
P, or the patch 7T, is such that there exists a collection of bijective affine maps T
(denoted simply T') as in the first step above, such that all the faces F' € F2 lie in
a plane P after the mapping of 7, by T'. This condition is satisfied in the situation
illustrated in the left panel of Figure [ for the faces e; and e4 but not for e and es.
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For simplicity, we keep the notation 7, for the patch even after a possible mapping
by T, since an equivalent of (Z3) holds here as well.

Let us now map 7T, by a collection of bijective affine maps S in a symmetry over
the plane P into the other half-space of R3, as in the second step above; see the
right panel of Figure M for an illustration. Note that again, the shape-regularity
parameter of T, is equivalent to that of 7 up to a constant that only depends on
7. The new patch T« is not an interior patch, since otherwise, the condition on
the edge e would be violated. An illustration is given in the right panel of Figure [l

Extend now the polynomial data rp “by zero” from 7, to Ta. More precisely,
for each face F' € Fq, consider a polynomial 74 € P,(F) such that

(7.12a) Tr=rp if F=Fe&Fm™,
(7.12b) Tr=rp ifF=F¢cFD,
(7.12¢) Fr=0 ifFe(Fr UTL)\ (FruFD).

Here F, = 7? U fZXt U .TS with our usual notation; in particular all faces lying
in 0w, and sharing the vertex a are gathered in the Dirichlet set 7aD. Again,
T#|Fnowm, = 0 on all interior and Dirichlet faces Fe ?i;t U?E and Y 77 LFeTFle
=0 on all edges € € £q4, so that we can apply the result for the case where all the

faces in f * have at least one vertex lying in the interior of 9w**. We then conclude
using restriction from Ta to Ta by symmetry over P and prolongation from 7T to
T o by zero.

7.1.2. Case 2: Pure Neumann conditions. We now treat the case where F2 = (),
i.e., FX collects all the faces lying on the boundary of the patch w, and having a
as vertex. Let

(7.132)  Vp(Ta) = {vp € Pp(Ta); vplr =0 VF € FZ*, [up]r = rr VF € Fg'},
(7.13b)  V(Ta) == {v € H'(Ta); vlr =0 YF € Fg*, [v]p =rp VF € F3"'}.

Recall from Flgure [B the flattened patch 7. and the symmetrized patch 7\; For
cach interior face F € .7’-"“t we now consider a polynomial 7z € P,(F) such that

(7.14a) e =g it F=FeFm™,
(7.14b) F2=0 if F=FeFY,
(7.14c) Pp=7TpoS~t if FF=S(F)FeFy,

where, in the last line, more precisely, Fe ]?f(, Fe ]?f(, K= S(IN(), F= S(ﬁ)
Recall that, crucially, we have 7'z| Fros, — 0 on all interior faces F e .7?31‘“ and
Zﬁeﬁ; Lﬁ,é\?ﬁb = 0 on all interior edges € € Ea. Indeed, as in Section [Z.1.1] the
former property follows from (ZI5al), whereas the latter property is here a conse-
quence of the conditions imposed in (IEZI) together with the choice of the orienta-
tion of the normals n 5 of the faces F not present in T,. If the sum Y Fer LPelrle

only contains faces either from 7. or from T \7;, then it is equal to zero be-
cause of (ZI5L), whereas if it also contains faces from both 7, and Ta \7:1, then
the summands from 7T and T \ 7., cancel out owing to the symmetry of 7o with

Ta\ Ta-
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Then the result of Sections (.1l and can again be used here, so there exist in
particular unique minimizers to the problems (78], and Theorem 22 implies ([.])).
Consider vy given by (Z8]) and define

(7.15) Ty = 0

(compare with ([Z9) in the case of Dirichlet conditions). Recall that I//\;,(ﬁ) is
defined by the mapping S from (I3)) and that V,(7,) is the equivalent of V,,(7g)
on Tq. Then v, € V,(74); in particular, no condition needs to be satisfied on the

Neumann faces FN. From (Z4) and the definition (ZI5) of ¥, we immediately
conclude that

(7.16) V70, lz. < V70 llz. < IV20, 15, -

Extending the continuous minimizer v* from () from @, to &, by symmetry as
E(0")|g,\aa = 0|z, © S71, we see that E(0*) € V(Tq), so that

(7.17) V30" Iz, < IV7E@)z, < V2IIV70" Iz,

Combining (ZI6), (Z8), and ([ZIT) gives |Vz0,llz, S [V70*|z, and ([T3) yields
the desired stability property (T2).

At most two elements in the patch To,. If there exists a face in F&X* without a vertex
lying inside Ow* but |Tg| < 2, as in the right panel of Figure 2 the face jumps rp
have to be set to zero on the original Neumann faces and extended by symmetry
over P otherwise. We map from T 4 to T, by simple restriction and from 75 to T 4
by symmetry, cf. Figure @l

7.2. H(div) setting. We sketch here the proof of Theorem As in the H!
setting, we present the case where all the faces in F** have at least one vertex
lying in the interior of dw**, see the left panel of Figure [ for an example; the case
|Tal < 2, see the right panel of Figure[2, can be treated as in Section [[Jl Contrary
to the H'! setting, we do not make here any assumption on the subsets F2 and F.';
for the sake of clarity of exposition, we still distinguish the case with pure Neumann
conditions, that with pure Dirichlet conditions, and finally we treat the general case
of mixed Neumann-Dirichlet conditions. We again rely on the flattened patch 7,

and the symmetrized patch 7?1; see Figure Bl

7.2.1. Case 1: Pure Neumann conditions. Let us first assume that ]:E = (). Denote

V,(Ta) = {v, € RTN,(Ta); vpmp =rp VF € F&* vy,np =rp VF € .7-"5,

(7.18a) [vp]mp =7rp YF € FI** Vrwv,|k = rix VK € To},
V(Ta) :={ve H(div,Tg); vnp =rp YF € F&, vnp = rp YF € FY,
(7.18b) [vlmp =rp VF € FX* Vrw|g =1 VK € Ta}

