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MOTIVATION

Non-magnetic Hamiltonian for N-electrons:

N 1 N
_ -1
H(v) =) 54+ > -l D> ()
i=1 1<i<j<N i=1
—— N——
kinetic energy interaction energy external potential

Example: For Helium placed at the origin,
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kinetic energy attraction with He  electronic interaction

H(v) is linear and acts on the fermionic space AN, L2(R?). Its domain is AN, H*(R?):

N
Ve /\ HI(R3) — \U(rp(l), fp(2)) -« I'p(N)) = a(p)\ll(rl, ra,..., I'N).

i=1

Problem: W lives in R3V!
Example: 10 DOFs/direction, Uranium (N = 92): 103%9% DOFs

Impossible for a computer
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OUTLINE

@ Introduction of the Density Functional Theory
@ The question of representability
© Pure states and Mixed states

© The magnetic case
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DENsITY FUNCTIONAL THEORY

Usually, one main object of interest is the ground state energy,

E(v) = i VIH(v)|WV).
(=, i (VIHOW)

We have
(WIH(V)|W) = (V| T + W|W) + /RB v(np(r) &3

with the electronic density

pu(r) = N/ |‘~Il(r,r2,...,r/\l)|2 Bra.. Bry
R3(N-1)

so that
E = inf + inf V|T + WV
(W= inf $ [vos, inf (T wiw))
F(p)
Question: What is the set Zpy ? (question of representability)
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THEOREM OF HOHENBERG-KOHN

Theorem (Hohenberg-Kohn 65)
If Wy (resp. W3) is a ground state for H(v1) (resp. H(v2)), with vi # v», then p1 # pa. J

Corollary : There exists a map p —» v — V.

Proof (very easy)
Recall that

(WIH(V)[W) = (W T + W|) + / v)ol)
Assume the non degeneracy of the ground state, and suppose that p1 = p2 := p, so that
(WilH(v1)|W1) < (W2|H(v1)|V2) = (V2|H(v2)|V2) + (W2 H(v1) — H(v2)[V2)
or
E(n) < E(0a) + [ () = () o) &°r.
In a similar way, we get

E(vs) < E(w) + / (valr) — v (1)) p(r) &

which is a contradiction!
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DENsITY FUNCTIONAL THEORY WITH HK THEOREM

According to the Hohenberg-Kohn theorem, there is a map p — WV, so that we can work
with the variable p € L*(R®) instead of W € AN, H'(R®):

We have transform the linear problem on a high dimensional space:

inf {(W|T + W + V|W)}

VEAN , H(B3), |V 2=1

into the non linear one on a three dimensional space:

inf {/vp—!—F(p)} with  F(p) :\Ue/\"’ Hli(nf {(V|T + W)}

PEIN B3),[[ V]| 2=1
and both problems are equivalent.

Problems:

@ We do not know an explicit form for F(p)
But we know some very accurate approximations of F (large literature).

@ We do not know an explicit form for Zy (question of representability).
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REPRESENTABILITY

What is the space Zn ?
According to the Hohenberg-Kohn theorem, we should introduce

Vn = {v measurable, H(v) has a unique ground state}
and
N
Ay = {\U € /\ H'(R?*), |W|l2=1, 3veEVn, 1 isthe ground state of H(v)}
i=1

to finally take
i ={pe '(R®), Wedy, p=pv}.

This problem is called the v-representability, and is very difficult. We prefer to take the
N-representability:

i=1

N
In = {p € Ll(R3)v v e /\ HI(R3)5 ”\IIHL2 =1 p= p“’}

Remark : Of course, Zy, C Zy, so that
inf F(p) < inf F
nf Flp) < nf, (p)
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N-REPRESENTABILITY

Theorem (Gilbert '75, Lieb '81)

In = {p e 'R N LR, p>0, /p =N, pc Hl(R3)} .

Remarks:
o Ty is a convex set (while Zf; is not).
o F(p) is well-defined on Z,:

F(o) =, inf, (WIT +W¥)
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N-REPRESENTABILITY (PROOF)

Theorem (Gilbert '75, Lieb '81)

In= {p e "R NLR?), p>0, /p =N, pe Hl(R3)}.