Then the stability bound (2I8)) becomes

(7.19) L mn v, < Cu i o],
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The data rx and rp are here extended “by zero” from the flattened patch 7~; to
the symmetrized patch Tg:

(7.20a) Fo=7p if F=F e Finty Fext,
(7.20b) Pe=7p iIK=Kc¢eT,,

(7.20c) Fa=7x fF=FecFy,

(7.20d) Fa=0 if F=8(F),FeFryFe
(7.20e) =0 if K=S8(K),K €T,

V,(Ta) = {0, € RTN,(Ta); B,z =75 VF € FO,

(7.21a) [0,]np =Fp VF € Fitt, V%, | o = 7p VK € Ta},
V(To) = {v € H(div,T,); vnp =7p VF € F,
(7.21b) [v]-np =7p VE € Fi, V| p =7 VK € Ta),
and the stability property in 7A'a becomes
(7.22) min_ [[vy/lg, <G min 0]z,
BpeVp(Ta) veV(Ta)

Owing to (ZI7) and ([Z20), we find that the compatibility condition ([2I0) in 7,
ie.,

(7.23) Y - >, Fp)p=0

ReTa Fer,
holds true. The last two mgredlents of the proof are the restriction of the discrete
minimizer v, of (L.22)), left, from 74 to To given by

(7.24) Uy = Uylz, — P(Vh]aa\5.);
where the contravariant Piola transformation % is built using the geometric map-

ping S, and the extension of the continuous minimizer ¥* on T from T, to Ta by
Zero.

7.2.2. Case 2: Pure Dirichlet conditions. The case FY = () can be treated as
above. After moving from 7, to T in the first step, the data are extended “by
symmetry” from Te to 7;, similarly to (ZI4). This ensures the compatibility
condition (ZI0) on the “extended interior” patch ﬁ, even though there has been
no such condition on the orlgmal patch To. The restriction of the discrete minimizer
vy of ([L22), left, from 7o to Ta is given by @ Up = Upls,, whereas the extension

of the continuous minimizer ¥* on 7 from 7T to 7; is obtained by symmetry as

E(0")log\z, =¥ (0"],)-

7.2.3. Case 3: Mized Neumann—Dirichlet conditions. The proof proceeds again as
above. The main change is that in (Z20), we also need to impose 7'z for all F=
Fe .7?,]13 : we can choose arbitrary values for all Dirichlet faces except for one, where
75 is chosen such that (Z.23)) holds true. As in Section [Z2.T], the restriction of the

discrete minimizer vy is given by (T.24); note that all the Neumann conditions

prescribed on the faces from ]-N?I\I (or FX) are satisfied, whereas no conditions need
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to be satisfied on the faces from F2 (or F2). Finally, the continuous minimizer o*
on T, is extended from 7T, to T, by zero.

APPENDIX A. STABLE POLYNOMIAL EXTENSIONS ON A TETRAHEDRON

In this section, we reformulate and extend some recent results by Demkowicz,
Gopalakrishnan, and Schoberl [IT1[I3] and by Costabel and McIntosh [I0] on sta-
ble polynomial extensions on a single tetrahedron. We first consider H!'-stable
extensions in the polynomial space P, (K).

Lemma A.1 (H!-stable polynomial extension on a tetrahedron). Let K be a tetra-
hedron with FX C Fx a possibly empty subset of its faces. Let r be a p-degree piece-
wise polynomial on F2, p > 1, with restriction to each F € FR denoted by rp.
Assume that r is globally continuous over the Dirichlet boundary given by F2. Then
there exists a constant C > 0 only depending on the shape-reqularity parameter g
of K such that

Al min Vo <C min V| k.
(A1) Jmin 9l <C o min [Vl
vp|lp=rp VFEFR v|p=rr YFEFR

Remark A.2 (Equivalent form). Consider the following problem: find (x such that
—ACk =0 in K,
Cklp=r1F on allFE}}l?,
~Vixkmnklp=0  onall Fe€Fx\Fg,
i.e., in weak form, (x € H'(K) is such that (x| = rp for all F € FR and
(V¢k,Vo)gk =0 Yo e HYK), v|p =0 VYF € FR.

Similarly, the (spectral) finite element method of order p finds (, x € P,(K) with
(p.xc|F =rF for all F € FR such that

(Vép i, Vop)xk =0 Yo, € Pp(K), vy|p =0 for all F € FR.

As ¢, k and (i are, respectively, the (unique) minimizers from (A, Lemma [A]
can be rephrased as a stability result for (spectral) finite elements on a single
tetrahedron, i.e., |V{x||x < ||VG rllx < C|\VEk| k-

Proof. The result of Lemma [A] follows from the results and proofs in [I1]. For
completeness, we give a proof using the present notation.

(1) Let us start by noting that in the case F2 = ), both ¢, x and (x can be
taken as zero. Let us henceforth suppose that ]-}]2 # .

(2) We first establish (ALl on the unit tetrahedron, say K ; to this purpose, we
proceed in three substeps.

(2.a) Case K = K and FR = Fk,i.e., the Dirichlet condition is prescribed on the
whole boundary 0K . Then [II, Theorem 6.1] shows that there exists a polynomial
Cp(r) € Pp(K) such that (y(r)|ax =7 and || (7)|| 71 (k) < CDGSHTHH%(aK)’ where
||r||H% (OK) is defined using the Sobolev—-Slobodeckij norm as follows:

) ) r(@) ~ ()l
r 1 = ||T +/ / 7dmdy7
I ||H5(8I<’) ” HLQ(aK) oK Jok H:c—y||‘}2
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recalling that d = 3. Since there exist constants QH 1 and C_ 1 of order unity so
that

H?2

(A.2) C1 UEI;IHY(IK lller ey < Ml 3 or) = Cra UEIE}I(IK)||U||H1(K),
vlox=r vlox=r

and since ||y (r)|| g1 (k) > min||vy|| g1y over all v, € P,(K) such that v,|ax = 7,
we infer that

~

A3 min Upllgrxy < C min V|| g1

(43) i Dol <€ i ol
vp|p=rp VFEFR v|p=rp YFEFR

with C = CpasC,,3 and H’UH%P(K) = |[v||% + |[Vv||%. Note that we are using the

H'-norm in (A3), and not the H'-seminorm as in (A).
(2.b) Case K = K and FX # Fg. Let us prove again (A3). Let us set
(A.4) (o= argmin o g
vEH' (K)
’U|F:T‘F VFG]'—ID(

Note thaf fK solves in strong form —AQ:K+§:K =0in K, Q:K|E =r|pforall F € ]-}Ig,
and —V(xnk|r = 0 for all F € F \ FR; note also that (x is well defined since
FP is assumed to be nonempty. Define a new function # € H 2 (OK) as the trace of

Cx on OK; this extends the boundary data r originally defined only on the faces in
FP to the whole 0K, not necessarily by polynomials on the faces in Fx \ Fr. The

definition (AZ) of (x combined with (A2) yields ||T||H2(3K) =

Let us now order the faces of K with the faces in F2 first and consider only the
summands corresponding to the faces in F instead of the full extension operator
of [I1], equation (6.1)], applied to the function 7. Following [I1, Theorem 6.1}, we
obtain a polynomial (,(7) € P,(K) such that (,(7)|r = rp for all F € FR and
6o (F) | 1 (1) < CDGS”fHH } oK) Combining with the above bound on ||7“HH2 (0K)
and since |G, (7)|| g1 (k) > min||v, || g1 (k) over all v, € Py(K) such that vy|r = 7p
onall F € FR, we 1nfer that (A3) also holds true if FR # Fx with C = CDGSCH%.
This completes the proof of (A3)).

(2.c) Let us prove that (&) holds true when K = K. Let ¢ € R be arbitrary
and let us set 7’ := r + ¢; note that 7’ is also a p-degree piecewise polynomial
on FR that is globally continuous over F. Since K is the unit tetrahedron and
applying (A23) with the datum 7/, we infer that

C oSkl (-

. v < . _ .
Wl Vules g, lwtdmeo= g, alee
vp|lp=rr VFEFR vplp=rp VFEFL vp|p=rp VFEFR
<C min vl gy = C min llv+ cll g1k
HY(K) veH' (K)
v|p=rp VFEFR v|p=rp VFEFR

where the first bound follows by dropping the L?-norm of v,+c. Taking the infimum
over ¢ € R on the right-hand side and using the Poincaré inequality inf.cg ||v +
clx < Lhi||Vv||x < ¢||Vv||x with a constant ¢ of order unity, we infer that (A1)
holds true when K = K.

(3) Finally, we use a scaling argument to prove (Al in any tetrahedron K. Let
(p.x and Cx be the two minimizers in (AJ]) (see Remark [A2). Let T be the affine
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geometric map from the unit tetrahedron K to K. Then the pullback by T' defined
as ¥(v) = vo T is an isomorphism from H'(K) to H* (I?) and also from P,(K)
to ]P’p(f(). Moreover, we have |[V(4(v))||z < Cy||Vo|x and [[V(1(0))]|x <
Cy-1|| V|| z with constants such that CyCy-1 is uniformly bounded by the shape-
regularity parameter of K. Let now ]-'I]% = {F ¢ Frs T(F) € FP} and let us
introduce the piecewise polynomial 7 such that 7z = r o (T|z) for all F e fD

Applying the result of Step (2.c) to K with the polynomlal data 7 and the subset
]—" =, and introducing the two corresponding minimizers, ( Ve and C 7 we infer that

||V<p rllz < C’||VCK||K with C' of order unity. Finally, we have

IVGxllx < IV, 2) Ik < CymrllVE, zllz < CyiClIVEzIIz
< Cy1ClIVY(Cr)l g < CpCy-1ClIVEk| K,

since ¢_1(Ep #) is in the minimization set defining ¢, x and ¢((x) is in that defining
Cr- O

Let us now consider H(div)-stable extensions in the polynomial space
RTN,(K). The following lemma rephrases the first two steps of the proof of [I}

Theorem 7], while merging them together and extending them to three space dimen-
sions. Recall that the normal trace of a field in H (div, K) is prescribed according

to (2.9).

Lemma A.3 (H(div)-stable polynomial extension on a tetrahedron). Let K be
a tetrahedron with unit outward normal ny. Let Fx C Fi be a possibly empty
subset of its faces. Let r be a p-degree piecewise polynomial on FX, p > 0, with
restriction to each F € Fx denoted by rr. Let ri be a p-degree polynomial in K. If
FR = Fk, assume that Y orere (TF, 1) = (1k, 1)k Then there exists a constant
C > 0 only depending on the shape-regularity parameter g such that

(A.5) min ol <Cmin ol
v, ERTN,(K) veH (div,K)
’l};,,-’!l}(lp:’l"p VFGJ:II\(T ’U-nK‘F:’I"F VFGJ:II\(T
Vww,=rg Vv=rg

Remark A.4 (Equivalent form). Consider the following problem: find (x such that

(A.6a) —Alx =Tk in K,
(A.6b) Cklr=0 onall F € Fg \ Fx,
(A.6¢) —Vikni|r=rr onall F e F¥,

ie., in weak form, (x € H'(K) is such that (x|r = 0 on all F € Fg \ Fx,
(CK, 1)K =0if ]:N = ]:K, and
(A.7)

(VCk, VO k=(ri, )k — Y (rp.¢)r Yo H'(K) with ¢|p =0YF € Fi\Fx.
FeFy

The dual weak formulation looks for éx € H(div,K) with V-éx = rg and
E€xng|p=rponal F € FY such that

(€x,v)k =0 Yo € H(div, K) with V-v =0 and v-ng|r =0 VF € Fx,
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and it is well known that

(A.8) €k = argmin lv||lk = —V(k.
veH (div,K)
’U-TLK|F:TF VFEJ:II\(T
V"UZT‘K
Similarly, the dual (or, equivalently, (dual) mixed) finite element method (here, a
dual spectral method) finds &, k € RTN,(K) with V-§, x = rx and &, x ni|r =
rr on all F € FX such that

(ép.x,vp)k =0 Vv, € RTN,(K) with Vv, =0 and v, ng|r =0 VF € F}.