Idea of the proof (Harriman).
If {®1,...,Pn} isin H* and is a L2-orthonormal, then

N
1 -
= Wdet (®i(r;))1<ijon satisfies W e ,-:/\1H1(R3) and ||V|,2 =1

For this W, we can calculate

\U(I'1,l'2, ceuy I'N)

pu(r) = (@)

i=1
We choose
Du(r) = % - exp(2mik f(r))
where f is carefully chosen to ensure orthogonality.
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We want to do the same work for the magnetic case
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We want to do the same work for the magnetic case
Before that, let us introduce some new mathematical objects
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ONE BODY DENSITY MATRICES

For W(ry,r2,...,rn) € AN, H*(R®) such that ||W[|,2 = 1, we introduce the one body
density matrix

Y (x,y) = N/ W(x,x2,...xn)W(y, x2,...,xn) dxz ... dxn
R3(N—2)

Remarks:
@ We have py(x) = yw(x, x)
o Yy, x) = (%)
o [v(x,x)=N
Now, we think of v as an operator acting on L*(R?) via

(A6 = [ 2x)F )y

ﬁdet(dﬁ(xj)), then

Example: If U(xq,...xn) =

Y(x,y) = Z‘D )i(y)

and, as an operator, ~ is the projector on the space spanned by {®1,...,®,}.
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MIXED STATES

The set of v we can obtain with this method is the set of projectors on N-dimensional
subspace of H*(R3):

v € Py = {y € S(L*(R®)), ~isa projector, Tr(y)=N, Tr(—Ay)< oo}
where

N
TI‘ (fy) = /]R3 ’y(X,X)dX and TI‘(_A'Y) - Z ||V¢4Hi2
i=1

Now, note that the map v — p is linear (p(x) = v(x, x)), and that, according to
N-representability, the image of Py is exactly Zy. Because Zy is a convex set, the image
of the convex hull of Py is also Zy.

We define the set of mixed states as the convex hull of Py:
Dy :={y€S(L’(R*), 0<~y<1, Tr(y)=N, Tr(-Av)< oo}

This space is very useful for finite temperature systems: it allows Boltzmann statistic
superposition of states (different from quantum superposition).
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MIXED STATES (2)

Set of mixed states:
Dy :={y€S(L*[R?), 0<y<1, Tr(y)=N, Tr(-Ay)< oo}

According to the spectral theorem, we can write, for v € Dy,

'y(x,y):Zn,d),(X)dD,-(y), 0<nl §17 an
i=1 i=1
where ®; is a base of H*(R?) (for the L? scalar product).
With this notation,
p(x) =Y mld(x)I* and Tr(-Aq) =3 n|Voili
i=1 i=1

Remark: The condition 0 < n; < 1 may be interpreted as the Pauli principle, stating that
maximum one fermion can be at a given state.

It is useful to work with mixed states, and Dy is convex while Py is not
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MAGNETIC CASE

Finally, we can see how to translate the DFT arguments
into Hamiltonian with a magnetic field
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MAGNETIC HAMILTONIAN

According to the Dirac equation, the Hamiltonian for N-electrons is

H(v,A) = ZN:% (o',- . <—iV,~ + iA(r;)))2 + Z Iri—r| 7+ év(n’)

i=1 1<i<j<N
N——

kinetic energy interaction energy external potential

It is linear, and acts on the fermionic space /\,N:1 HY(R3, C?):

w(rlvTa r2aT7 .. '7rN7T)
w(r17T7 r2,T,.. ‘7rN7~l/)

Ve /N\Hl(]RZ',(Cz) has 2V components : :
- W(r1,¢,r2,i,...,rN,¢)
and still satisfies
W(rp1), Qp(1)s Fp(2)s Ap(2)s - - - 5 Fp(N)s Op(n)) = E(P)V(r1, a1, 12, a2, ... P, ).
A is the magnetic potential vector (recall that rot(A) = B is the magnetic field), and o;

contains the Pauli-matrices acting on the i-th spin.
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MIXED STATES

We changed the Hilbert space, it is now
H=LRC?) = {0 =(¢',¢") € L*(R?), [®]n < oo}
with
(@) = [ (#760u" () + 91w () e
For instance, for one-body density matrices are acting on this Hilbert space. We write

Tt T4 >
w(x,y):(zm zu) (oy) with 7°%(x,y) = y(xanyB) = 3 méf ()92 ()
i=1

and the set of mixed states is
Dn = {y € S(L*(R*,C?), 0<y<1, Tr(y)=N, Tr(-Ay)< oo}