As &, ik and €k are, respectively, the unique minimizers from (AF), Lemmal[A3 can
be rephrased as a stability result for mixed finite elements on a single tetrahedron,
Le., [€xllx < 1§ xllx < Clléklx-

Proof. We first establish (A.H) on the unit tetrahedron, say K ; to this purpose, we
proceed in three steps. Then, we establish (AE]) on any tetrahedron by using the
contravariant Piola transformation.

(1) Case K = K and FX = (. We infer from [I0, Corollary 3.4] that there is
&p(rx) € RTN,(K) such that V-§,(rk) = rx and [|€,(rx)||x < Coml|rk|lm-1(x)
where [|rg||g-1(x) := max(rg,¢)x over all ¢ € Hj(K) such that [|[V¢|x = 1.
Furthermore, since a Dirichlet boundary condition is prescribed over the whole
boundary of K in (A6) when F¥ = (), we infer that (x € H}(K) is such that
(Vik, Vo) = (rk,d) i for all ¢ € H}(K). Then, we have by (A.F),

min ||v|]|x = [|€xllx = |Vik|x = max (rx,¢)x = Irxllg-1k)-
K) ¢eH} (K)

veEH (div, o
V=T IVelix=1
Altogether,
mi v < <C - =C mi V|| k-
vpeRTIII\}p(K)H ol <N (re)llx < Comllrgllm-1(x) = Com UEH(é?V’K)” s
V-vp,=rg V-v=rg

(2) Case K = K, FN #0, and rx = 0. We further distinguish two cases.

(2.a) Assume first that FX = Fg. Since a Neumann boundary condition is
prescribed over the whole boundary of K in (AS6), (x € H'(K) is such that
(Cx, 1)k = 0 and (V(k,Vo)x = (r,¢)ax for all ¢ € H'(K). Since (r,1)sx =0
by assumption, [I3, Theorem 7.1] shows that there is &,(r) € RTN,(K) (actu-
ally, in [P,(K)]?) such that V-£,(r) = 0, &,(r)nk|r = rp for all F € Fg, and

1&p (M) E(aiv, ) = 1€p()lx < CDGS”T”H’%(BK)' Here, H™%(9K) is the dual

space of H2 (8K) equipped with the norm ||r|| = max(r, ¢)ax over all ¢ €

1 .
H™ 3 (0K)
Hz(OK) such that ||¢HH% 0K) = 1. On the unit tetrahedron, we can use the lower
bound in (A:2) and the Poincaré inequality in the space {¢ € H'(K); (¢,1)x = 0}

to infer that there is a constant CH 1 of order unity so that

(Tv(b)aK

| <C, 1 sup .

H™2(9K) Hoz peH (K) Vol
(¢,1) k=0
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Owing to (A.g), we infer that

Il 3 o) = Cr- 3 IVErllx = C oy periin vl
v»nK|F:rF VFeFk
V-v=0
Altogether,
i < <C
Lo oyl < 160 < Coaslrl -y
vy ni|p=rr YVFEFK
V-v,=0
< CpasC i .
<CpasCy-y min o Ivllx
vng|lp=rr VFEFK
V-v=0

(2.b) Assume now that () # FX C Fr. Let us set

. ) 1
(K = argmin {§|Vv||%(+ Z (rp,v)p}

cHY (K
(vEH(K) FeFY
’U‘F—OVFEJ:K\]:K

i.e., in weak form (V(g, Vo) = — ZFG}-}\(] (rp,¢)p for all ¢ € HY(K) such that
p|lp = 0 for all F € Fx \ FX. Since K is a convex polyhedron, elliptic regularity
implies that (x € H?(K), so that the normal derivative —V(x-ny can be given
a pointwise meaning on JK. Let us call 7 this normal derivative (we could have

also considered Cx-nx, where Cx is the arg min of ||v|x over all v € H(div, K)
such that vng|p = rp for all F € .7-}1\(1 and such that V-v = 0). We infer that

HTHH’%((‘)K
the summands corresponding to the faces from Fx instead of the full extension
operator of [I3 equation (7.1)], applied to the function 7. Following [I3 Theo-
rem 7.1], we obtain a polynomial ¢,(7) € [P,(K)]? such that {,(7)nk|r = rp for
all F e FX and ||¢,(7)]|x < CDGS”?:HH*%({)K)‘ Combining the above bounds and
reasoning as above, we infer that (A.5) holds true in case (2) altogether.

(3) Proof of (A3) when K = K. Since K is the unit tetrahedron, we can use
the bounds established in steps (1) and (2). Let £, ;- € RTIN,(K) be the discrete
argmin with only divergence prescribed by rx but no boundary flux prescribed.
Using the result of step (1), we infer that

| < C||V¢k | k- Let us now order the faces in FX first and consider only

4 = min v <C min v
Il =, _min ol <C_min [l
Vvp,=rg V-v=rg
<C min [vllx = Clléx |«
veEH (div,K)
v~nK\F:rF VFE]'-II\(I
Vv=rg

where the last inequality follows by restricting the minimization set and introducing
the unique minimizer £ x defined in Remark[A4l Let now &, x € RTNy(K) be the
discrete argmin with divergence prescribed to zero and boundary flux prescribed
torp — &, gnk|r forall F € FX. In the case where FX = Fi, the compatibility
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condition on the prescribed fluxes holds true since

Y (rr—&xmklp V=Y (rp,1)r— (V& . D

FeFY FeFg

= Z (TF,l)F — (TK,]-)K = 0

FeF}
by assumption. Step (2) implies that

155l = [opll

min
v, ERTN,(K)
vp~nK|F:rF—§;,)K»nK|F VFE]‘—}I\(I
V-v,=0
<C min lv] k-
veEH (div,K)
v-nK|F:'rF7£;’K~nK|F VFGJ—}I}I
V-v=0

Furthermore, a shift by 51’37 x allows us to rewrite equivalently, and then bound by
the triangle inequality, the last minimum above as follows:

min v—¢ < min vk + €
veriim [v—§& klx < eriin vl + 116, x|l x
v»nK|F:rF VFE]:IIE v-nK\F:rF VFE]‘—}I\(I
V-v=rg V-v=rg

= l€xllx + 11,k Il xc

so that [§) xllx < C(l€xllx + 1€, kllx). Now &, r + & i belongs to the dis-
crete minimization set in (A.3) and [|§], ;- + & x| x is bounded by ||k ||x. This
proves (AH) on the unit tetrahedron.

(4) Proof of ([(AF) on a general tetrahedron K. We are given a subset FX of the
faces of K, a p-degree piecewise polynomial r on Fy, and a p-degree polynomial
ri in K such that, if FX = Fg, ZFEFK(TF’l)F = (rg,1)g. We are going to
prove (AH) on K by mapping the minimization problems to the unit tetrahedron
K. Consider an affine bijective map T : K — K with Jacobian matrix J. Note
that J is a constant (and invertible) matrix in K since T is an affine (bijective)
map. Let }"[L\(I collect the faces of K that are images by T—! of the faces of K in

Fx. Let us set
g = det()|J Tnplle(rr o T|5) VF € FY, Tz i=det(J)(rx o T),

where nz is the unit outward normal to K on the face F. Then, 7 defined by its
restrictions to the faces F' € ]-g is a p-degree piecewise polynomial on fg, and 7

is a p-degree polynomial on K , and in the case where fg = Fz, we additionally

K>
have
Yo Grp= Y. (rroTlgdet()|J "ng]e)p
F\E}-f(\ F\E]:R\
= Z GJ(TF, 1)F = 6J(TK7 1)[( = ('FK e} T,det(J))f( = (?IAO 1)1?
FeFk
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with ey = |(;Ztt((?)| = +1. Here, we used the following classical formulas to change
the surface measure and the volume measure: ds = |det(J)|[|J "nz|,2ds and

dx = | det(J)|dZ. Let us now consider the contravariant Piola transformation such
that ¥(v) = A(v o T) with A = det(J)J~!. Then 1 is an isomorphism from

A~ ~

H(div, K') to H(div, K), and also from RTN,(K) to RTN,(K). Moreover, we
have the following key properties:

(A.9a) Vo =rgin K <= V-((v)) =75 in K,
(A.9Db) vng|p =rponal F € Fg <= 9(v)nz =75 on all Fe .7-"[1%1

~ -~

with K = T(K) and F = T(F). The first equivalence results from V-(¥(v)) =
det(J)(V-v) o T and the definition of 75. To prove the second equivalence, recall-
ing (26]), the left-hand side means that

(0, VO)k + (Vu,8)x = Y (re,d)r

FeFy

for all ¢ € H(K) such that ¢|p = 0 for all F € Fg \ Fx. Changing variables in
the volume and surface integrals, the above identity amounts to

($(0), Vo) + (V-(0), D = . Fpd)p.

ol N
Fe]:i

where $ = ¢oT'. Since the pullback by the geometric map T is an isomorphism from
{¢ € H'(K); ¢|r = OVF € Fx \ FR} to {¢ € H'(K); ¢|p = OVF € Fg \ FZ},
the above identity means that ¥(v)nz =75 on all F € fg.

Let now &, x and & be the unique minimizers in (A.5) using the polynomial data
rand rg; similarly, let £ » and £z be the unique minimizers for the minimization
problems posed on K using the polynomial data 7 and 7. We infer from step (3)
that ”Ep,f( 7z < 6\|§f{||f( with constant C of order unity. Since 1/7’1((‘,?1)7[?) is in the
minimization set defining &, r and since ¥ (§x) is in that of £z, we have

1€p k1l < (€, @)l <N ez €, 2z < 19 ewe2)Cliégl 2
<N ez, e ClwEx)ll g < 1l ez, v oz, r2)Clléx | k-

where |92, 12) and |[¢p71| z(z2,12) are the operator norms of ¢ and ! as

linear maps between L2(K) and L2(K). This completes the proof since the factor
||1/;||L(L27L2)||¢*1\|£(L27L2) is bounded by a constant only depending on the shape-
regularity parameter yg. O

APPENDIX B. ON CELL ENUMERATION AND VERTEX COLORING IN PATCHES

We collect in this section some auxiliary results on cell enumeration and vertex
coloring in simplicial patches, corresponding to the setting of an “interior vertex”
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as described in Section 2.l For any cell K € T, its interior faces are collected in
the set Fi2* := F NF. Let us first observe that any enumeration of the elements
in the patch 7, in the form Ki,..., K7, induces a partition of each of the sets
Fitt, 1 < i <|Tal, into two disjoint subsets, F2* = FPU F?, where F? collects all
the interior faces of K; shared by an already enumerated cell K; with j < ¢, i.e.,
Fli={FeFm F= OK;NOK;, j < i}, and F? collects all the other interior faces
of K;, ie., F? := {F € Fi™ F = 0K, N 0K, j > i}. Note that |F?| +|F| = 3.
An immediate consequence of this definition is that F? = i, and .7:{1 = () on the
1

I i
first element, whereas F /- | = ¢ and Fir =7 K7, O1 the last element.

Lemma B.1 (Patch enumeration). Let T be an interior patch of tetrahedra as
specified in Section I Then there exists an enumeration of the elements in the
patch Ty so that:

(i) For all 1 < i < |Tal, if there are at least two faces in ]-—f, intersecting
in an edge, then all the elements sharing this edge come sooner in the
enumeration, i.e., if \]:Zﬁ\ > 2 with F1,F? ¢ ]:iﬁ, then letting e := F' N F?,
K; € T.\{K;} implies that j < i.