The Pauli matrices are also acting on this Hilbert space. We have
_ (0 1 (0 —i nd (1 0
=\t o) 7 \i o) M =7 0 -1)°
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MacNETIC DEFT

This time, we write :

(VIH(v,A)|W) = (V[T + W|V)
+/ <v(r) + %@) p(r)d3r+/w Ar) -jp(r) Pr + s /RB B(r) - m(r) &

where new objects have appeared:
o p is still the electronic density
@ jp is the paramagnetic current

@ m is the spin density

px) = ATxx) M (x0x) = (I0LF + 9 ()
ip(x) = Im (V2" (x,x) + Voay(x,x)) =3 ni Im (qb'r(x)m +.. )
m. = 3700x) =7, x) = i (I6L)P — leg(x)P?)
my = M (x,x) + v (x, x) =2>"n; Re (QS,T(X)W)

m, = i (M) =94 (x,x) = 25 m Im (8] (x)6}(x))
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SEVERAL APPROXIMATIONS

Recall that A and B satisfy B = rot A. However, as A acts on the orbitals, whereas B
acts on the spin, we usually study the two effects separately and choose:

@ A =0 and B # 0 for spin effects. Spin Density Functional Theory (SDFT).
@ B =0 and A # 0 for orbital effects. Current Density Functional Theory (CDFT).

In this presentation, | will present SDFT:

(W|H(v,B)|W) = (V| T + W|V¥) -l-/

. v(Np(r)d®r + s /JR-" B(r) - m(r) &

For W € AY, H*(R®), we introduce

P P _ (AT ) AT ()

Ru(r) = (p“(r) pu(,)> = <»y“(r, I aad (2 ")) .

Then, Ry is hermitian, positive, satisfies [ Tr(Ry) = N, and we have

(WIH(v, B)[W) = (W] T+W|W)+ /

R3

v+ usB; 1eBx +iusBy
Tr (,LLBBX iusB, v— 5B, (r) Rw(r)

V(v,B)
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SDET

Similarly to standard DFT, we write:

E(v,B) := inf V|H(v,B)|W) = inf {F(R V(v,B)|R
(B)i= ¥ oy (VIHOBIW) = inf {F(R)+ (V(v, B)IR)}
with
F(R) := inf (VT + W|V)
Ve AN H1(R3,C2),||W|=1,Ry=R
Problems

@ We still do not know the functional F.
o What is the set Jy ?
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N-REPRESENTABILITY OF THE SPIN DENSITY

We are looking for N-representability, i.e.

N
N = {R € Maxa(L'(R?), 3w e AH(R’.C?), [V|=1 R= Rw} (pure states)

or
IN = {R € Mayo(LY(R?), 3yeDn, R= RW} (mixed states)

We recall that, by definition, J5 is the convex hull of J.

Remark:

@ For N =1, JF only contains rank-1 matrices, while i contains more matrices.

We chose to work with mixed states only (and the proof is easier, due to convexity)
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N-REPRESENTABILITY OF MIXED STATES

Theorem

IN = {R € Maya(LY(R?)), R is hermitian positive,/ Tr(R) = N, VR € Maya(H'(R?))

@ The V is in the hermitian matrices sense
e Very beautiful analog of the previous DFT ({p,...,/p € H*(R?)}).
Idea of the proof

o Construct representability for rank-1 matrices using the previous construction.

o Show that all R € J3 is the convex combination of two matrices of rank-one.

@ Use convexity to conclude.

Remark
The fact that this Jy is a convex set is not obvious. Actually, | cannot prove it!
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FUTURE WORK

Future work
@ Do the proof for CDFT: N-representability for (p,jp)-
o Study the model with some used approximations of F(R)

For this point, the problem is not convex. For instance, for the free spinless electron gas,
we have the translational invariant problem:

e0) = 3rr-a)+ [ [ %ﬂ(yy‘)dxdy o [+ [ ey
—_

—=cst

and we can prove the following two facts:
o If Vo is large enough, then the gas is the only minimizer

o If Vo is small enough, then the gas is not the minimizer (Wigner crystals)

David Gontier Magnetic DFT April 267 2013 22 /23



THANK YOU FOR YOUR ATTENTION

April 267 2013 23 /23



	Magnetic case