(ii) For all 1 <i < |Tal, there are one or two neighbors of K; which have been
already enumerated and correspondingly two or one meighbors of K; which
have not been enumerated yet, i.e., |]-'Zﬁ| € {1,2} (so that |F?| =3 —|F| e
{1,2} as well) for all but the first and the last element. In particular, ]-'f
contains all the interior faces of K; (so that F? is empty) if and only if
i=[Tal.

Proof. The key notion to assert the existence of the enumeration with the requested
properties is the shelling of a polytopal complex. Let us first explain the concepts
of polytopal complex and of shelling in the present context; we refer the reader to
[24, Definition 8.1] for a more abstract presentation. The collection of the boundary
faces, edges, and vertices of the patch constitutes a so-called pure, two-dimensional,
polytopal complex, that is, a finite, nonempty collection of simplices (triangles,
segments, and points, all lying on the boundary dw,) that contains all the faces
of its simplices (that is, the lower-dimensional simplices composing the boundary
of each simplex) and such that the intersection of two distinct simplices in the
complex is either empty or an edge or a vertex for each of them. The shellability
of the polytopal complex (composed of the boundary faces, edges, and vertices)
means that there exists an enumeration of the boundary faces (or, equivalently, the
cells composing the patch) so that, for all 1 < i < |T,], the boundary of the set
(Uj<iK;) N Owgq is connected and contains only vertices of degree two (i.e., each
vertex is connected by an edge to exactly two other vertices also belonging to this
boundary). The fact that this polytopal complex is shellable results from a theorem
by Bruggesser and Mani []; see also [24] Theorem 8.12]. The main idea for the
construction of the shelling is to imagine the complex as a “little” polyhedral planet,
and launch a rocket from the interior of one of its faces; the rocket trajectory is a
line that is supposed to intersect all the planes supporting the faces at one and only
one point. The faces are enumerated by counting the launching face first, followed
by the faces as they become visible from the rocket as it progresses to infinity. Once
the rocket reaches infinity, it starts its travel back from minus infinity towards the
complex; then all the previously hidden faces become visible and are enumerated as
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they disappear from the horizon. When the rocket reaches back to the complex, all
the faces have been enumerated, and the resulting enumeration produces a shelling
with the desirable properties. We refer the reader to [24] pp. 240-243] for details
and illustrations. |

Lemma B.2 (Two-color refinement around edges). Fiz a cell K, € T and an
edge e of K, having a as one endpoint. Recall that T, collects all the cells in T,
having e as an edge. Then there exists a conforming refinement T, of T, composed
of tetrahedra such that

(i) T. contains K,;
(ii) all the tetrahedra in T] have e as an edge, and their two other vertices lie
on Owg;
(iii) the shape regularity parameter vy is at most twice yr,;
(iv) collecting all the vertices of T. that are not endpoints of e in the set V., there
is a two-color map col : V. — {1,2} so that for all k € T, the two vertices
of k that are not endpoints of e, say {a@l}1<n<2, satisfy col(al’) = n.

Proof. If |T.| is even, we can just take T/ = T since the vertices of T, that are not
endpoints of e then form a cycle with an even number of vertices that can be colored
using alternating colors. If |7.| is odd, we pick one tetrahedron in 7. \ {K.} and
subdivide it into two sub-tetrahedra by cutting it along the median plane containing
e. By doing so, we obtain a conforming simplicial refinement 7. of 7T, that has all
the desired properties. (Il

Lemma B.3 (Three-color patch refinement). Fiz a cell K, € T,. There exists a
conforming refinement T, of Tq composed of tetrahedra such that

(i) T2 contains K,;
(ii) all the tetrahedra in T, have a as the vertex, and their three other vertices
lie on Owgq;
(iii) the shape regularity parameter vy is at most a fived multiple of v, ;
(iv) collecting all the vertices of T, distinct from a in the set V., there is a three-
color map col : V!, — {1,2,3} so that for all k € T, the three vertices of
k distinct from a, say {a?}1<n<3, satisfy col(all) = n.

Proof. Since all the cells in 7, and in 7, have a as the vertex and their three
other vertices lie on dwg, we will reason on the trace of 75 on dw,. Using a
homeomorphism, we can map UK,ETQ\{K*}{K/ NOwg} to an interior triangulation,
say T, of the unit triangle T in R? with the particularity that the three sides of
T are edges of cells in T (these three triangular cells are the images by the above
homeomorphism of the trace on Ow, of the three tetrahedra sharing a face with
K,); see Figure[ll We now devise a conforming triangular refinement of T that does
not refine the three sides of T and such that all the vertices in this refinement are
connected to an even number of other vertices (the number of connections is called
the degree of the vertex). The existence of a three-coloring map on the vertices of
this refinement will then follow from [22]. To this purpose, we proceed in several
steps. Let us call {21, 2z, 23} the three vertices of T. The three triangles in ¥
supported on the three edges of T' are denoted by {71, 72,73} in such a way that 7,
does not touch the vertex z, for all n = 1,2,3. Let 2/, denote the barycenter of 7,,.
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FIGURE 5. Left: original patch Tq N dw, locally around K, N dwg
(highlighted in dark grey), the three triangles K’ N dw, for which
the tetrahedron K’ shares an interior face with K are highlighted in
light grey, and the triangles K’ NOwg for which the tetrahedron K’
shares only an interior edge with K are dashed. Right: mapping by
the homeomorphism to a triangulation of the unit triangle T in R?;
the polygon at the heart of T" is the image by the homeomorphism
of all the triangles K’ N dw, where K’ only shares the vertex a
with K.

(1) We subdivide all the triangles in T by barycentric subdivision into six sub-
triangles. By doing so, we create new vertices, namely the barycenter of each
triangle in T (with degree six), and the midpoint of each edge in ¥ (with degree
four). Moreover, all the original vertices of ¥ now have even degree, except for
{z1, 22, 23} which have odd degree. To avoid refining the three edges of T, we
remove for all n € {1,2,3} the connection between the barycenter z; and the
midpoint of the edge of T supporting the triangle 7,,. By doing so, the degree
of the three barycenters {2}, z}, 25} changes from six to five. At this stage, we
have a conforming, triangular refinement preserving the three sides of T', but which
contains six vertices of odd degree, namely {z1, z2, z3} and {2/, 2}, 25}.

(2) We subdivide the triangle with vertices {z1, 2}, z3} into three triangles by
joining its barycenter, say 24, to the three vertices. The degree of z1, 25, and 23
is now even as desired, but we have created the new vertex z with degree three.
This new triangulation is illustrated in the central panel of Figure [0l in a slightly
simplified setting with respect to Figure [} since we have reduced to one the number
of original dashed triangles at each of the three vertices of T' (see the left panel of
Figure [6 for the original triangulation).

(3) We now subdivide all the triangles having z; as the vertex, except the newly
created one on the boundary of T, into two sub-triangles as depicted in the right
panel of Figure [fl The vertices z§ and zs now have even degree, and we have
created additional vertices at some edge midpoints that all have degree four while
we have also increased by two the degree of some vertices.

(4) Finally, we use a similar process, as depicted also in the right panel of Fig-
ure [6 so that the vertices z; and 2z} now have even degree, while we create addi-
tional vertices at some edge midpoints that all have degree four. We now have a
triangulation where all the vertices have even degree. ]
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"
Z) 2

FIGURE 6. Left: original triangulation in the simple case where
there is only one dashed triangle at each of the three vertices
{z1, z2, z3}. Center: Refined triangulation at the end of step (2)
showing the barycenters {2, 25, z;} and the newly created one z4.
Right: final refined triangulation where now all the vertices have
even degree.

ACKNOWLEDGMENT

The authors are grateful to F. Meunier (CERMICS) for insightful discussions on
the results of Appendix [Bl

REFERENCES

[1] D. Braess, V. Pillwein, and J. Schoberl, Fquilibrated residual error estimates are p-
robust, Comput. Methods Appl. Mech. Engrg. 198 (2009), no. 13-14, 1189-1197, DOI
10.1016/j.cma.2008.12.010. MR2500243

[2] D. Braess and J. Schéberl, Equilibrated residual error estimator for edge elements, Math.
Comp. 77 (2008), no. 262, 651-672, DOI 10.1090/S0025-5718-07-02080-7. MR 2373174

[3] S. C. Brenner, Poincaré-Friedrichs inequalities for piecewise H' functions, SIAM J. Numer.
Anal. 41 (2003), no. 1, 306-324, DOI 10.1137/S0036142902401311. MR1974504

[4] H. Bruggesser and P. Mani, Shellable decompositions of cells and spheres, Math. Scand. 29
(1971), 197-205 (1972), DOI 10.7146 /math.scand.a-11045. MR0328944

[5] E. Cances, G. Dusson, Y. Maday, B. Stamm, and M. Vohralik, Guaranteed and robust a pos-
teriori bounds for Laplace eigenvalues and eigenvectors: conforming approximations, SIAM
J. Numer. Anal. 55 (2017), no. 5, 2228-2254, DOI 10.1137/15M1038633. MR3702871

[6] E. Cances, G. Dusson, Y. Maday, B. Stamm, and M. Vohralik, Guaranteed and robust a
posteriori bounds for Laplace eigenvalues and eigenvectors: a unified framework, Numer.
Math. 140 (2018), no. 4, 1033-1079, DOI 10.1007/s00211-018-0984-0. MR3864709

[7] C. Carstensen and C. Merdon, Computational survey on a posteriori error estimators for
nonconforming finite element methods for the Poisson problem, J. Comput. Appl. Math.
249 (2013), 74-94, DOI 10.1016/j.cam.2012.12.021. MR3037808

[8] M. Cermsk, F. Hecht, Z. Tang, and M. Vohralik, Adaptive inezact iterative algorithms based

on polynomial-degree-robust a posteriori estimates for the Stokes problem, Numer. Math. 138

(2018), no. 4, 1027-1065, DOI 10.1007/s00211-017-0925-3. MR3778344

P. Ciarlet Jr. and M. Vohralik, Localization of global norms and robust a posteriori error con-

trol for transmission problems with sign-changing coefficients, ESAIM Math. Model. Numer.

Anal. 52 (2018), no. 5, 2037-2064, DOI 10.1051/m2an/2018034. MR3891753

[10] M. Costabel and A. McIntosh, On Bogovskii and regularized Poincaré integral operators
for de Rham complexes on Lipschitz domains, Math. Z. 265 (2010), no. 2, 297-320, DOI

10.1007/s00209-009-0517-8. MR2609313

[11] L. Demkowicz, J. Gopalakrishnan, and J. Schoberl, Polynomial extension operators. I, STAM

J. Numer. Anal. 46 (2008), no. 6, 3006-3031, DOI 10.1137/070698786. MR2439500
[12] L. Demkowicz, J. Gopalakrishnan, and J. Schoberl, Polynomial extension operators. II, STAM
J. Numer. Anal. 47 (2009), no. 5, 3293-3324, DOI 10.1137/070698798. MR2551195

[9

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=2500243
https://www.ams.org/mathscinet-getitem?mr=2373174
https://www.ams.org/mathscinet-getitem?mr=1974504
https://www.ams.org/mathscinet-getitem?mr=0328944
https://www.ams.org/mathscinet-getitem?mr=3702871
https://www.ams.org/mathscinet-getitem?mr=3864709
https://www.ams.org/mathscinet-getitem?mr=3037808
https://www.ams.org/mathscinet-getitem?mr=3778344
https://www.ams.org/mathscinet-getitem?mr=3891753
https://www.ams.org/mathscinet-getitem?mr=2609313
https://www.ams.org/mathscinet-getitem?mr=2439500
https://www.ams.org/mathscinet-getitem?mr=2551195

594 A. ERN AND M. VOHRALIK

[13] L. Demkowicz, J. Gopalakrishnan, and J. Schoberl, Polynomial extension operators. Part
IIT, Math. Comp. 81 (2012), no. 279, 1289-1326, DOI 10.1090/S0025-5718-2011-02536-6.
MR2904580

[14] P. Destuynder and B. Métivet, Ezplicit error bounds in a conforming finite element
method, Math. Comp. 68 (1999), no. 228, 1379-1396, DOI 10.1090/S0025-5718-99-01093-5.
MR1648383

[15] D. A. Di Pietro and A. Ern, Mathematical Aspects of Discontinuous Galerkin Methods,
Mathématiques & Applications (Berlin) [Mathematics & Applications|, vol. 69, Springer,
Heidelberg, 2012. MR2882148

[16] V. Dolejsi, A. Ern, and M. Vohralik, hp-adaptation driven by polynomial-degree-robust a
posteriori error estimates for elliptic problems, SIAM J. Sci. Comput. 38 (2016), no. 5,
A3220-A3246, DOI 10.1137/15M1026687. MR3556071

[17] P. Dorsek and J. M. Melenk, Symmetry-free, p-robust equilibrated error indication for the
hp-version of the FEM in nearly incompressible linear elasticity, Comput. Methods Appl.
Math. 13 (2013), no. 3, 291-304, DOI 10.1515/cmam-2013-0007. MR3094619

[18] A. Ern, I. Smears, and M. Vohralik, Discrete p-robust H(div)-liftings and a posteriori esti-
mates for elliptic problems with H~' source terms, Calcolo 54 (2017), no. 3, 1009-1025, DOI
10.1007/s10092-017-0217-4. MR3694733

[19] A. Ern, I. Smears, and M. Vohralik, Guaranteed, locally space-time efficient, and polynomial-
degree robust a posteriori error estimates for high-order discretizations of parabolic problems,
SIAM J. Numer. Anal. 55 (2017), no. 6, 2811-2834, DOI 10.1137/16M1097626. MR3723331

[20] A. Ern, I. Smears, and M. Vohralik, Equilibrated fluz a posteriori error estimates in L*(H?!)-
norms for high-order discretizations of parabolic problems, IMA J. Numer. Anal. 39 (2019),
no. 3, 1158-1179, DOI 10.1093/imanum/dry035. MR3984054

[21] A. Ern and M. Vohralik, Polynomial-degree-robust a posteriori estimates in a unified setting
for conforming, nonconforming, discontinuous Galerkin, and mized discretizations, STAM J.
Numer. Anal. 53 (2015), no. 2, 1058-1081, DOI 10.1137/130950100. MR3335498

[22] M.-T. Tsai and D. B. West, A new proof of 3-colorability of Eulerian triangulations, Ars
Math. Contemp. 4 (2011), no. 1, 73-77, DOI 10.26493/1855-3974.193.8¢7. MR 2781022

[23] M. Vohralik, On the discrete Poincaré-Friedrichs inequalities for nonconforming approzima-
tions of the Sobolev space H', Numer. Funct. Anal. Optim. 26 (2005), no. 7-8, 925-952, DOI
10.1080/01630560500444533. MR2192029

[24] G. M. Ziegler, Lectures on Polytopes, Graduate Texts in Mathematics, vol. 152, Springer-
Verlag, New York, 1995. MR1311028

UNIVERSITE PARIS-EsT, CERMICS (ENPC), 77455 MARNE-LA-VALLEE 2, FRANCE; AND INRIA,
2 RUE SIMONE IFF, 75589 PARIS, FRANCE
Email address: alexandre.ern@enpc.fr

INRIA, 2 RUE SIMONE IFF, 75589 PARIS, FRANCE; AND UNIVERSITE PARIS-EsT, CERMICS
(ENPC), 77455 MARNE-LA-VALLEE 2, FRANCE
Email address: martin.vohralik@inria.fr

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.


https://www.ams.org/mathscinet-getitem?mr=2904580
https://www.ams.org/mathscinet-getitem?mr=1648383
https://www.ams.org/mathscinet-getitem?mr=2882148
https://www.ams.org/mathscinet-getitem?mr=3556071
https://www.ams.org/mathscinet-getitem?mr=3094619
https://www.ams.org/mathscinet-getitem?mr=3694733
https://www.ams.org/mathscinet-getitem?mr=3723331
https://www.ams.org/mathscinet-getitem?mr=3984054
https://www.ams.org/mathscinet-getitem?mr=3335498
https://www.ams.org/mathscinet-getitem?mr=2781022
https://www.ams.org/mathscinet-getitem?mr=2192029
https://www.ams.org/mathscinet-getitem?mr=1311028

	1. Introduction
	2. Main results
	2.1. Setting and basic notation
	2.2. Broken 𝐻¹ polynomial extension
	2.3. Broken \tH(\dv) polynomial extension
	2.4. Boundary vertices

	3. Equivalent reformulations
	3.1. Reformulation as best-approximation results
	3.2. Equivalent reformulations at the continuous level
	3.3. Boundary vertices

	4. Application to a posteriori error analysis
	5. Proof for broken 𝐻¹ polynomial extensions
	5.1. Existence of the minimizers
	5.2. Uniqueness of the minimizers
	5.3. Proof of the stability bound (2.8)

	6. Proof for broken \tH(\dv) polynomial extensions
	6.1. Existence of the minimizers
	6.2. Uniqueness of the minimizers
	6.3. Proof of the stability bound (2.11)

	7. Proofs for boundary vertices
	7.1. 𝐻¹ setting
	7.2. \tH(\dv) setting

	Appendix A. Stable polynomial extensions on a tetrahedron
	Appendix B. On cell enumeration and vertex coloring in patches
	Acknowledgment
	References

